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Abstract

In this project construction of Laplace distribution has been reviewed using the difference
method,method of mixture,product of Rayleigh and normal distributions.The properties of
Laplace distribution including mgf,skewness and kurtosis have been determined.

A generalization of Laplace distribution has been studied based on Beta generated dis-
tribution,generalized Laplace distribution,Laplace mixtures and Exponential power mix-
tures.Both Laplace mixtures and Exponential power mixtures are obtained using 16 mixing
distributions through the methods of modified Bessel function of the third kind and in
terms of confluent hypergeometric function.The the rth moments for Laplace mixtures
are looked into.In addition, the classical cases of EP when r = 1 giving rise to Laplace
distribution and when » = 2 to yield normal distribution are also studied.
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1.1

1.2

General Introduction

Background Information

The methods of constructing probability distributions among others are mixtures,transformations
and special functions.

When two or more distributions are combined,then we have a mixture.Three types of
mixtures are finite,discrete and continuous mixtures.

Consider a pdf or pmf given by f(m;p) where p is a constant parameter.We have situa-
tions however where p is varying and therefore can be considered as a random variable.
In this case we have a conditional distribution f(m/p).

The mixing distribution is given by h(p) and therefore the mixed distribution is f(m).

If the mixing distribution h(p) is continuous or discrete,then we have continuous mixture
or discrete mixture respectively.

In this study we will focus on Laplace distribution and its generalization based on beta
generated distribution,exponentiated generator, Laplace mixtures and EP mixtures.

Notations,Definitions and Terminologies

cdf cummulative distribution function
pdf probability density function

mgf moment generating function

iid independent and identically distributed
r.v random variable

EP Exponential Power

f(m/p) Probability density function of a conditional distribution
h(p) Probability density function of a mixing distribution
BL Beta Laplace

MLE maximum likelihood estimation
GND Generalized normal distribution
GED Generalized error distribution
GGD Generalized Gaussian distribution

LHS Left Hand Side
RHS Right Hand Side
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Laplace density function:

Il

f(m;u,p)=56 ’ p>0,—00 <l < oo, —eo < m < oo,

Exponential Power density function:

1 r
f(msu,rp) = m—e_ﬂm_“' p >0, —c0o < U < oo —o0o < m < oo,
=

Literature Review

In this section, we will review what has been done on Laplace distribution and mix-
tures,Beta generated distribution,exponentiated generator and Exponential Power distri-
bution and mixtures.

1.3.1 Laplace Distribution and Mixtures

The Laplace distribution was named after Pierre-Simon Laplace (1749-1827).1t arises from
the difference of two exponential random variables,consequently also known as Double
exponential distribution.

Rachev and Sengupta (1993) obtained a Laplace-Weibull mixture distribution and applied
to model price change data.They also obtained the parameter estimation of this mixture
distribution.

Kotz,Kozubowski and Podgorski (2001) did extensive work on Laplace distribution ob-
taining its properties such as moments,moment generating function and characteristic
function.They also deduced that the characteristic function of the product of standard
exponential and normal distributions coincides with the standard classical Laplace char-
acteristic function.They gave a wide range of applications in the engineering sciences and
financial data among others.

Linden (2001) used a mixture of normal-exponential distribution to obtain Laplace distri-
bution.

Nadarajah and Kotz (2006) looked at mixtures of Laplace distribution using 16 mixing
distributions.However,the properties of the obtained distributions are not considered.



1.3.2 Beta Generated Distribution and exponentiated generator

The beta generated distribution was introduced by Eugene et.al (2002) through the cdf of
a classical beta distribution.He obtained the beta generator equation or beta generated
distribution which can be used to generate a new family of beta distributions.

The beta generated distribution can be obtained based on Binomial expansion,in terms of
Gauss hypergeometric function and as an infinite mixture.

He obtained the beta-normal distribution,a composition of the classical beta distribution
and the normal distribution and discussed some of its properties.

Famoye et.al (2005) introduced the beta-Weibull distribution,composed of the classical beta
distribution and the Weibull distribution.Lee et.al (2007) gave the hazard function,entopies
and an application to censored data.

Nadarajah and Kotz (2006) obtained the beta-exponential distribution based on the clas-
sical beta distribution and the exponential distribution.They determined the rth mo-
ment,properties of the hazard,distribution of the sum of beta-exponential random vari-
ables and maximum likelihood estimation.

Kong et.al (2007) introduced the beta-gamma distribution,a compostion of the classical
beta distribution and the gamma distribution.

Akinsete et.al (2008) introduced the beta-Pareto distribution consisting of the classical
beta distribution and the Pareto distribution.He defined and studied the properties of the
4-parameter beta-Pareto distribution.

Akinsete and Lowe (2009) introduced the beta-Rayleigh distribution composed of the
classical beta distribution and the Rayleigh distribution.

Cordeiro and Lemonte (2011) introduced the beta-Laplace distribution composed of the
classical beta distribution and the standard Laplace distribution.They obtained its prop-
erties including moments,cumulants,generating function,determined the order statis-
tics,entropy,estimation and application.All results were based on an infinite mixture.
Srivastava et.al (2006) obtained the cdf and pdf of generalized Laplace distribution by the
method of exponentiated generator,but only considered the case when z > 0.

1.3.3 Exponential Power Distribution and Mixtures

The Exponential Power (EP) distribution was first introduced by Subbotin(1923).

Box (1953) used the distribution in robust inference where the parameters of the distribu-
tion were estimated via moments.

West (1987) showed the normal scale mixture property of EP distribution and put its
mixing distribution in connection with stable population.

Choy and Smith (1997) used the normal scale mixture representation to simulate posterior
distributions within the context of random effects linear model.

Gomez (1998) obtained the multivariate EP distribution and Lindsey (1999) used this
multivariate distribution to model repeated measurements.



1.4

1.5

Tibor and Nadarajah (2009) focused on the characteristic function of EP distribution,deriving
an explicit closed form expression for the characteristic function.

Zang,Wang and Liu (2012) looked at mixtures of EP distribution using 3 mixing distribu-
tions namely;Gamma,lnverse Gamma and GIG all obtained in terms of Modified Bessel

Function of the third kind.

Research Problem

« Amongst the reviews on Laplace distribution,Nadarajah and Kotz (2006) focused only
on construction of Laplace mixture distribution.However,their moments are not ob-
tained.

« Cordeiro and Lemonte (2011) obtained the beta-Laplace distribution and its properties
but all results were based on an infinite mixture.There is need to obtain this distribution
based on binomial expansion and in terms of Gauss hypergeometric function.

« ZangWang and Liu (2012) used only 3 mixing distributions to construct EP mix-
tures.There is need to extend this to include more mixing distributions.

Objectives

The main objective of this study is to construct and obtain the properties of Laplace
distribution and its generalizations.
The specific objectives include:

1 To use various methods to construct Laplace distribution and study its properties.

2 To describe the concept of Beta generated distribution in general and hence construct
Beta-Laplace distribution and express in different forms,namely;Binomial expansion
form,Gauss hypergeometric form and as infinite mixtures.

3 To construct generalized Laplace distribution,obtain its properties and study special
cases.

4 To construct Laplace mixtures using 16 mixing distributions and obtain their moments.

5 To construct Exponential Power Mixtures using 16 mixing distributions and hence show
that Laplace and Gaussian distributions are special cases that arise from EP distribution.



1.6  Methodology

This study has used various mathematical tools highlighted below to achieve the objectives.
1.6.1 Transformations

We have constructed some distributions using the Change of Variable technique:

W)= f)ll, J=q;
1.6.2 Special Functions

Gamma Function

Fa:/ 1% et gy
0

Properties

INa+1)=al'a
Beta Function

1
B(x,y) :/ & '(1—a) 'da
0
Properties

B(x,y) = B(x,y)

axfl

B(x,y) :/0 m da

Relationship Between Beta and Gamma Function

I'xTy
[(x+y)

o a1 —
B_“:/o 1% e Pt gt
(3)=V=

The Modified Bessel Function of the third kind

B(X,y) =

1 /= ®
K (@) =3 /0 Ple 80D g

Properties

K_y(0) = Ky(o)
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K%(CO) = \/%ew
K%(a)):Ké(a)){lJr%}

[T o 1
=,/ = 14—
2a)e {+w}

Kummer‘s Confluent Hypergeometric Function

1 tb—l (1 _t)d—b—l
Fi(b;d;y) = Y dt
1Fibid:y) /0 Bb,d—b)
Tricomi Confluent Hypergeometric Function
oo th—1 d—b—1
"7 (1+1) _
Y(b;d;y) = Yt dt
( k4 ’y) /0 Fb e

The following relation holds

W(b;d;y) =y W (b—d+1;2—d;y)

and

% 1F1(b;d;)’)+¥

Gauss hypergeometric Function

W(b;d;y) = YR (b—d+1;2—d;y)

becy bb+1)c(c+1)y* bbb+ 1)(b+2)c(c+1)(c+2) y?
Fi(b,cidiy) = 14252 Y y
e B TR T s TR dd+1)d+2) 3"

Incomplete Gamma Function

v(a,x) :/ e 't dr
0

=a X% R (L;a+1;x)

Significance of the Study

The Laplace distribution is used to model symmetric data with long tails.It is also used
to model errors,thereby providing a motivation for the use of LAD regression,in which
parameter estimates are based on minimizing the sum of absolute values of the residuals
rather than on least squares.



The Exponential Power distribution,being a generalization of normal and Laplace dis-
tributions,has found applications in many areas including modelling the lifetimes of
a wide variety of electronic as well as certain mechanical components,signal process-
ing,quantitative finance,operations research and information systems.



2.1

2.2

CONSTRUCTION OF LAPLACE DISTRIBUTION

Introduction

In this chapter various methods have been used in constructing Laplace distribution.
We have considered the difference of two iid exponential random variables and its equiva-
lents.

The normal mixture of an exponential distribution is another method.

The third method is the product of a standard Rayleigh variable and a standard normal
variable and its equivalents.

An interesting connection between the normal and Laplace distribution has been estab-
lished by Nyquist,Rice and Riordan (1954).

They showed that if U;,U,,Us and Uy are independent unit normal variables,then the
determinant

U Uy
Us Uy
— U Uy — UsUs

has Laplace distribution.

It may be noted that UjUs — U,U3 and U Uy + U, U3 have the same distribution.

The case when the expected values of the U’S are not equal to zero leads to a more com-
plicated distribution which was considered by Nicholson (1958).Some additional remarks

on this result were made by Missiakouli‘s and Darton (1985) and Mantel (1987).

Mantel and Pasternack (1966) and Mantel (1969) gave a heuristic demonstration that UjUs +
U,U; follows a Laplace distribution.

A simple proof of this result through the use of characteristic function has been provided

by Mantel (1970).

Construction of Laplace Distribution based on the difference
method

If M| and M5 are two (iid) exponential random variables with parameter % i.e with mean

p.
Then the probability density function is



14
=F(m)=1—¢»
Let
Z=M,—M,, My, >M; >0
and

G(z)=cdf of Z

G(z) = Prob{Z <z}
= Prob{M, — M, <z}
= Prob{M, < z+m}

G(z) =Prob{0 < M| <o, M <z+m}

_ / B / T o) fmy) dma i,

-

[e]

= A F(z4+my)f(my)dm
o z+m 1 my
= [1—6 /11 —e dm
0
<1 ] _z_2m
= —e Pdml / —e T
0o p 0o p
1 _z [ _2m
=1——e 1’/ e 1 dm
P 0
z 2m oo
I
p 2 0
e v Zmy e
:1— |:— - P]
2 ¢ 0
e_i
=1——[0+1
S(0+1]

1 _:z
G(Z):1—§€ P, z>0

Next consider the case when M; > M, >0
Then

G(z)=Prob{Z <z}

=Prob{M; — M, < z}

=Prob{M, > m —z}

/Z+m1 mz)dm2] f(ml)dml

(2.1)

(2.2)

(2.3)



=1-Prob{M < m; —z}

G(z)=1-Prob{0 < M| < oo, My <mj—z}

Therefore

and

:1_/
0

oo

1-— F(m1 —z)f(ml)dml

/O MI_Zf(mz)dmzl £ (my) dm,

1 =2 [~ _2m
:—eﬂ/ e r dm
p 0
_le;[_ee—”’#]“
p 2 0
er
=—|0+1
o1
1 =
G(z) = zer, z<0
2
lé
ser z< 0
G(Z): 2 1_&
l—5e » z>0

Moment Generating Function

(2.4)

(2.5)

(2.6)

(2.7)
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An exponential random variable with parameter ]l, has mgf

My (1) = E[e"]
< 1 -w
MW(I):/ e —er dw
0 p
I [~ -1
:—/ el ll’)wdw
P Jo
1 [~ _1_
:—/ e ( M
P J0
11
|
p(;—1)
1
C1—pt
Let X =X; — X

- My (1) = E[e®2 X))
= E(eX)E(e 71
= My (1)Mw (1)

1
C1l—ptl4pt
B 1
1= (pr)?
Mx(t) = ! —l<t<l
1—(pt)*’ p P

r=0
_ Z p2rt2r
r=0
00 ) t2r
_ (25!
Zap (2r) &5l

0 if k is odd .
PFk! if kis even .

(2.8)

(2.9)
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Thus

and

Skewness

Skewness measures symmetry.Positive and negative values implies that pdf is skewed
to the right or left respectively.If pdf is symmetric about mean,the skewness is zero.So

M3

~ (V)
=0

Laplace distribution has 0 skewness.

Kurtosis

[t measures the peakedness or heaviness of tails.If kurtosis> O,the distribution is leptokur-
tic,platykurtic if kurtosis < 0 and mesokurtic if kurtosis= 0.Positive values implies heavy
tails(i.e more data in tails) while negative values implies light tails(less data in tails).The
heaviness or lightness in tails means data looks flatter or less flat compared to the normal
distribution.

Remark 2.1: Equivalent Result based on uniform distribution

Let W = —%lnX where A > 0 is a constant and X ~ U(0,1).
We obtain the pdf of W by the change of variable technique as follows:

dx
x=e MW= Zh = Qe
dw



13

Given
fx)=1, 0<x<1
then the pdf of W is

dx
= J = —_—
8(w) = F)M] = F@I
g(w) = 1| —Ae ™
g(w) = e M, w>0,4>0
which is an exponential pdf with parameter A
Therefore
Z=W, =Wy = —;InXy — (—InX1)

where Wi and W, are iid exponential random variables with parameter A which results
in a Laplace distribution as given above.

Remark 2.2: Equivalent Result based on Pareto distribution

Let V = ln% where X is Pareto | random variable with parameters A and 6

10%
f(X) = W x>0>0 (2.10)
By the change of variable technique
d
x=0¢"= = =0¢
dv

8lv) = F] = )|

16%
- A+l O’

)Le(/l—i-l) e’
- (gev)/l+1
g(v) = Ae ™, v>0,A>0

an exponential pdf

L fZ=V,—-V
X X
—n22 2t
"o "
X2
=In—
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will again results to Laplace distribution.

2.3 Laplace distribution based on the mixture method

Let the conditional pdf be given by

1 2
e v, —co L x < ooy v>0 (2.11)

flx/v) =

a normal pdf ~ N(0,v).
Further let the mixing pdf be exponential given by

21y

g(v) =0e7%, v>0;0>0 (2.12)
Therefore mixed pdf becomes

1) = /0 ”f(x/v>g<v> dv

_*9 vy

B \/27rv
20 X1
\/ﬁ/ % 2exp{—7(v—|—%;)}dv

Letv_\/izidv—\/idz
= [ (Vi) [l -2 ) e

1
NETNNER I S
“ax\V2g ) 2 )y P y KT gt

1

2 2\ 2
= 0 ( ;—6> 20x2
ButK1V20x 1/ —V26x?
29x

X

L f) = X% : VT e
\/ﬁ 20 2\/26x

_ 26 X% : VT o V262
- Va2vm <\/;> V3(V20:2)?
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I _ 702
-0,/ — x
26°
6 —V20x2
X) = e
Let\/ze):%:e:ﬁ
1 =ml
Jx) = 2"
as obtained in(2.7)
Moment generating function
Let X ~ N(ut,06%) = N(u,y)
Flafy) = e F" crcey>0
XxX/y) = e r —o X< o)y
V2Ty
SMy (1) = IX/Y]
=2
_/ T dx
1 x> —2ux+ p?
l‘ —_——_— e w -k e
2 2
Hx
exp tx——+———}dx
\/27r { 2y y 2y}
2ytx — x> +2ux  p?
= - d
\/27z:y _ooeXp 2y Zy} *
2
e —x? 4+ 2(u + yt)x
= d
2Ty _ooeXp{ 2y b dx
2

ey [*

= [ el 2+ ds

2

=2 ZeXp{—%y[[x—(uﬂt)]z—(uﬂf)z]}dx

V2my J -
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My y(t)=e " 2

—oo V2my

~ exp { (u +yt+u;§u +y—u) }
~ exp { (2u eryyt)yt}
2

c
oMy y (1) = exp{ut + th}
which is the mgf for X ~ N(u,0?) .
<My (1) = E(¢%)
— EE[e*/Y)

= [T Eg(y) dy

1
— BeMt
(B-5)
_ 2Be
2B 12
1
p
et
Mx(t) =
P2 1)
et
1= (pr)?
when =0
1
then M =
e Mx ) = T oy

as obtained in (2.8).

2 /w exp{— g5 [x — (1 +y1))*}
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2.4 Product of Rayleigh distribution and Normal Distribution

Rayleigh distribution
Rayleigh distribution is a special case of a Weibull distribution.
Let us therefore construct a Weibull distribution by considering

- (8)

where Y has exponential distribution with mean 1 .

dV
. — Y|
g(w) =

()

c /w\el c
= — | — 7(5) .
9(6) e ,w>0;0>0,c>0

83

This is the Weibull pdf with parameters 6 and c .
Putc=2and 6 =2.
Then

M/z
gw)=we 7, w>0

which is the standard Rayleigh distribution we are going to consider.
Let us now consider the product

U=WZ

where W and Z are independent random variables.

W is a standard Rayleigh distributed and Z is a standard normal distributed.

We wish to find the pdf of U.

By change of variable technique,let
U=WZandV =W
W=VandZ:%

The new joint pdf is

= g(w)9()| % 2
du Iy

(2.13)

(2.14)



e
0 V271

Jul?

I 1/ —l< +—>
=3, Gl
0

| Lo, - ( 1)
(|u|)5§/ -1 ) gy
0
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By cummulative distribution technique
H(u) = Prob{U < u}
= Prob{WZ < u}
u
= Prob{Z < —
rob{Z < w}

—Prob{Z < 2,0 < W < 0}
w
=[] o@stw)dzaw

= [ o] stwya

Lo ()
— e we+w dW
\/27r/0

1

—ze_|“|, |I/l| >0

as shown in the change of variable technique. Let u = % = % = %

Therefore

g@%};ep,lﬂ>&p>0

as obtained in (2.7).
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Remark 2.3

A standard Rayleigh distribution is a special case of a generalized Rayleigh distribution

derived as follows:

Let

X=xy, v

where Y; ~ N(0,62)

and Y;s are iid random variables.

(1) Therefore the pdf of Y; is

1 5
e 22, —ooJly<Loo;0°>0

. G(r) =Prob{R < r}
= Prob{Y? < r}
= Prob{—+/r <Y < ++/r}
=F(Vr)—=F(=V7)
d

~8(r) = SV (V) (VAR (/D

= L R VR
If f(—\/7) = f(~/7) then
g(r) =r 2 f(V/7)

210
1 _r 1.y
e e 2o r2
V7V 202
! e_ﬁr%fl

A gamma distribution with a = % and B = #

(2.15)
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The mgf of R is

Mi(r) = %)
_ 7
Mg(t) = —1—2021‘) (2.16)

(3) Let
SN=Zi+2L+ 23+ +Zn
where Zl(s are iid random variables;

1 1
23262
Therefore the mgf of Sy is

Zir~ Gamma<

E[etSN]
[et(Zl+Zz+Z3+"'+ZN)]

E
E(etzl)E(etZg) .. ~E(€IZN)

1
= <1_—zozt> @1

which is the mgf of Gamma (%’ L>

Mg, (t)

. Prob{Sy =x} = ce 0ix2 . x>0,6°>0,N=1,2,3,--- (2.18)
2

(4) Let
P=/Sy
:>P2:Sj\/:>x:p2
ds,
TP =2P

Therefore the pdf of P is
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h(p) = f(x)J]
dx
= f(x) %’
= f(x)2p
X N
e 262x7_1
r 1;) (262)2
2
_ 25 672%(192)%—1
2~(N
(202) r(7>
2 _ 1
h( ): N e 2"sz_ p>00>0,N=1,2]3,---

When N=2 aznd 02 =1 then we have

gp)=pe’T p>0

which is the standard Rayleigh distribution.
Therefore h(p) is a generalized Rayleigh distribution.
It should be noted that

When N=1,we have

2 P
Wp) = ——— e 37
2671 (4
2 5
h(p) = e 22, p>0,0°>0
2no?

which is the density function of a half-normal variable.
When N=3,

(2.19)

(2.20)



2.5

2%\/_63
Vip ¢

h(p)=—=-—e 22, p>0,0>0 (2.21)

V7ol

which is Maxwell-Boltzmann pdf.

Remark 2.4

A standard Rayleigh distribution can also be obtained from a standard exponential distri-
bution as follows:

LetY =V2W =Y =2W =W =5 = dr =)
W is standard exponential r.v with pdf g(w) =e™".
Thus the pdf of Y is

which is a standard Rayleigh distribution.
Sums or Differences of normal Products
Method 1:Direct Approach

Let M|,M>,M3 and My be iid normal random variables each with mean 0 and variance 1.
The aim is to obtain the pdf of Y = MM, + M3M4
Further let
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LAZM;Mﬁjﬂh:M+M2
v, = M ;Mz = 2Uy = M; — M,
UFJ@?W:J%:MﬁMa
Us = M3;M4 = 2Us = Ms — My

(2.22)

Next consider U; and Us.

Ui 4+ U, = M. This implies that U; ~ N(0, %) and U, ~ N(0,3) so that M; ~N(0,1).
Again

U7 — 3 = (M) (42)" = oo

It follows that

U? —UZ = MsM,4

Therefore

Y =M M, + M3My
=U} -U; +U; U}
= (U +U3) - (Us +U§)

where (U +U3}) ~ x*(2) and (U3 +U2) ~ x%(2).
Hence

Y= Xzz —X12- We can represent it as Y = M, — M.
The pdf of a chi-square random variable with 2 df is
fm)=1%e 2 x>0

the cdf F(m)=1—¢"2
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By method of cummulative distribution,let

Y =My — M, My > M; >0
F(y) =Prob{Y <y}
= Prob{M, — M, <y}
= Prob{M <y+m;}
= Prob{M; <y+mj, 0 < M| < oo}

— /0°° /Oerm1 f(mz)f(ml)dmz dm
/0 F(y-+m)f(my) dmy

= /m [1 —e(Hzml)} le’%l dm,
0 2

Next,when M| > M, > 0 then

F(y) = Prob{Y <y}
= Prob{M; — M, <y}
= Prob{X, > m; —y}
=1—Prob{M; <m;—y}
=1—Prob{0 <M <oo, Mr<mj—y}

:1_/
0

=1 [ F(my =)o)

©° (m-»11 m
= 1—/ [l—e_lTy] —e_T1 dm
0 2

/Omlyf(mz)dmzl f(my)dm
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Therefore

(2.23)

which is a Laplace distribution.
Method 2:Using mgf

InY = MM, + M3M,, we note that Mymy and M3M, are iid.Therefore with a foreknowl-
2

edge of standard normal mgf as ¢ we have

Mum,m, (t)=E [etMle]

= EE[exp(tMaM, /M)

(tMy )2

:E[e ) ]

2
— E[e%Mg]

E [el(Mle+M3M4)]

_ E(etMle)E(elM3M4)

~
—
~
N—

2
1
- (m)

My(t) = (1—7*)"1 (2.24)

This is the mgf of a standard Laplace distribution.
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3.1

3.2

BETA GENERATED DISTRIBUTION

Introduction

The concept of a beta generated distribution has been defined according to Eugene et.al

(2002) and Jones (2004).

Special cases considered are Type | and Type Il exponentiated distributions and the ith
order statistic distribution along with its minimum and maximum cases.

Then the beta generated distribution and its special cases are expressed based on bino-
mial expansion,Gauss hypergeometric function and as infinite mixtures of exponentiated

distributions.
Shannon entropy has been derived according to Zografos and Balakrishnan (2009) in

terms of digamma (psi) function.

The Concept of Beta Generated Distribution

The pdf of a classical beta distribution is given by

w(m) = Blry) 0<m<1 (3.1)
vmxfl(l _m)yfl
— <y <
W(v) /0 Blxy) dm 0<v<1 (3.2)

is the corresponding cdf.
We replace v by G(v) the cdf of any random variable V' taking values between —eo and oo

since 0 <G(v) < 1.

dm (3.3)

which is a function of v .
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Let

F(v) =WI[G(v)]

Then

)= S F)
={WI[GW]}G (v)
= {wlG()]} e (v)

v x—171 _ v y—1
O LS TELL N
where g(v) =%G(V)

Also from (3.3)

B G(v) mx—l(l _m)y—l
F(v) _/0 Blxy) dm

Then by Leibintz principle of differentiation we have

= [
e
_ 1|6
_m lézxty’;q)y : %G(v)
e ap
asin 3.5

(3.49)

(3.5)

(3.6)

We shall referto G(v) and g(v) asold or parent cdf and pdf respectively;while F(v) and f(v) as

new cdf and pdf respectively,forming a beta generated distribution.
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3.3

Special Cases of Beta Generated Distribution
3.3.1 Type | Exponentiated Distribution

Let y=1 in(3.6)

(3.7)

which we shall refer to as Type | exponentiated distribution obtained by expressing the

new cdf F(v) as a power of the parent cdf G(v)
The corresponding pdf is

3.3.2 Type Il Exponentiated Distribution

This is the case when x =1 in (3.6)
Then

Letz=1-m=dz=—dm

(3.8)

(3.9)



and

f0)=y[1-Gm)P~'gv)

3.3.3 The ith order statistic distribution

(3.10)

Letx=iand y=s—i+1in (3.6) where i and s are positive integers and 1 <i <s.

Then we have the ith order statistic distribution given by

G(v) mi—l(l _ m)s—i
Fis (v) _/0 Blis—it1) "

Hence

GO - G
B(i,s—i+1)

fi:s(V) = g(V)

When i =1 then we have minimum distribution given by
G(v) (1 _ m)sfl
Fis(v) = —d
0=
G(v)
:s/ (1—m)* ' dm
0

1
_ S/ Zs—ldZ
1-G(v)

Fis(v)=1-[1-G(»)]°
Hence f1.(v) = s[1 —G(»)]"'g(v)

when i =s we have maximum distribution:

(3.11)

(3.12)

(3.13)
(3.14)

(3.15)
(3.16)
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3.4 Beta Generated Distribution and Its Special Cases Based on
Binomial Expansion

3.4.1 Two versions

Applying binomial expansion to formula (3.6) we have:

Version 1
1 G(v ] —1
0= By /0 Z ( )mq an
_ 1 y— x+q—1
_B(x,y) q( ) dm
— 1 Q(y 1) T dm
B(x,y) q
1 -1 x+q
F(V)ZB(x,y) ( q ) X+61
and
_ 1 —1 x+ 1
101= gy B0, ) o o
Version 2

By letting z=1—1t = dz = —dt formula (3.6) changes to

FO) =g [ =9 a

(x
_ 1 /1 (I—Z)x_lZy_le
B(x,y) J1-G()

B B(;,y) /11_G(v) 2 ) (=) (x; 1)zq dz

o)

(3.17)

(3.18)

(3.19)

(3.20)
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3.5 Special Cases of Beta Generated Distribution Based on Binomial

Expansion

3.5.1 Type | Exponentiated Distribution

Puty=1 in(3.17) and (3.18)

Then
L (G
F(v):B(x,l) x
— [G)F
and
F0) = = (G g(v)

3.5.2 Type Il Exponentiated Distribution

Putx=1 in (3.19) and (3.20) to get

P {1-a-6my}

o) ~ B(1,y) y

=1-[1-G(v)]
and
1

=y[1 =GP~ g(v)

[1-G)P" gv)

3.21)

(3.22)

(3.23)

(3.24)
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3.5.3 The ith order statistic distribution

Putx=i andy=s—i+1

Using version 1

Fg(v) = Y (S - i) ()™ (3.25)

q i+q
and
fuslv) = m;o(—l)q (;) GO g)  e20
Version 2
i—1 .
Fis(v) = m;{)(—l)q (l ; 1) ﬁ{l —(1— G(v))s_iJrqH}
(3.27)
and
o 1 = g(i—1 s—itq
)= gy (1, ) 0oy e
(3.28)

Let us now determine F(v) when
(i) Whenx=s5,5s=1,2,3,--- and y>0
(i) Wheny=s,5s=1,2,3,--- and x>0

To do so we need:
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Lemma 3.1

s—1 _ B
Y (—1)r- q(C+P 1) (c+s 1) L1 es0 -
P=q P—q s—p—1
Proof :
Y [(c+p) [(c+s)
LHS: _1 P—q
PZ:q( ) (P—CI)!F(C—H[) (s—p—DIT(c+p—+1)

_ (=1)P79T'(c+s)
Z (p=g)'T(c+q)(s—p—1)!(c+p)
F(C+s) (—1)P4 1
F(H"I)pZZJ(P g)(s—p—1lc+p
_ Fc+s sl (—1)P=4 T(s—gq) 1
- Tletql ,;(p ) (s—p—Dlctp
1

— ; (—1)P ['(s—q) 1
B(c+q,5—q) )=, (p—a)T(s—p)c+p
1 s—1

“Bergo-a &

B(ctq,5—4q)

Letu=p—qg=p=u-+gq

B(c+q,s—q) Jo =
1
:;/ mc—l—q—l(l_m)s_q_ldm
B(c+q,s—q) Jo
1

= ————Blct+gq,s—
B(c+q,s_q)( q,5—q)

=1
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Corollary 3.1.1

Put ¢ =0 and we have

s—1 . .
Z(—I)P (C+I; 1) (gj—;_11> =1 (3.30)

We now obtain the F(v) for the cases mentioned above.
(@) Whenx=s,s=1,2,3,--- and y>0
Using version Il

F(v)= ! E(_l)q(s— 1){1—(1—G(v))y+q}

q yt+gq

LT, e L g =1\ (1-G(v) e
_B(s,y)ng( 1)q( q )y+q B(s,y)ng( 1)q( q ) y+q

First term of the RHS above

:B(; y)si(_l)q(s_l>yiq

S 1 s—1
_q B(s, )( )y+q
B F(s y) I'(s) 1
—qZ( b? L(s)T(y) ¢'T(s—q) y+4q
o g Ts+y) 1 1
_qgo( V') a9yt
:rl(—l)q T(s+y) Lly+q)

= g'T(y) T(s—q)T(y+q+1)
_s—l B F(S+y) T‘(y+61)
—qu)( 1) (s—qg— 1) T(y+qg+1) q'T(y)

::g( (jﬂ—l) <y+q—1)
s—1

-Zer ()5

q
=1

o

y corollary 3.1.1
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The second term

L E s (=G (w)pte
"m0 )

q=0 y+q

-G & s— 7 (=G((v))P
LS | ') 3 oo

qa )= Yta

( )’ i{) f (S 1) <Q> (=D” (G)"
—1s

p y+gq
_<1—G< >>y W T a (GW)
BT R 2% 2Nt v T s e
—1

_(1-6m) F (G0 &, I'(s) 1 1
- B(s,y) =0 P qZO( 1)qﬂg(s—q—l)! (g—p)! y+q
s—1 (

= (G(v)P E(_l)q—O—p Ty+s) 1 Th+gq)
F(y) = P = (s—q—1! (g—p)! T(y+q+1)
(

(1-GW)) & (G & o (y+s—I\T(y+q)
= (-7
LR

s—q—1) (g—p)!

; (GO & vgip(¥+s—1\ _ Th+q)
I'(y) pz::or(yﬂ)) p! qgo( ! (s—q—l) (¢g—p)T(y+p)
s—1

_ (1=6W)) ZF(%LP)M E(_])qp(y+s_l) <y+61—1>

Iy = Pl = s—q—1)\ q—p
s—1

o) I;OF(y—i—p)(G;—v!))p .1 ;using lemma 3.1

—GW)) y
SFW)=1- {% I;Or(erp)(G;#} (3.31)

Hence

(1- Gv)yl“ G())P

—G(v s—1 v -1
= 08 (1-GW)y (G

I'(y) plr(y+p) (p

g(v) —

_—)1)! g(v)

(3.32)
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(b) Wheny=s,5s=1,2,3,--- and x>0
Using version |

PO = 55 E<—1>q(s—1)w

B(x7s)q:0 q X+gq
(GO N a5~ \Tlxts) (Gv)4
" T &) OE
_ (G si (=D (s) T(x+s) (G(v))?
I(x) =qT(s—q) I'(s) x+q
_ (G(V))”Zj (=1)? C(x+s) (G(v)4
I'(x) = q! T(s—q) x+gq
(G N (=11 T(x+s)C(x+g) )
- T(x) q;) q! (s—q—l)!F(x+q+l)( v))?
W)=l (— xX+s—
G s
=g
v xs—1/ X+ 5—
-G R (e a -0 —atr
=g
(G N (=17 (x+s—1 J a\,,
-G L (T rtera S (“)a-coy
_ GO NN (EDTP (s 1N ¢'Tcta) o
"t AL o (Tam1) g0 o0
_(G(V))xs_] (1— G 1”1 x+s—1 ['(x+q)
- I'(v) ,;oF(HP) 1y (S q- 1) (¢—p)'T(x+p)
_(G(v)))”_1 (1— 1”1 x+s—1Y\ [x+qg—1
- I p_or(x+p) - q- 1)( )
_ GO N 1, (1—G( ))”“_ p (xFs—1Y (x+q-1
- T() ,,;or( P) p! qu( L’ p(s—q—1>< q—p )
x s—1 . v
:(i((‘;)f ZOF()H—]))(I G'( p.lusinglemma3.1
= !
(GO v (1-G(v))”
F(v)= ) pZOF()H—p) ) (3:33)
and
GO N e ) (2G0T (G N (=G
) =x =& )p;F( 1R ) pZ:‘,IF( )y &)
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3.6 Beta Generated Distribution and its Special Cases in terms of
Gauss Hypergeometric Function

Gauss hypergeometric function is given by

bcy bb+1)c(c+1)y* bb+1)(b+2)c(c+1)(c+2) y?
Fi(b,c;d;y) =1+ —= — —
b ady) =1+ ity ot dd+1)(d+2) 31

(3.35)

Now starting from (3.17) and using the identity
— —1
< a) =(—-1)? (OH—q ) (3.36)
q q

s _ _ v X+
P = o LT (R
(—(y—q)) (G(v)) e
) q x+q
GV)) < [— G(v))?
_ (Gv) Z( yq+q>(x(+2
)" i I[(1-y+gq) (GI)?
= a'T(1-y) x+gq
"i I'(l-y+q) (G()?
B(x,y) /= (x+q)I(1-y) ¢!

_ (GO)* L I(l—y+1) G(v) TI'(1-y+2) (G(V))2+m
COB(x,y) |x (x+DT(1—y) 1! (x+2)T(1—y) 2!

_ GO, (1-y)G) | (1—y+1)(1-y) (G())?

- T U T ) 2! +}

(1= G) _x(1=0)(1 =y +1) (G +}

xB(x,y) (x+1) 1! (x+2) 2!
_ GO, x(1=y)Gl) | xx+D)(A—y)(A—y+1) (G(V))2+___}
xB(x,y (x+1) 1! (x+1)(x+2) 2!

L F(v) %zFl(x,l—y;Hl;G(V)) (3.37)

where
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x(x+1)x+2)---(x+s—D(1—y)(1—y+1)--- (1 =y+s—1) (G(v))*

2F1—1—|—Z

= (x+1)(x+2) (x+s) 5!

(3.38)
d o Gxat ) s— DA =y (A =y+1)---(I=y+s5=1) (G)*! )
dVZFl—S:Z’I (x+1)(x+2)---(x+s) (s—1)! (v)

where 2F] =2F1(x,1 —y;x+ 1;G(v))
4 o5 _x(l—y)i(x+1)(x+2)~--(x+s—1)(1—y+1)---(1—y+s—1)(G(v))s1

CavT T a1l & (x+2) (x+s) (s—1)! 3(v)
_ xi1+_1y> B (x 1, (1= y+ i+ 2.G(0)) g(0)
% =" i1+_1y )R, (x4 1.2yt 2:60)) &(v) (3.39)
hence f(v) = [(;((Vx)’];)_] 8 2Fi (21— + LG + ig((:)i) % oFi (2.1 -y + 1GY))
:%g(\/) B (31— ysx+ 1:G) ) + )(C ((V)i) ()C+1)g( )oFi (x+1,2= x4+ 2:G() )
Cf) = [GB((VX),];)I §() oF1 (1= i+ 1,G)) + (B(E:)y>) 80 2 (x4 1.2 -+ 2:6())

(3.40)



3.7 Special Cases of Beta Generated Distribution in terms of Gauss
Hypergeometric Function

3.7.1 Type | Exponentiated Distribution

when y =1 we have

G ]
F(v) = xB( ) 2F1(x,0;x+ 1;G(v))
= [GOV)]" 2F1(x,0;x+ 1,G(v))
x0 G() x(x+1)0.1 (G(v))?
2Fi(x 0:x+ LGl :{H x+1) 1! e D2 2! }
—1
F(v) =[G(v) (3.41)
Ik 1 X1 =
1) = [(;‘(j}l) £0) 2R (5,053 + TGO+ (L L glv) e 1,15+ 2:6()
=x[GW)'g(v) 140
=x[GW)]" ' g(v) (3.42)

3.7.2 Type Il Exponentiated Distribution

when x=1 we have

:yG(V){H 0-3) ) 12000 =y ) <G<2v!>>2

120901y + 1) (G()?
2.3 2!

y(1-y) ( 2y(1-y)(2—y) (G(v))?
2 23 21

= 110560 - 22 (o 200D Gy

=yG(v) + G(v))*+
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:1—{1—1G(V)—|—y(y_l) (G(V))z—y(y_l)(y_2)(G(V))3+}

1! 2! 3!

p=0 \P
=1- v (> —-G(v)]*
Zb ) [—=G(v)]
=1-[1-Gv)] (3.43)
and
) =y1=GW)P " gv) (3.44)

3.7.3 The ith order statistic distribution

Letx=iandy=s—i+1
Then
()
iB(i,s—i—.Fl)
— % 2Fi(i,—(s—i);i+1;G(v))
GO

:szl(—(s—l),l;l—i—l;G(V)) (3.45)

Fis(v) = 2F(i,1—(s—i+1);i+1;G(v))

where

NG — ) = DIGE) (1A s—i)(s—i— Dii+1) (G(v)®
2Fl(_(s_’)vl’l+1’G(v))_{1+ (i+1) 1! (i+1)(i+2) 2!

(—1)3(s—i)(s—i—1)(s—i—2)i(i+1)(i+2) (G(+))? +}
(i+1)(i+2)(i+3) 3l

_|_
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N (=) i(s—i)(s—i—1)(s—i=2)-+[(s—i)— (s—i—D]i(i+1)(i+2)-- (i+s—i) (G(v))*!
(+1)(E+2)(i+3)---(i+s—i) (s—i)!

i : , i (G(v)*
P + (=12 (s—i)(s—i— 1)1—1—_2T

i (Gw)’

(=D —i= D —i=2) 5

=1+ (-1)(s—1i)

_i_”_(_l)s—i(s_i)(s_i_1>(s_i—2)...[(s—i)—(S—i—l)]i+(i_i) (C(?S(i)gs!—l

L SF(=(s—i), i+ 1:G()) :qéf‘”qi?q( ) )[G(v)]q
e (p) = [GW)] & B i [s—i ;
R0 = g B0 (o
_;Sii_ b (=i NG
_B(i,s—H—l)q;)( l)qi+q( q )[G( A
Now
% DBy (—(s—i), i+ 1:G(v)) = _(l,“:l") L F(—(s—i+1),i+ L:i+2:G(v)) g(v) i.e from (3.39)
Therefore
v i—1
fil0) = s gl0) ({5 i 1 GOY)
(Gv))'  s—i

- Fi(—(s—i+1),i+1i+2;G
Bls—it1) H_1g(v)2 (=(s—i+1),i+1i+ (v))

(3.46)
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3.8

Beta Generated Distribution and its Special Cases as Infinite
Mixtures

Let
(—1)4 (y—l) 1
W g
"By \ q ) x+q
Now
1
B(x,y)= [ m Y1 —m) 1 dm
_ Z(_l)q (y ) mx+q—1 dm
q=0 4 0
L
4=0 q X+q
> 1 > —1 1
qu: Z(—l)q<y >
= B(x,y) /= q ) x+gq
1
= B(x,y)=1
Blxy) DY)

Hence (3.17) becomes

1 & —1\ (G(v))**t4
F(V):B(x,y) q;)(_l)q(y ) (G(v))

q X+tq

o)

F(v) = Z Wyq Grig(v)
q=0

whe;e
Grig(v) = [G(v)]"

is an exponentiated cdf.

Therefore F(v) is an infinite mixture of type | exponentiated distribution.
Therefore

F0) =X wy () GO g0

q=0
F) =Y Wy geaq(v)
q=0
where
gerg(v) = (x+4) [GO) " g(v)

(3.47)

(3.48)

(3.49)
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Similarly,if we let

1) [x—
vq:( b (x l) L (3.50)

then

Therefore (3.19) becomes

nwziyu—u—amwﬂ

F(v) =Y vy Gyig(v) (3.51)
q=0

where
Gyigv) = 1= (1= G)P™

Therefore F(v) is an infinite mixture of type Il exponentiated distribution.

The pdf is given by

ﬂw:iyO%@u—aquwm
L
F0) = X vy 85140 @52)
g=0
where
8ria(v) = (r19) [1- GWP g(v)

3.9 Special Cases of Beta Generated Distribution as Infinite Mixtures

3.9.1 Type | Exponentiated Distribution

Letve1 _J1 forg=0
ety=1= w;,= 0 for g#0 (3.53)
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q=1
=1.[G(v)[*+0
F(v) = (G() ’ (3.54)
x—1
) = x(G<v)) g(v) (3.55)
3.9.2 Type Il Exponentiated Distribution
1 forg=0
Letx=1 = v, = (3.56)
0 for g#0

CF() = zo vy {1- (1- Gy

=v {l-(1-G(v))}+ ivq {1-(1-G(v))"}
=

={1-(1-G(»))'}+0
Flv)=1- (1 —G(v))y (3.57)

therefore

fv)= y<1 - G(V))y_1 g(v) (3.58)

3.9.3 The ith order statistic distribution

Whenx=iandy=s—i+1
Then

(—=1)4 s—i\ 1
Wg=———"——
" Bli,s—i+1)\ q ) i+gq
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g=0 q=0
1
= B(i,s—i+1)=1
B(i,s—i+1) (bs—i+1)
Fis(v) = ) wq (G(v)™

which is a finite mixture of type | exponentiated distribution.
Therefore

Jis(v) = Zb wq (i+q) [GO)] T g(v)
g=
Putting i = s we have
Fys(v) = wo (G(v))*
=(G())’
and
fos(v) =wo s [GU)! g(v)
=s[GO) g(v)
Again consider
x=iandy=s—i+1
Then

(3.59)

(3.60)

(3.61)

(3.62)
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Therefore

i—1
Fis(v) = vaq{l —(1=G(v))* 19y
o=

which is a finite mixture of type Il exponentiated distribution.

and

i—1
fis() = Y vg (s—i+1+q) [1=G)P " g(v)

q=0
hence
Fiis(v) =vo {1-(1-G(v))’}
=1—-(1-G(»))*
and

fus(v) =s[1=GW)P g(v)

(3.63)

(3.64)

(3.65)

(3.66)



48

3.10 Entropy

Entropy is a measure of the uncertainty in a probability distribution.

It has been used in various situations in science as a measure of variation of the uncer-
tainty.

Shannon entropy plays a similar role as the kurtosis measure in comparing the shapes of
various densities and measuring heaviness of tails.

It is defined by

=E[—logf(v)] (3.67)

i.e f(v) isa pdf.
Lemmas that will be useful in determining entropy for the beta-generated distribution

are given below :

Lemma 3.1

Let G(v) and g(v) be the parent cdf and pdf respectively.Also let f(v) be the pdf of beta
generated distribution,with parameters x and y then

() E[InG()] = w(x) —y(x+y) (3.68)
(2)E[ln (1-G(v))] = w(y) —w(x+y) (3.69)
(3) Elln g(v)] = Enlln g(G~' (H))] (3.70)

where H ~ Beta(x,y) and ¥ denotes the digamma function.
Proof for part (1):

E[lnG(v) / InGW)|f(v)d(v)

- [ et >]x—1[1—G<v>]y—1g<v> )

B(x,y)

Let h = G(v) = dh = g(v)dv
v=—00=h=G(—0)=0;v=c0=h=G(0) =1
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1 (In x—1¢1 _ -1
. E[lnG(v)] = /0 (in k) hB(x<)17) W an

But

1
B(x,y) :/ Y1 —h) 1 an
) d . I'ro x—1 y—1
..aB(x,y)—/O [axh ](1—h) dh
/ (log WK1 (1—hy~' dh

/ (In )Y (1—h)Y "' dh

Also

Cr+y) IMx) TN (x+y)
[C(x+y)]2

Fx) I'x

I'x) T'(x+y)

+
B Ix) T (x+y)
_F(y){r(x+y) [C(x+y)]? }
{ )
r
+

Therefore

T(x+y) T(x) T(x+y) T(x+y)
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Proof for part (2):

oo

(i (1= G ) ()
oo v x—171 _ v y—1 v
In (1—G(v) (G 1 =GP g )d(v)

Elln(1-G(v))] =

—

I
—

- B(xvy)
__/lm(y—m)mF%1—m%4dh
o B(x,y)
Letz=1—-h=dz=—dh
n x—1_y—1
S E[ln (1-G())] = /(l@;@?)ﬁ (—dz)

(Inz) 271 (1—
_/ nZZ Z d

—y(x+y)
Proof for part (3):
Eling)] = [ _[Ing)]/(v) d(v)
Y (GO 1 =GP 'g(v)
— [ im0 B a(v)
[ R —hp!
= /m[ln g(")]W dh

since G(v) =h= G 'G(v) =G 1(h)
therefore v=G~!(h)

where H ~ Beta(x,y)
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Lemma 3.2

Let V be a continuous r.v with distribution function G(v), then W = G(v) follows a
uniform distribution U(0, 1).

Proof
Let W =G(v)
If W(h) = the cdf of H then
W(h) = Prob{H < h}
= Prob{G(v) < h}
= Prob{G'G(v) < Gl (h)}
= Prob{V < G~ 1(h)}
= GG '(h)
=h
w(h) =1, 0<h<l1
An extension of lemma 3.3 is given by
Lemma 3.3

Let arv V have a beta generated pdf with parent distibution G(v) then the rv H =
G(v) follows a beta distribution.

Proof
Let H = G(V) where V has a beta generated density f(v) and
W (h) = Prob{H < h}
= Prob{G(v) < h}
= Prob{V < G 1(h)}
=F[G™'(h)]
=F(v)
d
~wh) = f(v) =
1
=fv) o

v
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_ GO =GP le(v) 1

B(x,y) g(v)
G =Gp!
B(x,y)
x—1 y—1
w(h):h Bgix_y};) , 0<h<1l;x,y>0

, a beta | distribution.

Proposition 3.1

Shannon entropy for the beta generated density with parameters x and y is given by

E[—log f(v)] = log B(x,y) — (x — 1)[w(x) — w(x+y)]
—(=Dw(l) —wx+y)]
—Enling(G~'(H))]

= log B(x,y) — (x—1)E[log G(v)] — (y — 1)E[log(1 — G(v))] — E[log g(v)]
(3.71)

where H is Beta(x,y) and y denotes the digamma function.
Proof

E[~log (v)] = [ [~log f0)]£() dv

where

v x=111 _ v -1 v
log f(v) = log S [g(xig Ple(v)

= —log B(x,y) + (x—1)log G(v) + (b —1)log[1 — G(v)] + log g(v)

SE[-log f(v)] = —/:o { —log B(x,y)+ (x—1)log G(v) + (y — 1)log[1 — G(v)] + log g(v)}f(v) dv

= log B(x,y) — (x— 1)E[log G(v)] = (y = 1)E[log(1 = G(v))] — E[log g(v)]
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Using Lemma 3.1,we get

E[—log f(v)] = log B(x,y) — (x — 1)[w(x) — y(x+y)]
—(=Dy) —wx+y)
—Eyllng(G™' (H))]



4.1

BETA-LAPLACE DISTRIBUTION

Introduction

In chapter 3 we have looked at the concept of Beta-generated distribution and obtained
the special cases. In this chapter we apply this concept to obtain Beta-Laplace distribution.
Then Beta-Laplace distribution and its special cases are expressed based on Binomial
expansion,Gauss hypergeometric function and as infinite mixtures of exponentiated

distributions.
The Shannon entropy is also determined.

4.1.1 The Beta-Laplace distribution

K(b)Z{

1 2

ek b< 0
k()=

ﬁe A bZO

Therefore the corresponding Beta-Laplace cdf is:

The Laplace cdf is:
et b< 0
b>0

i )l
|

1 —

Therefore the pdf is

b
Lox hm—l 1—h n—1
F(b):/2 U=R"" i b<o
0

B(m,n)
hence
b
1—ie7 2 hm—l 1—h n—1
F(b)z/ ’ U=R)"" 0 b0
0 B(m,n)
Therefore
~1
1]l
b) = b<0
1) A B(m.n) <
and
1
-1 ]
f(b)= b>0

(4.1)

(4.2)

(4.3)

(4.9)
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The moment generating function is obtained as follows

Ma(h) = E[") = [ & f(b) ab

0
:m{/_wehb(ea) [ %n 1db+/ e 21 1—6 Zl]m ldb}

The first term of the RHS above

= (n—1 22 !
=\ v ) 2Ah4+m—v

The second term

Il [l
<
I 5
IS T N
3 s
< |
5
— v
\\/ D
< g 7
o 5
| \_/
=
) P‘w
PN
ol
= Q.
S S
QL
S

|
s

<
Il
o

. Mp(h) =

The rth moment:

E®) = [ fb)dw)

:m{/_mbr( B 1 — e ] 1db+/ br(e %) [1 —e 2] ldb}
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First term of the RHS

— v=0 v
e _ 0
=Y (n 1) pre~ (3P db
uv=0 4 -

AT (r+1)
(n _ v)r—i—l

)= ga 5 (1) [0

When r=1

(I’l _ V)H—l

b s (m; 1) (2/1)r+1r(r+1)} “s)

E(B) =

g _ 0
n) = v oo

0 m—v
lntegrating/ be"s7 ) db by parts we have

Let j=b=dj=db

db =T = p = 24 e’z )b
m-—vy

0 0

m-—vy w M—VJ_

EB)= o 20{ " () <miv>2} “



4.2 Beta-Laplace Distribution and Its Special Cases Based on Binomial
Expansion

4.2.1 Two versions

From formula (3.17) and (3.18) we obtain Beta-Laplace distribution based on Binomial

expansion as follows:

Version 1
s n— le% m+v
F(b):B(nlun) v;o(_l)v( v 1)(2m4)—v
F(b)z%f‘b(_l)v(nzl)zv(enizv forb < 0 (4.8)
and
1 = n—1\ (1—Lle=x)mtv
F0) =g L0 ()
The pdf is
(ei)" &, (n—1\ /1 b\
b)=———— —1 —e% | forb<0 )
10)= 3ty LD (1) (3¢8) fore < @10)
and

f(b) = (1—se byt Leby (—1>V<n_ 1) (1—2e ) forb >0
2 . 2

V= v

(4.11)
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Version 2

using formula (3.19) and (3.20) we obtain
1 o m—1 1 I p\ntv
F(b) = —1)Y 1—(1—zex f
() B(m,n)z( ) ( v )n—l—v{ < 2el> } orb <0

(4.12)

PO~ g 50 (" s e

v=0

(4.13)

1 > 1y m—1 _l b\ ptv—1 I »
f(b)_B(m,n)vzb< 1)( % )(1 261) 27Le/l
— 1 lén—liﬁw_vm_l _lév
f(b)—B(m’n) (1—5e%) 2lekv;o( 1)( ; )(1 Ser)” forb<0
(4.14)
and
— 1 S 1\ m 1 o _l -y n+v—1 1 _b
10 = gy T (") (=gt et
(e_%” o wf(m—1y 1 _»
f(b) 2"7LB(m,n)VZO( 1) ) 7 Z forb>0 (4.15)



4.3 Special Cases of Beta-Laplace Distribution Based on Binomial
Expansion

4.3.1 Type | Exponentiated-Laplace Distribution

Using (3.21) and (3.22)

Then
1
F(b) = [—eﬂm forb <0 (4.16)
2
and
1 m
F(b):[l——e—ﬂ for b >0 (4.17)
2
Therefore
I pym=1 1 »
7(b) =m[3et|" et
mrl p1m
f(b)_z[iez} for b < 0 (4.18)
and
I _pym=1 1 _»
- — e % — e 7 > .
f(b) m[l 5¢ l] 57¢ * forb >0 (4.19)

4.3.2 Type Il Exponentiated Laplace-Distribution

By using (3.23) and (3.24) we have
I b,
F(b)_{l—(l—iel) } forb <0 (4.20)

Fo)={1-(1-11- %fﬁ)"}

1 n
SF(b)=1- <§e—%) for b >0 (4.21)



1 n—1 1
f(b)= n(l — Ee%> ﬂe% forb <0 (4.22)

f(b)= T (56_ )n forb>0 (4.23)

4.3.3 The ith order statistic distribution

Using version | together with (3.25) and (3.26) we have

. 1,2y j+v
—J\ (ze1)’
Fis(b) = —~—-— forb<0 4.24
J.s( ) B(],s—]—i—l Z ( ) T+ or ( )
and
1 g 5=\ (1—Le 7)itv
F]s(b):mZ(—l)v( v'])(jfv) forb>0 (4.25)
’ v=0
hence
Fs(b) L Y Aty Lot torb<o
Jis Bjs—j11) & ; 26 216 or
1 1 o\i'H (s—j) 1 b\v
= . . —e —1)Y —el (4.26)
AB(j,s—j+1) (2 >v_0( ) % (2 )
and
oy p——— VA ) TR ST RS e
= Bs—j+ 1) v 2¢ ¢

(4.27)
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Using version Il with (3.27) and (3.28) we have

1 i j—1 1 1 b\ s—jtvtl
F..(lb) = ———— -1 —{1—(1——I> } forb <0
#0) = g0 L >< ) )S_HV+1 L or

(4.28)
and
1 il ji—1 1 1 b,
Fis(b) = = ) (=1)" (1= [1—ze x])s 7t
#0) = g L0 () i -0z hy)
1 -l j—1 1 1 »\s—jt+v+l
Fsb) = gy &0 — - 5¢ 7 for b >
iis(b) B(j,s—j+l)vg()( )( % )s—j—l—v+1{ <2€ l) } orb=0
(4.29)
hence
1 il i—1 1 oo\s—itv 1 s
= 1)" 1 ——e L
[is(b) B(s—jt1) v:O( ) ( ; ) < 2el> 2%61 orb<0
(4.30)
and

1 1 p\s—j+1 i) i—1\ /1 _b\v
ff“(b):/IB(js—j+1)<§e_l> ] Z(_l)v(]v )(E‘ﬂ) forb 20

(4.31)

4.3.4 When one parameter is a positive integer and the other is a real number

(@) Whenm=s,5=1,2,3,--- and n>0
Using version Il,then formula (3.31) and (3.32) becomes

—1
Z F(nl;i—l) (%eZY} forb <0 (4.32)

F(b)=1- {ﬁ (%eﬁyﬂi F(nlj— ) (1 — %egy} forb>0 (4.33)

=0



_ L7yl s=1 Lo7)! .
) =n' I%(n)) IZ(’)F(”H)(QH) %el
(1—16%)" s—1 (le%)l—l 1 »
N I—'(Zn) L Tn+1) (21—1)' 24

(4.34)

Also
f(b) —n U211 _F%:)g]))n_l :Z;r(n+1)(l _%fz) e
_u-i n%)e—ﬁw ¥t —(l%j‘li;g“ Lot
0 gt (sl (L)
_xrl(n) %e“"“gz(ﬁff (1_%”)1_1 for5620  (4.35)

(b) Whenn=s,s=1,2,3,--- and m >0
Using version I,then formula (3.33) and (3.34) becomes

1 /1 s \mSdT(m+1) 1 b\!
F(b)—m<§€l> lgo T (1—§el> forb<0
and
1 1 o \m A T(m+1) 1 s\
Fb)==— (1—Ze 2 1—[1—-e 2
(®) F(m( 5%) T (1-0-3¢7%)
1 1 _o\m A T(m+1) /1 _p\!
= (1—ze% —e %) forb>
PO = Fm) (1-3¢7%) PR (367%) forbzo

(4.36)

(4.37)



b
(%el)m 1 1 és—l ( %ei)l
—en I [
T(m) 21° l;, T
( e )ms 1 (1 %e )l—l 1 %

o\m S T(m4+1) 1 »\!
) L (1-3¢)

=0
1 p\mtl s F(m—i—l) | 1—1
—<§el> 1; = (I—Eel) forb <0 (4.38)
=gty 1 gl (== be 8
I'(m ﬁe IZ(’) (m+1) [!
1 —Leiymsl (I—[1=te 2]t 1,
2 2 _b
['(m+1) e x
T(m) 1_21 (-1 21
1 s, " STm+1) /1 _p\I+!
(1— e z)m ! —e 2
L= ()
1 1 o \mSAdT(m+1) /1 _s\!
N ——e 7 —e 7 > .
<1 5 A) L) <2/”Le A) forb>0 (4.39)
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4.4 Beta Laplace Distribution and its Special Cases in terms of Gauss
Hypergeometric Function

Using formula (3.37) and (3.40) we have:

F(b) ! <1 %>m F( 1 +1 ! %> forb <0 4.40
=— (= —n; i= r .
mB(mn) 2e 2F1 | m, n;m 2e 0 (4.40)
and
1 1 _p\m 1 _»
F(b :_<1__7> F( A—mmt 11— 7) forb >0
() B (om0 5e 2Fi(m n;m-+ 5e orb >
(4.41)
Therefore
b
efprt Ly
b)=~440—"— — by F 1— 1;=ex
f() B(m,n) 226" 2 1(m, 1 —=nsm = '2¢ )

l%’" l-n 1 »
b
A

f(b) len (% > 2F1<m,l—n;m+l;%ei)

2

l\.)l>—‘

+ (1 ﬁ)m“ F( 12— mmt s %) forb <0
1 B(m,n) 26 2 \m s n;m ,26 or
(4.42)
and
1 1 p\m1 1 1 »
b) = (1——7) % F( 1—n: 1;1——7)
f(b) Blm.) 5¢ sye Fafi(m n;m+ 5e

1 1 ml—n 1 1
+ (1—567%) " —e j{zFl <m+1,2—n;m+2;1—567%) forb >0

m+1 24
(4.43)

4.5 Special Cases of Beta-Laplace Distribution in terms of Gauss
Hypergeometric Function

Using type | exponentiated distribution given by (3.41) and (3.42) we obtain the type |
exponentiated-Laplace distribution in terms of Gauss Hypergeometric function which is
similar to type | exponentiated-Laplace distribution in terms of Binomial expansion given

by (4.16),(4.17),(4.18) and (4.19).

Similarly,type Il exponentiated distribution given by (3.43) and (3.44) yields type Il exponentiated-
Laplace distribution in terms of Gauss Hypergeometric function which is similar to
type Il exponentiated-Laplace distribution in terms of Binomial expansion given by
(4.20),(4.21),(4.22)and (4.23).
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4.5.1 The ith order statistic distribution

From (3.45) and (3.46) we have

S

1 1
F..(b) = —
0= G555 3¢

and

J AN Ny
) 2F1<—(S—J),J;J+l;§el) forb <0 (4.44)

1 1 »5\J 1 »
Finy(b) = (1—-7) F(— )i 1;1—-7) forb >0

(4.45)
Therefore

(1 H”

2¢ ) 1 » 1 »
., =—< el —=(s—J),j;] 1;—1)
fis(b) Bjs—jiD 222 1( (s=j),jsj+ 1 e

1,2/
(zel) s—j 1 »

m e S ek R (= (s 1), 12
B(j,s—j+1) j+12A (= l—j+ D). j+ b

b
e

| =

1 L b\J N iy
fis0) = 350551y (2¢4) 2F (= =gt 13 5eF)

1 S—j 1 »\Jt1 1
— —er F<_ — 1), 1;,2;_l> forb < 0
AB(j,s—j+1) j+1(2e ) oFi(—(s—j+1),j+1j+ 5¢ orb <

(4.46)
and
1~ 8)
—2¢ 1 b 1 »
Lo(b) = —’IF<— —J)sJsJ 1;1——’7>
J

b 1 _»
_ % F(— 1), 4 1s 2;1——7) forb>0
Bt 1) j+12/le 2P —(s—j+1),j+1;j+ 5¢ or

(4.47)
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4.6 Beta Laplace Distribution and its Special Cases as Infinite Mixtures

By letting

=g () s

o 1 p\mtv
F(b) = E)wv (Eel> forb< 0 (4.48)
and
F(b) = y <1 ! _f{)mﬂ forb>0 4.49
= ‘;WV 2€ or = ( . )
whose pdf is therefore:
> 1 b m+v—1 1 b
f(b):v;)wv (m+v) (Eel> 57¢
1 & 1 +
£(b) = IVZZO wy (m-+v) (Ee%)m " forb <0 (4.50)
and
> 1 b m+v—1 1 b
f(b):v;)wv (m—+v) (1—5(3 l) ¢ forb >0 (4.51)

Similarly,if we let

and use (3.51) and (3.52)

Then

F(b):gbv{l—(l—%ei)"+v} forb<0  (452)
and

o= Enfi- (-2 t))")

F(b):ibv{l—<%ei)n+v} forb >0 (4.53)



67

The pdf is:

> 1 n+v—1 ]

f(b) = vzf)bv (n+v) (1 - 56%) ﬁe% forb <0 (4.54)

and

)= Y b ) (1=[1-5e4])" et forb>0
=0 2 27
> 1 n+v

f(b)= ,,:ZE)bv (n+v) (56_%> forb >0 (4.55)

4.6.1 Special Cases of Beta-Laplace Distribution as Infinite Mixtures

Using type | exponentiated distribution given by (3.54) and (3.55) we obtain the type |
exponentiated-Laplace distribution as infinite mixtures which is similar to type | exponentiated-
Laplace distribution in terms of Binomial expansion gven by (4.16),(4.17),(4.18) and (4.19).
Similarly,type Il exponentiated distribution given by (3.57) and (3.58) yields type Il exponentiated-
Laplace distribution as infinite mixtures which is similar to type Il exponentiated-Laplace
distribution in terms of Binomial expansion given by (4.20),(4.21),(4.22)and (4.23).

4.6.2 The ith order statistic distribution

Whenm = jandn=s—j+1
Then

Therefore using (3.59) and (3.60) implies

S—j 1 i+
Fis(b) = Z wy (Ee%y ’ forb<0
v=0
(4.56)
and
S—J 1 +
F]S(b)—ZwV <1—§e_%) forb>0
v=0
(4.57)

which is a finite mixture of type | exponentiated-Laplace.
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The pdf is given by

e : 1 p\Jtv=1 1 »
fis(b) = ng wy (j+V) (5(3&) ﬁel
1354 . 1 s\Jtv
fis(b) = I\;) wy (j+v) <5e1> forb <0 (4.58)
and
52/ 1 -1 ]
fj:s(b) szbwv (j+v) (1—56_%>J ' ﬁe_% forb >0 (4.59)

Again consider

m=jandn=s—j+1

Then
"UB(js—j+) \ v ) s—j+v

Therefore using (3.63) and (3.64) we have

0 1 p\s—Jj+1+v
Fj:s(b):gbv{l—@—zek) } forb<0 (4.60)
and
= 1 s7\s—J+1+v
Fis(b) =Y bd1— (1= |1—z¢ "%
)= Eodi=(-[1-geF]) )
> 1 p\s—Jjt+1+v
Fj;s(b):;)bv{l—<§e f) } forb>0  (461)
hence
fj (b)—ib (s—Jj+1+ )(1—l ’i>smi 7 forb<0
js _V:() v \§—J v 26 216 or
(4.62)
and
.- . I _p\s=itv 1 _»
fj:s(b):‘;)bv(s—]-i—l—FV) (1—[1—§e x]) ik
l & 1 —jv+l
Fis(b) =7 X by (s—j+14v) (Ee*%)s T terb>0

v=0
(4.63)
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4.7

Entropy

Using formula (3.71) we have

E[—log f(b)] = log B(m,n) — (m—1)E[log K(b)] — (n—1)E[log(1 — K(b))] — E[log k(D)]
=log B(m,n) — (m—1)E[log %ef] —(n—1)E[log(1 — %ei)] —E|[log et
=log B(m,n) — (m—1)E[log %+ log e%] —(n—1)E[log(1 — %eiﬁ)]

1
—E[log — +1log e%]

24
— tog Bm.n) — (m— tog 3 — (m~ )22 (n - 1)Ellog(1 - 1eb)]

= log B(m,n) + (m— 1)log 2+ log 2 — mE;L(B> — (n—1)E[log(1 — %ei’)]
— log B(m,n) +mlog 2+ log A — ’"E)L(B) — (n—DE[log(1 — ~e})]

= log B(m,n) +mlog 2+ log A — mE;L(B> —log[E(1— %ei’)]"—l

— log B(m,n) +mlog 2 +log X — mE;fm ~ log[(1 — E(e#))"!

=log B(m,n) +mlog2+1log A — mE)L(B) - 108{ i (—1)" (n N 1) [E(eﬁ)]v}

v=0

E(B > —
:logB(m,n)+mlog2—|—log7L—m;L( )—logZ(—l)v(n ) —VvElog e
v=0 v

B _mE(B) v w(n—1\ E(B)
= log B(m,n) +mlog 2+1log A 1 logv;)( 1)( ) =Y

=log B(m,n) +mlog2+1log A —log Z (—1)Y (n B 1) — (2m;_v>E(B)
v=0

- —1
:logB(m,n)—I—mlogZ—f—log?L—logZ(—l)v(n )
v=0 v

) e B () () )

Vv
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Therefore

E[—log f(b)] = log B(m,n) +mlog 2+ log A — log i(—l)v(n_ 1>
v=0

B ;,(7;:; ;{ (m; 1) (n(i)i)Z B (n; 1) (m(z—)i)2} for b <0 (4.64)

<

and
E[—log f(b)] = log B(m,n) — (m— 1)E[log 1 — %ei’] —(n— 1)E[10g(%ei)] _ Eflog %e;]
=log B(m,n)+ (n—1)log 2+ G IA)E(B> +log 22 + @ —log[E(1 —e_%)]m_1
=log B(m,n)+nlog2+1log A + %@ —log[E(1 — e_ﬁ)]m_l
E(B - —1 b
:logB(m,n)+nlog2+log7L+n 75 )—log{vgb(—l)v<mv >[E(e_2/1)]v}
- —1
=log B(m,n)+nlog2+1log A + %(m —logvg(’)(—l)v<mv ) + vl;;B)
=log B(m,n)+nlog2+1log A —log i(—l)v (m; 1) + (Zn;\})E(B)
v=0
:logB(m,n)+nlog2+log7L—logZ(—l)V<mv_1)
v=0
2n+n 1 > | (m—1\ (21)? n—1\ (21)?
+( A )lB(m,n)va{( v ) (n—v)?2 ( v > (m—v)z}
Therefore

E[~log f(b)] = log B(m,n) +nlog 2 +log A —log i(—l)v(m_ 1>
v=0

N Bz(nm-i:;) Vi){ (m; 1) (n(i)i)z B (n: 1) (nfz_)i)2} forb>0 (4.65)
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5.1

5.2

LAPLACE GENERALIZATION BASED ON
EXPONENTIATED GENERATOR

Introduction

Exponentiated exponential distribution is a generalization of a standard exponential
distribution.
Generalized Laplace distribution and its properties including moment generating function

is presented here.

Construction of Generalized Laplace Distribution based on the
difference method

Consider the cdf of an exponentiated exponential r.v given by

0
F(v)= (1—e‘”> v>0,7>0 (5.1)
Therefore
0—1
flv) = <1 - eifv> Te v
0—-1
=0t v (1 — e_w> (5.2)
is the pdf.

Our aim is to find the pdf of J =V —V,,

Vi and V; are (iid) exponentiated exponential r.vs.

Srivastava et.al (2006) obtained the cdf and pdf for j > 0 as given in the following propo-
sition
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Proposition 5.1

For j > 0 the cdf and pdf are given by:

F(jy=1-0Y (-1 e a,(0) B, <j(p+1,6) (5.3)
p=0
and
f(j)=6%*te" Z 1)? e/ a,(6 —1)B, «(p+2,0) (5.4)

Proof

J=V =V, Vi>V,>0
F(j) = Prob{J < j}
= Prob{V, -V, < j}
= Prob{V, >v| —j}
=1—Prob{V, <v;—j}
F(j)=1—=Prob{0 < V) <oo, Vo <v;—j}

o rVI—j
-1 [ FO2)f (1) dvadvy
0 JO

:1_/
0

/ Vljf<vz>dv2] Fv) v,

—1- / TF (v — ) f () dv,
F(j)=1- / CF(v— ) fv)dv 5.5)
:1—/w<1—e v 1)> Ote © <l—e TV>6 1dv
J




gdr

SF(j)=1 —91/0 'r(l—r)afl (1—}’€Tj) —

_1—9/ (1 —re™)? dr

:1_9/0 (1_r)9*1 ZO(—DP(i)(reﬁ)Pdr

F(j)=1-06Y (-1)? (6> efpj/e AP — 1)1 gr (5.6)
0

p=0 p

Therefore F(j)=1-6 Z (=1)? €™/ a,(0) B,j(p+1,6) j=0

0 1 =0
Where a,(0) = ( ) = { | rap ‘ P
p ;;HJ-ZO(G—J) p>0

—1j

e
B, (p+1,0) :/ P11 0T gy
0
Its corresponding pdf is:

fG)= [ rwse—jas

—/ Ote ™ 1—e W>01 Ore_f(v_j)<1—e_r(v_j)>eldv

= (91‘)2 e’f]/ e—27v<1 _e_rv> 61 <1 _e—f(v—j)>9_l 0

J

_ dr _ dr dr
Let r=e¢ V= "—=—1¢e V=dv= =
dv —Te™ Vv —1r

)= (o2 e | OU. =t (1-re) (<L)

—1Tr

77‘]'

> . [e 01 N 0—1
=6 Te”/ r(l—r)"" (1—re”> dr
0
2. ,7j < 0-1 - 6—1 Tj
=0 ’L'eJ/ r(1—r) Z( 1)? (re")P dr
0 p

p=
= 0%t " Z < ) eTpJ
p=

f(j)=6%te" Z (

D=

rpH(l — r)e*1 dr
efpj

p+2) 1(1 _ r)e—l dr

U Te”Z ) e a,(8—1)B, «(p+2,8) j>0

(5.7)

(5.8)
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Alternatively,beginning from (5.6) we can express F(j) as follows:

—Tj

N A Oef-er(l)q _ 01 g
P =1-0 L () [

p
> 0\ ., [¢" = 01
=1-0Y (-1)? efpf/ 1)1 —1’”( >rmdr
ol r(0)e | ¥ (®,
Nl 6—-1\ /6 ’q
—1-0 o ( )()/ P dr
mz—:Op;O( ) m p 0
=1-0 i i(_l)mﬂ?(‘g_l) (9>efpjw
m=0 p=0 m p m+p+1
> 61\ [0\ e )
F(j)=1-6 —1)mtp — :
w=1-0 X L0 (° ) () 59

Alternatively,beginning from (5.8) we can express f(j) as follows:

7‘;./‘

f(j)=6%te" Z(—l)P(e_l erpj/e D=1 (1 _ )0-1 g,
0

rev(’,)
)el'pj/érjr(p+2)l i(_l)m(e_l)rmdr
0 m=0 m
oo (o) _ _ . effj
B o) P et

(9 _ 1) eT(p-l—l)j e~ Tlmtp+2)j

m+p+2

01\ [/6—1\ e tmthi
- (5.10)
m ) p )m+p+2

However,Srivastava et al (2006) did not consider the case for j < 0 which is shown below.

Theorem 5.1



For j <0 the cdf and pdf are given by:

F(j)=6Y (=1)" ¢ ™/ a,(8) B,;(p+1,6) (5.11)
p=0
and
f()=0%te ™ Y (—1)P e P ay(6—1)Byi(p+2,0) (5.12)

Proof

Let

Vo>V >0
then
J=V,-V
Therefore

F(j) = Prob{J < j}
= Prob{V, —V; < j}
= Prob{V, <v; +/}
=Prob{0 < Vi <o, Vo <vi+j}

o rVitj
- / / Fva)F(v1) dvadvy
0 0

= [ F @i+ p ) dv
F(j) = / °°F<v+1>f( )dv 61
= F(v+j)f(v)dv (5.14)

\.

0—1
= T+ ) 0te ™ (1 —e_w> dv

—0/ l—e V>9_1 <1—e_f(v+j)>edv
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d d d
Let e ™ ar _ e =y — ro_dr
dv —Te W —71r
. 0 6—1 _zj\e dr
LF()y=0t | r(1—-r)°" (1—re )" —
et —Tr

:9/081]‘(1—1’)9_1 (1_re—rj)9 dr
— e/oe '(1 —r)eil pio(_l)p (2) (re*‘tj)p dr

oo e”
F(j)=6Y (-1)7 (6) e”’j/ AP (1 — )01 g (5.15)
0

P

T

Therefore F(j)=26 Z (=1)? e " a,(0) B,i(p+1,6) Jj <0

p=0
Hence
)= [ sy v 616

—j

= /oo O‘L'e_w(l — e_rv) ot 91e T+ (1 — e_T(V“Lj)) o dv
—J

. [ 0—1 A\ 0—1
— (07)? e_”/ e (l—e ™ 1— e T0H)) dv
o) )
d d
Let r=e V= ar_ —te V=dv= U dr

dv —Te~V  —71r

e W (R NN €

et —Tr

) P . —
= 0%t e_”/ r(1—r)9! (1—re_”> dr
0

o)

= 0%t erj/oerj r(1—r)1 Y (—1)P (9; 1> (re )P dr

p=0

=) o . eTj
s =™ ¥y (® e [T et
0

p=0 p
(5.17)

S f()=0%te W Y (—1)? e ™ a,(0—1)B(p+2,0)  j<0
p=0
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Alternatively,beginning from (5.15) we can express F(j) as follows:

0
zzeélc—wp(z> ~wj/*” (p+1)-1 2: < 1>rmdr
Y (-1) m+p< )( ) —rpj/ e g,
e Z< ’"”( )(ﬁ) S
| )0

T(m+1)j

5.18
mtp+1 5.18)

Alternatively,beginning from (5.17) we can express f(j) as follows:

oo _ ] erj
()= 027 e 7 Z (—=1)? (6 1) e_rp]/ r(p+2)_1(1 —r)e_l dr
p 0

p=0

.= —1 . et -1
— 92,[: e~ Y Z (_l)p (9 > e—rpj/ p+2 —1 Z ( )I" dr
—0 P 0

p
— 0 Y i(—nmﬂ?(e_l) (9—1) e—r<p+1>j/“,,(m+p+1>dr
m 0

m=0 p=0 p
o oo +p+2)j
—oe B g (C ) () e S
m=0 p=0 m 4 m+p+2

0—1\/0—1\ eflmthJ
N 2 m+p
f(jy=06t 2_0 pz 0(—1) ( ) ( > P— (5.19)
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Moment Generating function

An exponentiated exponential r.v with parameters 0 and 7 has mgf:

My (x) :E[eXH]
0—1

My (x) :/0 eXhGTe_Th(l—e_Th) dh

© 01
= Gr/ eXhe*Th<1 — e*fh> dh
0

let r=e "=hn= —lzgr
_dr h _dr _ dr
. % = —Te =dh = Te o 1

Now letV =V -V,

- My () = B[V
— E(eV)E(e™%)
= Mp (x)Mp (—x)
- 93(1—5,9) 93(1+%,9)

My(x)=62B(1-2.0) B(1+>.6) (5.20)
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5.2.1 The Special case when 6 = 1
From (5.4) we have

e} _ . e*'rj
f(j)=0*te Y <—1>P(9 1) el [ ar
p=0 0

4

(—1)P €™ <1_1> e”’j/e
p 0

—Tj

. e
:’L'e”/ rdr
0

(o]

=t1e% Z

p=0

o270
— 1%
ve ( 2 )
_ge—r(j)

1
If’t:;then
} | )
F(j) = 5= e T for j>0

27
which is Laplace pdf for j > 0 as given in (2.6)
Furthermore,from (5.12)

*Tj

r(p+2)71(1 _ r)l*l d}"

<] _ . efj
f(j):e%e”2<—1>f’<9 1) e / AP (=) ar
p=0 0

p
—1Tj S —Tpj 1-1 —Tpj
=Te Z(_l)l’e pJ e PJ/

. eT]
= ‘L'e_”/ rdr
0

_ 1
Iff—Ethen

fG)
which is Laplace pdf for j < 0 as given in (2.6)

1 .
Ee%forj<0

5.2.2 The Special case when 0 =5

et

r(P+2)*1 (1 _ r)l*l di’
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From (5.3) and (5.4) for the case when j > 0 we have

> 61\ [0\ et
F(j)=1—6 —1)mtp -
m=1-0 2 20, ()
oo oo _1 s e—f(m-i—l)j

=1- e (® S
sz::o p;o( ) ( m )(P)m+l?+1

s—1 s -1 s e—f(m-i—l)j

F(j)=1- —pymee(? -
U) Sm:o Eo( ) ( m )(P)”’H‘P"‘l

e () (0
)

1 s—1 s—1
m

)

e

e~ Tlm+t1)j

m—+p+2

—1(m+1)j

m—+p+2

In addition,from (5.11) and (5.12) for the case when j <0 we have

o-e For (L) ()
ri=sE Err () ()i
f)=6% ¥ ¥ 1)m+p(6—1) <9—1) )
m=0 p=0 m p ) mtpi2
=4 8 B () ()

(5.21)

(5.22)

(5.23)

(5.24)
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6.1

6.2

LAPLACE MIXTURES

Introduction

When two or more distributions are combined then we have a mixture.
In this chapter we construct Laplace mixtures using 16 mixing distributions which are:

exponential,gamma,transmuted exponential,half-logistic,Lindley,generalized 1l Lindley,inverse

gaussian,reciprocal inverse gaussian and generalized inverse gaussian.These are obtained
based on modified bessel function of the third kind.

Mixing distributions obtained based on confluent hypergeometric series include:Beta
[,Beta Il,scaled beta,full beta,Pareto I,Pareto Il and generalized Pareto.

Problem in Mathematical Form

The pdf of a continuous mixture is given by

F(m) = / F(m/p)h(p) dp 6.1

whereby
f(m/p) is the conditional distribution i.e Laplace density function:

fimfp)= 57

p >0, —c0o<m < oo,
2p

i.e U fixed at 0
h(p) is the mixing distribution
We determine f(m)for above mentioned mixing distributions.

The rth moment

Will be obtained using the following theorem:
Theorem 6.1

E(M") = rlE(P") (6.2)

where E(P") is the rth moment of the mixing distribution.



Proof

EM")=EEM"/P=p)
But

EM/P=p)= [ fn/p) dm

||

.'.E(Mr):/ow{/:omrie_!’ dm} h(p) dp
:%/Ompl{/:omre_r; dm} h(p) dp

For r odd the integral

||

(oo}
/ me 7 dmn=0
—o0
while for r even

« r*M - r*m
me » dm=2 me rdm
oo 0

Therefore we have

1 [ o _m
E(M’):E/O 1_1{2/0 m'e Pdm}h(p)dp
= [ 7 T+ 1) 2 ) dp

ZIYF+1[Awp’h00dp
=T(r+1)E(P")
E(M") = rl E(P")

6.3 Mixtures in terms of Modified Bessel Function of the Third Kind

6.3.1 Laplace-Exponential Distribution

h(p)=60e°%  p>06>0 (6.2)
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Hence the mixture becomes

“ 1 —|m|9 —Opdp

0
1 —p9 |m| d
2/ " ap

|m]
=0 5/0 ple et ap

f(m) =

Letp:\/‘%'jjdp:\/@dj
v il ), 1\ [l
o m m m m
—9- UL 0 miy 2 my
2/0 ( e’) xp { FEAE /_|m.} 6 “/
o J
2/ B g

— 0Ko(2+/8]m])

o f(m) = 6Ky (2+/6|m|) (6.3)

The rth moment

r+ 1)
=0 9r+l
7l
L
12
LEMY) = % (6.4)

6.3.2 Gamma Mixing Distribution

The distribution is constructed as follows:
Let 7 = Op where R is a one parameter gamma distribution given by h(r) = e}’gil
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Using change of variable technique

dt
()= h).s =
\ —ztﬁ—l
—0p B—1
Op)"" o
g
6F
_ 7 ,—6p pB-1
h(p) rp¢ P (6.5)
Therefore
|”d 9 pr p—1
= d
6P 1 gy lml
hall (B=1)—1,-6p
IB 2 p dp
68 1 Im| 1
- - B-1 _
fpal, P eweo{pr G b

m) = ~————~_Kg_(2/6]m]) (6.6)
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The rth moment

E(M") = rlE(P")

and
r « eﬁ
E<P>=/ P rge o ap

/ p (B+r)— —Bp dp

eﬁ L(B+r)
Fﬁ 9B+r

L(B+r)
0'Tp

r'T(B+r)

LB =g

(6.7)

6.3.3 Transmuted Exponential Mixing Distribution

Consider an exponential cdf given by

Gv)y=1—e" v>0,7>0

Let

D(v)
Ld(v)
d(v)

(1+B)G(v) - BIGW)? —-1<p<1 (6.8)
(1+p )g(V) —2BG(v)g(v)

(1+B)te ™ —2B(1—e ™)1e™ ™

e {(1+B)—2B+2Be ™}

te” {(1-B)+2Be” ™}

(1—B)te ™ 4+2B1e 2™  v>0;7>0 (6.9)

d(v)

which is a transmuted exponential distribution (Bhati,et.al,2015) a finite mixture of two
exponential distributions with parameters (1—f3),7 and 23,27 respectively.
Therefore

h(p) = (1 —B)te " +2B1e 2P p>0,7>0, -1<fB<1 (6.10)



and hence

=1 _|m]

o2pp

1
:/ —e*M(l —B)te P dp+ —e*MZﬁ‘ce*ZT” dp
o |2p P 2pp

f(m) = [(1 —B)te P +2B re—zfp] dp

The first part of the RHS above

1 [ _lml
:T(l—ﬁ)i/ ple v "dp
Im| 1
1_ T{P+T*}d
2/ rar

[|m]| . [Im|
Letp=+/—j=dp=1/—d
etp ’L‘] P T J
then we have
1 [l ] m] 1 ]
°° m m m m
1-B)= 7 oy T Ly
7( [3)2/0< TJ) exp T{ gl Mj} —dj
2/
e 2

—c1-p); [
= (1 B) Ko(2/Tln]

(ﬂ‘%) dj

The second part

m| 1

2 Jo

[m] . [lm] .
=\ —j=dp=1/—d
4 2T] p 2T J
therefore we have
WA m[ ml 1\ [l
o0 m m m m
278 = —j —27 — i+ — —d
ﬁz/o ( 2rj> =P { 2r]+2r m]} 20

27
|m .
—2r[32/ Vo U+7) g

=21 Ko(2+/27|m|)

Let
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hence

£(m) = (1 = B) Ko(2/<lm]) + 2B Ko(2+/27]m]) (6.1)

The rth moment

E(M") = rlE(P")

and
E(P")= /Ooop' [”L‘(l —B)e_fp+2[3re_2w] dp

:‘L'(l—ﬁ)/o ple P dp—I—Zﬁ‘C/O ple 2 dp

=1(1 —B)%qLZrﬁ%

(1-B)T(r+1) n Br(r+1)

T (27)"
2t (1-B)+r! B
N (27)"
r!
R
(r1)?
EM") = p (6.12)
6.3.4 Half Logistic Mixing Distribution
The pdf of half logistic distribution is
20e 97
l’l(p) = m p> 0, 6>0 (6.13)

The pdf of the mixture is

> 1 _|m| 20e7°%
1= | 35 reomp

| _gp_lml
=205 [ ple R (1o ) 2ap
0
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Given (d 4+ e¢) Pwe use a binomial expansion to get

(d+e) P = (_Op> dP+ <_1p) d P lel 4 <—2p> d P 2% ...

hence

e

3
Il
o

—~
p—
+
mI

D
N
[\]
I
o1¢

/—l\

= N
N———
—
P
<
<

3
I
=

I
s
/—l\
S
~—
)
(oo
S

= =2\ 1 [ _gp_epw_ll

SO\ 1= m| 1
- —O(w+1 g

|m] |m] 1

01 —0(w+1) i+
oo ) 1 ) ’m’ ' { 0(w+1) 9(W+1)\/ |m| j} ’m‘
. :29 - I e O(w+1) —d
-~ f(m) )3 ( ) 2/0 9(w—|—1)]> ¢ o(w+1)
1
2

w=0 w
B ) ° g 2 6(v;+1)\m\( +})
_ZBWZO<W> /0 Jj e dj
)
:29M;O<W)Ko(2 9(W+1)|m|>
.-.f(m)zzewgo (_wz) K0<2 9(w+1)|m|> (6.13)
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The rth moment

a2\ T(r+1)
=20 % () i pug
-2 1
)(1+a)r+l
2(r1)?

w
SEMY) ==Y 2yt (6.15)
or - w (1+W)r+1

6.3.5 Lindley Mixing Distribution

The pdf of Lindley distribution is

2
h(P)ZTj_l(PH)e_”’ p>0, >0 (6.16)
Therefore
fmy= [ e T e ra
0 2p p T+1
|rm
Yp+1)e ™ 7 dp

r+12

1
—/ (p'! +p°*1)e><p—f{p+ @I—?}dp

:r+1 2
1 1= m| 1
/p “lexp— T p+u—}dp+ —/ pOleXp—f{p+u—}dp]
2Jo T p

Letp:\/@jédp: Mrldj
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Then /p “lexp— T p+M—}dp
p

1-1
(L) el il LY L
2 Jo T T Tl T

T

ml| 1 T\m . 1 .
:\/‘ ‘ / ]+—,)d]
J
m
=4/ %Kl(Z T|m|)

| 1
and —/ po_lexp—’c{p+M—}dp
2 Jo Tp

0-1
2Jo \V 7 T T mj T

T

T|m|
2/] e 2 j+—.)dj

J
= Ko(2+/T|m|)
hence
T |m|
7m) =~ |\ B Ky 23l + o2/ e

The rth moment

E(M") = rlE(P")

and
E(P") = r e P d
(P") /Ole(er)e p
Tz o0 oo
_ (r+2)—1_—1p (r+1)—1_—1p
+1{/ p e dp+/0 p e a’p}
2 (I(r+2) T(r+1
_ { <r+2>+ (r+ )}
+1 TV-F Tr-i—l
1 {r‘(r—l—l)'—f—r'r}
T +1 T"
,',E(M’):L{T—I—(H—l)!}

T(t+1)

(6.17)

(6.18)
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6.3.6 Generalized lll Parameter

Let

h(p) = k1j1(p) +k2j2(p)
be a finite mixture

now ki +ky =1k, kp >0

Lindley Mixing Distribution

Further let k; = =5 implying ky = 25
As a result
h = / .
(P)= o)+ 2P
Let jl(P) ~ Gamma(n,r) = %e*”’pnﬁand
J2(p) ~ Gamma(n+1,1) = Fz:;;jrl])e_rppn
then
T T o !
h = _ L, Tp T]—] —Tp .1
(p) r+a)1“(77)e b f+wr(n+1)e p
o+l . ©
:—e_ P{pn—1+_pn}
(t+w)I'(n) n
_ Le—w{M}
(t+0)I'(n) n
Tn+1 _wp{(n_%a)) n—l}
T trontm© p)p
(t+o)nl(n)
h o+l N ; )
", = + o e >0n, 0, 7T>

which is a generalized 11l parameter Lindley distribution.

The pdf of the mixture is therefore

1 _|m| Thtl

f(m) =

0 2p° p (Tl
TT}+1
(t+o)(n+1
TT[—H

(t+o)'(n+1)

1

) (n+wp)p" e "dp

L[ _p_ml
(3 Pt op)e ™ ap

1 (e
2 n—1_—t{p+
2/0 pre

(6.19)

|m] 1
TP

) dp]



m "
:1"( T) Kn,1(2 ”L'\m|)

and wl/wpn_ T{p+|mll}dp
2.Jo

ol () el el L fiml,
2 Jo T T T Mﬂj T

m[\" 1 = NG
:w< _> L et e b

T

hence

o+l
(t+o)'(n+1)

7+l n-1
fm) = T orm+ 1 (\/7>

f(m) =

(6.20)

The rth moment
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E(M") = rlE(P")

and
EPV — = r
(P) /op (t+o)'(n+1)
o+l

_ ©rn-1,-1p T )1 —p
(r+w)r(n+1>{"/o e dp+w/o b e dp}

B T+l nr'(r+n) ol(r+n+1)
N (r+w)F(n+1){ Tr Trn+l }
B g+l ntr(r+n)+ol(r+n+1)
~ (t+o)(n +1){ T+ }
1
= (r+w)F(n+1){n TF(r+n)+a)F(r+n+1)}
1

= T T o T+ o) {TF(T] +r)+o

Tn_H |
(M+wp)p" e P dp

C(r+n+1)
n

EMT) = r—!{‘cf(n +r)+o M}

o (e o) - (6.21)

Special Cases

(i()Whenn =0 =1

2

h(p) = e P 0: >0
(p) T+1(p+ )e p>0;7>

which is a one parameter Lindley distribution and

o =~ |/ k) + o2 )
m) = — m m
T+1 T 0
which is Laplace-Lindley distribution as obtained in 6.17.
(ilWhen o =1
h o e ps0 0
— + “lem >0, 0,7>

which is Generalized Il parameter Lindley distribution,as given by Zakerzadeh and Dollati
(2010).
(iii) Whenn =1

2

T
Wp)= —— (1 - >0, 0,7>0
(p) (Hm)( +wp)e p ,T

which is Generalized Il parameter Lindley distribution as obtained by Bhati et al (2015).
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6.3.7 Laplace-Inverse Gaussian Distribution

o S (p—6)°
hp) =\ ggpme ™
O _3 o 9 _o
h(p) = b Zebe 20°e p p>0,0>0 —c0< O <oo (6.22)
hence
fomy= [ 2 et we S ap
o 2p p \2m
2
0 ol [ 3 _%{P_‘_G(a);—ﬂm”l}
= — 0 — ) 20 p d
or € 2/0 p=e p
2
® ol [~ 3, —%{p+9(“’gz"””i}
= — 0 — ) 20 p d
7r€ 2/0 P ¢ p
Let
0%2(w+2 02(w+2
o JE@E2m) [0t
[0) [0)
o ol (= [02(@+2m|) |\ ® 02(w+2|m|)
= — e 6 — —
f(m) J'Ce 5 0 ( P ] exXp 292 o
0%(w +2|m|) 1 92(w+2|my)d,
() 02(w+2|m|) . [0) /
© J
_3 o(@+2]m])
e [ (Y e ),
m) = — € — e
T w 2 Jo J
-3
O o 02(w +2|m|) o(®+2|m|)

The rth moment
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g’\s

dp

Z e 292{p+ }dp

3w_7P
— p 2efe 202¢
\/2
2 [T

1 20 o w
=0"" 24/ —¢0 e
0 p e Kr_%(e)
1 20 o Q)]
E(Mr) =r! 9r 769 Kr_%(g)
(6.24)
6.3.8 Reciprocal Inverse Gaussian Distribution
Let T = 1—17 , T has an Inverse Gaussian distribution
1
then h(p) = h(t)|J|,J = & = "2
h(p) L /9O 3.8 8
=— eo e e %
P p? o7
replacing ¢ by[l) we have
0] o) op —9_
h(p) =1/ — p_% e8 e T ¢ 207 (6.25)
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Therefore
f(m): mi‘e*M gp—% 6% 67% e_ﬁdp
0o 2p p\Virm
0 o 1 %{ (D+292\m\ 1}
\/;e 2 Jo ka »
O ol 7%{ w+29§\m L}
- >-¢% 5 w6 P d
Zﬂe 24 D
Let
(1)+262|m| w+262|m| ‘
V082 dp=\l— 05— dJ

1
o ; (gl/w O 20%m| ), @) [o+26%m i+
L. m) = — 0 — ®+207|m| o o 26%m]

®+262%|m| 1 01262
d
00?2 ©01262m| . 202
0wz  J
o(w+262]m|)

E () e ),

B 21 Y 2 5 ;
| o o [for20m\ " [olor207n])
”f(m):\/;ee ( T K% 02 (6.26)
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6.3.9 Laplace-Generalized Inverse Gaussian Distribution

Consider
L[ -1 9041
Ky(co)zi/ot e 2V dt
Which implies
{— f(;x’ty_]e*%(t+%)
2K, (o)
Let ® =/ y¢
1 /mty—le@(rﬂ)d
= t
o 2K,(Vv9)
Lett= /¥ j=dt=,/%dj
y—1
B e (g
1=/ jdj
0 2K, (Vy9) ¢
o y—1,—3(wjt+?)
=) [ e
(P 0 2Ky( W‘P)
hence

(6.27)

(6.28)
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Therefore,

V)" 1,3 (vptD)
o) = [ e (f§) et

2 Gwe) P

. 2
2K, (Vo) 2
(/5) 1/“’ 1)1, S (2 L)
= = e Iz
2Ky(Vy9) 2 Jo P

v v
N ¢ +2|m| 1 ¢ +2|m| 4
Y O+2|m| . q)
co J

y—1
Ky 1 (Vw9 +20m]) )

(V8)

_ ¢ +2|m|
2K, (V¥ 9)

y

5) - °° y(9+2jm
P SR

Hence

(Vo) ke (Vo 2iD)
S 2K, (V79)

(6.29)

The rth moment
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E(M’) = rE(P")
and
v -1, L(wp+d)
o “ r<\/;> p € '
B = S e

( %)y | I A

Ne

\/ﬁ
0 K,(\/¥0)
([0 KV
14 Ky (vVy9)
el [0 Koo (V)
~EM) = ’( 1//) K, (/¥9)

6.4 Mixtures in terms of Confluent Hypergeometric Series

6.4.1 Laplace-Beta I Mixing Distribution

Hence

ot m] p =)
flm) = 0 22¢ P B(u,v)
1

1
_ (=1)=1(1 _ pyv-1 _‘m’d
2B(u7v)/0 p (I—p)" e -

1 _ _
= 2B(1u,v)/o <,l)>2 u<$>1 Ve_’%‘dp

(6.30)

(6.31)
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1—v
oS m) = 2B(1u,v) L] " (1%) eima (- ‘;—3)

1
q
1 1 1—v
= TLa ) iy
ZB(u,V)/I q" (q_1> € q
1

= T g — 1)l
ZB(u,V)/l q (g—1)""e q

Let j=g—1=g=1+j=>dj=dq

1 oo _
= L )l el lml(4) g
f(m> ZB(M,V) /() ( ‘I']) J e d]
—|ml| o0
__°© 2—u—v— 1 —|m|j -
= 1
2B(u, v)/ I+ ) dj
e —|ml| = V 1 5 1 i
1 u—v— mjd
ZB(u V / Ty +J) J
w2
< f(m) 2By (v; 2—u; |m])

The rth moment

EM") =rlE(P")

and
1 u—1 v—1
p"(1-p)
E(P" :/ r d
7 o ? B(u,v) p
/pu+r 1 v ldp
B(u,v)
_ B(u+rv)
N B(u,v)
B
E(Mr):rVM

(6.32)

(6.33)
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6.4.2 Beta Il Mixing Distribution

Consider M which is Beta distributed with f(m) = %.lfP =4

d
Then h(p) = f(m)|J| where J = an
m p
e — :> _
p 1—m " 1+p
dm B 1
dp (14 p)?
u—1 v—1
1-— 1 2
Hence h(p)= m (1 —m) ‘ ‘
B(u,v) (I+p
» u—1 » v—1
B (m) (“m) ’ | ‘2
B B(u,v) (1+p)
pu—l
~ (1+p)“2B(u,v)(1+p)?
Therefore
pu—l
h(p) = p>0, u,v>0 (6.34)
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1 o0 .
_ V(1 N\ —U—v —\m|]d .
2B(u+v)/0 J+)) ¢ /
1 [}
(v+1)— 1 2—u—v—1-1 —|x|zd
2B(u+v / J ( +]) ¢ ¢
'(v+1) / v+1 1+j)2—u—(v+1)—le—\m|jdj
2B (u+v) '(v+1)
I(v+1)
’ =—-=-Y 1; 2 —u;
o f(m) BT v) (v+1; 2—u; |m|)

The rth moment

EM")=rE(P")
and

u—1

[ P
B0 =, B e

1 oo u+r—1
B(u,v) Jo (1+p)**

1 oo u+r—1
B(u,v) Jo (1+ p)etriv=r
B(u+rv—r)

SLEMT)=r! Bluv)

6.4.3 Scaled Beta Mixing Distribution

It is constructed from a Beta distribution as follows.

Let p = OM ,M has a beta distribution given by
u—1 v—1

f(m):% O<m<1l u,v>0

then h(p) the pdf of p is obtained as

h(p) = fmJ, J=2
Now p = Gm:>m:p:> :%

mu—l(l _m)v 1 1

) ="
_@la-p
B 0 B(u,v)
h(p):pu—l(g_p)v—l 0<p<B,u,v>0

ou+v=1 B(u,v)

(6.35)

(6.36)

(6.37)
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61 _|m| p*t(6—p)"
_e —

. _ J
wfm) 0 2p° p 6 TBuy) P
! ® et i
= (u—1)—1 0_p)V 1oy
29u+v—lB(u7v)/0 p (6—p) > 4
|fq:%:>l7:%1:>dp:—‘ql—g
1 é<1 w=-1)-1 1 dq
o f(m) = - 9~y 1olmlg (__
1= sgmmrgany L () 0 -
_ 1 oo 1\ utv—1 1 |mlg
2011 B(u,v) 1 (5) (0g—1)""¢ dq

Letj=9q—1:>q:%:>dq:%

1 AN di
- f(m) = T =1 g lnl(5h 47
L F ) = Sy ) (e ) e :

1 Im| [ m] .
= QLH‘V_I—I _6/ v—1 1 N2—u—v—1 B dj
29u+v713(u7v) € 0 J ( +]) e J

_ 1 e_,grv/oo ]V—l (1+j)2—u—v—1e—|%|j dj
ZQB(M,V) o Iv

Therefore

The rth moment

>)

(6.38)



104

EM") =rE(P")
and

0 u—1 v—1
p" (6 —p)
E(Pr) :/O pr Qutv—1 B(l/t,v) dp

1 0 u+r—1 -1
= 0—p) d
Qutv—1 B(u,v)/o p ( p) p

Let p=0j=dp=20dj

6u+r+v71 1 1 |
E(P)=— | el )yl
L E(P) = g B(W)/O J (1—=Jj)"dj

B 6,B(u+ nv)
- B(uy)
B(u+rv)

. r — r
EM)=r'6 Bluv) (6.39)

6.4.4 Full Beta Mixing Distribution

Full Beta distribution is obtained by mixing two gamma distributions.lt is constructed as
follows:

Let
Jo 1
f(p/j)Zr—ue_”’p”_ p>0, u,j>0
and
. 1 1 py—1 .
r(j) = e j>0, v,y >0
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The pdf of the mixture is

h(p)

- h(p) =

Therefore

<1

f(m)

0

Y

2B(u,v)

Yy

- 2B(u,v)
va+1

__J
2B(u,v)

2B(u,v)y*!

| v/ r(i)ds

1 i
—jp u—1 -5 av=1 5.
—/ e 7 e

/ Ju—i-v 16 y ]Pd]

) 1 .
/ jld‘FV*le—(;‘Q‘p)]d‘j
u—1

_p I'(u+v)
- v u-+v
Tulvy (%—i_p)

Fu I'vyy

u—1

__P
Tulvyy

u—1

y p
u,v) (1+yp)uty

u

(6.40)

u u—1

|m| p
p B(u,v) (1+yp)“+v
)~

o m
/p( “HL+yp) e - |dp
0 )4

56

u

dj )

Jy
dj
j2

Lo <%)(u—l)—l<1+%>—u—ve|m].y<_
00 u—1)—1 —u—v
LG ey e

1+j>u
J
e~ (mbvi) g

(Imly.j)

Y~ (mly)) f{_;
J

NG
) Nf‘“<#j>"+

] (v+1)- 1_|_]) u—(v+1)—=1,—(|mly;)

N 2B(u,v)
yF(v+1)
_ "
yI'(v+1)
V)

~ 2B(u

< flm) = 2B(u

i
T(v+1) /

Y(v+1;2 —u;|mly)

Y(v+1;2 —u;|mly) (6.41)
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The rth moment

E(M") = rlE(P")

and
u—l
EF)= / e ><1+yp>u+vd”

u—l—r 1
/ 1+yp u+v P

Let j= -
et j=yp= dp =y

. v * (é)uﬂ*l dj

L E(P) = | s

B(u,v) Jo (1+j)* y

1 o Ju-i-r 1
S Y Sy
B(u,v)y"Jo (14 j)utrev=r
B(u+rv—r)

LEMY) =r! VB (6.42)
6.4.5 Laplace-Pareto I Distribution
The pdf of Pareto | is:
wt?
h(p) = ot p>1T,0,T>0 (6.43)

Hence
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_ o1°
_ 2 qa)Jrl 1 \m|qdq
0
ot?
——y(aH—l )
ot? 1
=5 ((0+1)_]<,—L_) e 1F1<1 w+2 )
F(m) ® F(l w+2 )
= e T ;
2t(w+1)° M

The rth moment

6.4.6 Pareto Il (Lomax) Mixing Distribution

- ve VA A>0v>0
—Bval

Let f(4/v)
and h(v) = 5
then

"th

(6.44)

(6.45)
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s = [ FA ) av
_ [T —vlﬁe—ﬁvva— v
—/0 ve T Ld

ﬁa oo
_ E/ S@t)=1,—~(B+A)v g,
0
_ﬁ INa+1)
" To (B+A)et!
op”
g(d) = W

Therefore by replacing o = @, 8 = t,A = p we have

wt?
h(p) = W (6.46)
which is Lomax density function.
Hence
*>1 _|ml oot®
= —e —
fm) /0 2 p wrpert
ot? [ —w-1 —|m|
= T d
5 /0 (T+p)"" e
lett=+=p=1=>dp=—4%

L @T® (2 g\@e)-l | dg
== [ (3) T G T
ot?® ° _ _ _|m|
_ (o+1)—1 I—(w+1)—1
= 27(“’“)—1/0 4 (142) e zdz

ol(o+1) =@ I (ot1)-1,—|m]
— 1 (C(H—l) 1 Lt}
> /0 F(w+1)( +2) e zdz
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Therefore I D ml
ol (o4 m
= ‘P((o 1;1;—)
f(m) o + p
The rth moment
EM")=rE(P")
and
E(P" :/ r
_ _ 1
Letz—’—;:>dz—;dp
() TZ)V
LEPHY=w w/ (— d
( ) t 0 (1—|—Z)w+1 raz

=ot""°TB(14+r0—r)

SEMY) =rot® B+ 1,0—7r)

6.4.7 Generalized Pareto Mixing Distribution

It is constructed from a mixture of gamma distributions. Let f(A/v) =

and
h(v) = %e‘e"vﬁ_1
hence

o < Y —vA 06—19[3 —0v, -1
g(?L)—/O Tt A Fﬁe vl dy

_Av'eP " (B 1, (644
TFal'B Jo
_A%716F (To+B)
~ TaI'B (8+1)th
Gﬁlafl
~ B(a,B) (8 +A)xtP

Vv

g(d) A>00,B,60>0

If we replace 6 = 1,8 =1,A = p,a = ® we have

nfpa)—l
h(p) = >0, w,7,1>0
=B e ! "

(6.47)

(6.48)
%eﬂ’ll oa—1

(6.49)
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Therefore

b 1 _’ml nTpCO—l
=) 2.¢ 5 d
_n /°° o—1-1 —wo— - |m|
_ZB(a),q:) 0 p (n+p) e - dp

‘ 0 o1 -0—T
o= [ Q) ) e ()
n°

Letz:nt:>t:%:>dt:%

o f(m) = %/0“ (%>T(1+Z)wre|nﬂ|z%

n ” - —o+2— _1 _|m| dz
R A

n n
(c+1) 2 —0+2—(t+1)-1 7| |
TTBcor/ I'(t+1) 1+Z) nZdZ
Therefore
I'(z+1) |m|
= ——Y 1:2—w; — .
f(m) 21 Blo.7) <r+ 2 — ; ;- ) (6.50)

The rth moment

EM") =rlE(P")

and

oo nfp(l) 1
E(P) = r
"= ), 7 e (e e

T oo o+r—1
__n / p dp
B(w,t) Jo (n+p)@t?



) =1
Letz—n :>dZ—ndp

yloie
E(Pr)= d
= Bw by (9o 1
na)-l—f—l—r
= B _
Blo.7) (w+rt—r)
Therefore
na)—l—’b'-l—r
EM")=r! B(w+rt—r)

B(w,71)

(6.51)



7.1

7.2

7.3

MIXTURES OF EXPONENTIAL POWER
DISTRIBUTION

Introduction

In this chapter we will construct mixtures of EP distribution in terms of Modified Bessel
function of the third kind and in terms of confluent hypergeometric function using 16
mixing distributions.

The mixing distributions derived in terms of modified Bessel function of the third kind
are:exponential,gamma,transmuted exponential,half-logistic,Lindley,generalized Il Lind-
ley,inverse gaussian,reciprocal inverse gaussian and generalized inverse gaussian.
Mixing distributions obtained in terms of confluent hypergeometric series include:Beta
[,Beta Il,scaled beta,full beta,Pareto I,Pareto Il and generalized Pareto.

Furthermore,we will also show that Laplace and Gaussian distributions are special cases
that arise from EP distribution when r = 1 and r = 2 respectively.

Problem in Mathematical form

A random variable M € R follows an EP distribution with parameters u,r, 1 and the den-
sity is given by

¢ | —

7 1 r
Fm= <o 0, m<p<n o

2t
Taking 21 = p and fixing u =0 we have:

f(m/p) = 2&—@7 p>0 (7.2)

The problem is to find f(m) given by

where f(m/p)= EP distribution
h(p)=mixing distribution.

Mixtures in terms of Modified Bessel Function of the third kind

7.3.1 EP-Exponential Distribution



h(p) = 6

Hence

[m|”

Let p=1/ 5 J=dp=

1-1-1
SR B b ) IR [T
..f(m)—r<#) 2/0 ( 5 ]) exp 6{ o Jt

p>0,0>0

.

M

Special Cases

()Whenr=1

D>

7

[ml”
0

f(m) = 6 Ko (2

dj

- N
l/ jl—},—lezlml<l+
2 Jo

6lm)

which is Laplace exponential distribution obtained in (6.3).

(i)When r =2

1

(7.3)

(7.4)
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T (Vo) Van(ve)
=V0e ™ 2v8
Let % =0
then
f(m) = \/g VP (7.5)

which is normal exponential distribution as given by Odhiambo (2016).

7.3.2 Gamma Mixing Distribution
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Therefore

- 2_r2r+11—‘9; F<rt1) /ooop(ﬁ_l)_le_ep_”’l’r dp
= B :€%> %/ooop(ﬁl)lee{ﬁng %} dp

Letp:\/@jédp: @dj
(B-1)-1
0P 1 [ \/W ' m w1 \/W
_ e . o) Sl i
fm) Fﬁrﬂ 2/0( o xp "H"\/Ej o 4
9

im0,
FBF V—H
B— 1
Imlr ' ;
FBF r+1 ( 7] KB 1 6’m|>
g1
m|" '
Jm) = rﬁr ril ( ’9|> Kﬁi eym\r) (7.6)
Special Cases
(i)When r =1
B
(Bl

f(m) = WKBI (2 9|m|> (7.7)

which is Laplace-Gamma Distribution as obtained in (6.6).
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(il'When r =2

Flm) = — 2 ( mlz>HK ,(2y/6ImP)
rpr(3)\V © P
B[ iz’ 2
B \/z_nerﬁ (W) K- <2V 9"”'2)

7.3.3 Transmuted Exponential Mixing Distribution

D=

h(p)=(1—B)te P +2Bte >  p>0;7>0,-1<B<1

Therefore
1
- (8) 7 _w
F(m) = / e (1= Byre P +2Bre ] dp
0 z#r*(ﬂrl)
1 |m|"
_ e P
F<r+1 w1 2/ G pt
1 <1 _zfp_i
2tB= | p e dp
2Jo
From
1 [ _ ,M,
w(1-B); [ ot T dp
2Jo
Let

[Im]". [Im|"” .
=/ Elj=dap=1/"ta
——Jj=dp ——d]

We then have

1-1
r "1 e 2/l
=f(1—ﬁ>< |m|> 5/0 e U g

T
-5
:’L’(l—ﬁ)( ’m|> K]_%(2 T|m|")

<

(S}

(7.8)
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and from

We let

[Im]" [Im|" .
=/l j=dp=1/"1a
P S = dp S

We then have

1-1

) L et g

=27 - r 2 VT d

ﬁ( o 2 )y e i dj
1

<

1—
[m]
:21’05( T Kl_%(z 2t|m|")

Therefore

1 1

—1 - 1—
f(m)zr(ir_l> [‘c(l_ﬁ)< ‘nj) KF%(Z ”L'|m|r)+2’cl3< %) K17%(2 2r|m|r)]

Special Cases
(i) When r=1

F(m) = t(1 - B) Ko(2+/T|m|) + 2B Ko(2+/27|m]) (7.10)

which is Laplace-transmuted exponential distribution obtained in (6.11).
(ii) When r=2

7.3.4 Half Logistic Mixing Distribution
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hip) = 0;06>0
(p) (1+€_6p)2 p> >
Therefore
_1
oo <§) ' |m|" 20e 9P
f(m)Z/O me"p{_ P }(1-1-6—917)2 dp
_%e_ p_l%lr

dp

B 26 /°°p
_2—%2#r<ﬂ> 0 (1+e )2

r

20 1 1 g, & (22N g,
1 z/Op e PZ(a>e dp

a=0

20 S\ [T 1 gpgp it
e B e

Let

lm|" 1 jm|" di
O(a+1) |m|” O(a+1) /
B(a+1) /
T 1= _Lw;wn\’(ﬁ
r+1
F(%) a=0

rK]_i<2 6(a-+jml")

(7.12)
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Special Cases
(i) When r=1

Flm) =20 20 (—az> Ko (2/0(a+ Djm]) (7.13)

which is Laplace-Half logistic distribution as obtained in (6.14)

(i) When r =2

1

flm) = %i (_az) ( e(kfn ) Ky (2/0(a+ DimP) 7.14)

=0

7.3.5 Lindley Mixing Distribution

T
h(p) = 1)e "
(p) T+1(p+ Je
1
p r
> (7) 2
(m :/ 1 e 7’ (p+1)e Pdp
r+l 1 T+1
0 25 r(%) +
2 oo r
T 1 _|m["
= i /o pr(p+1l)e v dp

2 %) ‘m‘ 1
T 1 - { +7 f}
- S e VT ap
(=) (e+1) 20
2 o m|" 1 oo Im|" 1
T 1 1 -t p+8- 1 1 _y_qy —t(pr™ i
= — (Z_r)_le ( T p>d + - (1 1/) 1e < g p)d
r(z)(z+1) 2/0 . Y i
_ _ Il
Let p=1/"Z- j=>dp=1/"F-dj
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and
yre
2 Jo p=-1 "\ ) g
1= —
(e N il
2 \V T T al
r 1 r
m } [im .
AT T
T J
17% T|m
:( Imlf) L
T 2 Jo
r =7
:< @) K, (2v/2nT)
Therefore
2-1 1—1
7’ m|”\° m|”\°
f(im)= K, 1(2/7|m|]" )+ — K, 1(2+/7|m|"
2 1
eV ) o) K

1-1 .
e AN

(7.15)
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Special Cases

(i) Whenr=1

’1'2

T+1

f(m) =

\/qu(z T|m|>+Ko(2 T|m|>] (7.16)

which is Laplace Lindley Distribution obtained in (6.17)
(i) When r =2

f(m):“_f;jﬁ(\/@)z[\/WKs( \/T|m]2>+K%<2\/T\m|2>] (7.17)

7.3.6 Generalized Il Parameter Lindley Distribution

TTI+1
hip) —
P) = ot
The pdf of the mixture is

)(n +op)p" e p>0;n, 0, >0

~ =

» _
oo Iy \m\r n+1 T]*l —Tp

f(m) — / <2> e—T T (Tl +(1)p)p e dp
0

2’“r(fj1) (t+o)(n+1)
o+

= —7) (=11 ~ep+5E 4}
(T+@)(n+1)T r+1 2/ T’p rop ) dp

] oo
- e +1 2/ (—1)-1,~{p+5" l}dpﬂ,;/ pln=h-1,- w00 )
(t+ o) (n+1)T ’ 0

[Im|" . [Im]” .
=B j=ap=1/Tld
P ——J=dp ——dj

Let



122

Then
L7 n=b1-elpt 5 5
ny /[ phrle Forldp
2 Jo
Ly 4
B O R O T
12 T J exp J
r 1 r
m } fiml” .
T flml T
- J
AT e 2Tl (1
- Im| 1 (n-H-1,7 72 (H’)d
T 2 Jo
n—1
ml”\ "
=n< e Kn_l(z r\myr)
and
L7 m=hmt elpt 5 3
wi/o p e © rhdp
(14n-1)-1
:a)l/oo \/ |m|rj exp—7T Il Jj+
2 Jo T T
r 1 r
m } Iz
T |m|" . T
Voo J
1_’_77_% o T|m
_of /M L i 2000,
T 2 Jo
1+n—1
m|”
:w< - Ky 1 (29/7ml")
hence

1

m) = o [m|" A
o (r+m)r(n+1)r(#)< ¢ )
1/ @Kniﬂ(z T|m|’)] (7.18)

nK,_1(2vtjm|")+
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Special Cases

(i)When r =1

()= — m \"
flm) = (t+o)T(n+1)\V ©
(7.19)

which is Laplace-Generalized |1l parameter Lindley distribution obtained in (6.20)

|m|
NKy-1(2V tm|) + 0\ ==Ky (2+/T|m])

(ilWhen r =2

oo il \"
fm) = (r+a))1“(n+1)ﬁ< T )
@ Kiinoy (2,/r|m12)] (7.20)

nK, 1 (2 T|m|2> +

7.3.7 Inverse Gaussian Mixing Distribution

w 3 o _9p ®

h(p) = ﬁp—feée 02e 2 P>0,0>0 —00< B oo
hence
_1
- (5) m" . [® )
f(m):/ — exp{— /== p 2ete 202¢ 20 dp
0 2Tr<u) 2n
r
1/%e% o 4 772{ +9(w+2|ml>;}
= 1T e 20 @ ") dp
_ L rtl 1 /P
22T () Jo
o 2 2 r
o5 €9 1 re 3 _%{ +9(w:)2\m\)l}
= — p7§77e 26 b dp
+1 2/
r() 2
Let

62 2 r 92 2 r
TSNP CRCE= T )
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0%(w+2|m|") 1 \/92(w+2|m|r) p
[0} 02(w+2|m|") 0]
w

0, 5 —\ —(3+7) .
rmoVE ( e<w+2|m\>> KH( w(wggmn) o
r(=)

Special Cases

(i) When r=1

fm) = g;g( M)K< M) -~

27 0]

%)

which is Laplace-Inverse Gaussian Distribution as obtained in (6.23)

(ilWhen r =2

2y5et (@i 2mP)) | ([ [olwt2im]
fom) = Z (J . )Kl oo 2in)

2
Letw=—and 6 =2p

B

2\/_eﬁ9 —|—2m2
s f(m) = \/m \/

2€ﬁ9 —|—m

R / \/
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2eB 2p [4( +m
- B 2p\/m 4[3p

2
eﬁ[’ ﬁ +m
7.23
as obtained by Odhiambo (2016) where = % and p = U.
7.3.8 EP-Reciprocal Inverse Gaussian Distribution
a) [0
h(p) — ﬁp_% e% e 2 e 262p
Then
_1
- (8)° |
1
f(m):/ exp } Zebe 2 e 2rdp
0

201
1 oo L1 _Q{ +w+26 |m] l}
E/o prre P e gy

() 207
\/2—6’ 1 ) _Q{ +w+29 |m| l}
e E/o pire U e g

®+26%|m|" ®+260%|m|"
P =\ g TN T e
o % 351
Then  f(m) \/ 2z €° 1/°° ®+202m|" \° ' ®| [0+20%m| "
en m) — — - exp —— I R
r(=) 2/ V" wez P72 we? 7

r

© +262|m|9 1 } ©+20%m]"
j

062 ©-+202|m|" . 06?2
002 J
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o(0+262|m|") (

Special Cases

(i) Whenr=1

_1
o o [0+20%m])\ ° \/a)(a)+292|m\)
f(m) = §€9< 0o ) Ky 02 (7.25)

which is Laplace-Reciprocal Inverse Gaussian distribution as obtained in (6.26)

(ilWhen r =2

o158 [T

Let 6 zgand 20=p

B
- gmy = Y2 K(¢w>

T 262
VB & BB+
T 0 p

(7.26)

as given by Odhiambo (2016),where 6 = 3 and p=p

7.3.9 GIG Mixing Distribution
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then
)= B (%)_; u A4 ypyl —é(wm-%)d
f(m _/0 2r+rlr<%>exp{— } \/; . »
L) M YRR (5 S
(=) 2k (Vv) sl 7 dp
W e e
()2 (V) TS ar
Let
b= </>+V2/!m| i dp= ¢+llzf\my 4j
( iI)y L= [o+2m|]" . ! ¢ +2|m|
f(m)=F<_1>2£y(\/W)§/o ( +Wm J) exp g{ +wm
O+2m 1 } 0+2ml"
L4 ¢+2lm\j v
v
= (\/% y ( <P+2|m!r>y % 1/°° =1 *W@#) J
NN 2o ! ;
( %)y< ¢+§/|mr>y’ Ky—l< l[/(¢+2|m|r)>
L f(m) = F(%) YN 029
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Lety=17,0 =28,y =% and |m| = |b|

1
r

1
( %)y< 4(ﬁzlblr)) Ku( a(ﬁ+!b|’)>

) = r(=) 2K,(/aB)

Kt (Va(B+ToD)
(2 ﬁ)yr<u) 2 Ky(\/oB)

) Kot (Val(B+121))
~ giora 25 (L) Ky(/aB)

yr—1

ot (41 K (VaTB T )

= B: 2#r(#> Ky(\/aB) 2
as obtained by Zhang,Wang and Liu (2012)where r = g.
Special Cases
(i) When r = 1 then from (7.27)
vo(veram) ™ ke (Vo)
f(m) = (7.29)

(Vo) 2K, (V79)

which is Laplace-GIG distribution as obtained in (6.29)

(ii) When r = 2 then from (7.27)
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Let =26 and y =&

e
- van(Ve) K,(\/79)

(7.30)

as obtained by Odhiambo (2016) where 8 = ¢ and p = y.

(iii)When y = —% then from (7.27)

F(%) ZK,%(\/W)
_(ﬂ)Q(v&w""'r) K, (Voo 20)
! r(=) e "
( %)%WW)MW( "’J)
- r(t)var Ko (Vi@ +20nD)
Letl}/:%

9 iyl
f(m>@ee< 92<¢+2|m|r>> e ( ¢<¢+2|m|r>> o

(=) s Ve

3t;
which is EP-Inverse Gaussian distribution where ¢ = @ as obtained in (7.21)
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(iv) When y = % then from (7.27)

f(m) = F(’r1> 2K, (VY9)
(vﬁf>2< ¢+im“> K, (VoG T 2mT))
= 1,(rr1> \/2%6 Vo
(/%) wb)tew “iﬂdzr
_ (v Ky 1 (Vo +2mP))
ﬂ%ww< ¢wmjéi
- "~k (Vean)
r(+)
Let ¢ = 9
Therefore
Vs (V=)
flm) =

K,y (Vy(o+2m))

Replacing v by ¢

we have

ie% 202ml" 177 292
f(m) = 1\~/<2r:i1> (\/ ¢+¢92|m| ) Ki_ i(\/q) ¢ +26%|m|" ) (7.32)

which is EP-Reciprocal Inverse Gaussian distribution where ¢ = @ obtained in (7.24)
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7.4 Mixtures in terms of Confluent Hypergeometric Series

7.4.1 EP-Betal Distribution

h(p) = — 0<p<l >0
(p) Bluv) p u,v
then
_1
1 (’—;) ' i pa=1(1 — p)=1
f(m):/o ) Bg(u v)) dp
SO
1 ! u— 1 v—1 Al
= 1/pr(lp)e"dp
2B(u,v)F<rT> 0
Let J
q
q q
Therefore
1 Frlyu—s—l N g d
= s [0 ) (2
2B(u ) () /= N q q
1 © r
_ 1 / q%—u—\/(q_ 1)v—le—\m| 9 dq
ZB(u,v)l'(rT) 1
Let
j=q—1=q=1+j=dg=dj
1 e o
- f(m) = | o pte il e g
2B(u v)F(%) 0
= ! |m|/ Y14 )7 MV—|m|Jd]
ZB(u,V) r+l
~ Tve prl” / PN+ )2 uty—1=v=1lo=|ml'j dj
2B(u V)F(r+1> 0 Iy
Therefore -
1—‘ m
flm) = —5 W2 —ut - — L:|m|")

(7.33)
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Special Cases

(i) When r=1

m) = Y(v;2 —u;|m|) (7.34)

which is Laplace-Beta | distribution as obtained in (6.32)

(ii)) When r =2
fom = D 03 )
= Y(v;= —ulm
B(u,v)\/x 2
Let
I'd
mzzg and Fv:ﬁ
Then
e 1 Td 3 p
m=———Wv V- —Uu,— 7.35
f(m) B(u,v>\/ﬁ(2 5) (7.35)

as obtained by Odhiambo (2016) where p =m? and d = v

7.4.2 Beta Il Mixing Distribution

pufl
h = 0 0
P =B P
Hence
_1
p r
oo <7> m|" pu—l
sm = | (=) " Bluy)(1+py P
,
1 ” u—1-1 u—v _lml”
= /pf(1+p) e 7 dp
28(u,v)l"<%> 0
Let ! gi
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Therefore
0 _1_ ;
fm) = () g Dy e ()
2B(u,v)r<%) w \J J J
_ 1 /oojv+1—l(1 _|_j)—u—ve—|m|’j dj
23(u,v)l“<%>
_ 1 F<V+ 1) /oo jv—O—%—l(l_'_j)Z—u—i-%—l—(v—O—%) 1,—|m|"j
0

Special Cases

(i) When r=1

F(v+1)
flm) = 2B(u,v)
which is Laplace-Beta Il Mixing distribution obtained in (6.35)

Y(v+1;2 —us|m|)

(i) When r =2

r<d+l)
Let mzzjand T(v—k%) = :

V2
then
F(d—l—%) 13
P
S LA CEr ey
T = vz VT

as obtained by Odhiambo (2016) where p =m? and d = v

(7.36)

(7.37)

(7.38)
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7.4.3 EP-Scaled Beta Distribution

“(o—pr!
h(p)_e"‘*V*lB(u,v) 0<p<B,u,v>0
Then
_1
p r
oo 5 Im|" u—1 _ H\v—1
f(m):/ (12> o (?1 p)"
0 2%1“(&) 6“1 B(u,v)
r
1 0 u—1-1 yv—1 —
_ /pr(G—p)el’dp
2B(u,v) 9u+vflr(#> 0
If | ;
pz—édpz——g
q q
1 § /1\u—1-1 N e d
f(m) = LG (o) (=)
2B(u,v) Q1+~ lr(i) @ \q q q
1 = u—v |m]|
= g """(0g—1) 1dq
2B(u,v) O+ 1F<i> ;
et +1 d
J J
=0g—1=qg="—=dg=—>
j=10q q="5 9=
1 JHINiey =l (45 ) dj
s f(m) = / ( ) ' le —
2B(u,v) gurv-ir (i) Jo 6 0
,M Iy /oo jv—l(l_{_j)Z—u—H—%—v—] 67@] y
208, v)r(’“) 0 I !
|m|"
% T 1 r
f(m) = vy ‘P(v;2—u+——l;%> (7.39)
r

207 B(u V)F<r+1)
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Special Cases

(i) When r=1

_lm
f(m) ¢ v Iv ‘P(V;Z—u' M) (7.40)

~ 20B(u,v) "0
which is Laplace-Scaled Beta distribution as obtained in (6.38)

(i) When r =2

e o I'v 3 lm|?
prm— —\P v;— ,_
f(m) VOB(u,v) ( 2 0 )
Let m* =% and Fv:%
Then )
e 201V 3 p
=— Y (vi;—us, .
) = meB) (v 2 " 29) (7.41)

as obtained by Odhiambo (2016) where d = v,0 = u and p = m?
7.4.4 EP-Full Beta Distribution

The pdf of full beta is:

yu pu—l
h(p) = >0, u,v,y >0
(P) Bu,v) (1+ypy 7 hny
Hence
_1
) <§> ' ‘mlr yu pufl
— d
o= | () Bl (o
r
yu * u—1-1 u—v L
= 1/pf(lﬂp) e 7 dp
2B(u,v)r<%> 0
et I 1 dj
J
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Then
0 u—1- U
fm) ( )/(1) (1e5) e (-
<i>/ FE 4 eIl g
iy
yr F( +%> 1 1
f(m) <L> <v+ 2—u+——1 |m| y>

Special Cases

(i) When r=1

_yI(v+1)
T = 2

which is Laplace-Full Beta distribution as obtained in (6.41)

Y(v+1;2 —u;|mly)

(i) When r=2

y% v+ %)

1 1
¥ — 14 = —u;|m|?
By Ty

flom) = Si1+5

7.4.5 EP-Pareto | Distribution

The pdf of Pareto | is:

h(p):pw+1 p>T,0,7T>0

dj

yJj

2)

(7.42)

(7.43)

(7.44)



137

Then
1
o (%) " @T?
flm :/T 2’“r<u>e po+t 4P
ot? oo "
- /pwile v dp
2F(r—i;l> T
Let | p
q
g=—=>p=-=dq=——
P q q
o 0 o
Fim) =28 (l) o |mrq<_d_61>
or(rit) Ji e q
1
2r(ﬂ) 0
B ot?® (w 1 1)
~or(s) AN
Therefore

1 1
f(m) = et 1F1<1;(D+—+1;;> (7.45)
r

Special Cases

(i) When r=1

w
flm) = 21(w+1)
which is Laplace-Pareto | distfribution obtained in (6.44)

1
e 1F1<1;(0+2;E> (7.46)

(i) When r=2

flm) = —— et Fi (ot 3:) (47
m) = ————e* Lo+ .
0+ 37T o 2’1
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7.4.6 EP-Lomax Distribution

Therefore
1
£ / - () e ot?
m) —
o 2r(=)" e
(l)Tw ) B 7&
:2F(r+1>/0 prr(t4p) e v dp
Let
1 1 dt
t:l—):>p:;:>dp——t—2
Then
f(m)= o /0 <l>l <r+ l)mlze"”r’(— ﬂ)
wf(l) o (D+l_1 —w—1 —\m|’l
:T/o 9T (e 4 1) e dt
()
Let .
z:Tt:>t:7i:>dt:?Z
Hence
0t?® e o+l-1 L d
(m) = / (§> (1+2)7°® =72 42
or(zt) o e T
()0 (o))
Therefore
wF<w+l) L1l
f(m) ’ ‘P<w+—;—;m> (7.48)
1 rr 7T
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Special Cases

(i) When r=1
Fm) a)l“(a)+1)ql<w+1 1 |m]>
m)=————>= 1 —
27 T
which is Laplace-Pareto Il distribution as given in (6.47)
(ii)) When r =2
ol (w+1 11 |m)?
flm = 2O 2Dy (4 L LIy
1
Let § = m? and T'(w + %) = F(?/J%Z)
ol(6+1) 11 p
_ w(os 111 2)
fim) T2

as obtained by Odhiambo (2016) where 8 = @ and p = m?

7.4.7 EP-Generalized Pareto Distribution

nrpa)fl

h(p) = >0; 0,7,1>0
= Bo mipe "
Hence
_1
f( ) /voo (%) m)” nrpa)fl
— p
T 2’?F(ﬂ>e B(w.7) (n+p)o+t 7
r
_ n' P —0—-1 ‘m‘rd
= 1 p (n+p) e 7 dp
23((1),1')1“(%) 0
Let
1 1 dt

(7.49)

(7.50)
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Then
0 _1_
fm = T LG (neg) et (-5)
2B(0,7)T (55 ) /= : t
= T /Mtr+il<nt+l)wﬂce|mrt d
ZB(w,r)F(irl) 0
Let
Z dZ
=Nt=t=—=dt=—
n
Hence
nf ~ 1 |m] 2
f(m): 1/ Zr+, (1+Z) 0-T,~ dz
23((0,7:)1“(%),7%; 0
nTF<T+%> /oo Z‘H-f—l(l+Z)2—w+%—1—(r+%)_1e_%z .
- Z
23((0,1:)1“(%)”“} 0 F<r+%>
Therefore

= : L Ly Iml
f(m) = ) ‘P(‘c+;,2—w+;_1, ; >

Special Cases
(i) When r =1

F(r+1))ly<r+1;2_w;|nﬂ|)

which is Laplace-Generalized Pareto distribution as obtained in (6.50)

(ii) When r =2
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Let 5 =m? and [(T+ 1) =
Therefore

r'(n+3) lP( 13 p) 053

fm) = B(w,7)y/271n T 22 @ 2n
as obtained by Odhiambo (2016).
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8.1

CONCLUSION

The main objective of our study was to construct Laplace distribution and obtain their

properties,the specific objectives were to construct Beta-Laplace distribution,generalized

Laplace distribution, Laplace mixtures and obtain moments,and finally to construct EP

mixtures and obtain special cases when r=1 and when r=2.

We summarise our results as follows:

We have managed to construct Laplace distribution using the difference of two iid expo-
nential random variables, by the mixture of normal-exponential distribution,product of

Rayleigh and normal distributions.All methods gave the same result. Moments of Laplace

distribution have also been obtained including;mgf,mean,variance,

skewness and kurtosis.

Furthermore,we have looked at Beta generated distribution,a generalization of Laplace

distribution,and we have managed to obtain their special cases which are type l,type Il

and ith order statistic distribution.Beta-Laplace distribution and its special cases has then

been derived from the Beta generated distribution in form of binomial expansion,Gauss

hypergeometric function and as infinite mixtures.

Moreover,we have constructed generalized Laplace distribution using the difference of

two iid exponentiated exponential random variables and have looked at special cases

when o = 1 which reduces to Laplace distribution and when o =n.

Then Laplace mixtures have been constructed using 16 mixing distributions and have

obtained their moments,Exponential power mixtures have also been obtained.The special

cases when r = 1 resulted in Laplace distributions obtained in chapter 5 and when r =2

we have obtained normal distributions.

Distributions obtained in terms of modified Bessel function of the third kind are;Exponential,
Gamma,Transmuted exponential,Half logistic,Lindley,Generalized 1l parameter Lind-
ley,Inverse Gaussian,Reciprocal Inverse Gaussian and GIG.Those obtained in terms of

Confluent Hypergeometric function are;Beta |,Beta Il,Scaled Beta,Full Beta,Pareto I,Pareto

[l and Generalized Pareto distributions.

Therefore,we have achieved the main and the specific objectives of our study.

Future Research

In this research our focus has been construction and obtaining the properties of Laplace
distribution and their mixtures.A future research could look at the estimation of these
distributions and their applications.

Furthermore,moments of EP mixtures could be explored.
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