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Abstract

The differential equation approach was a significant method in the study of generating
statistical distributions. It was first applied by Pearson in late 19th century when he
constructed twelve density functions. Burr had in mind the Pearson family of distributions
that was the only popular system in existence, when he constructed the twelve types of
distribution functions.

In recent decades, there has been an increased interest in developing flexible statistical
distributions. The common new method used is the exponentiated approach, where the
cdf of an existing distribution is raised to a power of an additional parameter.

Traditionally, distributions of order statistics have been constructed using the transforma-
tion method. Here we have used new techniques of beta generated and beta exponentiated
generated approach to construct distributions of order statistics.

Finally, we hope that the knowledge summarized in this study will help in the construction
of more distributions based on Burr differential equation.
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1.1

Introduction

Background Information
1.1.1 Families of Distributions

During the late nineteenth century all distributions were regarded as normal. The incom-
patibility of the normal distribution to explain theoretically and empirically many data
situations forced the development of generalized frequency curves. Families of distribu-
tions functionally provide simple approximations to observe distributions in situations
where it is difficult to derive a model. Since a trial and error approach to find out the
appropriate model for the data is undesirable and time consuming, flexible systems of dis-
tributions must be evolved, which should incorporate, if not all, atleast the most common
shapes that arise in practice.

The best way to understand the relevance of a particular system is through theoretical
arguments which lead to the model. Their value also needs to be judged primarily on
practical requirements such as; ease of computation, willingness to algebraic manipulation,
richness in members, flexibility exhibited through the number of parameters in the system,
easy methods of inferring the parameters and easy interpretation of the system through
a defining equation.

With this aim in mind many families of distributions have been constructed in literature
based on a differential equations. Such differential equations generate what is called
systems of frequency functions. The oldest and most broadly studied system is the
Pearson system, developed in 1895, 1901 and 1916 by Karl Pearson where he constructed
twelve density functions based on a differential equation. The introduction of the Pearson
system was a significant development because it provided a theoretical framework for
various families of sampling distributions discovered subsequently by Pearson and others.
After the early 1900s, the introduction of additional families of distributions and systems
of frequency curves progressed sporadically. There was a continuing interest in methods
of curve fitting and various attempts were made to extend the available systems to systems
of frequency surfaces for fitting bivariate frequency data.

During the 1940s, three of the most common curve systems introduced were Burr system,
Symmetric Tukey lambda distributions and Johnson (Translation) system. Since the 1950s,
interest in systems of distributions for curve fitting has diminished due to the development
of nonparametric density estimation methods which provide alternatives.



1.1.2 The Burr System

The Burr system was introduced by Irving W. Burr (1942), in an attempt to generate fre-
quency functions that could be used in determining theoretical probabilities and expected
frequencies. He developed the system with the aid of a differential equation involving
distribution function F(x), as in his opinion distribution functions are theoretically much
better than density functions (employed in the Pearson system) as this has the advantage
of closed forms, sometimes even for the quantile function.

Burr gave the following twelve solutions in table 1.1 (usually referred to by number). The
Roman numeral description for the 12 types was first used by Johnson and Kotz (1970).

Table 1.1. The Burr System of Distributions

Type F(x) Support
I x O<x<l1
II e +1]" —o0 < x < o0
il xe+1]" 0<x<oo
1 =7
v [(C_x> +1 O<x<c
X
\Y [ke™@nx 417" —F<x<%
VI [ke—csinbx 4 177" —o0 < x < o0
VII 27" [1 +tanhx]" —o0 < x < o0
VIII [2arctane*]” —c0 < x < oo
2
IX 11— —oo L x < o0
c[(1+e)k—1]+2
) r
X [l—e’x] 0<x<oo
XI [x—%sinZﬂx]r 0<x<l
XII 1—[1+x]7* 0<x<oo

where c, k and r are positive real numbers.



1.2

Definitions, Notations, Terminologies and Abbreviations

cdf cumulative distribution function, F(x)
pdf probability density function, f(x)
F! quantile function

v ' |:1_ (f)a]ql
GBl1 generalized beta distribution of the first kind, f(x) = b“PB(p,lZ])
axp—1

s = ()]

GB2  generalized beta distribution of the second kind, f(x) =

-
P(I) Pareto Type | distribution, F(x) =1 — [%}

T x+o] “
P(II)  Pareto Type Il distribution, F(x) =1 — 5
ce Px
P(IIT)  Pareto Type Il distribution, F(x) =1 — ToTa%

P(IV)  Pareto Type IV distribution, F(x) =1 —

I['(x)  gamma function, I'(x) = /tXIe’dt
0

1 0o
: I'(a)I'(b) a1 b—1 !
B(Cl,b) beta functlon, B(Cl,b) = m = /t (1 —t) dt = /Wdt
0 0
B(x;a,b) incomplete beta function, B(x;a,b) = / 1o~ dr
0
b
Ii(a,b) regularized incomplete beta function, I ( b) = ()(C @ ))
& — e X e 72x
inh hyperbolic sine, sinhx = = =
sinhx yperbolic sine, sinhx 5 26; 2e_x 2
ex —X X 1 1 —ZX
coshx  hyperbolic cosine, coshx = +2€ = ¢ 2; = —;eex

ok h bolic ¢ ¢ tanh sinhx e —e™* eX—1 1—e %
annx erpolic tangent, tannx = = = =
yp & coshx e“4e* 241 l4e %

xP~ 1 —x]q_l
B(p.q)
beta distribution of the second kind/Beta prime/Inverted Beta, f(x) =

beta distribution of the first kind/Beta, f(x) =

xP= 1[1—|—x] R
B(p,q)




1.3

1.4

1.5

Research Problem

The focus of this study is on re-examination of Burr’s system. Solutions of Burr differential
equation are expressed in terms of cumulative distribution functions.

Burr (1942) considered only twelve distribution functions known in literature as the Burr
system of distributions, yet there are more than that in number.

Re-examining the Burr system we have realised that nine out of the twelve Burr distri-
butions are powers of c¢d f's, popularly now known as exponentiated distributions. The
other three are direct solutions in terms of cd f's.

This motivated us to generalize solutions of Burr differential equation by generator ap-
proach.

Study Objective

The main objective of this project is to construct distribution functions based on Burr
differential equation.

1.4.1 Specific Objectives

1. To solve the Burr differential equation to obtain the twelve Burr distribution functions
and more distribution functions.

2. To obtain Beta generated distributions.

3. To obtain Exponentiated generated distributions.

4. To obtain Beta-Exponentiated generated distributions.

5. To obtain minimum and maximum order statistic distributions.

6. To obtain moments of these distributions.

Literature Review
1.5.1 Solutions to ODE

The study of Ordinary Differential Equations began in 1675 with Gottfried Wilhelm von
Leibniz (1646-1716). The theoretical development for general methods of integrating dif-
ferential equations began when Isaac Newton (1642-1727) classified first order differential
equations into three:



Class 1 and 2 contain only ordinary derivatives of one or more dependent variables with
respect to a single independent variable and are today called ordinary differential
equations. Class 3 involved the partial derivatives of one dependent variable and today
are called partial differential equations.

Practically all original discoveries of almost all known methods of solving first order
differential equations had been found by the end of the seventeenth century during the
Bernoulli dynasty by James Bernoulli (1654-1705) and John Bernoulli (1667-1748).

1.5.2 Methods for Generating Families of Distributions

There has been a renewed interest in developing more flexible statistical distributions in
recent decades. Kotz and Vicari (2005) highlighted milestones in early development of
statistical distributions.

Systems of Frequency Functions

Methods developed before 1980s may be summarized into three categories:

1. Differential equation Approach: This approach was a major milestone in the meth-
ods for generating statistical distributions. Pearson’s system was the most significant
development. The Burr system was another important development.

. Pearson system constructed to fit theoretical curves with widely varying shapes
for obtaining improved approximations frequency data.

. Burr system constructed to fit cumulative distributions rather than density
functions to frequency data, to avoid numerical integration problems encountered
when probabilities are evaluated from Pearson curves.

2. Transformation Approach: The Johnson (Translation) system developed by Nor-
man L. Johnson (1949) was the milestone in this method. The system utilized four
distinct monotone transformations which yield approximate normality when applied
to skewed frequency data.



3. Quantile Approach: Hastings et al. (1947) proposed the use of quantile to generate
the Symmetric Tukey lambda distributions to advance a study of order statistics.
Tukey (1977) applied transformation with quantile to develop Tukey’s GH-system.

Methods of Combination

After 1980, methods of generating new distributions shifted to adding parameters to an
existing distribution or combining existing distributions into new distributions. The five
general methods of combination and their variations are summarized as follows:

1. Method of Generating Skew Distributions: This is the most studied among the
methods of combination in the modern era. The developments along this method
continue to be very active. Azzalini (1985) was the first to propose the method of
combining two symmetric distributions to form a skewed distribution. He introduced
the skew normal family of distributions.

2. Method of Adding Parameters To An Existing Distribution: The popular method
in this category is to raise the cd f of an existing distribution to a power of an additional
parameter. This method of adding parameters can be applied to any family of distribu-
tions generated through the methods of combination to generate the exponentiated
family.

3. Beta-generated Method: This method was pioneered by Eugene et al (2002). It uses
the property that the cd f of a beta distribution and the beta random variable are
between 0 and 1. By integrating the beta density from 0 to F(x), the cdf of another
random variable X, the method generates a new distribution for any F(x).

4. Transformed-transformer Method (T-X family): This method was introduced by
Alzaatreh et al (2013). It is a generalization of the beta generated method. Instead
of using the beta distribution as the ‘generator’ to be ‘transformed’ through the
‘transformer’ F(x), the method allows for any continuous pdf as the ‘generator’ to be
‘transformed’ through W (F (x)) € [a,b], —o < a < b < oo, a properly defined function
of F(x). The W(.) satisfies the conditions for the cdf of the ‘transformed’ random
variable T'.

5. Composite Method: Cooray and Ananda (2005) proposed this method by combining
two truncated pdf’s f| and f> defined on two domains overlapping at a point 6. The
new distribution is determined by imposing the continuity and differentiability condi-
tions f1(0) = f2(0) and f{(@) = fé(@) at 0 to ensure that the combined distribution
is a smooth pdf.



In this study, we focus on beta generator method, exponentiated generator method and
a new beta-exponentiated generator method (a combination of beta and exponentiated

generator methods) to construct new distributions .
1.5.3 Order Statistics

Developments in the field of order statistics from the early 1960’s are summarized by
Sarhan and Greenberg (1962). David (1981) gave an exciting encyclopedic representation
of order statistics. An introductory level of order statistics was prepared by Ahsanullah et
al. (2013).

In this study, we give a description of order statistics presenting distribution functions
and exponentiated distribution functions with their moments.



1.6

Significance of the Study
1.6.1 Review of Results

The most widely known of the constructed distribution functions is the Burr System of
distributions.

The Burr | consists of the uniform distribution whose density has a rectangular shape. The
Burr I, 1V, V, IX, and Xl yield a variety of density shapes and involve four parameters,
the most that can be efficiently estimated with the method of moments. Out of the
twelve Burr distributions, the most researched members are Burr type Ill and type XII
distributions. The two distributions are the simplest functionally and therefore most
desirable for statistical modelling. Few papers have been written about the remaining
types of the Burr distributions. However over the years there has been some interest in
Burr type Il, V and X distributions.

In addition to fitting frequency data, Burr system of distributions are useful for dealing
with a number of statistical problems in which a class of distributions with functional
simplicity and a variety of density shapes is required.

Burr XII Distribution

The Burr XlI distribution is a versatile and flexible probability distribution, has a non-
monotone hazard function and yields a useful range of values of skewness and kurtois
as discussed in Hatke (1949), Burr (1968) and Burr and Cislak (1968). It has appeared in
various literature under different names such as the Burr distribution in actuarial literature
and Singh-Maddala distribution in economic literature.

Rodriguez (1977) and Tadikamalla (1980) showed that if the parameters are chosen appro-
priately, the Burr XII distribution contains the shape characteristics of the Burr I, Weibull,
Normal, log-normal, Gamma (Pearson Type Ill), Logistic and Exponential (Pearson Type
X) distributions, as well as a significant portion of the Pearson Types | (Beta), II, V, VII, IX
and XII families.

The Burr XII distribution is related to various other distributions, namely, Lomax (Pareto
Type 1), Exponential-Gamma, Weibull-Gamma, Weibull-Exponential, Log-Logistic and
GB2.

The distribution can be used to fit almost any given set of unimodial data by matching
their mean and variances. It is very popular in modeling lifetime data and events with



monotone failure rates. Other than the application to analysis of life time data, the Burr
XII distribution is used in various fields such as survival(life table) analysis, finance, quality
control, acceptance sampling and hydrology.

Examples of data modeled by the distribution are household income, crop prices, insurance
risk, travel time and flood levels. McDonald and Ransom (1979a); Dagum (1983); Majumder
and Chakravarty (1990); McDonald and Mantrala (1993, 1995); McDonald and Xu (1995);
Bordley, McDonald, and Mantrala (1996); Henniger and Schmitz (1989); Bell, Klonner,
and Moos (1999) fit a Singh—Maddala(Burr XIlI) distribution to income data. Hogg and
Klugman (1983) fit the Burr XII distribution to 35 observations on hurricane losses in the
United States; Cummins et al. (1990) fit the Burr XlI distribution to aggregate fire losses
using the data are provided in Cummins and Freifelder (1978).

The distribution function, inverse of the cumulative distribution function and the sur-
vival(reliability) function of the Burr XII distribution exist in simple closed form, thus
simplifying the computation of the percentiles and the likelihood function for censored
data. This fact enhances its applicability in simulation studies, quantal response and ap-
proximation of theoretical distributions whose moments are known, but whose functional
forms cannot be expressed directly. Drane et al (1978) discussed the Burr XII distributions
as response functions in analyzing quantal response experiments. Burr (1967) used the
distribution to examine the effect of nonnormality on constants used in computing sample
averages and ranges for plotting control charts.

The flexibility of the Burr XII distribution makes it a useful model in reliability studies.
Cook and Johnson (1986) used the Burr Xl model to obtain better fit to a uranium survey
data set. Zimmer, Bert Keats and Wang (1998) discussed the statistical properties of the
Burr XII distribution in reliability analysis. Woo and Ali (1998) calculated the moments
and established some simple properties of hazard rate while Gupta et al (1996) obtained
location of critical points for failure rate and mean residual life function.

The versatility of the Burr XII distribution turns it quite attractive as a tentative model for
data whose underlying distribution is unknown. Wu et al (2007) studied the estimation
problems for this distribution based on progressive type Il censoring with random removals,
where the number of units removed at each failure time has a discrete uniform distribution.

The Burr XII distribution has algebraic tails which are effective for modeling failure data
that occur with less frequency. Dubey (1972, 1973); Evans and Simons (1975); Wingo (1983,
1993); Al-Hussaini and Jaheen (1992, 1994, 1995); Al-Hussaini, Jaheen and Mousa (1992)
discussed the role, usefulness and properties of the Burr XII distribution as a failure model.
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Burr III Distribution

Until the 1990s, the Burr Il distribution was unknown in the economic journals. It has
appeared in various literature under different names. In the actuarial literature as the
inverse Burr distribution and in the economic literature as the Dagum distribution.

The Burr Il distribution is related to various other distributions, namely, the Log-Logistic,
the two parameter kappa, the three parameter kappa and the GB2. It contains the
shape characteristics of the Weibull, reciprocal Weibull, Normal, Uniform, Logistic and
Exponential (Pearson Type X) distributions.

The distribution function and inverse of the cumulative distribution function of the Burr Il
distribution exist in simple closed form. This fact plays an important role in the selection
of a particular family of distributions as a stochastic model in simulation studies.

The Burr Il distribution has been used to model a variety of data such as in forestry by
Gove et al. (2008) and Lindsay et al. (1996), in fracture roughness by Nadarajah and Kotz
(2006 and 2007), in life testing by Wingo (1983 and 1993), Operational risk Chernobai et al.
(2007), in option market price distributions by Sherrick et al. (1996), in meteorology by
Mielke (1973), in modeling crop prices by Tejeda and Goodwin (2008), in reliability quality
control by Abdel-Ghaly et al. (1997), in geophysics by Clark, Cox and Laslett (1999), in
simulation studies by Hasegawa and Kozumi (2003); Cowell and Victoria-Feser (2006) and
in incomes.

Dagum and Lemmi (1989), Majumder and Chakravarty (1990), McDonald and Mantrala
(1993, 1995), Victoria-Feser (1995, 2000), Bantilan et al. (1995), Bordley, McDonald, and
Mantrala (1996), Botargues and Petrecolla (1997, 1999a,b), Pocock, McDonald and Pope
(2003) fit the Dagum distribution to various income data.

The Dagum distribution provides a better fit to income data than the Singh-Maddala
distribution. According to Kleiber (1996) this is so because the Dagum distibution has one
extra parameter in the region where the majority of the data are.

In the actuarial literature, Cummins et al. (1990) fit the Dagum (Burr Ill) distribution to
aggregate fire losses from Cummins and Freifelder (1978).

Benjamin et al. (2013) used Dagum distribution to model the maximum daily levels of
tropospheric ozone.

Biewen and Jenkins (2005); Quintano and D’Agostino (2006) have used the Burr Il distri-
bution to model conditional distributions in a regression framework.
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Burr II, V and X Distributions

The Burr Il distribution has been used by Piorer (1980), Fry and orme (1998), Smith (1989)
in binary choice model.

The Burr Type V distribution is still waiting for the interest of researchers. Many properties
of the parameters of the distribution under different estimation procedures are still to be
revealed. Recent study has shown it can be used to model lifetime data. Feroze and Aslam
(2013) considered the maximum likelihood estimation of the Burr type V parameters under
left censored samples.

The Burr X distribution has relations with the gamma, Weibull, exponentiated exponential
and exponentiated Weibull distributions. This skewed distribution can be used quite
effectively in analyzing lifetime data. Surles and Padjett (1998, 2001) considered the
inference on reliability in stress strength model of Burr type X. Jaheen (1996), Sarwati and
Abusalih (1991) considered the Bayesian estimation of Burr X model.
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1.6.2 Present Study

A detailed study of using generator approach techniques to generate Burr distributions has
not been undertaken in literature. With this aim in mind, the use of beta, exponentiated
and beta exponentiated generator approach techniques has been proposed for generating
distributions. It is interesting to know that over 75 distribution functions have been
constructed out of which 69 are unique. This is more than the 12 proposed by Burr (1942).

In the following chapter, 5 cases of solving the Burr differential equation has been high-
lighted. In chapter 3, we obtain the Standard Uniform (Burr 1) distribution through a
special case of g(x). In Chapter 4, we concentrate on the Burr’s assumption case which
yields half of the 12 Burr System of distributions. In Chapter 5, we focus on the con-
cept of income elasticity proposed by Stoppa (1990a). Chapter 6 highlights the case of
reverse hazard function. Chapter 7 introduces the case of hazard function to generate
distributions.

Finally, in Chapter 8, suggestions for further research on construction of more distribution
functions are made.
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2.1

2.2

Mathematical Formulation of the Problem

Introduction

A brief description of mathematical formulas which are going to be used in this research
are given along with cases of Burr differential equation to be considered.

The solutions F(x) obtained from the Burr differential equation are used to construct beta
generated, exponentiated generated and beta-exponentiated distributions.

Order statistic distributions are special cases of beta generated and beta-exponentiated
generated distributions.

Burr Differential Equation

Burr (1942) introduced the Burr system of distributions based on the differential equation

of the form
Y =y(1-y)g(x,y) (2.1)
where 4 JF ()
I — —y = =
=== (x)
y=F(x)
and

g(x,y) is a non negative function for 0 <y <1 and x in the range over which the solution

is to be used.

The first problem is to solve the Burr differential equation for different cases of g(x,y) to
obtain the various distribution functions F(x).

The cases to be considered are:
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2.3

R {€))
Case Ill: g(x,y) o

, _ )
Case IV: g(x,y) = =y

R 1C)
Case V: g(x,y) S

Distributions Based on Generator Approach

Generator approach is one method of constructing probability distributions. In this
research we are going to consider beta generator, exponentiated generator and beta-
exponentiated generator approaches.

2.3.1 Beta Generator Approach

Eugene et al (2002) was the first to introduce the beta generated distribution through its
cdf defined by,

y
ta—l 1— b—1
W(y) = /#dt, a>0,b>0 (2.2)
0

where 0 <y<land0<r<1
Since 0 < F(x) <1 for —eo < x < o, (2.2) can be rewritten by repalcing y with F(x).

Thus

which is a cd f of a c¢d f and a function of x.
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Let
G(x) =W [F(x)]
F(x
_ /( )tafl (1 o l.)b*l U (2.3)
b
| " Bab)
Therefore

d

d

= LW [F()
= {W’ [F(x)]}F’(x) (2.4)
= (WIF]} /()

L) L )

= B(a.b) f(x)

g(x)

Alternatively,

F(x
<>—ij2fﬂlﬁim
EWW =k b

=]

By Leibinitz principle of differentiation, we have

which is a beta generated distribution.
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i'" order statistic of F(x)

Jones (2004) derived a special case of (2.4) by puttinga =iand b=n—i+1 and called it

a generalized /' order statistic distribution with following pd f

FE) ' 1 -F)"

Bin—it1) %

gi(x) =

The minimum order statistic is obtained by putting i = 1

gi(x) =n[l-F@)]"" f(x)

and the maximum order statistic is obtained by putting i =n

gn(x) = n[F@)]"" f(x)

2.3.2 Exponentiated Generator Approach

Let

where F(x) is the old/parent cdf and G(x) is the new cdf.

Then G(x) is an exponentiated distribution and its corresponding pdf is

gx)=r[F(x)] ' f(x), —eo<x<oo, r>0

2.3.3 Beta Exponentiated Generator Approach

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

A combination of beta generator and exponentiated generator gives a beta-exponentiated

generator approach whose cdf is
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Therefore

Alternatively,

oQ
—~
Na¥

Il
—

|
QU
~ O\

Sl

F@I I 1= [F()}

=

=

=)
—
IR

=)
—
S~ 8

=~
—
S~ 8

=
Q

=
=

S
~—

S
~—

S
~—

b

\o\

~—

-1 FIF)]) ™ f(x)
B(a,b)

[FE 1= [F@ Y f(x)
FE“ 1= [F@IY ™ fx)

PO T aF ()

[[a—l (1 _t)b—l]o
[FE) D 1= [F Y F@) )
[F ) = [F) Y )

FEI = F@I W)

(2.10)

(2.11)
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24

i'" order statistic of [F(x)]"

The i’ order statistic of the exponentiated distribution is given by the following pd f

rlF )" {1 - [F))"
B(i,n—i+1)

gi(x) = f(x)

The minimum order statistic is obtained by putting i = 1

g1(x0) = rn[F ()" {1 = [F)]}" ()

and the maximum order statistic is obtained by putting i =n

gn(x) = rn[F (0] f(x)

Moments of the Distributions Based on Generator Approach

The m'* moment about the origin of a continous random variable X is given by

E(Xm):/xmf(x)dx, m=1,2,....

2.4.1 m'" Moment of a Beta Generated Distribution

Using (2.4) as the pd f of a beta generated distribution,

m'" Moment of the i’ order statistic of F(x)

Using (2.5) as the pdf of the i'* order statistic of F(x),

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Putting i = 1 in (2.17) gives the m'" moment of the minimum order statistic of F(x) as
E(X{") = n/xm [1—F@)]" 'f(x)dx, m=1,2,.... (2.18)

Putting i = n in (2.17) gives the m'" moment of the maximum order statistic of F(x) as
E(X™) :n/xm FO fo)dx, m=1,2,.... 2.19)

2.4.2 m'" Moment of an Exponentiated Generated Distribution

Using (2.9) as the pd f of an exponentiated generated distribution,

E(X™) =r / PFE f)dy, m=1,2,... (2.20)

2.4.3 m'" Moment of a Beta-Exponentiated Generated Distribution

Using (2.11) as the pd f of a beta exponentiated generated distribution,

ra—1 rb—1
E(X™) = r/xm [F ()] B({;;)[F(x)] } fx)dx, m=1,2,... (2.21)

r

m'" Moment of the i’ order statistic of [F(x)]

Using (2.12) as the pdf of the i'" order statistic of an exponentiated distribution,

ri—1 ryn—i
E(X") = r/xm [F () B(i,Ezl——i[j—?(l);)] ) fx)dx, m=1,2,... (2.22)

Putting i = 1 in (2.22) gives the m'" moment of the minimum order statistic of a an

exponentiated distribution.

EX") = nr/xm FOOI 1= [F)" Y f(x)dx, m=1,2,.... (2.23)
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Putting i = n in (2.22) gives the m'" moment of the maximum order statistic of an expo-
nentiated distribution.

E(X™) = nr / PEE T dx, m=1,2,.... @2.24)
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3.1

Distributions based on Case | of Burr Differential
Equation

. g(x)
This is the case when g(x,y) = .
g(x,y) S1—y)
Therefore (2.1) becomes
Y =g(x)
implying that
/dyz /g(x)dx
Hence
y= [ s
That is
F(x) = /g(x)dx (3.1)
glx) =1
Then (3.1) becomes
F(x) = /dx

Substituting

We get

Now,
Fx)=0=x=0

Fx)=1=x=1
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Therefore
Fx)=x, 0<x<l1 (3.2)

and its corresponding pdf is

fx)=1, 0<x<l1 (3.3)

which is the Standard Uniform distribution referred to as Burr | distribution.

The m'" moment of (3.3) is

xm+1 1
_ [ ] 6.4
0

3.1.1 Beta Standard Uniform Distribution

Putting (3.2) in (2.3) gives

xta—l(l )bl
G(X) :/Wdt (3.5)
0
and its corresponding pdf is
x4 —x)P!
g(x):%, 0<x<l1l,a>0,b>0 (3.6)

which is the Beta distribution.
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The m'" moment of (3.6) is

E(X™) —/1 LA U (R
~ ) T B@p) 7
0
1
mta—171 _ b—1
- /x B([ b)X] dx
a?
0
_ B(m+a,b)
~ B(a,b)
i'" order statistic of Standard Uniform distribution
From (3.6),
i—1 n—i
1 —
gi(x):w 0<x<1

B(iin—i+1)

The m'" moment of (3.8) is

B(m+i,n—i+1)
B(i,n—i+1)

E(X") =

Putting i =1 in (3.8),

g =n[1—-x"" o0<x<l1

The m'* moment of (3.10) is
E(X{") =nB(m+1,n)

Putting i =n in (3.8),

g(x) =1, 0<x<1

The m™" moment of (3.12) is

E(X") =nB(m+n,1)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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3.1.2 Exponentiated Standard Uniform Distribution
Putting (3.2) in (2.8) gives

Gix)=x", 0<x<l1,r>0
and its corresponding pdf is

g)=m""1 0<x<l1,r>0

The m™" moment of (3.15) is

1
E(X™) = r/xmxrldx

0
1

= r/xm+r1(l —x) " ldx
0

=rB(m+r1)
3.1.3 Beta Exponentiated Standard Uniform Distribution

Putting (3.14) in (2.10) gives

ta_l(l—t)b_l
G(x):/—b)dt, 0<x<1l,a>0,b>0,r>0
0

and its corresponding pdf is

B rx =11 —xr]b_1

= 0 1 0,6>0 0
g(x) B(a.b) , <x<1l,a>0,b>0,r>

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

which is GB1 with shape parameters p = a,q = b, a = r and scale parameter b = 1.
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The m™" moment of (3.18) is

a1 [1 _xr]bfl

E(Xm):ro/xm Bla.b) dx

1
m+ra—171 _ ,rib—1
_ r/x [1—x'] J
B(a,b)

Let
y=x"=dy=rx"ldx

Thus

]b—l
dy

B —1

l m+m 1—r+1 [1 _y]b—l

1
/ [y%]erra 1 —y
r
0
1
1

a,b)
0 (3.19)
b—l
0
B< +a, b>
>
“ Blap) "
th order statistic of Exponentiated Standard Uniform distribution
From (3.18),
xri—l [1 _xr]n—i
i(x) = , O<x<1,r>0 3.20
80 = it 1) ren (3.20)
The m™" moment of (3.20) is
B(™ tin—itl
EX") = G ) (3.21)

B(i,n—i+1)

Putting i = 1 in (3.20),
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1

gi(x)=mx H1=x]"", 0<x<1,r>0

The m'* moment of (3.22) is
m
E(X{") :nB<——|- 1,n>7 r>m
r
Putting i = n in (3.20),
1

gn(x)=mx"", 0<x<1,r>0

The m'" moment of (3.24) is

(3.22)

(3.23)

(3.24)

(3.25)
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4.1

Distributions based on Case Il of Burr Differential
Equation

Burr’s assumption
This is the case when g(x,y) = g(x).

Therefore (2.1) becomes

implying that
[ = st
/{%4—(11?)))}6@2 /g(x)dx
logy —log(1—y) Z/g(X)dx
log (1 iy) = /g(x)dx
7 iy = exp {/g(x)dx}
Therefore

Expanding this

- e f ) e f )
o] fatsae)] <o frt)

Which becomes



28

4.2

Hence
y:_em{/g@w}
_1 +exp{/g(x)dxH
B 1
-{W} i
- {{exp-—bfg(x)dx}—%l_
That is

F() = [e 504 ]

which was obtained by Burr (1942).

gx)=1

Then (4.1) becomes
-1
F(x)= [e_fdx+ 1]

Substituting

We get
F(x)=[e "+ 1}_1
B 1
e+
Now,
1 1

(4.1)
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Therefore
Fx)=[e*+1] , —ew<x<eo

flx)=e" e +1] -
e—x
= ok —o0 < x < oo
e +1]
which is the Logistic distribution.
4.2.1 Beta Logistic Distribution
Putting (4.2) in (2.3) gives
[em] ™
G(x) / ta_l(l_t)b_ldt <x< >0,b>0
X) = —_— —co < x < oo, a
O B(a,b) Y ) 9

[1——1
(e +1)
T e+ 11 TB(a,b) [+ 1]
e +1-1]"" e
B(Cl,b) [e_x+1]afl+b71+2

efbx
= —co < x<oo,a>0,b>0

B(a,b)[e—*+1]*T’

which is the Type IV Generalized Logistic distribution.

(4.2)

(4.3)

(4.9)

(4.5)
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i"" order statistic of Logistic distribution

From (4.5),

e~ (n—it1)x

gi(x) = —o0 < x < o0

B(i,n—i+1)[e*+1]"T
Putting i = 1 in (4.6),

nefnx

s10) = o TSRS
Putting i = n in (4.6),
—X
gnlx) = — g, —e<x<o
[e_x + 1]n+1
4.2.2 Exponentiated Logistic Distribution
Putting (4.2) in (2.8) gives
Gx)=[e"+1] ", —eo<x<oo, r>0
and its corresponding pdf is
re
g(X):W, —°°<x<°°,r>()

which is the Type | Generalized Logistic/ Burr Il distribution.

4.2.3 Beta Exponentiated Logistic Distribution

Putting (4.9) in (2.10) gives

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)
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[e*"—i—l
1911 — )bt
G(x) = / ————dt, —o<x<o,a>0b>0,r>0
) B(a,b)

and its corresponding pdf is

b—1
rle ™+ 1]7m+1 {1 — e+ 1]4} X

[
g(x) = @b

B
b—1
f[E—

(e +1)
le*+1]“"'B(a,b) [e=*+1]?
re {le+1]" - l}bfl

[e_x + 1]ra71+rb7r+ZB(a,b)
e {le +1] - l}b_l
B(Cl,b) [e_x + 1]T(ﬂ+b*l)+1 ’

e+ 1]

e*X

—o<x <o, a>0,b>0,r>0

h order statistic of Exponentiated Logistic distribution

From (4.12),

re " { _x—l—l l}n l
B(i,n—i+1)[e*+1]"""

gi(x) = —c0o < x < oo, >0

Putting i =1 in (4.13),

rne ¥ { e+ 1] —l}n !
[ _x+1]rn+l

g1(x) = —o0 < x < o0, >0

4.11)

(4.12)

(4.13)

(4.14)

which is Type | Beta Generalized Logistic distribution with parametersa=1,p =

r,b=n.

Putting i = n in (4.13),
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—x
@l = [e=x 1) —eo<x <o, >0

C
4.3 = -
glx) =~
Then (4.1) becomes
. ~1
F(x) = [e_ffcdx—f— 1}

Substituting

de =clogx
X

We get

Now,

Therefore
F(x) = [xfc—l—l}_l, 0<x<oo

(4.15)

(4.16)
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and its corresponding pdf is

which is the Log-Logistic distribution (known as the Fisk distribution in economics).

The m'* moment of (4.17) is

Let

Thus

fa)=a T o]

Cx—c—l

417
—c—1+2¢

cX

e+ 1)?
c—1
—— D<x <o

e + 1)

o [ bl
£ 0/[1+y]1+1€[y Je!
7 el
_0/[1+y]1+ld
_ : y(]"'%)_]
_/[1+y](1+’?)+ 1-2)

(4.17)

(4.18)



34

4.3.1 Beta Log-Logistic Distribution

Putting (4.16) in (2.3) gives

o]
G(x) = / ta_l(l_t)b_ldt 0<x< >0,b>0
X) = J Ba.b) ) X ,a>0,
and its corresponding pdf is
b—1
eV TP V)
xX) =
g( ) B(a,b) [X,C_FI]Z
b—1
1 1
(x—¢+ 1)] ex—e!

¢ +1]“"'B(a,b) [x<+1])*

1 l]bf1 cx ¢!
B(a,b) [X_C + l]a—1+b—l+2
focbfl

 Bla,b) [x¢+1]*"
Cx—cb—1+ca+cb

 Bla,b) [x¢ + 1]4*?
Cxca—l
- B(a,b) [x¢ + 1)1’ fexsmaz0.0>0

The m'" moment of (4.20) is

Let

(4.19)

(4.20)
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Thus

4.21)

i"" order statistic of Log-Logistic distribution

From (4.20),

Cx—c(n—i—i—l)—l

B(in—i+1)[x—c+1]""!

Cxci—l
= PR 0<x<oo
B(i,n—i+1)[x“+1]

gi(x) =
(4.22)

The m™" moment of (4.22) is

.oom . m
B(i+Tnit1-7)
EX™) = 4.23
( 1) B(i,n—i+1) , c>m ( )

Putting i =1 in (4.22),

ncx—cn—l

[X_C—f— 1]n+1
nex<!
= W, 0 <x <o

(4.24)
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The m™" moment of (4.24) is

E(X!") :nB<1+@,n—T), c>m
C C

Putting i = n in (4.22),

The m™" moment of (4.26) is

E(X,;”):nB<n+@,1—T), c>m
C C

4.3.2 Exponentiated Log-Logistic Distribution

Putting (4.16) in (2.8) gives

Gx)=[x+1]"", 0<x<o,r>0

and its corresponding pdf is

—r—1

g(x) = rex ¢! [x_c + 1}

— yex ¢ Iterte [x¢ + 1]_r_1

rex€r=1
:W, O<x<°<>,r>()
X

which is the Burr 11l distribution.

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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The m™" moment of (4.29) is

Let

Thus

0
royErrel (4.30)
= r/—
[

Extensions of Burr III distribution

Casel

Let
Y =logX®

where Y is Burr Il distribed with cd f

Fy)=[e?+1]", —co<y<eo
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If G(x) is the cdf of x, then

Therefore
G(x) = F(logx°)
— [e—logx“+ 1} -
_ [ logx™¢ }7r
= le +1
~ )
Thus

G(x) = [14+x] T —e<x< oo
and its corresponding pdf is

gx) =rex ! 1+x7¢] T 0<x<oo, 1> 0
which is the same as (4.28) and (4.29), a result given by Johnson et al (1995).

Case Il

Let
X=0oY

where Y has Burr Ill distribution with cd f given by

G(y)=[1+y"]"", —ew<x<o
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If F(x) is the cdf of x, then

Therefore

Thus

(4.31)

(4.32)

which is also another form of Burr Il distribution known as the Dagum distribution, a

result given by Dagum (1977).

Extension of Burr II distribution

Let
Y =clogX, ¢>0

where X is Burr Il distribed with cd f

Fx)=[x+1]", —co<x<oo

If G(y) is the cdf of y, then
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Therefore

Thus
Gy)=[eV+1]7", —w<y<o

which is the same form as (4.9), a result given by Tadikamalla (1980).
4.3.3 Beta Exponentiated Log-Logistic Distribution
Putting (4.28) in (2.10) gives

G(x) = O0<x<o,a>0,b>0,r>0

k\
() o
\-l—
L
~
T
AN
—~
—
~
SN—
i
_
Q
-~

1
_ [ (x—c+ 1)’} rex <!

e+ 1 Ba,b) [xc+ 1)
[(xc+1)" —1] P et
[X_C + 1]rb_r+m_lB(Cl,b) [X_C + 1]2

_ [(x_c +1) — l}b_l rex ¢!

B((Z,b) [X,C + 1]ra—1+rb—r+2
rex ¢! [(xfc +1)" - l}bfl

= , 0<x<o0,a>0,b0>0,r>0
B(a,b) [x,C + 1]r(a+b—l)+1

i'" order statistic of Exponentiated Log-Logistic distribution

From (4.34),

(4.33)

(4.34)
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rex < H(x e+ 1) = 1}"71‘
B(i,n—i+1) e+ 1)1

gi(x) = O0<x<oo, r>0

Putting i = 1 in (4.35),

rnex M e+ 1) =1 n-l
gi1(x) = I ) 1] , 0<x<oo, r>0
[x_c+1]rn+1

Putting i = n in (4.35),

rncx ¢!
gn(X):m, 0<x<°°,r>()

The m™" moment of (4.37) is

xfcfl
my __ m
E(X")=nrc | x —[X_C n 1]mﬂalx
xmfcfl
= nrc ﬁdx
[x—¢+1]

m—c—1+crn+c

= nrc de
xm—l—l—crn

= nrc de
X

Let
y=x°=dy=cx“"ldx

(4.35)

(4.36)

(4.37)
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Thus
ot Lom—

EC) =me [ L i
o DT efye]et
oo|: 1 1m—14crn—c+1

d
:rn/ rn+1 dy
o b+
-1
yc
J =1
< 2trn—1
yC
=rn — —dy
/[y+1](c+’”)+(1c)

0
m m
:rnB<rn+—,l——>, c>m, r>0
c c

44 g(x)=[c—x)"", ¢>0

Rewriting

Using partial fraction method

Solving for A and B
l=Ac—Ax+Bx=Ac+ (B—A)x

1
Ac=1=A=-
C

BoA—0—sB—A—1

Thus

(4.38)
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Substituting in (4.1) we get

+1
Now,
1 1
F(x)=0= — = T =0=x=0
(=)F 41 (507 +1
1 1
Fx)=1= — = T =l=x=c
0)e+1  (£)c+1
Therefore
1 —1
F(x) = [(c—x) +1| , O<x<c (4.39)
X
and its corresponding pdf is
_ 1 ) 1
flx)= (c_x> +1 (c_x) x?
X X
- A (4.40)
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4.4.1 Beta Generated Distribution

Putting (4.39) in (2.3) gives

1
()5 +1]
ta_l(l —t)b_l
G(x) = / B—b)dt’ 0<x<c,a>0,b>0 (4.41)
0

and its corresponding pdf is

| b1 1
c—x\ ¢
<) +1_1] (c—x)c!

[(6 x)l | a—1+b—1+2
<)< +1]

yitl

1 b_1
xetHte—c

= , 0<x<c,a>0,b>0

(4.42)

1
i'" order statistic of F(x) = [(C —x) +1

From (4.42),
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( )n7i+lfc

c—x) ¢

gi(x) = 1 RS O<x<ec
Blin—i+1)[(S2)+1]

1y
c—x)c
g1(x)=n (] )n+1 —, O<x<c
() ]
Putting i = n in (4.43),

(c=x)"
c—x)c

() 1] e

4.4.2 Exponentiated Generated Distribution

Putting (4.39) in (2.8) gives

, 0<x<e,r>0

gx)=r (C;x)iﬂ (C;X)CIx—z

, O<x<e,r>0

which is the Burr 1V distribution.

4.4.3 Beta Exponentiated Generated Distribution

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)



46

Putting (4.46) in (2.10) gives

al—

[Eo

tafl(l _t)bfl
G(x) = / ——————dt, 0<x<c,a>0,b>0,r>0 (4.48)
B(a,b
0
and its corresponding pdf is
1 —ra+1 1 —rb-1
c—x)e —d(e=x)e -2
() r[( <) +1] [1 {( <) +1} ] c—x\°¢ ] (c—x)%f1
X)) =
§ B(a,b) X L
- b—1

ra—1+rb—r+2 |
] iy

Bla,b) [ (555)° +1 xe
(4.49)
i'" order statistic of Burr IV distribution
From (4.49),
1 r n—i 1
r{{(C;x>c+1} _1] (c_x)c
= O0<x<ec,r>0 (4.50)

Putting i = 1 in (4.50),



gi(x) = , O0<x<ec,r>0 (4.51)

O<x<c,r>0 (4.52)

45 g(x)=sec’x, ¢>0

Let

Thus

Substituting in (4.1) we get

Let

Then

- ke—tanx_|_1



Now,

1 1 b
(x) ot+1 ke (=) 1 x 2
1 1 v
(x) 0+1 ke 1 T3
Therefore . T
F(x) = [ke” ™™ +1] ! Ty <x< 5 (4.53)

and its corresponding pdf is

ke tanxgec2

f(x):ma -

ST

<x< = (4.54)

4.5.1 Beta Generated Distribution

Putting (4.53) in (2.3) gives

[keftanx_’_l]*l

1911 — )bt T T
G(x) = 0/ Wdt, ) <x< ox a>0,b>0 (4.55)

and its corresponding pdf is

[keftanx_’_ 1]—a+1 [1 . {keftanx_k 1}—]]b1
g(x)= B(ab) ke~ 4" sec? x [ke™ " +1]

-2

b—1

ke~ @nxgec?

1
1l
[ [ke—tanx_|_ 1]1

[ke—tanx 1]a—1 B(a,b) [ke—tanx 4 1]2
B [ke—tanx+ 1— 1]b—1 ke~ tanx seczx (4.56)
B(a,b) [ke—tanx l]a—1+b—1+2

_ b—1 _
[ke tanx] ke tanxseCZX

B(a,b) [ke—tanx+1]a+b

k —tanx) 2 b T
_ ke Msecx T T s 0,550
B(a,b) [ke—tanx 4 1) 2 2
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i" order statistic of F(x) = [ke~ % + 1]~
From (4.56),

ke~ tanx]" " gec2 x T

gl'(X): —5 <X<§

B(i,n—i+1)[ke—tanx 4 1]" "1

Putting i = 1 in (4.57),

_ nlke” "] sec?x T T
gl(X) - [keftanx_k 1]”+1 ! _E Sr< E
Putting i =n in (4.57),
_ nlke” "] sec’x T T
gn(x) = [ke—tanx - 1]n+1 ) sxs 2
4.5.2 Exponentiated Generated Distribution
Putting (4.53) in (2.8) gives
_ T T
G(X): [keitanxﬁ—l] r, —5 <x< E, r>()
and its corresponding pdf is
) rke™ ¥ sec? x T_ T
X)= ——<x<—,r
g [ke—tanx + 1]r+1 ! 2 2’

which is the Burr V distribution.
4.5.3 Beta Exponentiated Generated Distribution

Putting (4.60) in (2.10) gives

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)
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11 =)0t n n
G(x) = O/ Wdf, —§<x<§,a>0,b>0,r>0 (4.62)

and its corresponding pdf is

b—1
r[keftanx_i_ 1]—ra+1 [1 _{keftanx_i_l}—”]

g(x) = B(ab) ke ¥ sec? x [ke™ " +1] -2
r’ _——— e
B {ke—tanx - 1}" ke~ 'A% gec? x
[ke=tanx 4 1)1 B(a,b) [ke—t@nx 4 1)
_r[{kem 41} —1] b ke~ % sec? x
= B(a, b) [keitanx + 1]ra—1+rb—r+2
r[{ke=tanx L1V 1107 e anrgec2y g T
= [{ ;i ] P , ——<x<—=,a>0,b>0,r>0
B(a,b) [ke~tanx 4 1]r(a+ -1+ 2 2
(4.63)
i'" order statistic of Burr V distribution
From (4.63),
r[{ke=anx 4 1}V )" femtanxgec2 x T T
gi(x) = i ) e 5 <x< 5, r>0 (4.64)
B(i,n—i+1)[ketanx 4 1] 2 2
Putting i = 1 in (4.64),
r -1, _
m [{ke >+ 1} —1]"" ke~ ¥ sec?x T T
g1(x) = [ke—tanx+1]rn+1 T3 <x< ox r>0 (4.65)
Putting i = n in (4.64),
rnke™ ¥ sec? x T T
gn(x) = —Z<x<=Z,r>0 (4.66)

[ke—tanx+1]r"+1’ 2 2’
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4.6 g(x) = ccoshx,

Then

Thus

c>0

= csinhx+D

Substituting in (4.1) we get

Let

Then

Now,

F(x) _ e—csinhx—D+ 1] -1
e P=k

_ —csinhx -1
F(x) = |ke +1

1
- kefcsinhx_i_l

Fl) =1 — 1 1 1 1
X)) = = = =
0+1 ke =+1 kft%&f+1 ka”@?)+1
1
= Jrep— :1:>x:oo
ke (") 4
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Therefore

. -1
F(x)= [kefcsmhx + 1] , —oo<x<oo

and its corresponding pdf is

k —csinhx
f('x): < . 2 _°°<X<°°
coshx [ke—csinhx 4 1]
4.6.1 Beta Generated Distribution
Putting (4.67) in (2.3) gives
[kefcsinhx+1]7l
G(x) / A Cl) <x<oo,a>0,b>0
X) = _— —00 X o0
O B(a’b) b ) a b

and its corresponding pdf is

[kefcsinhx_i_ 1] —a+l1 [1 . {kefcsinhx_i_ l}l]b_l

o kce™¢$ih¥ cosh x
gx) = B(a,b) [ke—csinhx 4 1]2
b—1
=
[ke—csinhx+1]1 kce—CSinhx coghx
= [ke—“i“h“rl]a_]B(a,b) [ke—csinhx+1]2
B [ke—esinhx 4 1 — 1}1771 kee—cShY ogh
B(a,b) [le—csinhr | 1] 1F5=152
[ke—¢sinhx] b=l e—esinhx oo op o

B(a,b) [ke—csinhx+ 1]a+b
c [ke’csmhx] bcoshx

~ B(a,b) [ke—csinhx 4 1197

—o<x<o0,a>0,b6>0

(4.67)

(4.68)

(4.69)

(4.70)
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i'" order statistic of F(x) = [ke ¢s"h* 4 1] -
From (4.70),

P n—i+1
¢ [ke~csinhx] coshx

Y B(in— i+ 1) [ke—esinhx 4 ]!
Puttingi =1 in (4.71),
nc [ke_“inhx] " coshx
[ke—c51nhx+ 1]”+
Putting i =n in (4.71),
nc [ke=5"x] cosh.x
gn(x) = —co L x < o0

[kefcsinhx+1]”+1 ’
4.6.2 Exponentiated Generated Distribution

Putting (4.67) in (2.8) gives

G(x) = [ke‘“i“h"nL 1} _r, —co < x < oo, >0
and its corresponding pdf is

rkce=¢SIMhY cogh x
g(X) = [k “esinhx 4 1]r+1 , —oolx<oo r>0
e

which is the Burr VI distribution.
4.6.3 Beta Exponentiated Generated Distribution

Putting (4.74) in (2.10) gives

4.71)

(4.72)

(4.73)

(4.74)

(4.75)
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[kefcsinhx 1]7”
() / r 1(1 t)b ldf —oo I x < >0,b>0 >0 4.76
(; X) = L G o) X o, d r .
) B(a, E) ) 9 ) 9 ( )

and its corresponding pdf is

—csinhx

r [keiCSinhx + 1} —ratl [1 _ {ke*CSinhx + 1}7r] b—1

B(a,b) [ke—csinhx+ 1]2
b—1

kce coshx

g(x) =

—csinhx

1
r|il— -
[ {ke—csmhx_|_ 1}’ kce
[ke csmhx+ ]m_lB(a,b) [ke—csinhx_|_ 1]2 (4.77)

r b—1
r [{ke_csmhx + 1} — 1} kce coshx
B(a,b) [kefcsinhx_l_ 1]m71+rb7r+2

coshx

—csinhx

: b1 .
r[{ke=csimhx 11" ] kce™¢SimhX cogh x
- . ; ~ . r(a+b—1)+1 , —o<x<e0,a>0,b>0
B(a,b) [ke_csmhx—f— 1]

th order statistic of Burr VI distribution

From (4.77),

r [{kefcsmhx + l}r — 1} niikce*CSi“hx coshx
B(i,n—i+ 1) [kecsinhx 4 1]+

gi(x) = —o<x<oo, r>0  (4.78)

Putting i = 1 in (4.78),

m [{ke‘csmhx + l}r — l}n_l kce¢SMhY cogh x
[kefcsinhx_i_ l]rn+1

gi1(x) = —o<x<oo, r>0  (4.79)

Putting i = n in (4.78),

rnkce¢SMhX cogh x
gn(x) = : —o<x<oo, r>0 (4.80)
[kefcsmhx_k l]m+l
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4.7

glx)=2

Then (4.1) becomes

Substituting

We get
F(x)=[e 2 +1]"
B 1
e+
Now, . .
(x) o1 [ I X
Flx)=1= L_ ! =]l=x=
- O+1]  [e=+1] a
Therefore

[ 2
[2(e7* +e¥)

P

=21 exiex] (4.81)
i e+

s

(¥ +e¥+e ™ —e
e ¥4 eX

_ 2—1 -1 + e’ _e—x‘|

e 4 e¥

=271 +tanhx], —eco<x<oo
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and its corresponding pdf is

f(x)=2"tsech’x, —co<x<oo

4.7.1 Beta Generated Distribution

Putting (4.81) in (2.3) gives

271 +tanhx] 4 (1 )b ]
Il —1)7
G(x) = — L dt, —eo<x<o0,a>0,b>0
= | gyl e<x<ema>0
0

and its corresponding pdf is

271 (1 4 tanhx)] ™' [1 - {2 (1+tanhx) }]""!

glx)= Blab 27 sech®x
1 4 tanhx 1+ tanhx !
B
= D) 5
[1 4 tanhx]*~"! [2 — 1 — tanhx]®~! sech?x
B 2a=12b=1B(a,b) 2

[1 + tanhx]*" ' [1 — tanhx]® " sech®x
2“_1+b_1+1B(a,b)
[1 + tanhx]*" ' [1 — tanhx]® " sech®x

= , —o<x<o,a>0,b>0

2“+b_lB(a, b)

th order statistic of F(x) = 27! [l +tanhx]

From (4.84),

[1 +tanhx]""' [1 — tanhx]" " sech®x

8ix) = 2'B(i,n—i+1) ’

—oo L x L o

Putting i = 1 in (4.85),

(4.82)

(4.83)

(4.84)

(4.85)



57

n[1 —tanhx]""' sech?x
g1(x) = on , —oo<lx < oo

Putting i = n in (4.85),

n[1 +tanhx]""' sech?x
gn(x) = o , —oo<lx< oo

4.7.2 Exponentiated Generated Distribution

Putting (4.81) in (2.8) gives

G(x) = [2_1 {1 —Hanhx}}r
=2""[l+tanhx]", —oco<x<oo, r>0

and its corresponding pdf is

g(x) = r2 "sech’x|[1 —|—tanhx]r_1 , —o<x <o, r>0

which is the Burr VII distribution.
4.7.3 Beta Exponentiated Generated Distribution

Putting (4.88) in (2.10) gives

277[1+tanhx]"

ta—l 1—l)b_1
G(x) = / —————>—dt, —o<x<o,a>0,b>0,r>0

/ B(a,b)

and its corresponding pdf is

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)



58

=" 271 (1+tanhx)]" "' [1 = {277 (1 +tanhx)"}]""" T
B(a,b)

[1+tanhx]™ ' [ 1 +tanhx) "%
_ ' 2] _1 _{ 2 } } sech? x
B B(a,b) 2

(1 +tanhx]™ "' [27 — {1 + tanhx}" ]!
B : 2 i 2r ] sech’x (4.91)

B(a,b) 2 '

[+ tanhx]™ 1 [27 — {1+ tanhx}"]? ! sech®x
- 2’“_12rb_rB(a,b) 2

r[1 + tanhx]"* 1 [2" — {1 + tanhx}"]" ' sech®x
2ra71+rb7r+lB(a,b)
r[1 + tanhx]* 12" — {1 + tanhx}"]" ' sech®x

= 2r(@+b=1)B(qa, b) TesEse =0

i'" order statistic of Burr VII distribution

From (4.91),

_rfl +tanhx] ' [2" — {1+ tanhx}"]" " sech®x
B 2mB(i,n—i+1) ’

gi(x)

—oo < x < oo, >0 (4.92)

Putting i =1 in (4.92),

14 tanhx]" [27 — {1+ tanhx}']""' sech?
gl(x):m[ +tanhx]" " | 2{m+ anhx}']" " sec x, x>0 (@93

Putting i = n in (4.92),

rn—1

_ rn[1+tanhx]”" ' sech?x

gl’l ('x) 2,-”

, —o < x<oo, r>0 (4.94)
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5.1

Distributions based on Case Il of Burr Differential
Equation

Concept of income elasticity

According to Kleiber and Kotz (2003), Stoppa (1990a) proposed a differential equation for
income elasticity as

N, Fx) = ——5—8xF()), x>x2>0 (5.1)
[F(x)]®
where F'(x)
X)) . . . .
nx,F(x)) = xF(x) , is the income elasticity
and

F(x) is the cdf

Let g(x,F(x)) = g(x) and 6 = 1, then (5.1) becomes

F'(x) 1-F(x)

Flo) - Fl) S
which can be written as
/
y 1—y
x=—=—"g(x
. . (x)
Therefore @
g(x
Y =y(l1—y)==
xy
which is (2.1) with
X
g(x,y) = 8(x)
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Again, According to Kleiber and Kotz (2003), Dagum’s differential equation is of the form

dloggo(gi_ O _ o(x)o(F) <k 0<xp<x<eoo (52)
where
k>0,0(x)>0,¢(F)>0,0<1
and
a{6x9(F)} _
dx ’

When 8 =0, 6(x) = g(x) and ¢(F) = 1_TF, (5.2) becomes

s [12]

But

dlogF(x) dlogF(x) dx
dlogx  dx dlogx

Therefore

which can be written as
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the same result as before.

Thus this Burr’s equation reduces to

which implies that

“tog(1-y) = [ #Pa
1[5
Therefore
el
That i

F(x)=1—exp [—/@d}c} (5.3)
kxe* (1+ )
52 g =l k=0
c{(l-l—ex)k—l}-l—Z
Thus

glx) cke* (14 )< .
/de_/c[(l-f-ex)k—l]-‘rzd

Let
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u= — 2du = ck(1+ ) e¥dx

Then

/@dx B /ckex(l +e) ! 2du
2u ck(1+4e¥) e

Substituting in (5.3) we get

F(x)=1—exp {— / %du}
— 1 —exp[—log]

=1—exp [logu*l}
=1—u!

L -1
c[(1+eX) —1}+2
=1—

Now,

Therefore

, —co<x<oo (5.4)
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and its corresponding pdf is

2kee* (14 %)

fx) =

which is the Burr IX distribution.
5.2.1 Beta Burr IX Distribution

Putting (5.4) in (2.3) gives

{c [(1 ek - 1] +2}2’

—oo L x < o

l—i—e’“)k_1

2
B [(|+e’f)k ] 2
G(x) = / G dt, —co<x<oo,a>0,b>0
- <B(a,b ) ) ’
0
and its corresponding pdf is
a—1 b—1
[1 1+exk 1]+2} [1 { 1+e"§k 1]+2 H
g(x) = 5 2kce* (
{c[( +e¥)f +2
a—

c[(1+e") —1]+2-2 :
c[(1+e) —1]+2 1+ex

b—
+2}

2kee* (14 ¢°) !

(a,b)

(oot

{e+et

Q+ﬁ

2kee* (14 )<

a—14+b—1

{ckL+@f—4}+2}

{c[ (14¢%)* }}a_IZbkcex(l—I—e’“)k_1

{c [(1 + )k — 1} —{—2}a+bB(a,b)

Y

kee® (14 ¢%)F!

—00 < X < oo,

B(a,b) {c [(1 +e¥)k - 1} +2}2
{[a+af—qylpﬁlﬂ

a—14+b—142
%[1+w —@+@} B(a,b)

a>0,b>0

(5.5)

(5.6)

(5.7)
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i'" order statistic of Burr IX distribution

From (5.7),
1
{e [(1+eX)’<—1}}l 2=+ e (14 )¢
{c[(1+ex)"—1]+2} Blin—i+1)
Putting i =1 in (5.8),
n2kee (14 )<
g1(x) = . T e <x<eo
{c [(1+ex) - 1} +2}
Putting i =n in (5.8),
-1
n {c [(1 +e) - 1} }n 2kee* (1+ )1
gn(x) = , —eo<x< oo

k n+1
{c [(1+ex) - 1} +2}
5.2.2 Exponentiated Burr IX Distribution

Putting (5.4) in (2.8) gives

and its corresponding pdf is

—co L x<oo, r>0

(5.8)

(5.9)

(5.10)

(5.11)
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2rkee® (1+¢*)*!

$ = {c (1 +ex)k— 1: +2}2

2rkee” (1+ )<

{c (1 + ek — 1: -1—2}2
1

- ke’ (] +-eX)k_ 24r—1 {C [(1 + ex)k — 1] }r_l

{c (1+e ) —1] 42

2rkee* (1+e) 1 ¢ [(1

_|_
_|_

{e[0+et—1]

, —oolx<oo, r>0

5.2.3 Beta Exponentiated Burr IX Distribution

Putting (5.11) in (2.10) gives

and its corresponding pdf is

—olx<oo,a>0,b>0,r>0

(5.12)

(5.13)
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ra—1 rq1b—1
g(x) = r{l ] C[(1+6X§k‘l]+2} {1 B {1 _ C[<1+€*§"—l]+z} } 2kee* (1+¢%)<!
B(a,b) {c [(1 Fen)k - 1] +2}2

. e[rey1]r2-2) """ . c[1+ery—1]+2-21" bl
c[(1+er) —1]+2 c[(1+er)f—1]+2
2kce” (

Bla.b) {e[(1+eft 1] 12}

r{ C[(l+el)k71] }ra—l |:1_{ C[(1+e);)kil] }r:| b—1
c[(14e¥) ~1]+2 c[(1+e9) ~1]+2 dhee

l +ex)k—1

— 5 1_’_ex)k71
k
B(a,b) {c [(1+ex) - 1} +2}
k ra—1 c[(l—i—e")k—l] r1b—1
r{c[(1+ex) _1]} [1_ {c[(l+ex)k1]+2 N e
= i 2kce* (1 +¢€")
B(a,b) {c [(1 ek - 1] +2}
ra—1 [(14+e)f 1] b=l
{ [ 1+ex ]} { {c[ 1+e¥) —1]+2} ] 1
= o 2kce (1+¢€")
aorfeforrer 1))
(5.14)
th order statistic of Exponentiated Burr IX distribution
From (5.14),
. k ri—1 C[(1+€x)k71j| rqn—i
F{C [(1—‘;—6 ) _1]} |:1_{c[(l+ex)k—1]+2 k-1
gi(x) = . 2kce* (1+¢) (5.15)
k ri+1
B(i,n—i+1){c [(1+ex) —1]+2}
Putting i = 1 in (5.15),
k r=1 c[+e)f—1] " !
m {c [(1 +et) - 1} } [1 - {c[(1+ex)k1]+2 i ]
g1(x) = 2kce* (14 €) (5.16)

[ ge—1] 420"
{el J+2}
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Putting i = n in (5.15),

rn{c [(1 +e)k - 1] }ml

el ey —1] 421"
{el +2}

2kee" (14| —co<x < oo, r>0

gn(x) =

53 g(x) =27

Then

/gi—x)dx:/Zxdx
—x?

Substituting in (5.3) we get

Flx)=1—e™*
Now,
Fx)=0=[1-1]=[1-¢=0=x=0
F@=1=[1-0/=[1-¢"™)] =1 —x=e
Therefore

F(x)zl—e*xz, 0<x<oo

and its corresponding pdf is

fx) :2xe*x2, 0<x<oo

The m™" moment of (5.19) is

(5.17)

(5.18)

(5.19)
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E(X™) = /xm2xex2dx
0

Let
y:x2 —> dy = 2xdx

Thus

5.3.1 Beta Generated Distribution

Putting (5.18) in (2.3) gives

e
ta_ll—l‘b_l
G(x) = / édt, 0<x<oo,a>0,b>0
0

(5.20)

(5.21)
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and its corresponding pdf is

1—e?]" 1—{1—(3—)62}]171
g(x) == . ]é(a,b) 2xe”
[ 7 a—1 —e_x2— b—1 2
S Een 2
. 2191 _e*xf b—1+1
- B(a,b) 2
l—e® ! -e_x2 ’
T Ban 2
1— e_xz_ ! e"”62

== - 2x, 0<x<o,a>0,b>0

i"" order statistic of F(x) =1 — e

From (5.22),

[1-e] et

B(i,n—i+1)

gilx) =
Putting i = 1 in (5.23),

g1(x) = e*"x22xn, 0<x<oo

The m'* moment of (5.24) is

E(X{") = X"e ™™ Dxndx

St~

Let
y= nx® = dy = 2xndx

2x, 0<x<oo

(5.22)

(5.23)

(5.24)
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Thus

Putting i = n in (5.23),

n—1
gn(x) = [1 — e_xz] e_x22xn, 0<x<oo
5.3.2 Exponentiated Generated Distribution
Putting (5.18) in (2.8) gives
p
G(x) = [l—e_xz] , 0<x<oo, r>0

and its corresponding pdf is

—)C2 —)C2 r—1
g(x) = r2xe [l—e } , 0<x<oo,r>0

which is the Burr X distribution.
5.3.3 Beta Exponentiated Generated Distribution

Putting (5.27) in (2.10) gives

G(x) = / —b)dt’ 0<x<e,a>0,b>0,r>0
0

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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and its corresponding pdf is

. [1 _e—X2:| ra—1 [1 B {1 _e_xz}r:| b—1
2xe ™

B(a,b) e

g(x) =

i'" order statistic of Burr X distribution

From (5.30),

ri—1 rin—i
r[l—e*xz} [1—{1—@”2} ]n l
2xe "

Blin—it1) e

gi(x) =

Putting i =1 in (5.31),

_xz —)C2 r—1 _x2 rin—1
g1(x) =2xrne [1—6 ] [1—{1—6 }] , 0<x<oo, r>0

Putting i = n in (5.31),

rn—1
gn(x) = 2xrne ™ [1 — e_xz] , 0<x<oo,r>0

ckx*
54 g(x) = v c>0, k>0
Then |
kxt ™
/ 8(x) [k
X 1+x¢
Let
u=1+x°
du = cx“dx
Thus

k=l d k
/@dx:/cx ulz/—du
X u cxt- u

(5.30)

(5.31)

(5.32)

(5.33)
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Substituting in (5.3) we get

=1—exp _logu*k}

=1—u*

=1—(1+x)7k

B 1

(1o
Now, . .

Fx)=0=1—-=-=1-— =0=—x=0
1
Fx)=1—=1-0=1- =l=x=0
Therefore
Fx)=1-[14+x7% 0<x<eoo (5.34)
and its corresponding pdf is
F) =kex 142751 0<x<oo (5.35)
which is the Burr XII distribution.
The m™" moment of (5.35) is
E(X™) = /xmkcx(c D1 4x9) (k1)
0
= m+c—1
:ck/ a dx
S [+
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Let
y=x=dy=cx"ldx

Thus

5.4.1 Special Case

When c=1

Fx)=1-[14+x*% 0<x<oo

k
1{1}
1+x

and its corresponding pdf is

fx)=k[1+x%1 0<x<oo

which is the Lomax/Pareto (Type Il) distribution.

(5.36)



74

When k=1

and its corresponding pdf is

f)=—ex M +1]72, 0<x<o

which is the Log-Logistic (Fisk) distribution.

5.4.2 Extensions of Burr XII Distribution

Using Translational Transformation

Casel

Let
1
Y=—
X

where X has Burr XlI distribution with cdf given by (5.30).
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If G(y) is the cdf of y, then

Therefore

Thus
GO) =14y " 0<y<e
and its corresponding pdf is

gy) =key 14y 0<y <

which is the same form as (4.28) and (4.29), a result given by Tadikamalla (1980).

Case 11

Let

where Y has Burr Il distribution with cd f given by

Gy =(1+y )" 0<y<e
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If F(x) is the cdf of x, then

Therefore
Fx)=1-G !
x)=1-— -
X
—k
1 —C
:1_[1+(-) ]
X
1 7k
=1- 1+F}
Thus

Fx)=1-[14x7% 0<x<e
and its corresponding pdf is

F(x) =kex M1 4+x77%1 0<x<oo

which is the same as (5.34) and (5.35).

Case III

Let
X=YJa, ¢>0

where Y has Burr XlI distribution with cdf given by

Gy)=1-[14+y7* 0<y<o
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If F(x) is the cdf of x, then

Therefore

Thus

c1—k
FQQ:I—{L+%} , 0<x<oo (5.37)
and its corresponding pdf is
f(x) K e 1+x‘ o 0<x< (5.38)
X)=—Xx — X < oo .
a a ’

which is another form of Burr XlI distribution, a result given by Tadikamalla (1980).

Case IV

Let
X=0Y

where Y has Burr XlI distribution with cd f given by

Gy)=1-[14+y7* 0<y<o

If F(x) is the cdf of x, then

F(x) = prob (X <x)
= prob (oY <x)

x

= < —
prob (Y < a)
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Therefore
=0 ()
Thus .
F(x):l—[1+(§>c}i , 0<x<oo (5.39)
and its corresponding pdf is
flx)= % (%)Cl [1 + (%)C} - , 0<x<oo (5.40)

which is also another form of Burr XlI distribution known as the Singh-Maddala distri-
bution, a result given by Tadikamalla (1980).

Using Power Transformation

Let
X=Ye, ¢>0

where Y has Pareto Il distribution with cd f given by

If F(x) is the cdf of x, then

Therefore

Thus
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x17¢
F(x)=1-— {1+—} , 0<x<oo
B
and its corresponding pdf is
oc xc] !
fx——xCI{H——] , 0<x <o
(x) B B

which is the same form as (5.37) and (5.38) with a = 8 and k = «.

Using Mixtures

Casel

Let
fxB)=aBx® e P x>0, a>0,p>0

where X|f is Weibull pdf with shape parameter @ and scale parameter ﬁ_é

The cdf is given by

X

F(x|B) = / aBt® e B gt

0

Also let
y=e P — dy=—apt* e P4

Hence

6\/
If g(B) = ﬁe*‘sﬁﬁvfl is a gamma pdf, then
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I'v
0

8 ) r 5B pv—1 [ —(@45)B gv—1
0 0

_6_" I'v I'v

v [6Y (x*+06)

oM oM

_5v_(xoc+5)v

_1 6 Y

N P

1 x4+ 877"

N )
- wa—v

=1- 1+%} , 0<x<oo

and its corresponding pdf is

xOE

—v—1
f(X)ZYXa_l |:1+§:| y O<x<oo

which is the same form as (5.37) and (5.38) withc =, « = 6 and k = v.

Case 11

Let
f(x|B)=BeP*, x>0,B>0

where X|B is exponential pdf with parameter 3.
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The cdf is given by

F(:IB) = [ BePrar

0
- [ﬁe—ﬁf]"
_ﬁ x()
!

[

—1—e P

k
Ifg(B) = %e_aﬁﬁk_l is a gamma pdf, then

F(x)

||
Y o\so\s

F(x|B)g(B)dB

1 —e*ﬁ)‘]r e PBldp

a ﬁx aBipk— ld
— & [l lp*~'ap
0
{ faﬁﬁk ldB / (x+a) Bk ldﬁ}
a~
T Tk x+a
o~
T gk (x+a)
a 1k
—1—
[ X +a]
:1_'x+a__k
a -
- 1—k
—1-|1+2 , 0<x<oo
L al
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and its corresponding pdf is

which is the same as (5.39) and (5.40) with ¢ =1 and o = a.
5.4.3 Beta Burr XII Distribution

Putting (5.34) in (2.3) gives

1—[1+x0]*k
G(x) = / Mdt 0<x<o,a>0,b>0 5.41
- / B(a,b) ) 9 ) ( . )

and its corresponding pdf is

(1= (142 = {1 = (1420}

g(x) = (a b) [1 4 xe]kt
. {1 L4 1+ 4
_ [1+x]k keexe!
- B(a7b) [1 +xc]k+1
Ui B G SO U R
_ L [ Tx ) ke
B B(a,b) [1 + xe]k+1 (5.42)
A g T k!
= [ xC]ka k[] —|—xc]kb kB(a,b) [1_|_xc]k+1
B {I [14x€]k l}a D exe—1
o 1 +xc]ka k-+kb— k+k+lB<a7b)
-1
{[1 +x — 1}a kexe!
1 4 x¢]Katb=D+1B(g p)’ 0<x<eo,a>0,6>0
h order statistic of Burr XII distribution
From (5.42),
L
142k =1} kexe!
gi(.X) { x } O<x<oo (543)

[ +xc]k”+lB(l,n —i+1)’
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Putting i = 1 in (5.43),

knex¢~!
g1(x) = T ]t 0<x<eo

which is the GB2 with shape parameters p = 1,q = kn, a = ¢ and scale parameter b = 1.

The m™" moment of (5.44) is

nkex!
/Xm[1+xc kn+1

m+c 1
:nkc/ —dx
) [1+xc]kn+l

Let
y=x=dy=cx""ldx

Thus

0
[ b
:nk/ dy
/ [1+y]kn+1
k/oo y(l_‘—%)_l d
=n — y
0 [1 +y](kn_c )+(1+7)
:nkB<kn——,1+ﬂ>, c>m
c c

Putting i = n in (5.43),

n{[l+x— 1}n_l kexe!
[1 _|_xc]kn+1 !

gn(x) = 0<x<oo

5.4.4 Exponentiated Burr XII Distribution

Putting (5.34) in (2.8) gives

(5.44)

(5.45)

(5.46)
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G(x) = {1—[1+xc]_k}r, 0<x<oo, r>0

and its corresponding pdf is

1 k-1 At
g(x) =rkex 1 +x]7% {1—[1+xc]_ } , 0<x<oo, r>0

5.4.5 Beta Exponentiated Burr XII Distribution

Putting (5.47) in (2.10) gives

{1=[14x) 7%}
G(x) = / Ma’t 0<x<o,a>0,b>0,r>0
- / B(a,b) ) ) ) )

and its corresponding pdf is

_pyra—17T T b—1
- r{1—[14x]7%}" 1= {1= D+ kexe—1
s = B(a,b) [1+ xc]kt1
ra—1 rq1b—1
Y ST D SR .
B [1+xc]k I [1+x]k ] | kex®
a B(a,b) [1 -+ xc]r]
a1 T b—1
r{[lﬂﬂ"—l}“l 1_{[1+x0]k—1}
_ [1+x<]k i [1+x<]k kexe!
- B(a,b) [1+ ]kt
r b—1
e gyt [ {1
B i {14 x 3 kex !
o [1 _i_xc]kraka(a,b) [1—|—xc]k+1
rd[1+x%—1 ra=l | T+ x W 4 xk— 1 Pt c—1
kcx
- [1+ x<Jkra—k[1 +x<|kbkrB(a, b) [1 -+ xe]kHT
T 1b—1
r{[1+xc]k_1}ra 1 {1+xc}kr_{[1+xc]k_1}r 1
J— L i C—
- [1_|_xc]kra—k+krb—kr+k+lB(a,b) kex
1T 1b—1
Ut A U et (U et o AT
_ L - cx

[1 +xc]kr(a+b—1)+lB(a7 b)

(5.47)

(5.48)

(5.49)

(5.50)
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5.5

i"" order statistic of Exponentiated Burr XII distribution

From (5.50),

P 1y ey {1y
[1+xc]krnt1B(in—i+1) ¢

ex¢! (5.51)

gi(x) =

Puttingi=1in (5.51),

n—1
rn{[l—kxc]k—l}ril {1_|_xc}kr_{[1+xc]k_1}r
gl(x) - El _|_xc]km+1 ] k

cx¢! (5.52)

Putting i =n in (5.51),

B rn{[l —|—xc]k—1}m71 o1

gn(x) T et kex* 7', 0<x<oo, r>0 (5.53)
cX
X) = c>0
Then
/@d _ dx
X 1 —cx
= —log(1 —cx)

Substituting in (5.3) we get

F(x) =1—expllog(1 —cx)]
=1—(1—cx)

= CX

Now,
Fx)=0=¢(0)=0=x=0
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Therefore

1
Fx)=cx, 0<x<-— (5.54)
c
and its corresponding pdf is
1
fix)=¢, 0<x< p (5.55)

The m™" moment of (5.55) is

1 1\ (5.56)
m+1 <E) ]

5.5.1 Beta Generated Distribution

Putting (5.54) in (2.3) gives

tafl 1—1¢ b—1 1
G(x):/(—b))dt, 0<x<—,a>0,b>0 (5.57)
C
0
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and its corresponding pdf is

B [ex] 1 — e
g(x) - B(a,b)
a— a—1 -1
! 71— ex]? !
N B(a,b) ’

1
0<x<—-,a>0,b>0
c

The m'" moment of (5.58) is

]bfl

I
O\
*Z
+
a
Q

Let
y=cx = dy=cdx

Thus

]bfl

l—l—m—l—a—lB(a7 b)

ymta=lry )bl p (5.59)
14+m+a—1— aB( b) Yy

1
0
! @ m+a—1
/ y [1—y
0
/1
0

b—1

_ /lym+a1 [1 y]
c"B(a,b)
)

_ B(m+a,b)
= ¢"B(a,b)
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i'" order statistic of F(x) = cx

From (5.58),

T —ex]™ 1
(x) = 0 -
80 = glm—ity <<

The m™" moment of (5.60) is

B(m+in—i+1)

E(X™) =
() c"B(i,n—i+1)

]

Putting i = 1 in (5.60),

1
gix)=nc[l—ex]™", 0<x<-—
c

The m™" moment of (5.62) is

nB(m+1,n)
£ = "2
Putting i = n in (5.60),
(@) =n"[A]"", 0<x< -
c
The m'* moment of (5.64) is
nB(m+n,1)
£y = "2

5.5.2 Exponentiated Generated Distribution

Putting (5.54) in (2.8) gives

1
Gx)=[cx]", 0<x<-—,r>0
c

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)
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and its corresponding pdf is

g(x)=rc [cx]r_l

-1
= rc! T N (5.67)

r—1

1
=rc"x]"7, 0<x<-—-,r>0
c

The m'* moment of (5.67) is

= rc" [xm ” ] ’ (5.68)

5.5.3 Beta Exponentiated Generated Distribution

Putting (5.66) in (2.10) gives

[ex]”
1411 — )b 1
G(x)=/<—b))dt, O<X<Z’a>0’b>0 (5.69)
0

and its corresponding pdf is

Crfed™ 1= {ex} !
g(x) - B(a, b)
_ rcra71+1 [x]rafl [1 . {Cx}r]b—l
B(a,b)
e = {ex} !
B(a,b)

(5.70)

1
, O0<x<—-,a>0,b>0
c



The m™" moment of (5.70) is

B(a,b) dx

E(Xm) — /mercra [x]mil [1 — {Cx}r]b_l
0

C
rcraxm—l—ra—l

(1= {ex}']"
B(a,b) dx

=]

Let

y=[cx]" =dy=rc" [x]r_l dx

Thus

1\ mtra—1
! rc’® ()%) [1 _y]b—l
E(X™) = /
) 1

1\ r—1 dy
(22 B(ab
) e

P m+tra—1—r+1 —
cra—m ra-Hy m [1_ ]b 1

Il
™ O O _ o~ _

¢""*1B(a,b) ay

my b—1
yrre -yl dy
C1+mle(a’b)

m_ o b—1
yrra -y

d

c"B(a,b) Y
<?+a,b)

= "B(a,b) , I>m

i'" order statistic of G(x) = [cx]"

From (5.70),

e ] = {ex} ] 1
() — 0 - 0
gi(x) Blin—it1) , O<x <o r>

(5.71)

(5.72)

90



The m™" moment of (5.72) is

B(Z+in—itl1)

E(X") = 5.73
(XF") c"B(i,n—i+1) (5.73)
Putting i =1 in (5.72),
rr.ar—1 rin—1 1
gix)=rmc"x]" [1 —{ex}']", O0<x<—-,r>0 (5.74)
c
The m™" moment of (5.74) is
nP (ﬂ + 1,n>
E(X") = rc—m, r>m (5.75)
Putting i =n in (5.72),
rnrn—1 1
gn(x)=rnc™ x|, 0<x<—,r>0 (5.76)
c
The m'* moment of (5.76) is
np (T +n, 1)
E(X™) = rcm , r>m (5.77)

56 gx)=cx, ¢>0

Then

Substituting in (5.3) we get
Fx)=1—¢¢

Now,

F=0=1-1=1-—G=0=x=0
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Fx)=1=1-0=1-

Therefore

Fx)=1—¢, 0<x<oo

and its corresponding pdf is

f(x)=ce ™™, 0<x<oo
The m'" moment of (5.50) is

xX"ce” %Ydx

E(X™) =

S

Let
y=cx=dy=cdx

Thus

E(Xm):/oo<)—)>mce_yd—y
0

Cc Cc
0
— 1 r m+1—le—yd
= /Y y
0
I'(m+1)

5.6.1 Beta Generated Distribution

Putting (5.50) in (2.3) gives

ta_ll—lb_l
G(x) = / (—b))dt’ 0<x<oo,a>0,b>0
0

(5.78)

(5.79)

(5.80)
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and its corresponding pdf is

1—e 1 —{1—e o))"

g(x) = Bah ce
e e
Blab)
[1 o e_cx]afl [e—Cx]b71+l . (5‘81)
B(a,b)
[1 _ e—cx]a*1 [e—cx]b
~ Blab)
[1 _e—cx]a—l Ce—bcx

= O0<x<oo,a>0,b>0
B(a,b) ) X y a ’

i'" order statistic of F(x) =1 —e¢~
From (5.53),

[1 _ efcx]i—1 ce—(n—itl)ex

B(i,n—i+1)

gi(x) = , 0<x<oo (5.82)

Putting i = 1 in (5.54),
g1(x) =nce ™™, 0<x<oo (5.83)
The m™" moment of (5.55) is

E(X{") = /xmnce"“dx
0

Let
y =ncx => dy = ncdx
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Thus
E(X{"):/<1> nce
nce ne
0
|
= yledy
m
(ney )
1 [ m+1-1_—
=g [ V7
ne
0
_ I(m+1)
~ (ne)m

Putting i = n in (5.54),

gn(x)=[1 —e_cx}nflnce_cx, 0<x<oo

5.6.2 Exponentiated Generated Distribution

Putting (5.50) in (2.8) gives

Gx)=[1-¢e]", 0<x<oo,r>0

and its corresponding pdf is

g(x) =rce ™ [1—e ] "l 0<x<o,r>0

5.6.3 Beta Exponentiated Generated Distribution

Putting (5.58) in (2.10) gives

G()—[l_] ta_l(l_t)b_ldt 0<x<oo,a>0,b>0,r>0
X)= ) B(Cl,b) 9 X ,Cl 9 ,I"

and its corresponding pdf is

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)



rll—e ] 1= {1—ee}]"!

g(x) = B(a.b) ce ™, 0<x<o0,a>0,b>0,r>0
(5.89)
i'" order statistic of G(x) = [1 —e~]"
From (5.61),
r1—e ] 1= {1 — e} ™!
gi(x) = | ]B(i r[l—ii—l) V] ce ™ 0<x<oo (5.90)
Putting i = 1 in (5.62),
gi(x)=m[1—e ] - 1-{1- efcx}r}n_l ce” ™ 0<x<oo (5.91)
Putting i = n in (5.62),
gn(x)=rn [1 — e_”] -l ce” ™, 0<x<oo (5.92)

57 glx)=(c—x)"!, ¢>0

Solving for A and B

l=Ac—Ax+Bx=Ac+ (B—A)x

1
Ac=1=A=—-
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1
B-A=0=B=A=-

Thus

/gi_x) X:/x(cdfx)dx

Substituting in (5.3) we get

F(x)=1—exp

—1—
¢ 1
:1—(——1 ‘
X
Now,
2¢ ¢ c
Fx)=0=1-2-1)=1—-|—-1 :O:>x:§
C
¢ 1
F(x):1:>1_(1_1):1_<——1>c:1:>x:c
C
Therefore

(5.93)
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and its corresponding pdf is

f<x)=)%(0;’c)l

-1

- (5.94)
(c—x)c c
=/ -~ <x<c
xitl 2
5.7.1 Beta Generated Distribution
Putting (5.93) in (2.3) gives
—x %
g t“ ! 1—t 1
/ G Gk VY §<x<c,a>0,b>0 (5.95)
0
and its corresponding pdf is
1 a—1 1 b—1 X
c—X\¢ C—X\c¢
() 1_(x)} |:1_ 1_(x) }i| (C—x)zil
X) ==
8 B(a,b) e
( )l a—l 17b—1
] — =0t ex 5] i
s G
- B(a,b) yitl
_ b—
x%A(ch)% ! (ch)% ! |
B ! L (c—x)e ! (5.96)
N B(a,b) e+l
r a—1
Xt — (c—x)%] (c—x)%f%r%f1
B xe— 14b 7T+%+13(a,b)
- a1
Xt — (c—x)%] (c—x)%_1 c
== = ) §<x<c,a>0,b>0

+1B(a,b)

1
h order statistic of F(x) =1 — (C —x>
X

From (5.96),
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1 1 i—1
[xE—(c—x)?] (c—x)
(x) = . ., —<x<c
&i() xéH B(i,n—i+1)

n—it+l __
il

Putting i = 1 in (5.97),

six)=——=7—5 ;<x<c
Xc
Putting i = n in (5.97),

1 11 1_

n[xE—(c—x)C} (c—x)¢

gn(x) = T . —<x<c
xe

—_

5.7.2 Exponentiated Generated Distribution

Putting (5.93) in (2.8) gives

14 1qr=
cC—X)¢ C—X\¢ C
:r%ll—( . )] , §<x<c,r>0
Xc

5.7.3 Beta Exponentiated Generated Distribution
Putting (5.100) in (2.10) gives

=)

a—1 b—1
1—t
G(x) = / #dt, S<x<c,a>0,b>0,r>0
0

B(a,b) 2

(5.97)

(5.98)

(5.99)

(5.100)

(5.101)

(5.102)
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and its corresponding pdf is

- [1 _ (cx_x)ilral [1 — {1 — (cxx)i}r} (c—x)%_l (5.103)

g(x) =

177
i"" order statistic of G(x) = [1 - (c —x) ]

From (5.103),

RS R I (T S

) §<x<c, r>0 (5.104)

-1 1

gi1(x)=m [l — (C;x) i]rl [1 _ {1 _ (C;x>c}r]n (C;+)11 (5.105)

19rn—1 14
gn(x):rn [1_(6'—)6) ] &, %<X<C, r>0 (5.106)

58 g(x)=cxsec’x, ¢>0

/@dx:c/seczxdx

X
Let

t =tanx

dt = sec*x dx
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Thus
/@:c/dt
X
=ct
= ctanx

Substituting in (5.3) we get
F(x) — ] — g Ctanx

Now, | |
T
F)=0=1-1=1-—G=0=x=—7
F)=T— 10—l — sy T
= B ec(=) X_E
Therefore

T T
F — 1 __ ,—ctanx T cx< Z
W=1-ecor, Tor<?
and its corresponding pdf is
v/ ¥/
f(x) = ce @ gec?x, 5 <x<y

5.8.1 Beta Generated Distribution

Putting (5.107) in (2.3) gives

11 =)0t T T
G(X)— / Wdt, —§<x<§,a>0,b>0
0

(5.107)

(5.108)

(5.109)
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and its corresponding pdf is

[1 _ efctanx]a—l [1 _ {1 _ efctanx}]b—l

g(x) = B(a.b) ce N goc2x
e —1[ —ctanxib—1
[1 —e ctan;](a b[)e ctanx] Ce—ctanxseclx
a,
| — g—Ctanx a—1 p—ctanx b—1+1
= [ ]B(a,[b) ] csec?x (5.110)
_ [1 o e—ctamx]a*1 [e—ctanx]b 5
= Bla.b) csec”x
— -1 —bctanx, .2
[1—ectans]® " ce sec x T T
= , ——<x<—=,a>0,b>0
B(a,b) 2 2
i'" order statistic of F(x) = 1 — e~ ¢@n*
From (5.110),
( ) [1 _efctanx]i—lCe*(nfiJrl)ctanxseCZJC T g T s111)
i(x) = , ——<x<= .
8i Blin—i+1) 2 2 (
Puttingi=1in (5.111),
T T
g1 (x) = nce " sec?x, 5 <x<3 (5.112)
Putting i =n in (5.111),
— y T
gn(x)=n [1 — e_Ctanx}n 1ce_Ctanxseczx, —5 <x< 5 (5.113)
5.8.2 Exponentiated Generated Distribution
Putting (5.107) in (2.8) gives
T T
Gx)=[1—e )" —Z<x<Z,r>0 (5.114)

2 2
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and its corresponding pdf is
_ _ -1 v/ T
g(x) = ree ¢ sec?x [1—e Ctanx}r , ——<x<—,r>0

2 2

5.8.3 Beta Exponentiated Generated Distribution

Putting (5.114) in (2.10) gives

1911 —¢)b1 T T

G(x) = ———dt, —= —,a>0,b>0 0

(x) / B(a.b) , 5 <x¥<7,a>0,0>0,r>
0

and its corresponding pdf is

r[l _ e—ctamx]m*1 [1 o {1 _ e—ctanx}”] b—1

g(x) = Bla.b) ce C@N 5oy
a7
i'" order statistic of G(x) = [1 —e¢'a1%)"
From (5.117),
) r[1 _e—ctanx]i—lCe—(n—i+1)ctanxS662x T iy T
8i Blin—it1) ) 2
Putting i =1 in (5.118),
/4 T
g1(x) = rnce™ " sec?x, 5 <x<y

Putting i = n in (5.118),

fctanx} n—1  _ctanx 2 T

T
gn(x)=rm[l1—e ce sec’x, —5<x<3

(5.115)

(5.116)

(5.117)

(5.118)

(5.119)

(5.120)
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59 gx)=a, a>0

Then

d
/@dx:a ad
x x

= alogx

Substituting in (5.3) we get

F(x) =1—exp[—alogx]

= 1—exp[logx™ %]
=1—x“
:1—[x_1]a
1 a
ol
X
Now, .
1
F)=0=1-2=1-—=0=x=1
1
Therefore

and its corresponding pdf is

:OC—-H’ 1<x<°°
X

which is the Pareto (Type I) distribution.

(5.121)

(5.122)
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5.9.1 Beta Pareto (Type I) Distribution

Putting (5.121) in (2.3) gives

ta—ll_tb—l
G(x) = / U= cx<em a>0,b>0
/T Bab)

and its corresponding pdf is

- - - .

g('x) = B(Cl,b) xo+1
—aia—1 — b—1
L A L Lol
B(a,b)
—aa— —a1b—
I )
B(a,b)
1 _x—a]a—lx—ab+a—a—1
- B(a,b) “
1 _xfa]a—leabfl

a, 1 o 0,6>0
B(a,b) , <x<oo,a>0, 0>

The m™" moment of (5.124) is

—ora—1 . —g1b—1
) L G G

E(X™) B(a,b)

_ o a—1 —Q b—1
B | L Gl )
B(a,b)

Tt~ T T3

Let

(5.123)

(5.124)
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Thus

0

) e L

e == B(a,b)aly~a]-¢~!

i"" order statistic of Pareto (Type I) distribution

From (5.124),

gi(x) = ox YT 1<x<eo

The m' moment of (5.126) is

B<n—i+1—T,i>

E(X™") = & 2~ a>m

B(i,n—i+1)

Putting i =1 in (5.126),

(5.125)

(5.126)

(5.127)

(5.128)

(5.129)
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Putting i = n in (5.126),

gn(x)=n|l —x_a}nfl oax 7l 1<x<oo

The m™" moment of (5.130) is

E(X") :nB(l —g,n), o >m
5.9.2 Exponentiated Pareto (Type I) Distribution
Putting (5.121) in (2.8) gives
=[1-x7%", 1<x<o,r>0

and its corresponding pdf is

- ()

gx) =rax * 11 —x_a}rfl

, 1 <x<oo, r>0

The m™" moment of (5.133) is

E(X™) = /xmrowc_‘)‘_1 1 —x_o‘yfldx

Let

(5.130)

(5.131)

(5.132)

(5.133)
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Thus
0 1
aly &) e
1
r/ é [1—y] " 'dy
0 (5.134)
1
= r/ —atl- 1 ]rildy
0
= rB(l — ﬂ ) a>m
o’
Putting 7 = 1 in (5.134), we get the m/" moment of (5.122) as
m
E(X’”)zB(l—a,l), o>m (5.135)
5.9.3 Beta Exponentiated Pareto (Type I) Distribution
Putting (5.132) in (2.10) gives
{1y
G(x) / ~ 1<1_t)b_ldt l<x< >0,b>0,r>0 (5.136)
X)= _ X< oo, a r .
B(a,b) ) ) ) )
0
and its corresponding pdf is
@ ra—1 ha r1b—1
O 0 N L U 4
8\X) =
B(a,b) xotl (5.137)
Pll—x o = {1 —xoy ]
= ox
B(a,b)

" order statistic of Exponentiated Pareto (Type I) distribution

From (5.137),
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rl— T -y
(x) = a , 1 <x<oo
8i%) Blin—it1) ! g

Putting i = 1 in (5.138),

gi(x)=r|1 —x*“]r_] 1-{1 —x*a}r]n_l oax N 1<x<oo

Putting i = n in (5.138),

gn(x)=rn|1 —x*“}m_l ax !l I<x<oo

The m™" moment of (5.140) is

Let
y=x %= dy=—ax * ldx
Thus
0
aly-a]m—a-171 rn—1
[ abee

(5.138)

(5.139)

(5.140)

(5.141)
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/@dx =q dx

X 1+x
= alog(1+x)

Substituting in (5.3) we get

F(x)=1—exp{—oalog[l +x]}
=1—exp{log[l+x]~*}

=1—[14+x]"¢
_11%
:1_[(1+x) }
o
-1- |
14+x
Now,
Fx)=0=1 b ! a—0:¢ =0
¥ = 1~ |1g0| ~ =
l o
14
Therefore

o
} , 0<x<oe (5.142)

and its corresponding pdf is

fo) =al+x7%"!
o (5.143)
= W, 0 <x < oo
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which is the Pareto (Type Il) distribution.
5.10.1 Beta Pareto (Type Il) Distribution
Putting (5.142) in (2.3) gives

]_['ix]atal(l £)p-!
G(x) = 0/ Wdt’ 0<x<o0,a>0,b>0 (5.144)

and its corresponding pdf is

g(x) B(Cl,b) [1+x:|06+1
I i L A (R
B(a,b) [1 4 ]!
_ [1-(1 +x)_°2:a b[)(1+x)_a]b_la[l+x]_a_l (5.145)
[1_(1_}_)6)705]&—1[1_'_ ]f(xb+oc o—1
- B(a,b) ¢
—qya—1 —ab—1
:[1_(1+x)B(]ab)[l+X] o, 0<x<o,a>0 b>0

i'" order statistic of Pareto (Type II) distribution

From (5.145),

=140 (1407«
B(i,n—i+1) [1+x]%T"

gi(x) = 0<x<oo (5.146)

Putting i = 1 in (5.146),



—qin—1 (04
1) =nl(1+x)7¢ S —————
gl =n[0+0 "
=n(14x) """ % [1 42!
:n(1+x)—an+a—a—l o
=na(1+x)" %' 0<x<oo
Putting i = n in (5.146),
— -1 (04
gnx)=n|1—(14x 1" ——, 0<x<o

5.10.2 Exponentiated Pareto (Type Il) Distribution

Putting (5.142) in (2.8) gives

ao- (-]

=[1-(14+x)7%", 0<x<o,r>0

and its corresponding pdf is

=t [}

g(x) =ro[l+x7%" [1—(1+x)_a}r71, 0<x<eo, r>0

5.10.3 Beta Exponentiated Pareto (Type Il) Distribution
Putting (5.149) in (2.10) gives
{1y

[lJlrx]
G(x) / tail(l Z)bildt 0<x< >0,6>0,r>0
x) = _ x<oo, a r
B(a,b ’ ’ ’ ’
0

(5.147)

(5.148)

(5.149)

(5.150)

(5.151)
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and its corresponding pdf is

_ r[l_(lix)a]m_] [1—{1_(1ix)a}r}b—1 )
g(x) = B(a,b) e
Sl i 1[1_{1—(1+x)_a}r] v

: pla?) [1+x]%"!

i'" order statistic of Exponentiated Pareto (Type II) distribution

From (5.152),

n—i

P-4 = {1 = (1407 o

gi(x) =

Putting i =1 in (5.153),

B(i,n—i+1)

[1 _|_x]OH-1

—air—1 o]l —a—1
g1 =m[1= (107 1= {1= (407} ] a1+

rmac[1—(14x) %" [1 —{1- (1+x>*°‘}r}

n—1

[1+x]a+l

Putting i = n in (5.153),

, 0<x <o

gl =rm[1=(1+0)7" e[l 427!
_ rno [1 —(1 +x)_°‘]

rn—1

[1+x]

o+1

, 0<x<oo

(5.152)

(5.153)

(5.154)

(5.155)
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511 g(x) = Bx+

ox

, a>0, p>0
1+x B

Then

/gi—x)dxzﬁ/dwa/ l‘fx
= Bx+alog(l+x)

Substituting in (5.3) we get

F(x) -1 _efﬁxf(xlog[ler}
_ 1_e—[3x+log[1+x]*"‘
|-@

_ l_e—Bxelog[l—l—x

=1—e P14

_1_ e_Bx
[1+x]*
Now,
P =01 Lo @ 0 0
e N N [
0 e e B
(X) — = [oo]a [1_|_oo]05 — X
Therefore
F Al
(x) T <x < oo

and its corresponding pdf is

fx)=ae P14 Be P 1447
oe B Be Bx

, 0<x<oo
1 +x]a+1 [1+x]*

which is the Pareto (Type IllI) distribution.

(5.156)

(5.157)
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5.11.1 Beta Pareto (Type Ill) Distribution

Putting (5.156) in (2.3) gives

0<x<oo,a>0,b>0

ae Bx

ae Px Be Px
[1+x

T [T

UMJ“Ihﬁﬁﬁbl{
) |

1+ x|

i'" order statistic of Pareto (Type III) distribution

From (5.159),

] i—1 [[]e;ﬁca } n—i

pebs
““*W1+ﬂ“}

e b

—Bx
- 1ex°‘
OO

Putting i =1 in (5.160),

Putting i = n in (5.160),

gn(x)=n [1 —

e Bx

(14 x]™

B(i,n—i+1)

K

ae Px .
[1+X]a+1

. 0<x<oo
U+ﬂ“} *

+U+WW}’ pexse

n—1
{

oe B Be B>
[1 +x]0t+1
oe B Be B>
1—#)6]0“LI [1+x]*

}, O0<x<oo

(5.158)

(5.159)

(5.160)

(5.161)

(5.162)
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5.11.2 Exponentiated Pareto (Type lll) Distribution

Putting (5.156) in (2.8) gives

G(x)= {1

and its corresponding pdf is

g(

e B

x):r{[1+x]

Be P
¥ [1+x]“}{1_

e

[T+

Bx

[1+ x]*

e Px

-
} , 0<x<oo,r>0

5.11.3 Beta Exponentiated Pareto (Type Ill) Distribution

Putting (5.164) in (2.10) gives

and its corresponding pdf is

g(x

):r{l

Sy -

dt, 0<x<o,a>0,b>0,r>0

e Bx

1"

ae B

e P

B(a,b)

VT {

[1+ida+l

[1+x]"

i"" order statistic of Exponentiated Pareto (Type III) distribution

From (5

gi(x

.166),

):r{l

e hBx

1+

}ri—l [1_{1_[1;—)6]0[

e Bx

ae Bx

e P

B(i,n—i+1)

ne |

[1 _F'x]a—%l

[1+x]*

r—1
} , 0<x<oo,r>0

}

}

(5.163)

(5.164)

(5.165)

(5.166)

(5.167)
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Putting i =1 in (5.167),

B2 r—1 B rqn—1 oe—Bx ﬁe—ﬁx
e

(5.168)

Putting i = n in (5.167),

rn—1
(x)=rn 11— e ae > + pe > 0<x< (5.169)
T [ESCERNE=y |

5.12 g(x) = ax(x—p)P —, a>0,>0u>0
Bll+ (x—u)?]
Then 1
JEC T L,
g Bll+ (x—u)F]
Let
u=(x—p)?
du:%(x—u)é_ldx
Thus




Substituting in (5.3) we get

F@)zl—wmp{—abgﬂ+{x—u)ﬁ}
= 1—exp {log[1 + (r— )]}

= 1[I+ (- )]

—_

=1- ! 1
14 (x—pu)Ple
Now, .
n@:oz:1—121— —=0=x=p
14 (U —p)F]e
1
Fx)=1=1-0=1— = l=x=oo
(14 (o0 — )P

Therefore

which is the Standard Pareto (Type 1V) distribution.
5.12.1 Special Case
Whenf=1,u=1

1 a
Fx)=1—-x%= —{—} , 1<x<oo
x

(5.170)

(5.171)
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and its corresponding pdf is

flx)=oax %!

o

:OC—H7 l<x<oo
X

which is the Standard Pareto (Type I) distribution as in (5.121) and (5.122).

When =1, u=0

F(x):l—[l—l—x]“:l—[ r, 0<x<oo

1+x

and its corresponding pdf is

fO) =afl+x7%7!

a
:m, O0<x<oo

which is the Standard Pareto (Type Il) distribution as in (5.142) and (5.143).
5.12.2 Beta Pareto (Type 1V) Distribution

Putting (5.170) in (2.3) gives

ta_l(l —l‘)b_l
G(x) = / ————dt, u<x<oo,a>0,b>0 (5.172)
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i"" order statistic of Pareto (Type IV) distribution

From (5.173),

gi(x) = - :
B(i,n—i+1) ﬁ[lJr(x—y)tﬂaH
(5.174)
Putting i = 1 in (5.174),
1q—a) ] a(x—u)%fl
gl(x):n{[l-l-(x—ﬂ)ﬁ] } IETES]
Bl1+(r—p)7]
1 17—l
: 1 q-ana @(r— )P 14 (x— ) |
:n_1+(x_“)ﬁ_ B (5.175)
1
r 1 —anta—o—1 _ )8!
—n 1+(X—IJ)% arrometafx—p)P ~
_ _ B
1
r 1 —on—1 — E_l
=n 1~|—(x—‘u)% ’ %, U <x<oo

Putting i = n in (5.174),

]—a}nl : [ a(x—,u)ll?l}lwr], [L<x<o  (5.176)

==

S0 =n{1- 14—
g {1 [1-1— u L+ )}

5.12.3 Exponentiated Pareto (Type 1V) Distribution

Putting (5.170) in (2.8) gives

—a) "
G(x):{l—[l—f—(X—‘U)ﬁ} }, U<x<oo, r>0 (5.177)
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and its corresponding pdf is

N | _ %4 (5.178)
zr{l—[l—i—(x—u)é] } |:a(x 'u) li|a+17 u<x<00,r>0
B

5.12.4 Beta Exponentiated Pareto (Type IV) Distribution

Putting (5.177) in (2.10) gives

t“_l(l —t)b_l
Glx) = / E U g p<x<o,a>0,b>0,r>0 (5.179)

i"" order statistic of Exponentiated Pareto (Type IV) distribution

From (5.180),

r{l [1+(xu)!13]a}”_1 [1 {1 [1+(xu)ﬂa}r]ni ax— b

B(in—i+1) B [1+(x—u)%]a+

gi(x) = 1 (5.181)

Putting i =1 in (5.181),
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I+ (x—u)?
(5.182)

Putting i = n in (5.181),

gn(X)_m{l[”(xﬂ)ﬁ}a}rnlﬁ[a(xu)ﬁl}law H<x<ee (5183)

—_

T4 (x—p)P

Substituting in (5.3) we get

F(x)=1—exp [—ﬁ}

B
Now,
0
F(x)=0=1—-1=1—exp [—E} =0=x=0
F(x):1:>1—0:1—exp{—g} =l=x=o00
Therefore

Fx)=1—e %, 0<x<oo (5.184)
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and its corresponding pdf is

which is the Exponential distribution with rate parameter —.

B

The m'* moment of (5.185) is

1 _x
E(Xm):/xm—e Bdx
B
0
Let !
X
y=—=dy= —dx
B B
Thus

5.13.1 Beta Exponential Distribution

Putting (5.184) in (2.3) gives

a1 l—t -1
/ —————dt, 0<x<oo,a>0,b>0

(5.185)

(5.186)

(5.187)
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and its corresponding pdf is

X a—1 X b—1
e b ={i-e BT
= ) 5
_i-a—l _i‘b—l
l—e B e b 1 _x
g = — —_ _B
B(a,b) B¢
_ﬁ'd*l r _% b*1+1
_ I—e I 1 (5.188)
B(a,b B
_xja—1lp _x7b
l—e B e B 1
B B(a,b) B
_i-a—l bx
l1—e B e 1
== - , 0<x<oo,a>0,0>0

i"" order statistic of Exponential distribution

From (5.188),

_x i—1 _(n—i+l)x
[1—e ﬁ} e B

1
(x) = —, 0<x<oo .
gi(x) Bin—it]) B’ x (5.189)

Putting i =1 in (5.189),
_mx ]
g1(x) =ne 53, 0<x<oo (5.190)

The m™" moment of (5.190) is

Let
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Thus

|
|‘m
3| 3
\8
~.
3
N
<
o)
~<

Putting i = n in (5.189),

_xn—1 _x ]
gn(X)Zn[l—e B} e B 0<x<oo

5.13.2 Exponentiated Exponential Distribution

Putting (5.184) in (2.8) gives

x1r
G(x) = [1—@73] , 0<x<oo, r>0

and its corresponding pdf is

X

x r—1
gx)=—e P [l—e_ﬁ} , 0<x<oo,r>0

=| =

5.13.3 Beta Exponentiated Exponential Distribution

Putting (5.193) in (2.10) gives

ta—l(l_t)b—l
G(x) = / —b)dt’ 0<x<eo,a>0,b>0,r>0
0

(5.191)

(5.192)

(5.193)

(5.194)

(5.195)
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and its corresponding pdf is

r [1 —eﬁ]m_l [1 . {1 —eﬁ}rr_l

1
g()C) - B(a,b) B

i'" order statistic of Exponentiated Exponential distribution
From (5.196),

r[l—e‘ﬁr_l [1—{1—e‘5}r]n_i |

“eB. 0 o 0
Blin—it1) ge o veAse e

8i(x) =
Putting i =1 in (5.197),

g1(x)=rn [l—e_g}rl [1—{1—e_g}r}n_1%e_g, 0<x<oo, r>0
Putting i = n in (5.197),

_xym=11 _x
gn(x):rn[l—e 5} Ee B, 0<x<o,r>0

(04
5.14 g(x)=a<—> , a>0,B>0

Substituting in (5.3) we get

(5.196)

(5.197)

(5.198)

(5.199)
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ool 3]

Now,
0 o
Fx)=0=1—-1=1—exp [— (E) } =0=x=0
oo o
F(x):1:>1—0:1—exp{— (E) ] =]l=x=o
Therefore

F(x) e (1) pcxcw

and its corresponding pdf is

(5.200)

(5.201)

which is the Weibull distribution with shape parameter o and scale parameter 3.

The m™" moment of (5.201) is

Let
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Thus

(5.202)

5.14.1 Special Case

When o =1
Fx)=1—¢ P, 0<x<oo

and its corresponding pdf is

1
which is the Exponential distribution with rate parameter — as in (5.184) and (5.185).

B

Whenoc:2,ﬁ:2%

_% (5.203)
:1—e 22
x2
=1l—-e72, 0<x<o

and its corresponding pdf is
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[

_ X

fx)=xe"7, 0<x<oo (5.204)

which is the Rayleigh distribution with scale parameter 1.
5.14.2 Extension of Weibull Distribution

Let 5
y =B
X

where X has Weibull distribution with cd f given by (5.200).

If G(y) is the cdf of y, then

Therefore
w12 (%)
_ )
N
Thus

Gly) = e_(%y , 0<y<oo (5.205)

and its corresponding pdf is



129

-5(3) "0

:(xﬁay_a_le_<%>ia’ O<y<oo

(5.206)

which is the Inverse Weibull distribution also known as the Fréchet distribution by
Johnson et al (1995).

The m™" moment of (5.206) is

O
Let » L

=(5) —e5(5) @
Thus

=b 0/ (x) @ e dx (5.207)
:Bm/x]_'g_]e_xdx

0

m m
=pr(1-7)

5.14.3 Beta Weibull Distribution

Putting (5.200) in (2.3) gives

l‘ei( ) pa—1(] _ pyb-1
G(x) = / (—_b))dt’ O<x<o,a>0b>0 (5.208)
0
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and its corresponding pdf is

“eriar 0
i) ;@)
T w
s ()

=

P

=
=|
VN

i'" order statistic of Weibull distribution

From (5.209),

The m™" moment of (5.211) is

E(X™) = /ooxm% (1) e ()
0

(5.209)

(5.210)

(5.211)
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Let

Thus

m < m
=5 [o)Feay
no
0
m oo
= _m/y1+g’§ ledy
na
0
m
== ﬁmr<1+_>
no

Putting i = n in (5.210),

gn(x) =n {1 —€_<E>a]n_le_<g)a% (%) a_l, 0<x<oo

5.14.4 Exponentiated Weibull Distribution

Putting (5.200) in (2.8) gives

ol

6l = |1-¢ |

) } , 0<x<oo, r>0
and its corresponding pdf is

g@pqﬂ(iybﬁ(ﬂap_e@fyq,0<x<%r>o

5.14.5 Beta Exponentiated Weibull Distribution

Putting (5.214) in (2.10) gives

(5.212)

(5.213)

(5.214)

(5.215)
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<07

G(x) / A Gt i (1o 1dzf 0<x<o0,a>0,b>0,r>0
X) = X a
(,l) Y Y Y Y

0

and its corresponding pdf is

i"" order statistic of Exponentiated Weibull distribution

From (5.217),

r [1—e‘(5)arl {1— {1—e‘('

B(i,n—i+1)

gi(x) =

==
SN—
]
H/_/
7
3
L
=| Q
VR
=
~~
§
® |
S
=
N~—~7~
Q

Putting i =1 in (5.218),

&1 (x) = m {1 _e(ﬁ)“rl {1 _ {1 _e(éf}’r i <%>‘“e(é>“

Putting i = n in (5.218),

gn(x) =mn [1 —e(§>a1m_l% (%)a_le<g)a, 0<x<oo, r>0

5.15 g(x)=a+2Blogx, o>0,B>0

/g(—x>dx:a/d—x+2ﬁ/loﬁdx
X x x

Then

(5.216)

(5.217)

(5.218)

(5.219)

(5.220)
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Let

t =logx

dt = —dx

Thus

/é@ :(xlogx+2ﬁ/fdf

)
= alogx+2p (5)

= alogx+ B(logx)?

Substituting in (5.3) we get

F(x) = 1 —exp[— {atlogx+ B(logx)?}]
=1—exp|[—ologx—f3 (10gx)2]

Now,
F(x)=0=1-1=1—exp|[—alogl —B(log1)’] =0 = x= 1

Fix)=1=1-0=1—exp [—alogoo—ﬁ(logoo)z] =l=x=o00
Therefore
Fx)=1- o~ ¥logx—Pllogx)” | oy <o (5.221)
and its corresponding pdf is

2p1
fx) = {% + @} e~ ologr—pllozx)” 1y <o (5.222)

which is the Benini distribution with shape parameters ;8 and scale parameter 1.
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5.15.1 Special Case

When =0

F(x)=1—¢ %logr

—1_ elogx_o‘

and its corresponding pdf is

fx)=ax !

(04

:O{_H7 l<x <o
X

which is the Pareto (Type 1) distribution as in (5.121) and (5.122).

Whena:O,ﬁ:%

(logx

Flx)=1—e¢ 7, 1<x<eo
Let
u=logx
x=e"
Therefore
u2
Fluy=1—e 7, 0<u<oo

and its corresponding pdf is
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le

flu)y=ue 7, 0<u<oo

which is the Rayleigh distribution with scale parameter 1, the same form as in (5.203)
and (5.204).

5.15.2 Beta Benini Distribution

Putting (5.221) in (2.3) gives

]_efoclog)cfﬁ(log)c)2
14— (1 _ t)bfl
G(x) = VT g l<x<ow,a>0,b>0 (5.223)
B(a,b)
0
and its corresponding pdf is
a—1 b—1
[1 _ e—alogx—ﬁ(logx)z] [1 _ {1 _ e—alogx—ﬁ(logx)z }] o ZB Io
_ “w gX | —alogx—pB(logx)?
s B(a.b) R
- X— X, 2 -1 X— X -1
_ [1 —¢ clogrpllow) ] [e logrplos) ] g + 213 lng —alogx—ﬁ(logx)z
B B(a,b) X X ¢
a—1 b—1+1
1 — ¢~ logx— B(logx)? alogx—f(logx)
_ [ [e ] {g L2 logx} (5.224)
7b) x x
[1 _ e—alogt (logx) 2] a- e —ologx—B(logx) ] a 2/3 logx
- @ 2Blog
B(a,b) {x x }
1— e—alog,\ (logx)= —balogx—bﬁ(logx)
:[ ]b E+2ﬂfgx}, l<x<ow a>0,b>0

h order statistic of Benini distribution

From (5.224),

{1 _ e—oc]ogx—ﬁ(logx)z]FI e—(n—i+1)oclogx—(n—[+l)ﬁ(logx)z

gi(x) =

a 2Bl
{7+ Blogx
X X

Bln—it D) }, l<x<oo (5.225)

Putting i = 1 in (5.225),
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a 2Blo
o 2Plogx
X X

—nologx—nf(logx)?

g1(x) =ne

] , 1 <x<oo (5.226)

Putting i = n in (5.225),

gn(x) —n 1_efotlogxfﬁ(log)c)2 nilefoclogxfﬁ(log)c)2 g+ Zﬁ 10gx:| . 1<x<oo (5.227)
X X
5.15.3 Exponentiated Benini Distribution
Putting (5.221) in (2.8) gives
-
G(x) = [1 — e*(ZlngfB(logX)z} , 1 <x<oo,r>0 (5.228)
and its corresponding pdf is
o) = [ £ 4 222088 o ptons? [ etun ] g o0 (5.229)
5.15.4 Beta Exponentiated Benini Distribution
Putting (5.228) in (2.10) gives
[]_efalogxfﬁ(logx)z "
G(x) / ta_l(l_t>b_ldt l<x< >0,b>0,r>0 (5.230)
X) = ——dt, x <oo, a>0, , T .
B(a,b)

0

and its corresponding pdf is

ra—1 rb-1
r {1 7e—alogx—/3(logx)2] {1 _ {1 ,e*alﬂgxfﬁ(bg-")z} ] a 2Blo

_ o 8X | —alogx—B(logx)?

" - [X + 2K ] c (5.231)
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i"" order statistic of Exponentiated Benini distribution
From (5.231),

r [1 - e*“'ngxfﬁ(logX)z] ! [1 — { | — ¢~ logx—P(logx)? }] e

Gt B(in—i+1)

{g N 2B logx} o~ vlog—(log:)?
X X

Putting 1= 1in (5‘232)’

gi(x) =rm [1 B e’amg"’ﬁ(l"g"’)z} o [1 - {1 — e’o‘l"&"*ﬁ(log)r)2 }r} " |:a + M} e*alogxfﬁ(logx)z
X X

Putting i = 1 in (5.232),

gn(x)=rm|1— e—alogx—ﬁaogx)Z] rn—1

g + M] e_ak)gx_ﬁ(logx)2
X X

(5.232)

(5.233)

(5.234)



138

6.1

Distributions based on Case IV of Burr Differential
Equation

Reverse hazard function

Olapade (2000) states that one of the properties of Type | Generalized Logistic distribution
is that it satisfies the following homogeneous differential equation:

(1—e ™ )F —be*F =0

, be™

- 1+e*

Therefore

Fﬁ:}wl_F)(ff;:)(liF)

which can be written as

Let b
e
g(x) (1+ex>
Therefore
/ g(x)
y=y(I-y
U0y
Y =yg(x)
/
Y _ f&)
glx) === =r(x
(=2 = £ =)
where r(x) is the reverse hazard function.
Re-writing the equation
r(x)
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6.2

which is (2.1) with

This implies that

That is

|

/dyy = /r(x)dx

logy = /r(x)dx

y = exp { / r(x)dx]

F(x) = exp [ / r(x)dx}

r(x)

Let

and

2 coshxarctan e¢*

/r(x)dx = !

2 coshxarctan e*

2

u = —arctane”*
T

du d% arctane*
dx dx

e.x
_1+62"}

1
_e*X _|_ ex

o
2(e*+e¥)
2

:2(e_x2 n ex)]

SIS IS IS NS TS

1
_ZCoshx]
1
~ mcoshx
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Thus
mcoshx
d:/———d
/r(x) * ucoshx
1
:/—du
u
Substituting in (6.1) we get

F@:w%/#4

= exp [logu]
=u
2
= —arctane”
/4
Now,
2 2 .
T T
2 /1 2
F(x) =1l= - <_> = —arctane” =1 = x =0
T\2 T
Therefore
F(x) = %arctane", —oo < x < oo

and its corresponding pdf is

f(x)=g< : ), —o0 < x < o0

T \1+4+x?
6.2.1 Beta Generated Distribution

Putting (6.2) in (2.3) gives

2 X
T arctane

11 —1)P!
G(x) = ———~—dt, —o oo 0,6>0
(x) / Ba.b) , <x<oo,a>0,b>

(6.2)

(6.3)

(6.4)



141

and its corresponding pdf is

g(x) = —

[2 arctane’“}a_1 [1- %arctanex} Pl e 1
5o < (i)

T
1+ x2

2
i'" order statistic of F(x) = —arctan e

From (6.5),

gi(x) = —

[2 arctanex} 1 [1 — %arctanex] n 2e* 1
Blin—i+1) .

T
1 +x2

Putting i =1 in (6.6),

2 e (1
gl(x):n[l—garctanex} %<1+x2)’ —oo L x < oo

Putting i =n in (6.6),

2 loet /1
gn(x)=n [; arctanex] — (m) , —o<x<oo

6.2.2 Exponentiated Generated Distribution

Putting (6.2) in (2.8) gives

2 r
G(x) = {% arctanex] , —oo<x<oo r>0

and its corresponding pdf is

285 (1 2 -
g(x):r%(l+ 2) {Earctanex} , —oo<x<oo, r>0
X

which is referred to as Burr VIII distribution.

), —o0 < x < o0

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)
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6.2.3 Beta Exponentiated Generated Distribution

Putting (6.9) in (2.10) gives

[% arctan ex] "

G(x) / A L) A <x<o,a>0,b>0,r>0
X)) = _— —co < x <o, a r
B(a,b) ’ ’ ’ ’

and its corresponding pdf is

b—1
r[% arctanex} ra=1 [1— (%arctanex)r} 268 ( 1 >

glx) = B(a,b) 7\ 142

i'" order statistic of Burr VIII distribution

From (6.12),

Putting i =1 in (6.13),

2 r—1 2 rqn—1 2 X 1
gi(x)=rn {E arctanex] [1 — <E arctanex) ] % (I—I—XZ)

Putting i = n in (6.13),

2 K A
— - X - — —o0 )
gn(x)=rn Lrarctane } p (l—l-xz)’ <x< oo, r>0

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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6.3

1 —cos2mx

r(x) =
<) x—%rsin27rx

1 —cos2
/r(x)dx:/#ﬂxdx

X — —sin2mx
27

Let
|
U=x——sin2mx
2n

du=1—cos2mwxdx

Thus
1—cos2mx
dx= | ——d
/r(x) g /(1—cos27rx)u !
1
du

u

Substituting in (6.1) we get

F(x) = exp { / idu}

= exp[logu]

=Uu

=x— —sin2nx
27

Now, .
F(x):0:>0—O:O—Esin2n'(0):0:>x20

1
F)=1=1-0=1-_sin2r=1=x=1

Therefore ]
F(x)=x— ﬁsin2ﬂx, 0<x<l1

and its corresponding pdf is

f(x)=1—-cos2mx, O0<x<1

(6.16)

(6.17)
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6.3.1 Beta Generated Distribution
Putting (6.16) in (2.3) gives

1 .
X— 5z Sin27x

ta_ll—tb_l
Glx) = / (—b;dt, O<x<1,a>0,b>0

and its corresponding pdf is

21 21

[x— oL sin27x] ' 1= (x— L sin27x)]” [

g(x) = Bla.b) 1 — cos2mx]
1. a—1 . b—1
— >=8In27 1—x+5=sin2x
— [X 21 Xj| |: X 27 X:| [1 — COS 271')6]
B(a,b)

1
i"" order statistic of F(x) = x — I sin27x

From (6.19),

[x— sk sin27x] ™' [1 - (x— & sin27x)]" [

1 —cos2mx], 0 I
Blin—i+1) cos2mx, 0<x<

gi(x) =

Putting i = 1 in (6.20),

1 n—1
gl(x):n{l—<x—gsin27rx)1 [1—cos2mx], O0<x<1

Putting i = n in (6.20),

1 n—1
gn(x)=n {x— ﬁsin2n’x} [l —cos2mx], O<x<1

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)
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6.3.2 Exponentiated Generated Distribution

Putting (6.16) in (2.8) gives

1 r
G(x) = [x—gsin%rx} , O0<x<1,r>0

and its corresponding pdf is

1 r—1
g(x) =r(1—cos2mx) {x—gsin%rx} , 0<x<1,r>0

which is referred to as Burr Xl distribution.
6.3.3 Beta Exponentiated Generated Distribution
Putting (6.23) in (2.10) gives

[x— ﬁ sin 27rx] :

G(x) / & (1 ;)b ldt 0<x<1,a>0,b>0,r>0
— A a r
B(7) ) Y Y Y
0

and its corresponding pdf is

b—1
g(x) = il B(a.b) ZE [1—cos2mx]

rlx— L sin27rx}m*1 [1—(x— L sinan)r}

i'" order statistic of Burr XI distribution

From (6.26),

r [x— ﬁ sin27rx] ri-l [l — (x— ﬁ sin27rx) r] o

B(i,n—i+1)

gi(x) = [1 — cos27x]

Putting i = 1 in (6.27),

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)



146

6.4

1 r—1 1 ran—1
g1(x)=rn [x ~ % sin an} {1 - (x ~ % sin 27tx> } [1 —cos2mx] (6.28)

Putting i = n in (6.27),

1 rn—1
gn(x)=rn [x— gsinan] [l —cos2mx], O0<x<1,r>0 (6.29)
e *
r(x) = m, a>0
e

e—x
/r(x)dx: Oc/ 1+€7xdx

Let

u=14+e"*

du = —e ¥dx

Thus

/r(x)dx: Oc/ eﬂ; dx

—e*u
1
=—0o | —du
u
Substituting in (6.1) we get

F(x) = exp [—oc / idu}

=exp|[—alogul
= exp [logu™ ]

o

-
[+

Now,
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1 1
140 [l+e =]

Flx)=1=

Therefore

Fx)=[1+e % —co<x<oo
and its corresponding pdf is

oe

=, —o0 < x < o0
1+ [t

f(x)

which is the Type | Generalized Logistic distribution.

6.4.1 Special Case
When o =1

Fix)=[l+e ]!, —co<x<oo
and its corresponding pdf is

e*.x
f(x)—m, —o0 < x < oo

which is the Logistic distribution as in (4.2) and (4.3).

When o =2

Fx)=[l+e ™% —co<x<oo

(6.30)

(6.31)

(6.32)
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and its corresponding pdf is

2e %

T e 1P 41

f(x)

—o0 < X < 00 (6.33)

which is the Skew-Logistic distribution with skewness parameter 1.

6.4.2 Extension of Type | Generalized Logistic Distribution

Introducing location and scale parameters

Let
Y=0X+A, >0, 1>0
where X is Type | Generalized Logistic Distribution given as

1

F(x):m,

—oo X o

If G(y) is the cdf of y, then

Therefore
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Let

Ql>

i)
|
Q

Thus
_XY -6
G(y) = [I—Fpe o] , —oo<ly<oo (6.34)

which is a member of Generalized Gompertz-Verhulst Family of Distributions a
result given by Ahuja and Nash (1967).

When 6 = 1, (6.34) becomes Logistic distribution with scale parameter ¢ a result due
to Verhulst(1838).
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7.1

Distributions based on Case V of Burr Differential
Equation

Definition of hazard function

The statistical theory of survival analysis deals with survival time T which is regarded as
a continous random variable. Accordingly, the survival time ¢ is a realization of T.

As with any continous random variable, T has an associated probability density function
f(t). We can characterize T in terms of two other functions, namely the survival function
S(t) and the hazard function A(z).

Since T is a continous random variable, the probability of dying at any given time is 0.
A nonzero probability is obtained only when we consider the probability of dying in an

interval of time.
Thus S(¢), f(¢) and h(t) are defined as follows:

S(t) = the probability of an individual alive at time 0 surviving until (at least) time t

S(t) = prob (T > 1)
=1—prob (T <t)
=1—F(t)

where F(t) is the cdf.

f(t) = the instantaneous probability per unit time than an individual alive at time 0 will

die at time t

. prob |t <T <t+At]
t)=1
0= 4, A
F(t+At)—F(1)]
m
At—0 At
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h(t) = the instantaneous probability per unit time than an individual alive at time t will
die in the next instant

prob [t <T <t+At| T >1]

At—0 At

prob [t <T <t,T >t

At—0 At probT >t

B prob [t <T <t,T >t
A0 At S(t)

1 I prob [t <T <t,T >t
- S() A0 At
_f@)
S(t)
0
1—F(t)
It follows that
h(t) = %
1 [ ds(r)
~s |
_dS(r)
T S(t)dt
d[logS(7)]

Hence
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Integrating both sides

— [ h(t)dt = | d[logS(1)]
[rou=]
logS(x) —logS(0) = — [ h(r)dt
0

o]
c
—
(o
~<
Q.
(¢]
)
>
=
(@]
>
9]
~
2
[
IS
Q
S
ﬂ
[V
2
[
=
=
INW
=
I
[

Therefore

Exponentiating both sides

Therefore

Flx)=1—exp | — / h(r)dt
0

From stochastic approach, Chiang (1968) derived the hazard function as follows:

Let

WU (x)Ax+ o(Ax) = the probability of dying between age x and x+ Ax

and

prob (X < x) = the probability of dying at or before age x

= F(x)
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Then

F(x+ Ax) = the probability of dying at or before age x+ Ax
= the probability of dying at or before age x or probability
of living upto age x and dying between age x and x+ Ax
= F(x) +[1 = F ()] [ (x)Ax + o(Ax)]

which becomes

F(x+Ax) = F(x) = [1 = F(x)][1(x)Ax + o(Ax)]

Hence
i FO+A)—F(@) [ = F)][r(x)Ax+o(A)
Ax—0 Ax Ax—0 Ax
Since (a9
Alx—>0 Ax 0
fx) =[1—F(x)]p(x)
Therefore £
) =1"F o
which can be written as
yl
w) =175
Y =(1=yu)
I _ p(x)
Yy =y(1-y) .
which is (2.1) with
g(xvy) = ‘uiX)

In demography, the hazard function A(t) is called the force of mortality denoted by
().
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This implies that

Therefore

That is

7.2 Lomax (1954); u(t)

Let

SI= TI= TS =S = O

- =aq;

S
SR

=B,

(7.1)

—_
QL
~

IS}
+
S
<

[log (a+ b1)];

[log (a+ bx) —logal]
o ()
o (1+22)]
n(1+3)

oa>0,8>0
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Then

X

/u(t)dt By [log <1 +%)}

0

Substituting in (7.1) we get

[E—
S -
=
N——
Q

Now,

Therefore

—a
F(x):l—(1+—) , 0<x<oo (7.2)

and its corresponding pdf is
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0<x<o,a>0,b>0

o x —o—1
flx)=— (l + —)
(x) B 5
B g (ﬁ +X> —o—1
B\ B
o ﬁ o+1
B (B +x>
__ap”
(B +x)a+1’
which is the Lomax distribution.
7.2.1 Beta Lomax Distribution
Putting (7.2) in (2.3) gives
1—(1+§>7a
t“_l(l _t)b—l
G(x) = / dr,
/ B(a,

- qa—1
i-(1+3) " | (1+5)
8lx) == B(a,b[ }
'1_ <1+%)a' a=1 1+3)ab1
— Bia,b)

i'" order statistic of Lomax distribution

From (7.5),

0<x <o

(7.3)

(7.4)

(7.5)

(7.6)
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Putting i =1 in (7.6),

Putting i =n in (7.6),

7.2.2 Exponentiated Lomax Distribution

Putting (7.2) in (2.8) gives

G(x) = [1—(1+%>_a] , 0<x<oo,r>0

and its corresponding pdf is

r—1

g(x):%<1+%)_a_l [1—(1+%>_a] , O<x<oo, r>0

7.2.3 Beta Exponentiated Lomax Distribution

Putting (7.9) in (2.10) gives

t“il(l _t)bfl
Glx) = / gl 0<¥<=a>0.6>0r>0

and its corresponding pdf is

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)
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7.3

i'" order statistic of Exponentiated Lomax distribution

From (7.12),

Putting i =1 in (7.13),

g1(x) =rn [1— (1+%>_a] . [1— {1— (1+%>_a}r] nl#

Putting i =n in (7.13),

. rn—1 o
gn(x):rnll—(l—f—%) ] #, O<x<l1,r>0
uit)=c, ¢>0
w(t)dt = | cdt
juos-]
= [et]g

(7.12)

(7.13)

(7.14)

(7.15)
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Substituting in (7.1) we get

Fx)y=1—e*
1
T e
Now,
Fx)=0=1 : 0=x=0
X)) = — = = X =
exp{0} exp{c(0)}
Fx)=1=1 ! : l =
X)) = — — = X = o0
exp {oo} exp{c(e)}
Therefore

Fx)=1—¢“, 0<x<e (7.16)

and its corresponding pdf is

fx)=ce ™, 0<x<oo (7.17)

which is the Exponential distribution with rate parameter c.

The m'* moment of (7.17) is

xX"ce” Ydx

E(X™)

I
S

Let
y=cx=dy=cdx
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Thus

(7.18)

7.3.1 Extension of Exponential Distribution

Introducing location and scale parameters

Let v_a
cX:%, ¢>0,0>0,1>0

where X is Exponential distribution given in (7.16).

If G(y) is the cdf of y, then

G(y) = prob (Y <y)
= prob (ccX +A <y)

y—A»A
= b | X<
pro ( < )

Therefore
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Let
A
p:ea
Thus
_y
Gy) = 1-pes
Now, '
G(y)=0=1—-pe cd=0=pe c=1
oy 1
¢ 06 = —
p
y
—=~=In—=Inl1-1
- np n np
y=olnp
Gy)=1=>1-pes=1=pe s=0
Z:00
(e}
y:oo
Therefore ,
G(y)zl—pe_%, olnp <y<oo (7.19)

which is the Exponential distribution with scale parameter ¢ a result due to Verhulst
(1847) when 6 =1 on

,10
GO = [1 —pe"E] , Olnp <y<oo (7.20)

(7.20) is a member of the Generalized Gompertz-Verhulst Family of Distributions a
result given by Ahuja and Nash (1967).
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7.3.2 Beta Exponential Distribution

Putting (7.16) in (2.3) gives

ta_ll—tb_l
G(x) = / =0T Gcx<om a>0,b>0
/ B(a,b)

and its corresponding pdf is

[1 _ e—cx]a—l [e—cx]b—l

g(x) = ah
[1 . e_cx]a—l [e—cx]b—l‘H
B(a,b) ¢
_ [1 _efcx]a—l [efcx]b
B(a,b)
[1 - e—cx]a*1 e—bcx

= 0 oo 0,b>0
B(a,b) c, <x <o, a>0, 0>

i"" order statistic of Exponential distribution

From (7.22),

[1 _ e—cx]i—l e (n—i+1)cx

B(i,n—i+1)

gi(x) = c, O0<x<oo
Putting i = 1 in (7.23),

g1(x) =nce ™™, 0<x<oo

The m'" moment of (7.24) is

E(X") = /xmncencxdx
0

(7.21)

(7.22)

(7.23)

(7.24)



163

Let
y =ncx => dy = ncdx

Thus

ne
1 oy
:[nc]m/ye dy
0

Putting i = n in (7.23),

gn(x) =nc |1 —e_cx}n_l e 0<x<oo

7.3.3 Exponentiated Exponential Distribution

Putting (7.16) in (2.8) gives

Gx)=[l—e]", 0<x<o,r>0

and its corresponding pdf is

—Cx} r—1

g(x) =rce [1—e , 0<x<oo,r>0

7.3.4 Beta Exponentiated Exponential Distribution
Putting (7.27) in (2.10) gives

1

G(x) / ta_l(l_t)b_ldt 0<x<oo,a>0,b>0,r>0
X)) = _— X oo, a r
B(a,b) 9 9 9 9
0

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)
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7.4

and its corresponding pdf is

r[l _efcx]m—l [1 _ {1 _ e,cx}r] b—1

glx) = B(a,b) “

—CX

i'" order statistic of Exponentiated Exponential distribution

From (7.30),

r[l— e*C’C]”._1 [1-{1- efcx}r}n_i o
() = - 0 ) 0
g,(x) B(i,n—i+1) ce 7, <x<oo, r>

Putting i = 1 in (7.31),

g1(x)=rn [l—e_"xyfl [1-{1 —e_cx}r]nilce_cx, 0<x <o, r>0

Putting i = n in (7.31),

gn(x)=rn [1 —e_cx} -l ce ™ 0<x<o, r>0

Weibull (1951); u(t) = cot®*!, ¢>0, o >0

0

co
= T
=c[x*—0]

o

(7.30)

(7.31)

(7.32)

(7.33)
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Substituting in (7.1) we get

Flx)=1—¢¢
1
=1 —
eC.X
Now, .
Fx)=0=—=1- = =0=—=x=0
) (0} ewle@ 0"
Flx)=1=1 : 1 : |l =
X)) = — = ]| — = X = oo
exp{eo} exp {c(e0)*}
Therefore
F(x)=1- e_cxa, 0<x<o (7.34)
and its corresponding pdf is
f(x) =cox® e 0<x<oo (7.35)

which is the Weibull distribution with shape parameter & and scale parameter c = 3 ~%.

The m™" moment of (7.35) is
E(X™) = /x’"cax e dx
0

Let
y=cx® = dy = cax®* dx
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Thus

(7.36)

7.4.1 Special Case

When o =1

and its corresponding pdf is

fx)=ce ™™, 0<x<oo

which is the Exponential distribution with rate parameter ¢ as in (7.16) and (7.17).
7.4.2 Beta Weibull Distribution

Putting (7.34) in (2.3) gives

¢ t“il(l _t)bfl
G(x) = / —b)dt’ 0<x<o,a>0,b>0 (7.37)
0
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and its corresponding pdf is

PR T {1-e=}] -
g(x) == : é(a b) cax® leme
Rp— a—1 —eicxa] b—1+1 |
e = = (04 o—
B(a,b) o
1— e—cxo‘- a1 -e—cxo‘] b
= - cox®1
B(a,b)
1— e—cx“_ a1 e—bcx‘x
== B(_b) cox® ! 0<x<oo,a>0b>0
a?

i'" order statistic of Weibull distribution

From (7.38),

i—1
[1 _ efcxay ef(nfiJrl)cx“
a—1

(x) = a , 0<x<oo
gl(-x) B(i,n—i-|—1) cox X

Putting i = 1 in (7.39),
1 —ncx®

g1(x) =ncax* e , 0<x<oo

The m™" moment of (7.40) is

_ ey
E(X{") :/xmncaxa Le=nex dx
0

Let
y = nex® = dy = ncox® ldx

(7.38)

(7.39)

(7.40)
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Thus

Putting i = n in (7.39),

o a—1 —cx% n=l —cx%
gn(x) =ncox l1—e e, 0<x<o

7.4.3 Exponentiated Weibull Distribution

Putting (7.34) in (2.8) gives

ar
G(x) = [1—5“} L O<x<oo, r>0

and its corresponding pdf is

r—1
g(x) = reax® e [1 - e_cxa] , 0<x<oo, r>0

7.4.4 Beta Exponentiated Weibull Distribution

Putting (7.43) in (2.10) gives

l‘a_l(l —t)b_l
G(x) = / —b)dt’ 0<x<o,a>0,b>0,r>0
0

and its corresponding pdf is

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)
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= o 7.46
i'" order statistic of Exponentiated Weibull distribution
From (7.46),
r[l _eicxa] ri—1 [1 B {l_ecxa}r]n—i )
gilx) = cox® 1™ 0<x<oo, r>0 (7.47)

B(ijn—i+1)

Putting i =1 in (7.47),

alr—1 oYy rin—1 o
g1(x)=rn [1—6_” ] [1—{1—6'_” } } cox® e 0<x<oo, r>0 (7.48)

Putting i = n in (7.47),

rn—1

gn(x)=rn [1 — efcxa] cox® e

, 0<x<oo,r>0 (7.49)
7.5 u(t)=Alogt, A>0

X

/u(t)dt = /Alogtdt
0

0

X
= A/logtdt
0

Let 4
t
u=Ilogt = du= "
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and
dv=dt = v=t

Then

X

X
A/logtdt =A [tlogt]’é—/dt
0 0

A([xlogx — 0] — [t]p)
A (xlogx — [x—0])
A (xlogx —x)

Substituting in (7.1) we get

F(x)=1—exp{—A(xlogx—x)}
=1—exp{—Axlogx+Ax}
=1 —exp{—Axlogx}exp{Ax}

=1—exp {logx_Ax} exp {Ax}
= 1 —x “exp {Ax}

1
=1- v CXP {Ax}

("

Therefore

e Ax
F(x)=1- (—) (7.50)
x
and its corresponding pdf is
Ae*logx
flx) = A (7.51)

7.6 De Moivre’s Law

De Moivre (1725) postulated the existence of a maximum age @ for human beings and
assumed that time T to death was uniformly distributed on (0, ® — x).
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Let

Liyy=a+bt, 0<t<w—x

be the number of persons living at age x+1.

For,
t=0—=1L=a
t=0—x=lp=a+b(w—x)
But
L,=0
Thus
po
w—Xx
Therefore
Lt
lx—H:x_ -
—X
t
—lx(l_ ), 0<t<w—x
w—Xx

The force of mortality at time x+¢ is given by:

_ L dlx+t
Uyyr = lx+t dt
1 d(a+bt)

Ca+bt dt

a+bt
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Forx=0

Then

= , 0<tr<w—x
Ww—x—t
= ! 0<tr<w
“l_w_ta =~
X X dl-
Hdt = | ——
[utar= [ 5=
0 0
= [—log (@ —1)]g
= [~log(® —x) —log(w)]

Substituting in (7.1) we get

Now,

L o-x
®
()
©
_.x
o



173

F(x):O:>6:0:>x:O
@
F(x):1:>5=1:>x:a)
Therefore
X
F(X)ZB’ 0<x<w (7.52)
and its corresponding pdf is
fx)=—, 0<x<ow (7.53)

The m™" moment of (7.53) is

Pkt @
1

7.6.1 Extension of De Moivre’s Law

Under De Moivre’s Law, the probability of a newborn surviving at least x years is given by
the survival function .
Sx)=1-—, 0<x<o
@

Let (x) denote life that has survived to age x and T'(x), a random variable is time to death
of (x). The conditional probability that (x) survives to age x+¢ is denoted by ; py.
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tPx = prob [T(0) > x+1t| T(0) > x|

Under De Moivre’s Law, the conditional probability that a life aged x years survives at
least  more years is given by

_ Xft
1 ®

tPx =

Therefore

w — t
sz:ﬂ, 0<r<w—x (7.55)
w—Xx

and the random variable T (x) follows a uniform distribution on (0, ® —x).
The conditional probability that (x) dies before age x+1 is denoted by ;gy.
1qx = prob [0 < T(x) <[ T(0) = x]

_ S(x) —S(x+1)
a S(x)

Under De Moivre’s Law, the conditional probability that a life aged x years fails to survive
to age x+1 is given by
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X X+t
=505
tdx = T
1— =
w
X+t x
_ w
- W—x
[0)
_x+t—x (0]
o ®—x
o t
 w—x
Therefore
t
tGx = , 0<t<w—x
w—Xx

Under De Moivre’s Law, the force of mortality for a life aged x is

U(x+1t) = 0<t<w-—x

©—(x+1)’
7.6.2 Beta Generated Distribution

Putting (7.52) in (2.3) gives

“’ta—l(l_t)b—l
G(x):/—dt, O<x<w,a>0,b>0
/ B(a,b)

®B(a,b)
-l [1 N ﬁ]b‘l
)
o*'wB(a,b)
a1l _i]b_l
S

O0<x<w,a>0,b>0

(7.56)

(7.57)

(7.58)
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which is the Three Parameter Beta distribution.

The m™" moment of (7.58) is

wB(a,b)
Let
L
y= y= o
Thus
R
E(X™ :/ m d
- 0 ) ©B(a,b) o
1 J—
:wm/ [y]m+a 1[1 y]b 1dy
/ B(a,b)
_ @"B(m+a,b)
~ B(a,b)
i'" order statistic of F (x) = %
From (7.58),
£ s
gi(x) = =2 Ol O<x<o

wB(i,n—i+1)

The m™" moment of (7.60) is

mBm+in—i+1)

B = o =i+ 1)

1

Putting i = 1 in (7.60),

(7.59)

(7.60)

(7.61)
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The m'" moment of (7.62) is
E(X{") =nw"™B(m+1,n)
Putting i = n in (7.60),
x1n—1
gn(x):n[a} , O0<x<o
The m'* moment of (7.64) is

E(X)") =nw"B(m+n,1)

7.6.3 Exponentiated Generated Distribution

Putting (7.52) in (2.8) gives

G(x) = [—]r, O<x<w,r>0

= 0<x<w,r>0

(7.62)

(7.63)

(7.64)

(7.65)

(7.66)

(7.67)
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The m™" moment of (7.67) is

()]
r

E(x™) = / 2

a)r
0

w
r _
:E/XH’H»F ldx
0

ro[amtr]©
a J [m—kr}o

r o @mtr

Em%—r
=ro"B(m+r1)

7.6.4 Beta Exponentiated Generated Distribution

Putting (7.66) in (2.10) gives

[%]rta—l (1 _ l)b_l
G(x) = 0/ Wdt, O<x<w,a>0,b>0,r>0

and its corresponding pdf is

-

®B(a,b)

rxra—l{l_ [ﬁ]r
w

b—1

= , 0<x<®w,a>0,b>0,r>0

(7.68)

(7.69)

(7.70)

which is the GB1 with shape parameters p = a,q = b,a = r and scale parameter b = ®.

The m™" moment of (7.70) is



179

) ra—1 [ _[X]" b=1
Em) = [ rer ({DIB ({fj) P
0
@ ppmtra=] {1 _ [f}r}b_l
:/ ®"B(a,b) dx
0
- r " ldx
[ i
Thus

1
pxmtra—1 [1 _y]bfl
E(X™ :/ "d
(x") ®"B(a,b)rx"! @y

ymtra—l—-r+l [1 _y]bfl

0
1
= wrfrad
/ B(a,b) Y
0
Lom b1
= /yr+a 1[1 _y] wr*ererrafrdy
B(a,b)
0

X r
i'" order statistic of F (x) = [5]

From (7.70),

i 3]

. , 0<x<w,r>0
@ B(i,n—i+1) AT

gi(x) =

The m'* moment of (7.72) is

B in—it1)

EX") =
(x) =0 B(i,n—i+1)

(7.71)

(7.72)

(7.73)
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7.7

Putting i =1 in (7.72),

-5}

gi1(x) = , 0<x<w,r>0

o
The m™" moment of (7.74) is

E(X{") = nme(? + 1,n>, r>m
Putting i =n in (7.72),

rnx !

a)}"n

gn(x) = , 0<x<w,r>0

The m'* moment of (7.76) is
E(X)") = nme(— +n, 1), r>m
r

Gompertz Law

(7.74)

(7.75)

(7.76)

(7.77)

Gompertz (1825) attributed death to two causes: chance or the deterioriation of the power

to withstand destruction. In deriving his law of mortality, he considered only deterioration

and assumed that man’s power to resist death decreases at a rate proportional to the

power itself.

Since the force of mortality p(z) is a measure of man’s susceptibility to death, Gompertz

used the reciprocal —— as a measure of man’s resistance to death and thus arrived at

u(t)

the formula

where k is a positive constant.
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Hence
d 1
H)————=—k
1 d 1
e
1
“—t)dtu(f)
d 1
—log—— = —k
dt Ogu(t)
/dlogL:_k/dz
(e
logL——kt—l—d
w(t)
1 _efkt+d
w(t)
pir) =€
_ it
Let
e =B, B>0
and
ek:c, c>0
Then

is the Gompertz Law of Mortality.
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Thus

Substituting in (7.1) we get

Now,

Thus

X

//,L(t)dt = O/Bc’dt

0
X

'
— / eloch dt

0
X

!
— /elogB—l—logc dt

0
X

— elogB/etlogcdt
0

B T x
¢ log c]
0

_ exlog c_ 60

)

[ X
elog ct eOi|
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F(x)zl—exp{—i[cx—l]}7 0<x < oo

logce

Replacing e ¢ =B and ¢ = ¢

—d
F(x)zl—exp{—%[ekx—l]}, 0<x<oo (7.78)

and its corresponding pdf is

—d
f(x) :edekxexp{—% [ekx—l]}, 0<x<oo (7.79)

—d
e
which is the Gompertz Distribution with shape parameter e and scale parameter k.

7.7.1 Beta Gompertz Distribution

Putting (7.78) in (2.3) gives

lfexp{f%[ kxfl]

l‘a_l(l _t)b—l
Glx) = / g 0<x<maz0b>0  am
O )

and its corresponding pdf is

1 —ex —%[ek —1] o 1—(1—expi—4=[F—1] o e -,
] )
1 —exp _%[ekx_l] a CXp _%d[ekx_l} B d kx _r
:[ { }ga,bg { H e e exp{f [e 1”
I e B Y e Gatl | P .80
B(a,b)
B [lfexp{f%[ekxfl]}] h exP{*%[ekX*I}}]h d ok
= Bla.b) o
oot )] w51
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i"" order statistic of Gompertz Distribution

From (7.81),

gi(x) = e e, 0<x<oo
Putting i = 1 in (7.82),

g1(x) :ne_dekxexp{—K [ekx— 1} } , 0<x<oo

Putting i = n in (7.82),

7.7.2 Exponentiated Gompertz Distribution

Putting (7.78) in (2.8) gives

e '
G(x) = {l—exp{—T [ekx—l]}] , 0<x<oo,r>0

and its corresponding pdf is
efd eid r—1
g(x) =re “eexp {_k [ekx - 1} } {1 —CXP{—k [ekx— 1} H , 0<x<oo,r>0

7.7.3 Beta Exponentiated Gompertz Distribution

Putting (7.85) in (2.10) gives

(7.82)

(7.83)

(7.84)

(7.85)

(7.86)
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[lfexp{f ed [ek"fl] }] '

Tk
tafl(l_t)bfl
G(x) = / ——————dt, 0<x<o0,a>0,b>0,r>0 (7.87)
0

B(a,b)

and its corresponding pdf is

i'" order statistic of Exponentiated Gompertz Distribution

From (7.88),

r[1-exp {5 [ekx_q}]”;l [1-(1-exp{-" [ek*‘—l}})r]"fi o { od o }}

gi(x) = e ‘e exp

Putting i = 1 in (7.89),
e e 3 [ (s e 2 e g 2

Putting i = n in (7.89),

(7.88)

(7.89)

(7.90)

(7.91)
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7.8 Makeham’s Law

Makeham (1860) suggested the modification

u(t)=A+Bc", ¢>0,A>0,B>0

which is a restoration of the missing component "chance", to the Gompertz formula.

Thus
X X
/ w(t)di = / (A+Bd')di
0 0
X X
_ / Adi + / B'dt
0 0

X
— A5+ / B gy
0

x
!
:Ax+/elog3+logc dt
0

X

= Ax+ elOgB/ eogeqy
0

— Ax+ B _etlogc}
logce L

X

0

=Ax+

exlogc . eOi|
loge L

B r
=Ax+ — elogcx—l]
loge L

=Ax+ (" —1]

loge

Substituting in (7.1) we get

P =1-ep{ - (arve 1))

zl—exp{—Ax— lch[cx_l]}
1

exp{Ax—F%[cx— 1]}

—1-
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Now,
1 1
F(x)=0=1— —1- —0=—=x=0
exp {0} exp {A(0) + B [0~ 1]}
1 1
F(X):1:>1— =1- = ]l=—=x=
exp {oo} exp {A(oo)—l—& [ — l]}
Thus

F(x)zl—exp{—Ax— [c"—l]}, 0<x<oo

logc

Replacing e™? = Band ¢t = ¢

—d
F(x)zl—exp{—Ax—eT[ekx—l}}, 0<x<oo (7.92)
and its corresponding pdf is
e—d
flx)= {A+e_dekx} exp {—Ax— - [ekx — 1} } , 0<x<oo (7.93)

which is the Gompertz-Makeham Distribution.
7.8.1 Extension of Gompertz-Makeham Distribution

Elandt Johnson and Johnson (1980) gave an exercise to obtain F(x) if A is exponentialy
distributed. That is

where
—d

F(x|A):1—exp{—Ax—eT [ekx—l]}, 0<x<oo
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and

Therefore

and its corresponding pdf is

—d efdekx

1

x+A

Fx) = Aexp{—% [e’“— 1]}

7.8.2 Beta Gompertz-Makeham Distribution

Putting (7.92) in (2.3) gives

and its corresponding pdf is

" (x+A)

, 0<x<oo

0<x<o0,a>0,b>0

(7.94)

(7.95)

(7.96)
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e 4o

B N S NN BT |
s
e B

) []—exp{—AxfT[‘\ 71]3(]{1‘17) p{—befbeT[e* f']} {A+e—dekx} O<x<o, a>0b>0

i'"" order statistic of Gompertz-Makeham Distribution
From (7.97),

. [l—exp{fof el [e’a71}}}i71exp{f(n7i+1)A.rf (oithed [ek-ul”
gi(x) =

B(i,n—i+1)

{A+e’4e”}, 0<x<oo

Putting i = 1 in (7.98),

—d

g1(x) :n{A—}-e_dekx}exp{—nAx— nek [ekx— 1] }, 0<x<oo

Putting i = n in (7.98),

n—1

gn(x) :n{A+e*de“} {l—exp{—Ax— % {ek’f— 1} H exp{—Ax— % [e’“— 1]} 0<x<oo

7.8.3 Exponentiated Gompertz-Makeham Distribution

Putting (7.92) in (2.8) gives

—d r
G(x) = [l—exp{—Ax_‘gT [ekx_l}}] , 0<x<oo, r>0

and its corresponding pdf is

(7.97)

(7.98)

(7.99)

(7.100)

(7.101)
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g(x) =r{A+e7dekx}eXp{—Ax— % [ekx—l]} {l —exp{—Ax—% {ek"—l}Hr_l, 0<x<oo,r>0

7.8.4 Beta Exponentiated Gompertz-Makeham Distribution

Putting (7.101) in (2.10) gives

ta—l(l_t)b—l
G(x) = / —b)dt’ O0<x<oo,a>0,b>0,r>0

and its corresponding pdf is

L e ) [ (e e ) i

glx) =

><{A+e7de]“}exp{fofeT [ek"fl} , 0<x<o0,a>0,b>0,r>0

i'" order statistic of Exponentiated Gompertz-Makeham Distribution

From (7.104),

r {1 7exp{fo7 % [ek"f I}Hri_l {17 (lfexp{fof e;—d [ekxf 1]})r]

B(i,n—i+1)

gi(x) =
—d

X {A+e’dekx}exp{fo7% [ek)‘fl}}, 0<x<oo, r>0

Putting i =1 in (7.105),

n—1

gi(x) =rm {1 —exp{—Ax— % {ekx_l] H”l {1 - (1 —eXp{—Ax— % [ekx_ 1} }H

—d

X {AJre_dekX}exp{fong {ek"fl]}, 0<x<oo, r>0

(7.102)

(7.103)

(7.104)

(7.105)

(7.106)
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7.9

Putting i = n in (7.105),

) =1 -exp{ e <[] H frreteep{ac oo}

, 0<x<oo,r>0

Makeham’s Second Law

Makeham (1890) suggested

u(t)=A+Ht+Bcd, ¢>0,A>0,H>0,B>0

Thus

/ :/ A+Ht+Bc dt
:/ dt+/tht+/Bcdl
0

Ht '
= [A]g + [—] —l-/e'Och dt

>
=Ax+ HTX + /elogBHOgCldt

0
2
e 2L B [
2 logc 0
2
:Ax—i-H—x—l— B e“(’gc eo]
2 logc
:Ax+_xz B logc* 60}
2 logc
Hx> B
—Ax A —
X+ > + c[c ]

Substituting in (7.1) we get

(7.107)
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logc
Hx> B
=1- —Ax— — — |
exp{ x 2 logc[c ]}
1

Now,
1 1
Fx)=0=1-——==1 07 =0=x=0
{0 oxp{a(0)+ HQE + (e 1]}
1 1
F(X):ljl— =1— ()2 =]l—=x=
Thus
Hx* B
F(x):l—exp{—Ax—Tx—@[x—l]}
Replacing e ¢ =B and ¢ = ¢
H2 —d
F(x)zl—exp{—Ax—Tx—eT[ekx—l]}, 0<x<oo (7.108)
and its corresponding pdf is
H2 —d
flx)= {A—|—Hx—}—e_dekx}exp{—Ax— =1 } 0<x<o (1.109)

7.9.1 Extension of Makeham’s Second Law
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Van der Maén (1943) suggested a modification to the Makeham’s Second Law. He defined
the force of mortality as

D
,u(t):A+Bct+]E, c>0,A>0,B>0,D>0,N>0

Thus

/ /<A+Bc —I——t)dt
/ Adt + / Bcldr + / i
0
X

= [A1] logBe' 14 D/ - dt
0+/e N

X
:Ax+/elog3+logddl —Dllog (N —1)]

X
:Ax—i-elogB/e”Ogcdt —DJlog (N —x) —logN]
0

B X
— Ax4 — ”OgC] D[logN —log (N —
w4 o [ ] + DllogN —log (¥ —)

—Ax—+

: N
exlogc _60] + Dlog |:

logce L N—x}

I - N
oz’ 1] 41
e +Dlog N_x

=Ax+
loge L

=Ax+

N
[¢* — 1]+ Dlog [

logc N—x}

Substituting in (7.1) we get

N e R )

B N
=1—exp{ —Ax— ——[c* — 1] —Dlog
logce N—x

o {N]ix} _Dexp{—Ax—é[c’(—l]}
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Replacing e ¢ =B and ¢ = ¢

-D —d
F(x)=1- L%C] exp{—Ax— 67 [ekx — 1] } (7.110)

7.9.2 Beta Generated Distribution

Putting (7.108) in (2.3) gives

ta_l(l—t)b_l
G(x) = / —b)dt’ O<x<o,a>0,b>0 (7.112)

o [exp{,fm g2 et [k }r i) (7.113)

2 d [ a-l 2 el [ g
[1 —exp{—Ax— H% - {ek" — ]} H exp{—be— b% — b‘T {ek" — 1}}
B(

{A+Hx+e"[ek"'}‘, 0<x<ow,a>0,b>0

i'" order statistic of F(x) = 1 —exp {—Ax - HTXZ - % [ —1] }

From (7.113),

_ i1 . 2 . —d
{lfexp{fof aE _ed {ek‘—l}H exp{—(n—iJrl)Axf (o=t DA (n=itDe™? {ek"‘—l]}

B(i,n—i+1)

{A+Hx+efdek't} (7.] ]4)
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Puttingi =1 in (7.114),

H2 —d
81(x):n{A—I—Hx—l—e_dekx}exp{—nAx—n ror [ekx—l}}v 0<x<oo

2 k

Putting i =n in (7.114),

—1
H? ey ! H? ey
gn(x):n{AJerJre*dekX} [lfexp{fofong [f“*l} }} exp 7AX7TX7€T [e]"tfl} , 0<x<oo

7.9.3 Exponentiated Generated Distribution

Putting (7.108) in (2.8) gives

H2 —d r
G(x) = [l—exp{—Ax—Tx—%[ek’c—l}H , 0<x<oo, r>0

and its corresponding pdf is

—1
) e o He o
g(x):r{A+Hx+e deh}exp{—Ax——X—e— [ek"—l}} {l—exp{—Ax—TA—eT [ekx—l} , 0<x<oo,r>0

7.9.4 Beta Exponentiated Generated Distribution

Putting (7.117) in (2.10) gives

G(x) = / 7)111,‘, O0<x<oo,a>0,b>0,r>0

o

and its corresponding pdf is

L e it Gt ) N et e s sl et )
glx) = B
Hx?

—d
><{A+Hx+e7dekx}exp{—Ax—T—eT {ek"—l}}, 0<x<e0,a>0,b>0,r>0

(7.115)

(7.116)

(7.117)

(7.118)

(7.119)

(7.120)
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7.10

_ r
i'" order statistic of G(x) = [1 —exp {—Ax - HTXZ - % [ —1] }]

From (7.120),

r[lfexp{fof HT“Z — % [e""f I}HYFI [1* (1 *Cxp{*AX* # - % [ekxf 1”)’}"”'

B(i,n—i+1) (7.121)
—d kx B _iﬁ_d K -
><{A+Hx+e e }exp{ Ax > X {e 1] , 0<x<o,a>0,b>0,r>0

gi(x) =

Putting i =1 in (7.121),

gi(x) =m {lfexp{fofHszfg [ekhl}HH {1 <1fexp{fo7Hsz*§ {e”@})T

(7.122)
2 —d
X {A+Hx+eidekx}exp{fo7 HTX — eT [ekxf 1} }, 0<x<oo,r>0
Putting i =n in (7.121),
_ m—1 : -
gn(x)=rn [l—exp{—Ax—Hsz—# [ek"—l]}] {A+Hx+e’de’“}exp{—Ax—%\2—% [ek“—l}} (7.]23)

Double Geometric Law

Let
ut)=A+Bd+Mn', ¢>0,n>0,A>0,B>0,M>0
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Thus

X

[ uteya

0

X
/ (A +Bc +Mn’)dt
0

X X X
/ Adt + / Bc'dt + + / Mn'dt
0 0 0

X X

— [Al‘]g-{—/elOchtdt—F/elOgMntdt
0 0

x X
! t
:Ax+/eIOgB+10gC dt+/elogM+logn dt
0 0

x X
:Ax+elog3/etlogcdt+elogM ollogn gy
0 0

-etlogci|x_|_ M |:etlogni|x

=Ax+
loge L 0 logn 0

— Ax+ B _exlogc_eO} +

[exlogn _ eO]
loge L logn

X
[ elogn _ 60]

B 7 M
— Ax+ elogc" _60] +
loge L logn

B M
:A X_l x_l
x+10gc[c ]+logn[n ]

Substituting in (7.1) we get

B
F(x) :1—exp{— (Ax+@[cx

B
zl—exp{—Ax——[cx—l]

logc
—1 1
exp{Ax+%[c"—l]+k§gﬂ [nx—l]}
Now,
F)=0—>1—— !
X) = — f— —
exp {0} exp {A(O) + % [©— 1]+ légn [0 — 1]}
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7.11

Piet exp{A(oe) + gz lem — 1]+ e - 1]
Therefore
B M
Fx)=1- —Ax—— "= 1]———[n"—1 0 o0 .
W=t-ep{ A - ], o<ace ga
and its corresponding pdf is
g B Mo
F(x)={A+Bc"+Mn }exp{—Ax—logC[c"—l]—logn [ —1]}, 0<x<oo (7.125)

Opperman’s Law

Gompertz laws are primarily for fitting with adult ages and not ideal for infant and child
mortality.

Opperman (1870) suggested a formula for graduation of infant and child mortality by
defining

a

u(r) = i

+b+ct%, a>0,b>0,c>0

Thus

X

/ p(t)dt
0

/x(a +b+ l%>dt
J— Ct:
0 \/;

X
/ (af% +b+ct%)dt
0

at=2+1 ctéﬂr

i +bt+1
—5+1 3+1

(S]]

0
X

1 3 4
= [2at2 + bt + —ct31
4 0

1 3 4
=2ax2 +bx+ ZCX3

3 1\4
=2a\/x+bx+ i (x3)
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Substituting in (7.1) we get

F(x) = l—exp{— (2a\/)_c+bx+— (x%)4)}

3 4
= l—exp{—Za\/)_c—bx—Zc <X%> }
1

W

=1-
4
exp{2a\/§+bx+%c <x%> }
Now,
1 1
F(x):0:>1—eX {0}:1— 2 =0=x=0
1
P exp{Za\/G—Fb(O)—Ff—lc <0§> }
1 1
exXp exp{2aﬁ+b(oo)—{—%c <oo%) }
Therefore

3 4
F(x):l—exp{—Za\/)_c—bx—Zc’(xé) }, 0<x<oo (7.126)
and its corresponding pdf is

a

o ={%

3 4
+b—|—30x}exp{—2a\/)_c—bx—zc (x%> }, 0<x<oo (7.127)

7.12 Thiele’s Law

Thiele (1871) was of the opinion that force of mortality should take into account the
differences in mortality behaviour during the major epochs of life.

He partitioned the survivorship curve into three components:
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e For childhood

e For adult ages

e For old ages

wi(r) =ae ™"

(1) = ape™ 3207

w3 (1) = aze™

Hence the formula meant for graduation of mortality throughout all ages was written as

Let

and

Then

Thus

u(r) = i (2) + pa(r) + pa(r)
= aje 1 +a2e_%b2(’_c)2 + azeP

e ""=B,, B >0
e =By, B,>0
e’ =B;, B3>0

(1—c)

1 2
[.L(t) = alBtl —{—azB% —|—ang

f f ¢ 5(t—c)? ¢
/,u(t)dt :/ a1B; —l—azB% +azB; dt
0 0

f ' f 3(1—c)? / '
:al/Bldt+a2/B2 dt+a3/B3dt
0 0 0

X X X

1 2
5(t—=c)
! 2 !
= al/elogBldt—i—az/elogBZ dt+a3/elog33dt

0 0 0
X x X

1 2
:al/etIOgBldt+a2/ez([C) IOgBZdt+a3/ethgB3dt
0 0 0
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L )2 X

T P I ) S

logBl 0 lOng t—c IOgB3 0

| AV 1.2

_ a [eXIOgBl _eo} n ap [ez(x ¢)“logB, N e2¢ log32]

log By log B, xX—c c

a_3 |:exlogB3 _60i|

log B3

l(x_ﬁ'>2 lc2

_ aj [elOgB‘x B eo] n a elogBQZ N elog322 a [elog33x B eo]

1OgBl 10g32 XxX—c c 10gB3

B 1 2 1.2
B Q(X—C) B 7€

= a1 [le—1]+ @ 2 + 2 as [B3x_1]

logBl IOng xXxX—cC c IOgB3
= B4 2 [ By2¢ By 2 ~2) f (x — ¢)By 3¢

log B log B, c(x—c)

as -
[B3* —1]
log B3
a a 523 {CBZ%(XZ*ZXC) + (x—c)} a3

— x N
- Br =11+ + [B3* — 1]

logB1 log B, c(x—c) log B;

Substituting in (7.1) we get

a
F(x)=1—exp {_long] B — 1]

Now,

Thus

x_l}

a
F(x)=1—exp {_longl (B

0<x<oo

Replacing e ' =By, e "2 =B,

1.2 1/.2 ~ .
a B)2¢ {chz(x 2xa)+(x_c)} Ca
log B>

F(X):1:>X:°0

12 1,2
By2% 3Bz ) (x—¢)
@ { } a3 By —1)
log B, c(x—c) log B3

and e = B;
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bzrz —by (x2 —2xc)
e T {ce p +(x—¢)
as

A1 [ _bix a b3x
F(x)=1— 7{ 171} o ff[ 371} ,
(x) Ky 5 1 b c(x—o) by © (7.128)

O0<x <o

and its corresponding pdf is

—byc? —by (¥ ~2xc)
—bix | R 77[72(02?’272)“) by e’ c +(x_C) b3x
— il 2
f) = ae " {e +e }+ P +aze
7172('2 —by (xzfltc)
. @ e 2 {ce P —|—(x—c)} o
Gl b _ il 83| bsx o
X exp by [e 1}—i—b2 cG—0) by [e 1} , 0<x<
(7.129)
7.12.1 Extension of Thiele’s Law
Siller (1979) introduced a force of mortality for middle age of the form
(1) = a
Therefore
a a
F(x)=1 —exp{b—l [e_b‘x— 1] — a)x — b—3 [eb“— 1] } , 0<x<oo (7.130)
1 3

and its corresponding pdf is

flx)= {ale’b‘x+a2 +a3eb3x} exp {a—] [e*b‘x — 1} —ax— = [eb3x - 1} }
by b3 (7.131)

, 0<x<oo
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7.13 Babbage’s Law

Babbage (1823) assumed that S(¢) was quadratic (rather than linear as De Moivre had

assumed). He defined
S(ty=1—ct—dt*>, ¢>0,d>0

Therefore
—S'()
)= ——"t
B —(—c—2dt)
1 —ct—df?
B c+2dt
1l —ct—dt?
Thus
T I oc42dt
Hdt= | ————=dt
/‘u( ) 1 —ct —dt?
0 0
Let
u=1—ct—di*
du = (—c—2dt)dt
Then

/xu(r)dt: /x;((%__;j;))du

0 0

x

= —/ ldu
0

= —[loguJg

= —[log (1 —ct —dr*)];

= —[log (1 — ex —dx*) —log 1]

= —[log (1 — cx —dx*) — 0]

= —log(1 —cx—dx?)

<
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Substituting in (7.1) we get

F(x)=1—exp{log(l —cx—dx*)}

=1—(1—cx—dx?
= cx+dx*

Now,
Fx)=0=cx+dx*=0
dx* = —cx
dx=—c
c
X=—=
d
Fx)=1=dx’+cx=1
dx* +ex—1=0
—c*+ Vet +4d
X =
2d
Therefore
, —c—Vc2+4d —c+Vc2+4d
F(x) = cx+dx~, <x< (7.132)
2d 2d
and its corresponding pdf is
—c—Vc2+4d —c+Vc2+4d
f(x) =c+2dx, CoveT <x< crvet (7.133)
2d 2d
Adler (1867) recommended suitable values of ¢ and d.
7.13.1 Beta Generated Distribution
Putting (7.132) in (2.3) gives
cx+dx? 1 h—1
G(x) / 7 (1—1) s —c—\/02+4d<x<—c—|—\/02—|—4d
X) = ———dt,
/ B(a,b) 2d 2d (7.134)

,a>0,b>0
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and its corresponding pdf is

[cx—i—dxz}ail [1- (cx—ka’xz)}bi1

g(x) = B(a.b) (¢ +2dx)
L B (7.135)
[cx+dx2]a : [l—cx—dxz]b :
= Ba.b) (c+2dx)
i'" order statistic of F(x) = cx+ dx?
From (7.135),
ex+d2] T [1—ex— a2
gi(x) = [ ;(i n[—i—l— 0 } (c+2dx) (7.136)
Putting i =1 in (7.136),
n— —c—Vct+4d —c+Vc2+4d
gl(x):n[l—cx—dxz] 1(c—|—2dx), coveT <x< crvet (7.137)
2d 2d
Putting i = n in (7.136),
- —c—Vct+4d —c+Vct+4d
en(x)=n [cx+dx2]n 1(c—|—2dx), covet <x< crvet (7.138)
2d 2d
7.13.2 Exponentiated Generated Distribution
Putting (7.132) in (2.8) gives
—c—Vc*+4d —c+Vc2+4d
G(x) = [cx+dx2}r, covet <x< crvet , r>0 (7.139)

2d

and its corresponding pdf is

2d
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r—1 —C—\/C2+4d< <—c+\/c2+4d

g(x) =r(c+2dx) [cx—kdxz} , ¥ x ¥ , r>0 (7.140)
7.13.3 Beta Exponentiated Generated Distribution
Putting (7.139) in (2.10) gives
[cx-i—dxz]r
N 1= =2+ 4d —c+Vc2+4d
G(x) = / dt, <x<
B(a,b) 2d 2d (7.141)
0
,a>0,b6>0,r>0
and its corresponding pdf is
rlex+d®]™ " 1= {ex+ a2} ]
g(x) = Ba.b) (¢ +2dx) (7.142)
i'" order statistic of G(x) = [cx+dx*]"
From (7.142),
rlex+d®] 1= {ex+ a2
gi(x) = [ }B(i,r[z—ii 0 v (c+2dx) (7.143)
Putting i = 1 in (7.143),
_ n—1
g1(x)=rmn [cx+dx2]r ! [1 - {cx+dx2}r} (¢ +2dx) (7.144)

Putting i = n in (7.143),

e V@A ___ et /Piad

21rn—1
gn(x) = rn [ex+dx?] (c+2dx), ¥ X ¥

(7.145)
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7.14 Lambert’s Law

Lambert (1776) defined

2
S(t) = {a—t} —b[e—%—e—ﬂ, a>0,b>0¢>0d>0

Therefore
u(r) = —SS(’t()t)
(xRt tee))
[P b et —ed]
B[Pt
[P b et o]
Thus , [ } b[ ]
S+ e ted
Jros- [P )
Let
— 2 '
u= {Tt] —b[e_c—e d]
du = (—3—? {?}—g[—e +e dDdt
Then
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7.15

Therefore

F(x)=1-— ([a;xr—b [e_}f- —e‘j}) (7.146)

and its corresponding pdf is

N
AUl

f(x)—x—z

(7.147)

_2a a—x b x
X

Adler (1867) recommended suitable values of a, b, c and d.

Perk’s Law

Perks (1932) proposed

_A+Bd
 1+Dc’

u(t)

A>0,B>0,¢>0,D>0

which is known as the logistic curve.

Let

) lo A B
c=A——
£ D
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Then
() = B +A
Dc' +1
bt
ct—l—ll)
Bl +A
D@t

Using partial fraction method

Y Z  Y(d+5)+zD

D+ct—|—1l)_ D(c’—f—ll))

Solving for Y and Z
t vy Y
Bl +A=Yc -I-B-i-ZD

Y =B =Y =B

Y A-L 4
—+ZD=A=—Z7= D _—
D D D

B
D2

Hence
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Thus

}

X
B logc
t)dt = —
/,u() /[D+1+Dct]
0 0
(B T 1
_[B ogc
_/Ddt+/l+Dc’d
0 0
B 1" log(1+¢'D)1"
:[—t} +logc{0g(t+c )}
D |, Dc'loge |
B +1 log(1+¢*D)  log(1+D)
DD o I
1
B 1 (1+cD)e
=~ x+—Llog |—
Dx+D{Og 1D
11D
B\ o | (LHED)
=—x+1lo
Rl W)
Substituting in (7.1) we get
B _(1+&D)#_$
F(x)=1- ——x—1
(x) exp ¢ —pyx—log 5D
B (1+ep)]?
-1 TS PR G e (7.148)
exp Dx—i— og =D
Vb
(1+c*D)& B
=1—-|— exps ——x
1+D
and its corresponding pdf is
B clogC ) [(1+eD) 0
_J° og i
f(x)_{D+D(1+ch)} 5D exp{ Dx} (7.149)

7.15.1 Extension of Perk’s Law
Martinelle (1987) suggested a modification to the Perk’s law. He defined the force of

A>0,B>0,¢>0,D>0,E>0

mortality as
A+ B
= © LEC,

w0 =T pa
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Thus

X X
/Ectdt = /elogECtdt
0 0

!
elogE—Hogc dr

St~

X
:elogE/etlogcdt
0

E 7 X
¢ log c}
0

_ exlogc . eO]

E -
elogcx _ 1]

X
=—|"—1
logc[c ]

Therefore

Substituting in (7.1) we get

B
F(x)=1—exp —Bx—log - [ —1]

(" —1] (7.150)

B
=1—exp —Bx—l—log —_ —

and its corresponding pdf is

c“logc }

f(X){ngECXJrD(I—&—cXD) exp{ﬁxE[Hl]} (7.151)
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7.16 Landahl’s Law

According to the Landahl model

u(r) = , p>0,k>0

where p and k are parameters representing the combined effects of all risks which may
result in death.

Thus

—
=
5

I

p(1+kt) dt

[log(1+k?)];
[log(1+kx)—Inl]

[log(1+ kx) — 0]

»l*c »l“m »l'u »I*@ O\R

log(1 + kx)

Substituting in (7.1) we get

F(x) = l—exp{—%log(l—kkx)}

=1 —exp{log(l +kx)_%}

—(H—kx)*%
1
:1— 7
(14 kx)*
Now, .
1 (14+k{0})*
1 1
F(X):1:>1——— — > =1=—=x=0o0
* (14k{eo})®

Therefore
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P
k

Fx)=1—(14kx) %, 0<x<oo

and its corresponding pdf is

F() = p(1+kx) k!

- 0<x<w

(14 kx)kt1’

7.16.1 Beta Generated Distribution

Putting (7.152) in (2.3) gives

0<x<o0,a>0,b>0

- qJa—1 b—1
1—(14kx)~ [L—{1—(1+k@—%}} 1
g(x) = Bab) p(1+kx) %"
,7a—1 ,7b—1
1—(1+kx)~F [(L+k@*z} ]
- B(a b) P14k
_pa-l _pbyp p g
1—(1+kx)"x (1+kx) FTF &
- B(a,b) P
-1
1= (k) #] (1) %
_ L BeD) p, 0<x<oo, a>0b>0

i'" order statistic of F(x) =1 — (1 +kx)~
From (7.155),

1 )_p(n;i+1)—1

P-41+k@—%l_(1+kx
B(i,n—i+1)

gi(x) = p, 0<x<oo

(7.152)

(7.153)

(7.154)

(7.155)

(7.156)
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Putting i = 1 in (7.156),

_pr_q

gix)=pn(l+kx)"F ", 0<x<eo

Putting i = n in (7.156),

_p]n-1 _r_
gn(x) =pn |1 —(1+kx) k] (I+kx) % 7, 0<x<eo

7.16.2 Exponentiated Generated Distribution

Putting (7.152) in (2.8) gives

p1r
k

Gx)=[1—(1+kx) k| , 0<x<oo,r>0
and its corresponding pdf is

p1r—1
Tk

g(x) :rp(l—l—kx)_%_1 [1—(1+kx) , 0<x<oo,r>0

7.16.3 Beta Exponentiated Generated Distribution

Putting (7.159) in (2.10) gives

l‘a_l(l —t)b_l
G(x) = / —b)dt’ O0<x<o,a>0,b>0,r>0

and its corresponding pdf is

IS
—_
<
I
—_
—
—
|
—
—_—
|
—~
e
Fen
=
N—
|
=S
——
P
T
—_

rp|1—(1+kx)~

g(x) =

(7.157)

(7.158)

(7.159)

(7.160)

(7.161)

(7.162)
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_p]r
T

i'" order statistic of G(x) = [1 — (1 +kx)

From (7.162),

pri—l pY Nt
rp [1—(1+kx)—z} [1—{1—(1+kx)7} }
gilx) = 5 , 0<x <o, r>0 (7.163)
B(i,n—i+1)(14kx)st!

Putting i =1 in (7.163),

rnp [1 —(1 —f—kx)_?]rl [1 — {1 —(1 +kx)_%}r} "
g1(x) = (1+kx)%+l

, 0<x<oo, r>0 (7.164)

Putting i = n in (7.163),

rnp [1 —(1 —|—kx)_%] "
gn(x) = (ko , 0<x<oo,r>0 (7.165)
x

7.17 Kodlin (1967); u(t) =a+ppt, a>0,p >0

Thus

X X

/u(t)dt = /(a+Bt)dt

0 0

X
:/ocdt+[3tdt
0

]

B’
= _—
X+ 5

Substituting in (7.1) we get
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Now,

F(x)=0:>l—lzl—exp{O}:1—exp{—a(0)—ﬁ<0)2}=0:>x:0

Fx)=1= 1—O=l—exp{—oo}:l—exp{—a(oo)—ﬁ(oo)z} =0=x=o0

Therefore

B
Fx)=1—e*"2, 0<x<o (7.166)

and its corresponding pdf is

2
f(x) :{(X-l—ﬁx}e_ax_ﬁT, 0<x<oo (7.167)

which is the Linear Exponential distribution according to Elandt Johnson and Johnson
(1980).

7.17.1 Special Case
When 3 =0
Fx)=1—¢%, 0<x<o

and its corresponding pdf is

fx)=ae™ ™, 0<x<o

which is the Exponential distribution with rate parameter o, the same form as in (7.16)
and (7.17).
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When a =0, =1

and its corresponding pdf is

[

_ X

fx)=xe"7, 0<x<oo

which is the Rayleigh distribution with scale parameter 1 as in (5.203) and (5.204).
7.17.2 Extension of Linear Exponential Distribution

Flehinger and Lewis (1959) in a reliability context considered

F(r) :1—exp{—at—%ﬁt2} (7.168)

where ¢ is the duration of the fire.

Their assumption was that the ratio of the fire loss amount x to the minimum discernible
loss xo increases exponentially with the fire duration.

X
—:ekt, k>0, x>x0>0
X0

log (i) = logeX
BY)
)
X0

log

Substituting in (7.131) we get

rio =1 { o (2) o s (3]}

=1 —exp {—a(logx —logx) — B(logx — logxo)z}



Now,

F(x)=0=1—exp{0} zl—exp{—alog (;%) —B [log (’ﬂﬂz} =0 = x=1x0

X0

F(x)=1=>1—exp{—o} = 1—exp{—alog (%) —B {log (f)r} —l=—x=o

Therefore

F(x) =1—exp{—a(logx—logxy) — B(logx — logxo)z} , Xp <x<oo (7.169)

and its corresponding pdf is

Fl) = {g N 2B (logx —logxop)

} exp { —a(logx —logxo) — B (logx — logxo)z}
X x

(7.170)
, Xg<x<oo

which Kleiber and Kotz (2003) called it the Benini distribution with shape parameters
o; and scale parameter xo.

Special Case

When a =0

F(x)=1 —exp{—B(logx— 10gX0)2}
= 1—exp{—PB(logx—logxo)(logx —logxo)}

=1- exp{—ﬁ(logx_ logxo)log (xio) }

—B(logx—logxo)
X
X0

and its corresponding pdf is
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) = {2ﬁ (logx —logxo)

}exp {—[)’(logx—logxo)z} , XoSx<oo
X

which Benini (1905) called it the Benini distribution with shape parameter 8 and scale
parameter xp.

7.17.3 Beta Linear Exponential Distribution

Putting (7.166) in (2.3) gives

o B2
1= : la_l(l—t)b_l
G(X): / Wdt, 0<x<w,a>0,b>0 (7.171)
a7
0
and its corresponding pdf is
xz' a—1 xz b—1
1 e_ax_ﬂT 1— {1 e_ax_ﬁz }} o2
g(x) == B {a+Bx}e ¥ 7
el ’ b (7.172)
| ot eaxﬁ;] 2
Bx
== . - o o=y
B(a.b) {a+Bx}e
i'" order statistic of Linear Exponential distribution
From (7.172),
sz i—1 'sz n—i
o] ] |
_ox— B
gi(x) = Bl il D) {a+Bx}e ™ 7, 0<x<oo (7.173)

ﬁx2 n—1 ﬁxz
g1(x)=n [e_ax_2} {a+Pxte ™ 7, 0<x<o (7.174)
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Putting i =n in (7.173),

g2 ]! B2
gn(x)=n {l—e_ax_z] {a+Bxte™ ™ 7, 0<x<e
7.17.4 Exponentiated Linear Exponential Distribution
Putting (7.166) in (2.8) gives
g21"
G(x) = {1 —eo‘x21 , 0<x<eoo,r>0
and its corresponding pdf is

2 2

2] B
g(x):r{l—e“x2} {a+Bxte™™ 7, 0<x<o,r>0

7.17.5 Beta Exponentiated Linear Exponential Distribution

Putting (7.176) in (2.10) gives

X2 "
|:1—e_ax_[52}

G(x) / 0 ) cw a>0, 550
x) = - x<oo, a
B<a7b) ) b )
0

and its corresponding pdf is

B(a,b)

i'" order statistic of Exponentiated Linear Exponential distribution

From (7.179),

27ra—l 2)7" b—1
r [1 — eaxBZ} {1 — {l —eaxﬁZ} ]
{a+Bx}te ™~

2

2

(7.175)

(7.176)

(7.177)

(7.178)

(7.179)
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xz ri—1 x2 rqn—i
r{l—e_ax_ﬁZ} [1—{1—6'_0”‘_‘32} } 5o
{a+Bx}e ¥ 2

Bin—it1) (7.180)

gi(x) =

Putting i = 1 in (7.180),

521 g2 )70 52
gi1(x)=rn [1 — eax2} [1 — {1 — e“xZ} } {a+Bxte 2 (7.181)

Putting i = n in (7.180),

rn—1

X2 x2
gn(x)=rn [1 - e_ax_BZ} {0+ Bx} e_ax_ﬁT, 0<x<eoo (7.182)
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Conclusion

This paper has highlighted five cases of constructing probability distributions based on
Burr differential equation. This study has also examined the use of generator approach
to construct beta generated, exponentiated generated and beta exponentiated generated
distributions. Over 75 distribution functions have been constructed out of which 69 are
unique. The use of beta generated distribution was fronted by Jones in 2004 to construct
order statistics of F(x). Order statistics based on exponentiated distributions [F(x)]"

has been obtained using a newly introduced beta exponentiated generator approach.

Therefore we have extended both techniques and constructed minimum and maximum
order statistics distribution for F(x) and [F(x)]". A summary of results obtained is given
in tables 8.1, 8.2, 8.3, 8.4, 8.5 and 8.6.

The results of this paper can further be extended by constructing more distribution
functions. Extensive study on reverse hazard functions is required as this will facilitate
other researchers to construct more distribution functions in future.



d
Table 8.1. Burr Generated Distributions Based on Differential Equation: y' = y(1 —y)g(x,y) where y/ = d—y and y = F(x)
X

g(x),r(x), pu(x) F(x) f(x) Support
8(x)
Case l: g(x,y) =
) y(1—y)
1 X 1 O<x<1
Standard Uniform
(Burr 1)
E(X™)=B(m+1,1)
Case Il: g(x,y) = g(x)
I e’
- - ) —o0 oo
Logistic
c ey ! cx—¢ ! 0
X [x + ] [x*C+1]2 <x <o
Log-Logistic (Fisk)
E(X™)=B(1+2,1-2) c>m
_ ot -1 ! 72 oyt 0<x<c
e (1] ]
ke~ ¥ gec? x Tz T
2 - -1 <x<
sectx [ke™ 0 +1] ke~ tanx 4 1]2 2 2

€¢¢



g(x),r(x), u(x) F(x) f(x) Support
kcefcsinhx _
_csinh -1 0o L x <
ccoshx [remesme 1] cosh.x [ke—csinhx 4 1]2
2 271 +tanhy] 2" !sech®x To<X <
Case Ill: g(x,y) = 8(x)
Xy
X x\k—1
clore* (14! 1- zk 2kee* (14" i i
c[(1+ev)f~1]+2 c [(1 +e¥)" — 1] +2 {c [(1 + o)k — 1] +2}
Burr IX
2 —x2 2
2x 1—e 2xe 0<x<oo
E(X™)=T(%+1)
ok 1—[1+4+x7k feexe 1 4 x€] 7+ 1 0<x<oo
1+4+x¢
Burr XII
E(X™)=kB(k—2,1+2) c>m
cx 1
cx c O0<x< -
1—cx c

E(X™)=JzB(m+1,1)

1444



Pareto (Type IV)

g(x),r(x), u(x) F(x) f(x) Support
I—e™ ce” 0<x<oo
E(X’"):r(m,j,_l)
1 1 4 c
c—x)\c¢ 1 c—x\¢ —<x<c
() (%) :
X X X
T T

] — g—ctanx ce—canxg, 2y _5 <x< 5
[ «

Tl x proas] I <x<eoo
Pareto (Type I)

E(X™)=B(1-2.1) oa>m

| 11 a

- 1 +x [1+x]a+1 0<x<oo
Pareto (Type II)
! e Px oe Px N BePx

- [1 4 x]* i —I—x]aH [1+x% 0<x<oo
Pareto (Type IlI)

z—1
( )1 —o o(x— )P
1—[14— x—u ﬁ} 1o+l U<x<oo
Bl + (x—u) Bl1+(x—p)7]

Gqee



g(x),r(x), u(x) F(x) f(x) Support
[ o o—1 o
X _(=x o _(=x

a(ﬁ) 1—e (ﬁ) E(%) e (B) O<x <o

Weibull

E(X™)=p"T(1+%)

X _x 1 _x
B l—e P Ee B 0<x<oo

Exponential

E(X™)=B"T(1+m)

OC+2[3 logx 1_eftxlogxfﬁ(logx)2 [% + %] e—ozlogx—ﬁ(logx)2 l<x<oo

Benini

Case IV: g(x,y) = 9
ase IV: g(x,y) =
(1—y)
! garctanex E( ! ) TP <X
2 coshxarctan e* T T \ 142
1—cos2mx _ 0<x<l
T 1 A X — —sin27mx 1 —cos2mx
X— 5 sin27mx
oe ™ o oe™™

lte [1+e x] a —1+[e—x]a+1 —co << x < o0

Type | Generalized Lo-
gistic

92¢



g(x),r(x), pu(x) F(x) f(x) Support
Case V: g(x,y) = K
y
eten)] | - (d) ()" o
og % = I = = X < oo
B B B B
Lomax
cx I—e ce” " 0<x<oo
Exponential
E(X™)=(1)"T(m+1)
cx® 1 —e " cox® e 0<x<eo
Weibull
E@)=()*r(1+)
2 2 2
ax+ﬁ7x | e bs {a+Bx}e‘°‘x_BT 0<x<oo
Linear Exponential
e Ax
A (xlogx —x) F(x)=1-— <;>
Ae**logx
flo ="

LT



g(x),r(x), u(x) F(x) f(x) Support
w—x X 1
—log ( — — O<x<w
@ w (D
E(X™)=0"B(m+1,1)
e —d —d
T[ekx—l] l—exp{—%[ekx—l}} e’dekxexp{—eT[ekx—l}} 0<x<oo
Gompertz
Ax + —d
o—d F(x)zl—exp{—Ax—eT[ekx—l]} 0<x<oo

f(x)={A+e M} exp {—Ax— % [ —1] }

Gompertz-Makeham

A{d +
eT[ekx 1]—}— F(x)zl_[NNx}_ exp{—Ax—eT[ekx—l]}
Dlog {—}

N —

719 = (R L) P enp{ e o2 e 1]}

Ax + H_x2 + . y
B Pl =1 —exp{—ax— B o 1]} )<<
@[C —1]

flx)= {A+Hx+e’dekx}exp{—Ax_ HTXZ _ ! [ekx_ 1}}

8¢¢C



g(x),r(x), u(x) F(x) f(x) Support
_ B M X
F(x)_l—exp{—Ax—@[cx—l]—@[rz —1]} 0 < x < oo
f(x):{A+B&+MnX}exp{—Ax—%[&—1]—%[#—1]}
2 b 4
ay/x + bx + F(x):l—exp{—Za\/)_c—bx—%c(xé) } 0<x< oo
4
f(x):{\/%—l—b%—?)cx}exp{—%\/)_c—b —%c(x%) }
—c—Vct+4d —c+Vet+4d
—log (1 —cx—dx?) F(x) = cx+dx?, ¥ <x< ¥
f(x) =c+2dx
_p _Pr_q O0<x <o
1 —(1+kx)"k p(1+kx)"&

6Z¢C



F(x) f(x) Support

_ az a3
A " o bz ——[b3X_1] , O0<x <
) Py [e } T by c(x—c) b3 e X
,bzcz 7172()(2*2)66) J
a —by (P +a2—2xc) —byc? ce 2 |ce 2 +(x—c)
fo=qaes by { 2 e } " 2 +aze’* % x
elx—e)
7b2C2 *bz(x272xc) . -
a e 2 ce 2 + X—c) )
= e = _8 [ byx _ 1]
p [e ] + b2 C(x_ C) b3 e
_% [e—blx _ 1] o
ale + F(X):l—exp{z_i[e_blx_l}—azx_z_i[ebpc_l}}’ 0< <o

[ =1]

f(x) ={are™* +a, + aze’>*} exp{Z—: [e™— 1] —apx — b [eP3* —1] }

0€c



Support

1

177D
ogc c*D)*

0= {B+oiitei | 5] e (B

1
f(x)z{%%—Ec"—kD(clefxcl))} {(HC D)Cx} exp{—%x—%gc[c"—l]}

L€C



Table 8.2. Exponentiated Distributions Based on Burr Differential Equation

F(x) [F(x)]", r>0 r[F@)], r>0 Support

X x" rx" 1 0<x<1

Exponentiated Stan-
dard Uniform (Burr

)

E(X™)=rB(m+n]1)

[e'*"-l—l]_1 e +1]"" re " [e'*"-l—l]_r_1 —o0 < x < 0

Type | Generalized Lo-
gistic/ Burr 1l

[x~¢+ 1]_1 xc+1]" rex ¢ e+ 1]_r_1 0<x<oo
Exponentiated Log-
Logistic (Fisk)/ Burr
I
E(X™)=rB(r+2,1-%) c>m
L ! : - 1
(c—x) +1 (C x> +1 % O<x<c
x X yitl

1
c—x\¢
Burr IV {( ) +1
X

4 94



F(x) [F(x)]", r>0 rlF(x)]™ ", r>0 Support
k —tanx 1 -1 k —tanx 1 -r rkeftanx SCC2x <x<
[ e + ] [ e + ] [keftanx_i_l]r—"l 2 X 2
Burr V
—csinhx -1 —csinhx -r rkce”® e coshx
[ke + 1} [ke + 1] [ke—csinhx 1 1]r—|—l —oo Jx < oo
Burr VI
2711 + tanhx] 2771 +tanhx]" r2"sech?x[1 + tanhx]"' —o0 < X < o0
Burr VII
r 2rkce* (1+¢%)!
- 2k 1— Zk_ P 2% —o0 L x < o0
c[(1+e)f—1]+2 c[(1+e)f—1]+2 {C[(1+ex) _1] +2}
r—1
Exponentiated Burr IX {1 — m}
r r—1
1—e [1 — e_xz] 2rxe [1 — e_xz] 0<x<oo
Burr X
1—[14x]7* {1—[1+xc]*k}r rkex 1 4+ x¢] 7K1 x 0<x<eoo

Exponentiated Burr
X1l

{1—[14x] %}

€€¢



F(x) [F(x)]", r>0 rlF(x)]™ ", r>0 Support
1
cx [ex]” rlex] ™! 0<x< -
E(X™)=y B(m~+1,1)
l—e [1—e ] rce”*[1 — e’w‘]r_1 O<x<e
1 7 1
c—x\¢ c—x\° r fe—x\¢ c
1— 1-— — X —<x<c
( X [ < X ) ] x2 ( X ) 2
171
X
] — g—ctanx [1 e—ctanx]r ,,ce—ctanxseclx>< _g <x< g
[1 o efctanx]r—1
1 a 1 aN T oL 1 oy 1
=[] -l el e
Exponentiated Pareto
(Type D)
E(X™)=rB(1-2r) o>m

Y€



[F(x)]", r>0

Support

{1_{1ix]a}r

Exponentiated Pareto
(Type 1)

D<x <o

e B |’
{1_[L+ﬂ“}

Exponentiated Pareto
(Type 1)

D<x <o

{1—[1+(x—u)ﬂ_a}r

Exponentiated Pareto
(Type IV)

U <x<oo

[1_.6_(5)a]r

Exponentiated
Weibull

D<x <o

=

Exponentiated Expo-
nential

D<x<oo

3 94



F(x) [F(x)]", r>0 rlF(x)]™ ", r>0 Support

| — ¢~@logx—p(logx)? 1 ¢~ alosr-Pllozy’] ' (%4 2ex] - atogr—pllos? I <x<o
) r—1
Exponentiated Benini X [1— e’“log"*ﬁ(log)‘)ﬂ

2 tan e" 2 arctane” r rz—ex ! X

%arcane - 7 \ 112 —oo X <

o) r—1
Burr VIII {% arctanex}
1. [N '

x—ﬁstnx X—ESIH2M} r(1 —cos2mx) x 0<x<1
- r 1 r_l
Burr XI X—— sin27z7x}

2
—a [ —al’ oL o\ oT
1_<1+1> 1—(1+£> } —(1+—) X 0<x <o
B B

_ pUTE)
Exponentiated Lomax 11— <1 + %) w

l—e™ [1—e ] rce”*[1 — e“”‘]r*1 0<x<oo
Exponentiated Expo-
nential

r r—1
1 —e " [1 — efcxa] reax®le—ex” [1 - efcxa] 0<x<oo

Exponentiated
Weibull

9¢€



F(x) [F(x)]", r>0 rlF(x)]™ ", r>0 Support
X X r rxr—l
— [—} O0<x<w
o o (04
E(X™)=r@™B(m+r,1)
_ r ,,
lfexp{f%[ekxfl]} [1 —exXp {—% [ekx — 1] }] r[lfexp{f%[ek"fl]}] 1 0<x<oo
Exponentiated Gom- _
P X e*dekxexp{f¥[ekxfl]}
pertz
l—exp{—AX—%[ek"—l]} {lfexp{fof%[ek"fl]Hr r[lfexp{fofﬁ[ekxfl]}] ! O<x< oo
Exponentiated ke
Gompertz-Makeham X farertey
X exp{—Ax—%[ekx—l]}
1- 2 e 9 kx ’ 2 ed =l [e3¢]
exp{fofHTﬁf%[ekxfl]} {l—exp{—Ax—HT—T[ek —I]H r[lfexp{fo—HTfT[ekx—l]}] 0<x<
X {A+Hx+e_dekx}
X exp{—Ax—#—%[ekx—l]}
, o —c—Vcr+4d —c+Vc2+4d
cx + dx? [F(x)] = [cx+dx2} , ¥ <x< ¥

r[F(x)]"" = r(c+2dx) [ex+dx?] a

LET



F(x) [F(x)]", r>0 rlF(x)]™ ", r>0 Support
r
1 (1+kn) ¢ 1—(1+kx)—%] rp(1+kx)~F~1x 0<x<oo
r—1
[1 —(1+kx)_%—‘
.sz *C{X*M " ﬂx2
l—e ® 2 l—e 2 r{a+Bx}e > 2 0<x<oo

Exponentiated Linear
Exponential

2 r—1
[1 — eo‘xﬁz}

8€¢



Table 8.3. Beta Generated Distributions Based on Burr Differential Equation

Feol ™ [1-F@)]""

[kefcsinhx + 1} -1

B(a,b) [ke—csinhx 1)

F(x) g(x) = Ba.b) fx), a>0,b>0 Support
1 —x"!
X W O<x<l1
Beta Standard Uniform (Burr 1)/ Beta
E(X111)ZB%TEZZ»)b>
=
[e*x—I—l]_] ¢« b —o0 < x < o©
B(a,b)[e=*+1]*
Beta Logistic/ Type IV Generalized Logistic
—cb—1
e S 0<r<os
B(a,b) [x—<+1]*
Beta Log-Logistic
E(em=ee be) c>m
—1
c—x\* (c—x)%_] 0<x<c
X +1 1 atb
B(a,b) {(%) ‘+ 1} xet!
—_ b T T
ke tanx 41! ke ™)' sec x 253
B(a,b) [ke—tanx 4 1]
c [ke_“i”hx] bcoshx —oo <L x < o0

6€C



FE)" " [1-F)"

F(x) g(x) = B(a.b) f(x), a>0,b>0 Support
[1 4 tanhx]*~' [1 — tanhx)”~ ' sech?x —o0 < x < 0
~1
2 [1 —|—tanhx] 2a+b_1B(Cl,b)
=1
i {e]r+e—1] } 2kee® (14 &)<
C[(1+e)f—1]42 ath —00 < x < 00
cltre =1 {c [(1 o)k - 1] +2} B(a,b)
Beta Burr IX
[1 —ex2]alebx2
|—e 2 2y 0<x<oo
B(a,b)
o {1 —|—xc]k—l}aflkcxc_1
1= [1+x] [1 + x<Katb=D+1B(q, b) 0<x<eo
Beta Burr XII
A —ex)? ! 1
cx B(a,b) 0<x< Z
X =2y
—ea—1  _pex
. 1o e 0<xcem
B(a,b)
1 17a—1 b_
| <c—x)l [xc—(c—x)C] (c—x)e” %<x<c
X xch’_lHB(a,b)

(1) 74



FE)" 1 -Fx)"

F(x) g(x) = B(a.b) fx), a>0,b>0 Support
| et [1 _ e—ctanx]a*1 Ce—bctanxsec2x _5 <x< 5
B(a,b)
11 [1 _x—a]a—lx—ocb—l
1_{;} B(a.b) o I <x<oo
Beta Pareto (Type I)
E(xm) =2 ) a>m
—aja—l —ab—1
11 [1—(1+x)7 % 14+
I—L_HJ Bla.b) o4 0<x<oo
Beta Pareto (Type Il)
ei'BX a—1 eiﬁx b—1
e Bx [1 - [1+x}a] [[1+x}a] ae P Be B 0
114 B(a.b) 2% [T+ s
Beta Pareto (Type III)
G 1o\ P T
b {1_[1“)6_”)3} } “H(x_“)ﬁ} } atx-w)? !
1— {H(xfu)ﬁ] B(a,b) H<x<eoo

B {H(x_m,gr“

Beta Pareto (Type 1V)

& 74



a—1 b—1
[F (x)] BEZ;)F(X)] f(x), a>0,b>0

g(x) =

e @
Tl
Beta Weibull

_xja—1 _bx
[1—6 13] e P 1

B(a,b) B

Beta Exponential

[1 _ e—oclogx—ﬁ(logx)z} a-l e—balogx—bﬁ (logx)?

—alogx—p(logx

a 2p1
{_Jrﬁogx
X X

B(a,b)

Beta Benini

— arctane”
i3

[% arctane”] a1 [1- %arctan e bl o 1
B(a,b) T \1+x2

1 sin27x| a1 [1—x+ %sinZﬂ:x]b*1

X — —sin2mx
27

o Ba.b) [1 —cos2mx]
a1 e
[1—<1+§) } (1+%) ’ 1a
B(a,b) B

Beta Lomax

D<x <o

D<x <o

—oo L x < o0

D<x <o

e



[Fol* ™ [1=F(x))”~
B(a,b)

g(x) = f(x), a>0,b>0

Support

[1 . efcx]a—l efbcx
B(a,b)

Beta Exponential

c

D<x<oo

|:1 . e—cxa] a1 e—bcxo‘
B(a,b)
Beta Weibull

cax®!

D<x<oo

elx=

a1 [1 B 1]b—1
(0]

@“B(a,b)

Three Parameter Beta

Fom- g

O<x<w

i-eo{- -] et}
B(a,b)

Beta Gompertz

D<x <o

[l—exp{—Ax—% [ek"—l] }] ot exp{—be_ be;d [ekx—l] }
B(a,b)

A+ e dekx
{

Beta Gompertz-Makeham

D<x <o

2 —d a-1 2, —d
[lfexp{fofHTxfeT[ekxfl]H exp{fbefb%fbeT[ekxfl

B(a,b) ] } {A"'Hx‘keidekx}

D<x<oo

€ve



FE)" " [1-F)"

B(a,b)

Beta Linear Exponential

F(x) g(x) = B(a.b) f(x), a>0,b>0 Support
[ex + dx?] ol 1 —cx—dxz]b_l
2 =
cx+dx g(x) B(a,b)
—c—Vc2+4d —c+Vc2+4d
<x<
2d 2d
_p1el _rh
B 1= (k) E ] ()5 0< x < oo
1—(1+kX) k B(a,b) p
x2 a—1 xz b—1
el I
| — By {a+Bxte ¥ 0<x<oo

F(x)

a—1/1 _
where G(x) = / %

B(a,
0

b—1

dt is the Beta cdf.

14 LA



Table 8.4. Beta Exponentiated Distributions Based on Burr Differential Equation

FIF)) 1= [F)]!
FOY, >0 oty = I L, 00,0 Support
}"Xm_l [1 _xr]b—l
x" B(a,b) 0<x<l
Beta Exponentiated Standard Uniform/ GB1
E(X'"):% r>m
R re {le*+1]" - l}b_l
[6 +1] B(a,b) [e_x+1]r(a+b—l)+l —ooJx <o
Beta Exponentiated Logistic
I rex < H(xc+1)" = 1}b_1
[x + 1] B(a7b) [x_c + 1]r(a+b71)+1 0<x<oo
Beta Exponentiated Log-Logistic
c—x % ' o 1.1
o\t —r r {(T) —I—l} -1 (c—x)¢ 0<x<c
( X ) +1 1 rlat+b—1)+1 |
B(a,b) RC;—")‘ +1w xetl
B r[{ke” ™1} — l}bflke*tanxseczx Tk
[ke™ x4 1] b—1)+1 2 2
B(a,b) [ke—tanx 4 1]7(@tb-D+
ke—csinhx 4 177" r[{ke=esinhx 4 l}r — l]b_l kcecSIthx cogh x —00 < X < o0
|: e + :| B(a,b) [ke—csinhx+ l]r(a+b—1)+l

) 74



ra—1 b—1
1
FEY, r>0 sty = PP, 00,050 Support
- . r[1+ tanhx]" ' [2" — {1 + tanhx}"]" ' sech?x —oo < x < oo
27" [1+tanhx] 2@t B, b)
T
ra—1 c|(1+e*)" -1
: ter-ny ! { .
{1— 2 } e 2kce* (1+€*)" —oo < x < oo
c[(1+ex) 71]+2 B(a,b){c[(l+ex)k—l]+2}
Beta Exponentiated Burr IX
sqra—1 > r1b-1
X . X
o S
B(a,b)
c1k ra—1 e kr 1k F1b-1
. r{{1+x—1} [{l—l—x} — {1 4] —1}} .
{1-[1+x77} [1+x¢]kr(@tb=D+1B(q, b) kex 0<x<eo
Beta Exponentiated Burr XII
re x]™ [ — fex} ] 1
[Cx]r B(a,b) 0<x< E
EX m):li-(m%;zgz) r>m
—cxyra—1 —ex b1
(1= emex) r{l —e %] B[(la—b{)l_e cx}} . 0 < x < oo
1qra—1 1,101
_(e=x\e _ L (e=x)e
Ul A ot Ut NS

9



r[F)) 1= [F())]

[F(x)]", r>0 gx) = B(a,b) f(x), a>0,5>0 Support
1— —ctanxyra—1 1—-{1—= —ctanx710-1 _E z
r[ ¢ ] [ { ¢ } ] cefctanxse(/lx 2 <x< 2
B(a,b)
Pl —xa)! [1—{1—x—°‘}’}”‘1a i

B(a,b) X I <x<eoo

Beta Exponentiated Pareto (Type )

ra— r b—1
P-4 1= 1= (1407 ] “

B(a,b) [+ O<x<es

Beta Exponentiated Pareto (Type II)

ra—1 rqb—1
g Ul B U U B

- Bla,b) { (4o + (14 } D<x<oo

Beta Exponentiated Pareto (Type IlI)

110 ra—1 11-a)" b—T1
r{l{lJr(xu)ﬁ} } 1{1{1+(xu)ﬁ} } :| %_l
B[ 1+-w?
Beta Exponentiated Pareto (Type 1V)
ara—1 ay rqb—1
r ]—e_(3> 1— 1—e_(3> a—1 o
a (x) _(%)

At e 0<x<oo

B(a,b) B

Beta Exponentiated Weibull

B

L¥T



rlF(x ra—1 1 F(o1 b—1
FEY, r>0 sty = " FO . a5 0,00 Support
_xqra—1 7 —xyrm b1
p T T
_e¢ B —e B oo
[1 e } B(a,b) Be 0<x<
Beta Exponentiated Exponential
’ 7efalogxfﬁ(logx)2 ra-1 _ 7efa10gx7B(logx)2 nb-1
[l_efalogxfﬁ(logx)z]r [1 ] i(la"b{)I } ] [%_'_zﬁiogx} efalogxfﬁ(logx)Z 1 <x< oo
Beta Exponentiated Benini
2 ra—1 2 r b-1
zarctanex r r[ﬁ arctaneﬂ [1— (Earctanex) } 2_ex 1 oo < x < oo
T B(a,b) T \1+x2
1 ra—1 [ 1 .- 101
1 r r[x—ﬁsm27rx} 1—(x—ﬁsm27rx) ] 0< 1
— —3sin2 L 1— 2 x <
_x 57 Sin n'x} B(a.b) [1—cos2mx]
_aglre-1r _o) 01
_ X 1= x
(eg) r{l (1+%) } i {1 (1+3) H opa
+l—3> B(a,b) (B +x)*"! Ox<e
Beta Exponentiated Lomax
Fll— e )@ — {1 — eexy/]P !
| | [ { ) } ce 0<x<oo

B(a,b)

Beta Exponentiated Exponential

81



ra—1 r1b—1
FO >0 sty = " O, 0> 0,00 Support

- 7 r1b—1

r r1—e 1—{1—e " .
|:1 o e—CxU‘] [ ] [(a b) } :| Caxocflefcx 0<x<oo
Beta Exponentiated Weibull
ok e -G
[6} w’aB(a,b) O0<x<w
GB1
E(xm)=" N et) r>m
5T
ex ek"f ex

exp{ 52 o]} G [ El o) edetvenp {2t [ 1))

D<x <o

Beta Exponentiated Gompertz

{lfexp{ Axde[kX 1]}]r

,r{]_“p{_’”_% [#-1] H [1_ (HXP{_M_% [#-1] }> ] {A+ede} exP{—Ax—¥ [eF*—1] }

gx)= Blapb)

D<x <o

Beta Exponentiated Gompertz-Makeham

2 —d r
{l—exp{—Ax—H%—eT [ekx—l] }]

. r [1 7exp{fo7 HTXZ - % [ekx—1] }] - 13[(1 b()lexp{Ax HT)‘z - % [¢k1] }) r] ! I

a,

d

xexp{ Ax———T[ekx—l}}, 0<x<oo

61



r[F)) 1= [F())]

Beta Exponentiated Linear Exponential

[F(x)]", r>0 g(x) = B(a,b) f(x), a>0,5>0 Support
: ra—1 oy r1b—1
P _r[cx—l—dxz] [1—{cx—l—dx } ]
[ex+dx?] glx) = B(a.b) (¢ +2dx)
—c—Vct+4d e —c+Vc?+4d
2d * 2d
p ra—1 G -1
1—(1+kX)_%]r ”P[l—(lJrkX) k} [1_{1_(1+kx) k}] 0<x<oo
B(a,b)(1 1 ko) F1
2 ra—1 21" b—1
o ,{1_6—«“—%} {1_{1_6—0”—%” .
= e_ax_z] B(a,b) {a+pxte 7 0<x<oo

where G(x) =

F(x)]"

[})} | l‘)
B(a,b

0 ( )

tafl

(

a,

b—1

dt is the Beta Exponentiated cdf.

0S¢




Table 8.5. Minimum and Maximum Order Statistics of Burr Generated Distributions

gl(x) n—1
F _ =n|F Support
x n[l—x"! nx! 0<x<1
Standard Uni-
form (Burr I)
E(X{")=nB(m+1,n) E(X™)=nB(m+n,1)
e _ne™ _ne’
[e + ] [e_x+ 1]n+1 [e_x+ 1]n+] —oo L X < o
Logistic
¢ nex— 1 nex ¢! 0
- — —_— < oo
[.X + ] [x*C—i— 1]n+1 [xfc_i_ 1]n+l <X
Log-Logistic
E(X")=nB(14+% n—"2) E(X")=nB(n+%,1-2) c>m
1 -1 _x)e ! 2-1
c—x\¢ n(c—x) n(c—x)¢ 0<x<c
( ) +1 c—x\1 ntl | c—x\t nt 11
; (] (st
e 11 n [ke™4*]" sec? x n [ke™ @¥] sec? x <t
[ke + 1] [keftanx + 1]”“’1 [keftanx + 1]”+1 2 2
nc [ke™¢ Sinh)‘}ncoshx nc [ke=5"x] coshx o< x < oo

[ke—csinhx T 1} -1

[ke—csinhx + 1]”"‘1

[kefc sinhx + 1]”+1

16¢



g1(x) —

i n(x) = n[F(x)]"" Support
~ n[l—=F@)]" f(x) gn(x) = n[F)]" f(x) pp
— n—1 2 n—1 2 e -
2711 + tanhx] n[1 —tanhx]""" sech®x n |1+ tanhx]"" ' sech’x <x<
2n n
n2"kee* (1+¢)" n2kee* (14 ¢*)F !
c[(1+er)f—1]+2 {C [(1+ex) _ 1] +2} {C [(1+ex) - 1] +2}
k n—1
Burr IX {c [(l—l—ex) _Q}
n—1
1—e™® e ™ 2xn [1 - e_xz} e 2xn 0<x<oo
E(x="5,0
S 1
nkex¢! n{[l +xc]k B l}n— kex—!

_ cl—k _
1 —[1+x°] 1 +xc]kn+1 T et 0<x<
Burr XII GB2

E(X{")=nkB(kn—",1+2) cSm
1
cx nell —ex]"! e 0<x< c
E(XT):nBWrJrgl’n) E(xf):"B(Wf;?nvl)
I—e™ nce " [1— e—cx]nfl nce—¢* 0 < x < oo
E) ="

r4°T4



F () = n[F(x)]"! Support
® o o 1 &) = n[F (" () PP
x\ ¢ _x)e ! i
e n(c nx) n(c nx) " Cerce
x xetl xetl 2
1 1 n—1
{xc - (c—x)cw
—ctanx —nctanx g, .2 —ctanx, .2 n T
l—e nce secox nce secx X ) <x< 5
[1 _ efctanx]n—l
1 [24
1— [;] nox~ %1 n[l—x9" ' gx—o-! 1 <x<eo
Pareto (Type I)
E(X{")=nB(n—21) E(X"=nB(1-2 n) o>m
1 1¢ 1
1— —oan—1 . —aln -
[l—l—x} na (1+x) n[l1—(14x) Y X 0<x<
o
Pareto (Type II) m
e_ﬁx e*ﬁx n—1 1 e*ﬁx n—1 .
[1+4° gL SERE=E DR

Pareto (Type IlI)

ae P N ﬁe‘ﬁx
[1 +x]0¢+1 [1+x]a

}

oe P Be Bx
{ [1 +x]a+1 + [1 +X]a}

€6¢



F () = n[F(x)]"! Support
) o () =nlF )" () PP
17-« 17—on—1 -0 n—1I
1—{1—1—()6—/4)13] n[l—k(x—u)ﬁ} n{l—[l—}—(x—,u)ﬂ] } U< x<oo
11
§ ox—p)P
— B

Pareto (Type 1V) X o(x—H) X 1ot

B B [1 + (x—u)ﬂ

o o oa—1 a a—1
([ x —_nl X o X —(x (04 X
l—e (ﬁ) ne n(ﬁ) —(—) ne (3) - —) X 0<x<oo
ﬁ ﬁ ? o [?1—1
Weibull [1 —e_(ﬁ) ]
EX)=Fyr(14%)
x _mx ln _xqn—1 _x ]
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