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Abstract

Erlang mixtures have been constructed and expressed in three ways, which are, the Explicit
form, the Bessel function of the third kind and the Confluent Hypergeometric functions.
The direct method and the method of moments were used in the construction, and the two
methods were equated to derive a Mathematical Identity.

The rth moment was also obtained and it was observed that it was expressed in terms of
the rth moment of the reciprocal of the mixing distribution.

The link between Erlang mixtures and Exponential mixtures was shown, and it was de-
duced that the Erlang mixture with the shape parameter, n=1 becomes the Exponential
mixture.

The link between Erlang mixtures and Poisson mixtures was also shown, and it was
determined that the Poisson mixture is £ times the Erlang mixture. The basic difference-
differential equations for a Poisson process were solved to obtain the Poisson distribution,
and the first passage time distribution of the Poisson process was determined to be an
Erlang mixture. The Probability Generating Functions of the Poisson mixtures were also
obtaned.

The constuction of a four-parameter generalized Lindley distribution has also been intro-
duced in this work which nests the one, two and three parameter Lindley distributions.
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Abbreviations and Notations

Abbrevations and notations for specific chapters can be found in those chapters,and those
that are generally used are listed below.

cdf Cumulative Density Function

pdf  Probabilty Density Function

pmf  Probability Mass Function

pef aIJilit y Generating Fuction

f,(t)  Probability Density Function of a mixed Erlang distribution
g(d) bability Density Function of a mixing distribution

G(s,t) Probability Generating Function of the Poisson distribution
E(T")  The rth maggent of the mixture

W(a,c;x) Tricomi Confluent Hypergeometric Function

1Fi(a,c:x). Kummer’'s Confluent Hypergeometric Function

Ko(w) dified Bessel Function of the third kind

Ya,x) Incomplete Gamma Function
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1.1

1.2

GENERAL INTRODUCTION

Background Information

One way of constructing probability distributions is through mixture, which is a way of
combining two or more distributions to come up with a new one.

There are three types of mixtures,namely, finite, discrete and continuous mixtures.

In this work we look at continuous Erlang mixtures where continuous mixing distributions
are mixed with the Erlang distribution.

Continuous mixtures was originated by Yule and Greenwood in 1920 who combined a
Poisson distribution with a Gamma distribution to obtain a Negative Binomial distribu-
tion.

The Erlang distribution was developed by A.K. Erlang in 1986 at the Ericsson Computer
Science Lab to examine the number of telephone calls that were made at a given time to the
operators of the switching stations, and to generally provide a better way of programming
telephony applications.

This work on telephone traffic engineering would later be used in modeling waiting times
in queueing systems, and in stochastic processes.

Definitions and Terminologies
Let f,(r) be a function of a random variable t.

If

0<H ST and Y fult)=1

f=—en

then t is a discrete random variable and f, () is known as a probability mass function of t.

£(6)>0 and f”f,,(;)d;=|

thent is a continuous random variable and f,(7) is known as a probability density function
of t.




So a continuous mixture will be given by;

fult) = /D " fe/A)a(A)dA

where
f(t/A) is the conditional distribution
and

g(A) is the pdf of a continuous random variable
A and is known as the mixing distribution.

1.2.1 Erlang mixtures

%e probability density function of the Erlang distribution is given by;

1”
flt/A) = l_—e"'*’r"‘]. t>0A>0n=123,..
n

where the parameter n is known as the shape parameter and the parameterr A as the rate
parameter.
And so the Erlang mixture is given by;

. mlﬂ i &
f,,(r}:[ e AMpn=lg(L)dA (1.1)

)

An alternative definition of the Erlang distribution is;

!
PR L 1

FUlA) = =g

where 4 is replaced by ﬁ .

Other properties of the Erlang distribution include;

1. If X~ Erlang(n,A) then a.X~ Erlang(n,f—:) with ac R

2. If X~ Erlang(n,A) and Y~ Erlang(no,A) then X+Y~ Erlang (n) + nz,A)




1.3

1.2.2 Exponential mixtures
The Erlang distribution with the shape parameter,n=1 becomes the Exponential distribu-

n.
ﬁe Erlang distribution is the distribution of a sum of n independent and identically
distributed Exponential random variables,each with parameter 4 and a mean %
That is,if X; ~Exponential(1), then ¥}, X; ~Erlang(n,A)
So the Exponential mixture becomes;

1= [ AeMga)aa)

1.2.3 Poisson mixtures

The Erlang distribution is related to the Poisson distribution through the Poisson process
as shown in chapter two.

The Poisson mixture is - times the Erlang mixture.

i.e,

!
Fa(t) = - ful1)
i t [=A" —At -1

', i Arn
=[o ¢ "g(A)dA

00 1!’ n
- / ﬁg(g)da
JO n:

Research Problem

As mentioned above there are three types of mixtures,namely; Finite,Discrete and Contin-
uous mixtures.

In the literature more work on finite mixtures of Erlang distribution is the focus; for
example;Willmot and Woo (2007); Fung et al (2000); Yin and Sheldon (2016); Antonio et al
(2014); Verbenel (2014); Cosette et al (2016)

Very little seems to have been done on Continuous Erlang mixtures.

McNolty (1964) used the following five mixing distributions in the continuous Erlang
mixture; Scaled Beta, Gamma, Rayleigh, Maxwell-Boltzman and the Bessel variate.
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+  McNolty (1964) did not come up with a general model. He considered every case
independently.

+ More mixing distributions need to be considered.

+  Wakoli (2016) constructed Exponential mixtures and Sarguta (2017) constructed Pois-
son mixtures.

» Erlang mixture is related to Poisson mixture and Exponential mixture. This link however
has not been shown.

Objectives
1.4.1 General Objectives

The main objective is to constuct Erlang mixtures and to show the link between Erlang
mixtures and Poisson and Exponential mixtures.

1.4.2 Specific Objectives

1. To constuct and express Erlang mixtures in the following forms:

I. In Explicit form.
II. In terms of the Modified Bessel function of the third kind.

III. In terms of the Confluent Hypergeometric functions.(Kummer’s and Tricomi)

2. To Introduce the 4-parameter generalized Lindley mixing distribution and other forms
of the 3-parameter generalized Lindley mixing distibutions.

3. To obtain the rth moments of the mixtures in all the forms listed above in (1).

4. To express the Erlang mixtures in two ways: The direct method and the method of
moments, and equating the two methods to obtain a Mathematical Identity.

5. To obtain the Exponential mixture from the Erlang mixture after showing the link
between them.

6. To obtain the Poisson mixture from the Erlang mixture after showing the link between
them.




1.5

1.6

Methodology

Several methods have been used in the construction of the Erlang mixtures and they
include;

I. Direct Integration and Substitution.

I1.Special functions; Beta function, Gamma function, Modified Bessel function of the third
kind and the Confluent Hypergeometric functions (Kummer’s and Tricomi).
I1l.Transforms: Probability Generating Function.

Literature review

Although a lot has been covered on finite Erlang mixtures, very little seems to have been
done on the continuous Erlang mixtures. Also,Exponential mixtures and Poisson mixtures
have been studied but the link between Erlang mixtures and both Exponential and Poisson
mixtures has not been shown.

Sarguta (2017) constructed continuous Poisson mixtures and expressed them in four ways:
In explicit form where the direct integration was used and moments of the mixtures were
obtained which included the moments about the origin(raw moments),moments about
the mean(central moments) and the posterior rth moments; In terms of special functions
which are the Modified Besel function of the third kind and the Confluent Hypergeometric
functions(Kummer’s and Tricomi); In recursive form where integration by parts was used
and Wang’s recursive approach was applied in determining the differential equations for
the recursive models; and In expectation forms where the Laplace and Mellin transforms
were used and the Probability Generating Function was used in obtaining moments which
included the rth factorial moment, the raw moments and central moments. Mathematical
Identities were also obtained by equating results derived using explicit forms and those
expressed in terms of special functions to their corresponding method of moments.

Wakoli (2016) constructed type | and type Il Exponential mixtures in explicit form and
in terms of the special functions which are the Bessel function of the third kind and the
Confluent Hypergeometric functions(Kummer’s and Tricomi), obtained moments for these
mixtures using Mellin transforms and conditional expectation, expressed mixed Poisson
distributions in terms of hazard function of type | Exponential mixture and in terms of
the Laplace transform, derived compound Poisson distribution in terms of Probability
Generating Functions and recursive form, showed that a sum of hazard functions of
Exponential mixtures results to a convolution of compound Poisson distributions, and
obtained hazard functions using Laplace transforms of sums of independent continuous
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random variables.

McNolty (1964) derived probability density functions (which are Erlang mixtures) for the
time to the (n+1)st failure, where the failure rate has a random distribution(which is the
mixing distribution) and was not time-dependent.

Significance of the study

Continuous Erlang mixtures are applied;

a) In unifying Exponential mixtures and Poisson mixtures as shown in this work.

b) Aswaiting time distributions for a mixed Poisson process which are a non homogeneous
birth process as shown in chapter two.




2.1

2.2

DISTRIBUTIONS ARISING FROM A POISSON
PROCESS AND MIXED POISSON PROCESSES

Introduction

The objective of this chapter is to show that an Erlang distribution is a waiting time
distribution in a Poisson process and an Erlang mixture is a waiting time distribution in a
mixed Poisson process.

There are two approaches of deriving distributions arising from mixed Poisson processes.
The first one is based on a Poisson process with a randomized rate.

The other approach is based on a pure birth process.

The Poisson process is a special case of a pure birth process.

Solving the basic difference-differential equations for a Poisson process we obtain a Pois-
son distribution.

The waiting time for an nth event to occur in a Poisson process is shown to be an Erlang
distribution.

We shall also express the first passage time distributions based on randomization in two
forms.

Mathematical identities based on these two forms will be determined.

The first passage time distribution of the Poisson process is an Erlang mixture whose links
with the Exponential mixture and the Poisson mixture are derived.

Solving the basic Difference-Differential Equation for a Poisson

process

Let

X(t)=the population size ar time 1

and

Pu(t) = Prob[X(r) = ]




The basic difference-differential equations for a pure birth process are given by;

@
Po(tr) = —ARo(1)
Pu(t) = —2aPu(t) + Au—rPai(t), n=1,2,3,...
where
. d
Pn(f) = Epn(f)’
and

A= birth rate aen the population size is n.

For a Poisson process, A,=A for all n.
Thus we have;

@ Ro(t) = ~ARy(1)

HH[") - _Z‘Hl(r) _|_A"DH—'|{f)‘ n= I=2'.3'.“

Multiplying (2.2) by S" and then summing the result over n;

. B & 5
S Y P08 =AY Pu(t)S"+A Y Py (1)S"
n=I|

n=1 n=|

=AY RS +AS Y By (18"
n=1

n=l

Define

(2.1)
(2.2)

(2.3)




a &
G(s,1) = ¥ Pu()S”

n=()
(==}

= P.[](I) aF E Plr[")S"
SGG i _P’ = P’( "
- 5 {5 t)= U(I)‘Fnz:] n(r)

G(s,t) can also be defined by;

m ==}
Gls,)= ¥ B (1)

n=1
Therefore equation (2.3) becomes

8G _ py{t) = —A[G(s,t) — Po(e)) + ASG(s, 1)

St

= —AG(s,1) +APy(t) + ASG(s,1)

Using equation (2.1), we have

81
8
i %g =—A(1-8)G(s,1)
Lo oG(se) 2
B 5 =—A(1-9)
%ht(}(s.r) =—-A(1-9)

InG(s,t) = —=A(1—S)t+C

5G a
— +AP(t) = =AG(s5,t) + APy(t) + ASG(s,1)
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— G(s,1) = (1€

Given the initial condition as

X(0)=0 = R(0)=1 and P,(0)=0 for

When t=0,
G(s,0) =

But by definition,

B &
G(s,1) =}, Pa(r)S"

n=0

= RO+ L BS"

n=1

. G(5,0) = Ay(0) + i P,(0)S"

n=1
=140
=:1
G(S.f) = (.)---I 1-8)Ar+C i l‘.’C{,’" (1-S)Ar

and

G(5,0)=1 = =1 = ¢c=0

o G(s,t) = t?_‘l""'l_"']

which is the pgf of a Poisson distribution with parameter At; i.e

e’l’(lr}"

Rrr —
® n!

n=10,1.2.3....

n#0

(2.4)

(2.5)




2.3 Waiting time distribution

Consider the following diagram.

Time T, t
Size %ﬂ}:o X(Ty)=n X(t)
t>T, = X( > X(T,)

Sh<t = X(t)ZX(T,)
=% — X(t) =X(T,)
st = X)) =X(T,)
o Prob[T, <t]) = Prob[X(t) = X(T,)]
= Prob[X(r) = n]
Let
F.(t) = Prob|T, <1]
and since
Py(t) = Prob[X (1) = n]
then
F,(t) = Prob[X(t) = n]

B

= Su(t)

Il

1 — Prob[X (1) < n]

| —Pmb[X(!} <n-1]
=1-T po)

J=0

d
rn (-'
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For a Poisson process;

n—1 !
Rfy=1-Y <
=0 7
n—1 1 d Y
fult) —jg{)"qge (At)!
n—1 1 @
==Y =[e i)' A - e M (Ar)])
_{JJI m

Zir M) = Ae M j(Ar)iY)

n— |(;u n— | fo )r—

—lr .
A [}:] ):U_l},

= g—.l.-('l‘}
(n—1)!
n
—Arn—1
= ——g M= =123, . 2.6
Tn 1 : (2.6)

which is an Erlang distribution.

2.4 The first passage time distribution of a mixed Poisson Process

So,for a mixed Poisson process where n is fixed and 4 is varying,the first passage time
distribution becomes;

—Atn—1
falt) /} e " g(A)dA (2.7)

where g(4) is a continuous mixing distribution.
This is an Erlang mixture which can be expressed in two ways,namely;
Method 1: Direct method

] rJu'—l oo .
#lt) = [ e Mg(A)an
- |

= —E[A"e™"" j
= E["e ] 28)

We shall name this approach as the direct method.
Method 2: Method of moments




From method 1,

fult) = T B[
L A t

Aot e (= A
Im Ela ‘gﬁ k! )

l,i'l--l i (—l)kik !
- E[Au-}-k]
In ,\}:n kg

k u*k 1

- - (= AntE
- g’ I\'Frr -l

Let n+k=j = k=j-n
B o (—l)-‘i"'”.rj”'] e
Jalt) = E I'n(j—n)! Fevd

J=n

Equating (2.8) and (2.9) we have the mathematical identity;

- (_l)j_"rj_] WA _E AN, A
J-Z_;! I'n(j—n)! RGP I'n e

oo (_l}j--n',j--u

> (j—n)!

Jj=n

E(N)=E[A%e™

which has been proven below.

let j—n=k = j=n+k
- (_ 1 )j_"l'j " i E(AH+K
L (J—n)!
e -3
=z E(hn-—&
(f\f i
=1;[Z A"l

k=0
= E[/\Ne--f.-'\]

(2.9)

(2.10)
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The rth moment of the Erlang mixture is given by;
E[T"| =EE[T"/An = A]
:Ef ' fu(t/A)dr
0

oo _A‘J!
:E/[; ."r—e‘l‘r”"d:

n

1" o8 :
=Fl— rn+;—l -1 t
[l'n L £

. Er(n+r)
N [Frl Aty ]

. Dlndid)
E[T"] = 7(’;—13 r)E(R) (2.11)

Thus, the rth moment of the Erlang mixture is expressed in terms of the rth moment of
the reciprocal of the mixing distribution.
Therefore,

E(T)=nE( :

K) (2.12)

2.5 The Link Between an Erlang Mixture and an Exponential Mixture

L]

n
At n—1
— r A)dA
Jo an 8(A)a

~ Al = A e Hg(A)dA 2.13)

fn(") =

which is the Exponential mixture and can be expressed as;

H({) =E[ne™] (2.14)

and

oo 1)j=1zj=1 ,
i =¥, S E(w) (2.15)




The Identity is

—nJ ':J !

): E(N)=E[ne™
J=I
The rth moment is

E(T")= r!E(%)"

SE(T)=E(=)

2.6 The Link Between Erlang Mixture and Poisson Mixture

o0 A M ,—Aln~1
#0)= [ “—’g(x}dl

I'n
B (lf}“
=i fu In+1) (;Udk
_n " e M(At)"
- F[u n! g(A)dA
= EHJUJ

where

5 Al n
n = [ ga)an

n!
is a continuous Poisson mixture.

Py(t) = gf;,(r)._ -

Thus a Poisson mixture is i times an Erlang mixture.

The factor % transforms a continuous distribution to a discrete distribution.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

2.21)
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The Poisson mixture P,(7) can be expressed as;

" 1

A1) = LE BNt

!
n
n

.'f
= —E[A"e™™ (2.22)
n!

and

P(t) = @ LHIJ!IE(X\\J‘}

n&= Tn(j—n)!

j=n
o (_)-n |
= {.#E(N) (2.23)
= n!(j—n)!
The Identity is;
o (-_1)}-_,,{}‘ 1 " B
~—~ —E(N)=—E[Ne'"
ng n!(j—n)! () n! Vel
. i (- |)_f—--,ar.f—uE(A},} B E[/\"e' ,_,\] 2.24)
iE Ut )

which is the same as (2.10) .

The Probability Generating Function (PGF) of the Poisson mixture is;




5 a
G(s.t) =Y P,(r)s"
n=0
= Y- £:()]S"
n=0 n
= S i mﬁ)—llll—l A)drs?
= ¥ | e " e(R)dAS
n=0 """
oo ) ’1 n =
= }:[ﬁ g AE%S"g(l}dﬂ.
n=0" S
o = (AtS)
aﬂk@&%}%mal

fcwe llell.ﬁg(l)dz

me—(l—.\']ﬁ!g(l)dl

S

0

— E[e"(l--.ﬂr!\]
G(s,t) = La[(1—s)] (2.25)
GG & . a8
v
= Eft Ae~ e (2.26)
:'5(2' = E[(tn)%e™ ") (2.27)
o'G o r —th _tAS
oo E[(tA) e e (2.28)
c'G(s,t e
0;, )f.e=| =E[t"N'] (2.29)

i.e The rth factorial moment

We notice that the key unifying fuction in this work is

E[An(,—m]
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from which we can obtain

E[N)]

E[n)
E[A)
E[ne™""]
E[e (7911

So it is better to obtain E[An e-tA] for a given mixing distribution g(4), then obtain the

when
when
when
when

when

other functions which are special cases.

n=j and 1=0

n=r and t=0

n=—r and t=I(
n=1
n=0 and t=(1—s)t




3.1

3.2

ERLANG MIXTURES IN EXPLICIT FORM

Introduction

In this chapter Erlang Mixtures are expressed in Explicit form. They are obtained through
direct integration.

Raw moments of the Erlang mixtures have been derived and specifically the first moment
has been obtained.

The Exponential mixtures and Poisson mixtures have also been obtained and the PGFs
determined in the Poisson mixtures.

Several mixing distributions have been used, they include, the Exponential, Gamma, Half-
logistic, Lindley and Transmuted ditributions.

Erlang-Exponential Distribution
3.2.1 Erlang-Exponential Mixture
The Exponential mixing distribution is

gA)=pe ™ A>0; u>0 @31

E[.ﬂ’\"{'”m]=] lne---rlpe---;a,l dr
0

u [rerena
JO
In41)

= 'u(r_,_p}ll'i 1
unl'n

R ¢

Construction by the direct method gives




falt) = ;_ ]E[/\*ié,—m]
' pnln
unt" !

By the method of moments we have

el —I = n_; | ;
t N
falt) E F::{J—n E(N)
_ 3 GO
_j=n rn J _” ? ‘uji]
i _f "J'J IJ"
= ].'r:{J—u ,uJ

Identity 3.1
Equating the above two methods we get

= (e1)i=apsl o npr"!
E’; Tn(j—n)! g/~ (t+p)"t!

i (_])J_"’j_" J! _ unln
— =njl g Tt )t

The rth moment of the Erlang mixture is

B(r) =0 g (n)
_Dn+r)T(1=7)
~ Im pr
—4i Ffliil r}l_,“_’)

E(T):,ur(ﬁ-!-l 0= oo

I'n

t>0u>0n=1,2,3,..

(33)

(3.4)

(3.5)

(3.6)

(3.7)
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3.2.2 Exponential-Exponential Mixture

Construction by the direct method gives

filt) =E[ne™™)
o uIl

C(r+p)?
__n

(t+p)*

1>0u>0

which is a Pareto Distribution with parameters 1 and i .
By the method of moments we have

2

—

= | —
-.

|

-

|

J
fl{"}=j _ J—iﬁ’ :
(11 !

G- w
G A
I

I
s I
o

.
Il

Il
s

L
|

Identity 3.2
Equating the above two methods we get

S ol VA S
= T (t+p)?

J

The rth moment of the Exponential mixture is
77
E(T"Yy=rE(A™")
I(l=r
rfi( = b
Ju ! 3
=rip'T(1=r)
E(T)=pul'0=co

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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3.2.3 Poisson-Exponential Mixture

P.(t) = :;.f;,(r)

Construction by the direct method gives

'

P
P(r) = T;,E(A"e m}

|
!
T on! (e + )t
“:H
(., ,_,ﬂ_)n+l

3 4 n
—)(— 0; 0
}(‘H'P), t>0u>

which is a Geometric Distribution with parameter it .

By the method of moments we have

_p e
(1) _;):;‘; g !E(/\ )

E _”J nej J,r

. (j—n)!

o . } g
-5 o )w

£G4

Identity 3.3
Equating the above two methods we get

v j=n ’ ! j—
¥ -1y (n)(ﬁ) (A

J=r
= (—1)—"-" __ !
= U-md (e py!

(3.13)

(3.14)

(3.15)
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The PGF of the Poisson mixture is

G(s,1) = Ele=0-]
Jii

The rth moment of the Poisson mixture is

E(T":): : t"E(N")

|
ri
r
r

3.3 Erlang-One Parameter Gamma Distribution

3.3.1 Erlang-One Parameter Gamma Mixture

The One Parameter Gamma mixing distribution is

e—Ape-

gA)= Ta

o0 S el
E[pe=™ = [ Ale A€
[ = —

= %f:ﬂln-i o I(,---ll_'r-l-l!dl
0

- I(n+a)
" Ta(r+1)mta
:l'(rH-oc)

(1—s)+u

A>0a>0

1
e (14 1)ntc

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Construction by the direct method gives

n—1
J _ Al —th
fult) = Th E[’\ € ]

_ "' T(n+ a)_m |
“ I'm Toa (t+1)ta

N (nt+a—1)!

(t+1) % (n—1) (et —1)!

_nfn+a—1 b omes T e ) .

_:( . )(:+I}(:+I}' t>00>0n=1,2,3,.. (3.21)

By the method of moments we have

00 (—l}j_"!‘j_] ) 2
fut) =}, =7 E(N)
j;', In(j—n)!

J nyj—1 I'(j+n)

= E (3.22)
ot I“n(; -n)! Ta
Identity 3.4
Equating the above two methods we get
E( 1)J-"i=1 r(j —I—a}_ o+n—1 ( t e 1 \a
- In(j—n)! Ta ! n t+1° t+1
Z (=1 " "r(j+a) Th+a) 1 -
= (J-n Tea T~ Ta (t+1)e ’
The rth moment of the Erlang mixture is
I(n+r) 2
E(T") = ENT
(1) = —£2E(n)
IF'n+r)I(a—r
=~ In : (Fa : .
Fn+1)T(x—1)
E(T) = R
(7) I'n o
n
= (3.25)
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3.3.2 Exponential-One Parameter Gamma Mixture
Construction by the direct method gives

file) = E[ne™"

_Ta+1) 1

T Ta (t+1)%H!

_— a .
—W, 1>0a>0

which is the Pareto Distribution with parameters & and 1.

By the method of moments we have

oo % ‘_.| ‘_.l
Ale) = E( (lj)‘_l; r(?;a)

=1

filt) = i(—n*’—'rf—'j(““f‘ ')
j=1

J

Identity 3.5
Equating the above two methods we get

=1 J

The rth moment of the Exponential mixture is

E(T") =rE(A™)
i INe—r)
" Ta
[Na—1)
I'a
- Noa-—1)
T (a=1(a—=1)

E(T)=

- 36| .
s fa j—1 o
Y (-1y~'% ]J( : )ZW

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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3.3.3 Poisson-One Parameter Gamma Mixture

PA(t) = 1)

Construction by the direct method gives

Pn(t) = ﬂ = Al =t
(1) = z"E(A e ')
n:
" I'(n+ a) 1

“m Ta fgrie
B £ oa+n—1
T (r+1)rte n

x+n—1 t o U om
= — )" (—=)*, 0; 0 ¢

a7
which is the Negative Binomial Distribution with parameters & and 1.

By the method of moments we have

Pi(f) = f (=1)J=n¢d E(N)

= n'(j—n)!

- § SO

Zn(j-n)! Ta (3.32)
Identity 3.6
Equating the above two methods we get
f(_g n;il—‘(f-i'ﬂ'.’)_ a+n—1 ( ; )"( 1 .
e n!(j—n)Ta - ] 1 !-I——I}
Ll GREE Y o PR ) Pl
i N o) P (333)

(j—n)'Te - Ta ‘t+1

Jj=n
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The PGF of the Poisson mixture is

G(s,t) = E[e”!=
|

. o
({l — s+ l)
The rth moment of the Erlang mixture is
E(Ty=t1"E(/\")
_latr)
e
No+1)
E(T)=
(T) o

3.4 Erlang-Type | Gamma Distribution and its Links
3.4.1 Erlang-Type | Gamma mixture
The Type | Gamma mixing distribution is

[V
3(1}=f.—ae PAao1 A>0:8>0,0>0

o2 o
E[An{,—h\; — ;;Ln()—f.l ﬁ_a(,—ﬁl 29 I(.:"A.
40

0

T To

_ B* I'(n+a)

= TaG-pre
_r('n+0.') B o Lo
 Ta [rﬂﬁ)(rﬂﬁJ

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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Construction by the direct method gives

',u-l
~ Tn
_ID046), B e 1 o
" Im T« (f+,6}{f+,3J

fult) E[n"e™"

! n t+p7 1+ B

By the method of moments we have

fﬂ(f) = .

.
)

By Mcnolty’s Approach
The Erlang mixture is given by

O Ant —Atn
fult)= | D)’ 1"g(A)dA
implying that
fent® = |t n® ' TR <
I aﬁ 00

= ot (n+p+1)—1 - A(o+1)
T+ TB o * ¢ A

_m aPT(a+B+1)
T T(n+1)TB (¢t + ct)r+B+]
f"aB

" B+ 1.B)(r+ay B £20,620,8>0

This can be achieved by applying the method of moments as follows:-

From formula (3.40), we have

+n—1
=f(a i ) B ol oy s mms00m=125

(3.39)

(3.40)
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Let k=j—n

Interchange o and f3

=

S (1) =

& (R )
ﬁ'(f)—g‘; In(j—n)! Toa (E

)j

= (—1)fH-l Da+n+k) 1
Jalf) =£§)( ;'r'n ( o )(
ot & (=)' T (n+ o +k)
- I'npTa = k!B
B (:g’)*‘r(n + o+ k)
nf"To & k!

)H +k

|

N Tn+a) & (3— 1“(n+a+k)
- TnfiTo Z kIC(n+ o)

oo

_ B(:'a' E (n+ak k—l)( . )

e () oy

B el s —(n+0f) ik
BrB(n, ) IE}( k )(Jﬂ)

a ru---l (] " t
~ B'Bina) B
. f"_l IB n+o
n ,B".B{n‘a)(m)
. " »B n+l+a
Jusr(1) = ,6"*".Btw+l.oc)(r+,6J o
I ,B" 4o 1
fns1 (1) = Bl (t £ gyt1+a Bn4 1, @)
B f"ﬁa
= B(H'i- l.,a}(.'+ﬁ)"'*'“‘“

)—(u-ko.‘]

"aPf
B(.ﬂ'i' ]B)(_, + a)n+f3+]




Identity 3.7
Equating the above two methods we get

> (1) ™-'ra+j),1,; n cigg 1), B \a
_E; I'n(j—n)! T« (E)J_?( n )(m) (
= (~1)""Ta+j) 1 ; Th+ta) B 4 |
J)_: (j—n)! Ta (B)J_ Ta (r+,6) (r+ﬁ
The rth moment of the Erlang mixture is
o T+n)
E(T") = T E(ATT)
_Drt+r)Da-r) .
~ Inm Ta P
_Dn+1)T{x—1)
Bl = I'n e P
np
S a-1

3.4.2 Exponential-Type | Gamma Mixture
Construction by the direct method gives

fie) =E[ne™
Ta+1), B .o |

= )
I t+p° t+p
= (%)“{ '
=g G p)
op“

:E:Fﬁﬁ.r}&abaﬁ>0

which is Pareto Il (Lomax) distribution with parameters ().

1

t+p
}n

}"

(3.41)

(3.42)

(3.43)

(3.44)
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By the method of moments we have

_ St
Al = X "y 2)

I L A CE)

‘j);. (j-1)! PBTa

Identity 3.8
Equating the above two methods we get

o CDTW Na+))  aB®
(j-1)! Bra — (1+p)**

J=l

The rth moment of the Exponential mixture is

E(T") = FE(A~)
= r.’ﬁrir{‘;:; L

E(r) =)
B

a-1

3.4.3 Poisson-Type | Gamma Mixture

Construction by the direct method gives

n

! R
Bi(f) = ”—'E[A’e ie

_.'"l"(n+a)( B 1
“n T« r:—ﬁ}(r-i-ﬁ

_fa+n—1 L\a 1 : .
“.( 4 )(r'—ﬂ}(wﬁ)' t>0;0>0,>0

)H

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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7
which is the negative binomial distribution with parameters & and .
By the method of moments we have

oo (—l)j_".fj_l

Pn{") = Z

)
= n!(j—n)! B

= (1) e+ )
= nl(j—-n)! PTa

Identity 3.9
Equating the above two methods we get

o (1) n(e+j) L fe+n-1\, B I
E M- BT _'( n )W)“(W)
o (1) "T(a+)) _Tn+o), B g 1
jg,‘, (j—-n)! BTa  « (r+ﬁ} (r+B)
The PGF of the Poisson mixture is
G(s,t) = E[e" (179
=l "
B+ (1—s)
The rth moment of the Poisson mixture is
B
E(TT) =¢"E(NT)
_J(a+r)
BTe
_ v l(a+r)
- (,6) ~Ta
_ ot Na+1)
B(T)= ()~
_o
B

3.5 Erlang-Type Il Gamma Distribution and its Links

3.5.1 Erlang-Type Il Gamma Mixture

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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The Type Il Gamma mixing distribution is

R L T

BT A>0:8>0,a>0

& Fqa-1
E[f\”e""”\] :/l; A”e...fleﬁa)&ra d,l

I ® ) nra-1 ~A@+g)
= qu'_l [ B dl
1 Tr+a)

= qua (f+ é)n-#fx

= l"(dn-{-a) (]’Ig}a
T Ta (r+;‘1§}n+a
I'n+a)

1
s B @y | n
lo (r+é} (r+7'5)

Constuction by the direct method gives

) = |
M=%

I T(n+a)
" Im Ta 1+g 'f+;];-

=2 (“"" ')(i)“(%)“,

n

E[f\"f_m']

By the method of moments we have

flt) = Z I'n(j—n)!

Jj=n
B i (=111 (@ + §)
- I'm(j—n)! Ta

Jj=n

E(AS)

ﬁj

t>08>0,a>0n=1,273,..

(3.55)

(3.56)

(3.57)

(3.58)




Identity 3.10
Equating the above two methods we get

— nyi-1 i on n— ;
Z L 1'((:¢+,fPG __(oc+ ])(i)a(%)”

ln{,t— ! I'o ! n

(=)™ "T(a+j) ,; T(n+a)
L Gomr T« T

1
B n
To (!+ﬁ {!+B) (3.59)

The rth moment of the Erlang mixture is

E(T) = l'(:li——f—r)E(,A__ )
Tn+r)Tle—r) 1
~ In Fra pr B}
Fn+1)TMax—1)1
H==%, Ta B
n
= — (3.61)
Be—1)
3.5.2 Exponential-Type Il Gamma Mixture
Construction by the direct method gives
fi(r) = Elne™]
Fa+1), § \q |
=“Te Fii i)
B B
o(5)”
=|73, t>0,a>0,>0 (3.62)
(t+ B}a-r-l

which is the Pareto Il (Lomax) distribution with parameters (a,é)
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By the method of moments we have

(—=1)i~1e~ j
filr) = ;);‘. G-t (W)
P - & ]'d ]r(a+a")ﬁ_!
_j;l T
Identity 3.11
Equating the above two methods we get
& i
i(—l)i 1] 'r(a+j)ﬁj= a(g)
=1 (j=n I'e {I-f—f;]“

The rth moment of the Exponential mixture is

E(T")=rE(ATT)
riT(a-r)

ﬁf ot
E(T) = %F{‘f_; D
I

Bloc—1)

3.5.3 Poisson-Type Il Gamma Mixture

t
Pu("} = Hfu(r)

(3.63)

(3.64)

(3.65)

(3.66)
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Construction by the direct method gives

.Pn(f) s "_IE[AH{,—I:’\]
n.

_ﬂl"(n—a}(,‘é’ et il y
n Te r+ﬁ- f+é-

_ a+n—1 - " . .
_( n )(r+3!)(f+ﬂ)' t>0;a>0,8>0

which is the negative binomial distribution with parameters ¢ and %
By the method of moments we have

-
i(—l JDACEY)

] !IT(J‘—J‘? o

Identity 3.12
Equating the above two methods we get

Z::-(.]—] i= ".ri T(a+)) _ (a+m— ) I)a( r"l]n

M " T t+} i+
i(_l)j_””_” ey  Eneo), 3 oLy
jn U=t I'a e ‘r+3° ‘t+3

The PGF of the Poisson mixture is
G(s,t) = E[e~ ("=
1
:(L}a

+(1—s)t

|-

(3.67)

(3.68)

(3.69)

(3.70)
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The rth moment of the Poisson mixture is

E(Tf‘} zrl’E(nf

Jla+r
= () ( ) (3.71)
. )
E(T) = (1) ———=t
(r) = B~
=atff (3.72)
3.6 Erlang-Shifted Gamma Distribution and Its Links
3.6.1 Erlang-Shifted Gamma Mixture
A two parameter Gamma ?stribution is given by;
filx) = Ee‘ﬁ"x“". x>00>0,p>0
To ! : ’
let x=y—-U = y=x+U = dy=dx
Using Jacobian transformation;
dy
80) = f()I |
ﬁ ﬁt s I|l
fj PO (y—py)*1, y>u;0>0,>0,u>0
Replacing y with A, we have the Shifted Gamma mixing distribution which is;
g
gA) == BA-W A 1)1 A>pa>0B>0u>0 (3.73)

o
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E[A"e™ = /'m At ’B_ﬂe_ﬁ{fl_”)(,l —u)=14a
Ju I'ee
)Ga o a—1 —A{+f)+Bu
r—a/“ AT(A — )@ le dA
- ﬁeﬁ_u /ml”(l—p =1 ,—(A—p+p)(t+B) g2

r{j (w)[ n a- ] —(A—p)(1+P)
= e AMA = ) di

le x=(A—p)(t+B) = (‘*‘“)‘,iﬁ = A= ptu
dE= ¢ PR == dit:jixﬁ
[ AN, —tA _E t‘+Ef{.’+ﬁ n X a-1_—x dx
E[A e ]~l_,a ( '+ B )(I—HS'} = I+ﬁ
s Bae P” = | 1 u X

= R gy, PO+ A+ TR
— ﬁae "”‘;1”(.'+)3)" = —x -1 n
~——-————-—-—ra(r+ﬁ)”_ @ J e X1+ (F+||B ] dx

Sl ol P
" o+ B) b %, (1) G e

B il i suiihari
- Coa(t+ B« ,(;}[(k)(”(f'f'ﬁ)} L &y d.i.‘]
B Hiu (n)( l;(a+k) )

T Ta@+p)

((+B)F

n l‘(a+k o My k B a#k
LRy o
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Construction by the direct method gives

.,M---I

Jult) = Tn @\”8_”\]
_.,H—l L l“{o:+k) — Ut i i B a
_B”—nk u() o e -'+ﬁ (H'ﬁ
a+k—1Y ne # (euyn B Ly
—Z( k )(w k)! tpk {!+ﬁ)a(f+3)

_ny e‘*‘”(luf}"* a+k-—1 B
TrE= (n—k) )( k )(r+;3}a(

+B

By the method of moments we have

8 ()
0= & Fa=mr

J=n

e (=) L (N Tlat k)
_;;. In(j—n)! E:‘,(k) TCa  (uB)

L =

E(N)

Identity 3.13
Equating the above two methods we get

i(‘_”j—nfj—l Jj (j)l"[a—l-k) uj _n n (_,—Ilu{uf)"_fj(a_l_k
= Tn(j-n)! =\k) Ta @B} 155 (n-K) k

2 —I g LA\ T(a+k) & Ta+k), iy
L e E,,(k) T W e

Jj=n k= 0

(%

)(

r+,6

B

1+

1%

(3.75)

(3.76)

t

(r+ﬁ

B

L)*

r+p
(3.77)

¥, t>0a>0.8>0u>0,n=123,..

k




The rth moment of the Erlang mixture is

(u+ )

E(T")y= —=—E(N\™)

E(N
_ u+ o [(—r\T(a+k) u
~ I };ﬁ( ) (#ﬁ)"‘

k
N\ I(n+r) a+:‘.} 1
E kl% r :1 1) l"(l;:-i}mﬁl)mr
)7

I'n Fa  (up)u
(s

o
t1: I8 T02:

I'a

1l

) n
k l'a F_‘ !JB}‘

Il
(=]

3.6.2 Exponential-Shifted Gamma Mixture

Construction by the direct method gives

fi(e) =E[ne™]
- M g1k VTR, k
“):ﬂ(k) To G+ G+
T B & — T(x+1) B
—6'11#(@) +"Iu I'a (f‘i‘ﬁ) (f+ﬁ)

—ur o
=e P{l)alﬁ.g_l_.__

\ >0 0. 0, 0
T+P ﬁ] t>0,0>0,6>0,u>

By the method of morrﬁts we have

@ (—1)i=1pi=1

f](f)=éwb‘(ﬂj]

(-1 & ANT (e +k)y w!
Z G- E(k) Ta  (uB)

J=1

Identity 3.15
Equating the above two methods we get

& ()N N+l @ B e
E G-D! ?_:,,(k) el ey

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)
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The rth moment of the Exponential mixture is

E(T"y=rE(AT")
( ) Mo+ k) ur
Ta (up)

LI_
r%g

l—l" k
B i ( ) INa-+k) 1 i
=k Ta  (uBYw ‘
_)‘i( 1>F(tx+f< | -
fo % & B)u )

3.6.3 Poisson-Shifted Gamma Mixture

Fa(t) =~ fult)

Construction by the direct method gives

P”[f) e —E[J"\” —Ir‘\]

=ﬂ - ()l‘(a+k} -t yn—k(_B_ B H(L)ff
n! =\k ' f"‘ﬁ t+p

- (n) Cla+k)e #(ur)" B )%( I )
k) Tog —nl 4B’ p(t+B)

k=0
W k:u%(a-‘-: - l)(%)a(p(flﬁ)}*-, t>0,0>0,8>0,u>0
(3.85)
which is a Delaporte distribution. By thelmethod of moments we have
no =¥ )
B W)
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Identity 3.15
Equating the above two methods we get

i(-nf'--”fi ] (;) Dlatk) w e ()" (a-}--k-—l)(i) ("
i mU—n) S \k I'e By L (n—k) k t+B° ut+pB)
(-1)- "-“’ nd (\T(a+k) pi & (n l"(ﬂ+k} itk B e 1
);, J=n) ?;;,(k) o (u,B)"_Eg(k) T'a (r+,8) (.'+,B)
(3.87)
The PGF of the Poisson mixture is
Gls.0 = Ele” " ®
CH"U e Hr(l—s) —k a I k
); (ﬁ-i-{l ) (,6-:--(1----5-):)
= ¢ Al "’(73 (‘?_s)r}“ (3.88)
The rth moment of the Poisson mixture is
E(T") = "E(A")
MNo+k) u"
= ?:() Toa (WP
_ Ie+k) (p)" )
g - (k) Fo (uB)F S
L /(I\T(a+k) (ur)
E(T)=
@=L () i
_ Mo+ 1) ut
“MT T Ta up
o
= (1 +E} (3.90)

3.7 Erlang-Half logistic Distribution and Its Links

3.7.1 Erlang-Half logistic mixture

)k
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The Half logistic mixing distribution is

2peHA

m, .l>0,;1>0

g(A) =

*an —1A 2#'?_'“1

oAl —tA]

E[A"e ]__/U Areh

2 [ Ane (1 +¢7Hh) 243
0

j Ale —J.lHj.l[Z( )(5’ ;IA) ]d;‘.
= F2
i~ ln —l{-‘+|l-l+,uk}di
oS (= EAEE)
_2“;?_:0( k )({r+u+uk)“""

_ !m -2 1 n+1
_2“"';\,;,( k )[I+u(l +k}]

I
(=]

u

Construction by the direct method gives

n—1

f}l(r) = 1_} E [J"\"(‘_”\]

r‘n.I‘) 'i -2 l 1 [+
tn " a\ k Jisu(+k)

oo = n—1
= (2)——§EL———.r>mg>mn=L1&_
k=(

[t 4 p(1+ k)t

By the method of moments we have

" B
@ (_1)j-ng= .
hn=Y {Dr(}'——:t)!E{N}

Jj=n

. (_]}; "r«'” e (=2 |
Z In(j ﬂ}!,\g}(k)w

Jj=n

3.91)

(3.92)

(3.93)

(3.94)




Identity 3.16
Equating the above two methods we get

_1)_; ny 12 0. fino 1 5 il {=07) M 1
;;, Tn(j —n)! o ‘):., k ) [u(l+k)+ '“"2, k J e+ p(1+ R+

k_
_l il 71 = | ¢ (2 1 n+1
_J.)::; (j—n)! it Z( )[p (1+k))+ _2“”-1\;}( X )[17+p(]+k)] *
(3.95)

The rth moment of the Erlang mixture is

F(ri-l-r) e
—5, E(T)

].'(n—i—r) o [—2 1
-0 % () e

k=0

_ 5 (“2)aulltira -0
_:\E}( k )2‘” Tnfp(1+4)' (3.96)

e (2 [(n+1)0(0)
an)= £ ()

E(T") =

=i (3.97)

3.7.2 Exponential-Half logistic Mixture
Construction by the direct method gives
fi(t) = E[ne™"]

2
=Z( )[r+—y(1‘u+T] (>0u>0 (3.98)

By the method of moments we have
o (_]}f—lﬂ'—l .
)=y At _mpal
fir) E] G=nr EA

o _]}; I o ) |
= EW-}-‘}'Z ( k )W (3.99)

k=0
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Identity 3.17
Equating the above two methods we get

o (=)l = (-2 1 a2 5
;‘g (=1 ij.kéj( k )[H(] +k))i+ ungﬂ( k )I‘*P(|+k)

The rth moment of the Exponential mixture is
(T7) = B
. f( 2) 2ul(1—»)
=AM

n=g (i)

3.7.3 Poisson-Half logistic mixture

P(1) = :—lfn{f)

Construction by the direct method gives

R}( } E[r’\” - M]
(1]

_"_HQ n!i(_z [ 1 ]ull
By AP AT

v (2 2u" |
=L (¥) e 1> o>

(3.100)

(3.101)

(3.102)

(3.103)




By the method of moments we have

= (—1)/~")

Pn(t) = z .

1(j—n)!
jun(; n)

Do -1y & 20
‘,)_:,,»'u—n)f,?:( Y Imior

mif J\ e« [—2 2u
e E(k)fuumw

; " k=0

E(N)

=

Identity 3.18
Equating the above two methods we get

Jj=n

Jj=n k=0

The PGF of the Poisson mixture is
G(s,r) =@~ -9
Lo
(1—=8)t+(14k)

The rth moment of the Poisson mixture is

=5 oy

= (N i 2

iga( )‘? T
DN 2

E(T}_&);(,(k)(ﬂ}[(lwnz

- = o (-2 2ur”
L1 H( E( lu(1+k}li*' ;);(& )[r+u(l+k)]"+]

= (=1)f-n=n = -2\ opj! = (-2 2un!
L & w5 (6 e

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)
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3.8

Four Parameter Generalized Lindley (G4L) Distribution and Its
Special Cases

3.8.1 Construction Based on a finite mixture of two Gamma distributions and
a parameterization

A finite mixture is defined as

k
g(A)= Zw,-g,-(/l), where Zw,' =1,w>0 (3.109)
i=1
Let
g(A) =wg1(A)+(1-w)g2(2) (3.110)
be a finite mixture, where @ + (1-®) = 1, @=0, (1-®) =0.
Let
g1(A) ~ Gammal(a, 0)
22(A) ~ Gamma(a+1,0)
gl 04 a-I patl,—81a
(L) = 00—+ (1 - O) ———
gl =0 o U=o Ila+1)
Let
7]
— ] — —
@ 0+r ) +7
g §%—0i)a-l r gotl,—8i)a
gA)=— , .
0+ I'a 0+r I(o+1)
oot go-1 A0
- e aA e ! ]
0+r ' T(a+1)

=6ailf,--ﬂl 1 I
0+r  T(a+l)

[a+rA]




B 9u+| _oi ’;Lu—] S
M =33 tasnetaM
9a+| —oa a—1
=Bors et T

_ 6% [Ba+8A) e ®Apc!

BO+o a+1)’ A>0,0>0,a>0,>08>0 (3.111)

which is a 4-Parameter generalized Lindley distribution, with the following special cases.

3.8.2 Special cases

(i) 6= 1, we have Type | 3-parameter Lindley distribution.

B ga+l [B(I-I-l] {,—Blla—l

&) o T(e+1)’

A>06>0a>0,p>0, (3.112)

(ii) B=1, we have Type Il 3-parameter Lindley distribution.

0%+ [or + §1] =022~

- 0; 0, 0, 0 :
9435 Ta+1) A>00=>0aa>008> (3.113)

g(A) =

(iii) &¢=1, we have Type Il 3-parameter Lindley distribution.

_ 0%[p +31]e oA

g(A)= 3010 A>0,0>0,>0,6>0 (3.114)

(iv) B=06=1, we have Type | 2-parameter Lindley distribution.

9“""[&—%1] e—ﬂlla—l

=" T+’

A>0:0>00>0, (3.115)

(v) @=0=1, we have Type Il 2-parameter Lindley distribution.

_6B+1] o

g(A) = BO1

A>00=>0 >0, (3.116)
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(vi) a¢=P=1, we have Type Ill 2-parameter Lindley distribution.

el
g(A)=—

ﬂe“’“. 1>06>0,86>0
+8

(vii) a=B=56=1, we have 1-parameter Lindley distribution.

0144 g

g(A)= — 1>0:6>0,

3.9 Erlang-One Parameter Lindley distribution and Its Links
3.9.1 Erlang-One Parameter Lindley mixture

The One Parameter Lindley mixing distribution is

_O+A] g

, A>0;0>0,
0+1

g(A)

& 2
E[nne] :é )L”e""ie [1+}l]e...9)~¢M
6+1

_ n =A(1+
_9+”é1[1+,1]e dA
62
“o+1Jo
s [r{u+2} % [(n+1)
e+ ()t (o)
6% T(n+1) n+|+]]
S 0+1(t+0)t+0
62 n!

= 17(I+9-)"4"2[J1+]+!—6]

w[lu+l€—itl+ﬂ] 2y A.’l(?_i{;+0)](fl

7l

(3.117)

(3.118)

(3.119)

(3.120)




Construction by the direct method gives

',u---l
= m] :
" 8- n!
- ﬁﬁ(r?@)“f{'w] +1+ 6]
62 nt"=!
—ﬁw[rr+l+r+6]. t>00>0,n=1,2,3,..
+ 2

fn(f} E[Ane—m]

By the method of moments we have

- N} I B
(1=
n(j—n)! il
o G Vi |
= l"n("mn)! 0+180J
= (—I)f‘"rf"£j+l+9
e~ Tn(j—n)! 6/ 6+1

5(i+1+0]

Identity 3.19
Equating the above two methods we get

= (=1)-"- jLj+1+0 @82 p! .
J._)_:_,, Tn(j—n)'gp’ 01 s+iroprantiti+o]
i(—l)f—":-f—" jli+1+6  8? n!
S (-n! 6 6+1 0+1(1+0)

—=[n+1+240]

The rth moment of the Erlang mixture is

E(T") = %E[A g
)1 —r)0—r+1
T Inm 0" 6+l

st sap@=rt1
S Ry
E(T}:r("-'-l)l"[O)G ]

Tn G+l

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)
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3.9.2 Exponential-One Parameter Lindley Mixture

Construction by the direct method gives

fi(t) = Ejge™"]

0* 1 5
= R Gay T
6% 1+6+2
zm(r+6)3‘ r>0:8 >0
By the method of moments we have
0 [ l J’...]rj...] )
=Y S

= (-1
(=11 1 j+140
(j—1) 6/ 6+1

.
Il

J-1d j+1+0

=)=l .
(=1) 6/ 6+1

|
| gt K

[
Il

Identity 3.20
Equating the above two methods we get

(=1)

™

/

The rth moment of the Exponential mixture is

E(T")=rEA”] m

18 |

Tld=r)0=rfl
8T e+1
0—r+1
—— —_pe
=r'(1-r)e o1
e)

E(T)=T(0)85_ 5 ==

3.9.3 Poisson-One Parameter Lindley Mixture

jolgoid 146 _ 6% 14642
, 0/ 0+1 6+1(t+8)°

(3.126)

(3.127)

(3.128)

(3.129)

(3.130)
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!
Pn(f} = ;ﬁf(f)
Construction by the direct method gives

" n =i
PH(I)=EE[A e ]

" 62 n
:Ee+17{r+9}"*3[”+]ﬂ+6]

0" t+0+n+]1

=, t>0;0>0
g+1 (, + 9);!+2 J
By the method of moments we have
32
=2 Fa f_".rf :
piy =Y S g

= nl(j—n)!
(=1) ™ j! j+1+6

Eon(j-ntel e+1

[
Il

8

ot (J\Nj+1+0
LgyiEas, gt
=1 6/ (rz) 6+1

]
™

-
i

Identity 3.21
Equating the above two methods we get

i

z(_])j_"(i)j(j)ﬂ|]E|=!” 6- t+6 }n;l
o' \n/ 0+1 0+1 (t+0)y+2

(=it 1O+ j+1 6% gr04n+t]

r

The PGF of the Poisson mixture is

G(s.t) = E[e_(] """:'”‘]
8% (1—-s)+0+1
T 0+1 [(1-s)+6)2

J=n (J _”)! 0/ 6+1 - n'8+ 1 (f+8)"+2

(3.131)

(3.132)

(3.133)

(3.134)




53

The rth moment of the Poisson mixture is

E(T") =1"E(A")

_ B Or+]

T e 0+1

- r!{%}’a ;: ' (3.135)
o E 042
E(T)= 9971 (3.136)

3.10 Erlang-Type | Two-Parameter Lindley Distribution and its Links
3.10.1 Erlang-Type | Two-Parameter Lindley Mixture

The Type | Two Parameter Lindley mixing distribution is

9a+l o+ A ,—Blla—l
ga) = L Lo+ Al ,
0+1 Cla+1)

A>0:8>0,0>0, (3.137)

i 9a+1[a+;{] {,—B).la—l

n_ —InN = I
Blee ]“]n e 0+1 T(a+1)

Gtzll oo .
s :Ln-.-(r—l ,—A(1+8) o+ AldA
(6+1a+1)Jo mL | ]

dA

_ gat! (@ /MP—A(HG]lwa—]dl + /w(,—,l[r+ﬂ}lu-adl]
(+1)(o+1)" Jo Jo
B 9o+ al(n+a) THr+a+1)
S0+ 1)D(a+1) (t gf)+* " (t+0) !
_ patl I(n+«) n+ao
(@ + D)@+ 1) (t+ 6)"'*“[ r—B]
gat] C(n+ a}_l [a(r+ﬁ+n+a]

- (6 +1)[(0+1) (1 + @)+
_ 6% T(n+a)[a(t+6+1)+n]
T O+ )T (a+1) (r+0)+at (3.138)




Construction by the direct method gives

Ji

1
folt) = FE[n"e™ g

rJli I 6{! +1 I"(IH—Q:} [a(f—'—m}—l}{—”]
Tn (6+1){a+1) (f_|_9 ntetl

n+oggl as1 G(t+0+1)+n
= . : : 0.n=1273..
( i-1 )(:+e :+9} S aErn =k P>%E8>0e>0n=123,
(3.139)
By the method of moments we have
(—1)d—npi-! .
falt)= } == B(N)
' gr I'n(j—n)!
_E{_] Y=t 9%t T(j+a) [a(0+1)+ j]
= 1".*!(_; n)! @itet (a4 1) 6+1
): -1 T(j+ ) [a(0+ 1) + ] 10}
Tn(j—n)! 8iT(a+1) 0+1 '

Jj=n

Identity 3.22
Equating the above two methods we get

(= l); "W T(j+a)a(@+1)+j  (n+o—1 " s @E+6+1)+n
E ( 1 )(r+6‘}(r+9) II

i= Tn(j—n)! 0il(a+1) 6+1 n— (e+1) ]
E —1)1—"r1—"L1"(;+a)a(B:—I)+j_ 0! Tn+a) a(t+6+1)+n Srid
LTG=wy eila+1) 8+1 (8+nT(a+n) (ot M
The rth moment of the Erlang mixture is
o D(n+r .
E(T") = —F, )E(A )
_Din+r) 1 r(a—f')[a{ﬂ—l—l)—rl
- I'm 6 7"T(a+1) 6+1
_D(n+r }F(a—r P 0(0+1)
=—Tw T(atl) 0 0Tl ] (3.142)
T+ D)T(a—1), a(@+1)-1
E(T)= Tn F(a+l)[ 0+1 ]
=L [x(8+1)—1] (3.143)

alo }9+]
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3.10.2 Exponential-Type I-Two Parameter Lindley Mixture

Construction by the direct method gives

f](f)—-E[f'\E M]
0%l M(a+1)a(t+6+1)+1
TO+NT(a+1) (1+6)%+2
= 0 )a_},|a(r+8-1-]}-l—l

@t greyety’ 12 Ho>he>0 (@.144)

By the method of moments we have
(=11
1 (J_ I)!

(1)1 9%+ I(j+a) a(@+1)+
T (G=1)! @iHat i g+ 1) 6+1

(1YW 1T +a) a8+ 1)+
G-I _@iT(a+1) 6+l Sin)

filr)

[
™

E(n)
J

Il
™

)

Il
™:

1

Identity 3.23
Equating the above two methods we get

o

(1) 1 T(j+a)a(@+1)+j , 0 o a(+0+1)+1
E’. (j—1)! 6iT(e+1) 6+1 _((9+r}}+ 1) (3.146)

The rth moment of the Exponential mixture is

E(T") =rEA™]
1 T(a—r)ya(@+1)—r
O Ne+1)  6+1
_ arl(@=r)a(0+1)—r
=0 Ta+1) elé_l (3.147)
_JT(a—=1)a(B+ 1
E(TJ_GI"(O:H) 0+1
- 9 a(@+1)—1 3 e
“0+1 af@-1) (el
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3.10.3 Poisson-Type I-Two Parameter Lindley mixture

PA(t) = 1)

Construction by the direct method gives

Pu) = ZE[Ae

" 0% T(n+a)a(t+0+1)+n
T (@+1)(a+1) (r+0)+et!

_L( t i 0 }a_‘_]l'(n+oe)[a(r+9+l)+n
n!'@+1t’ 041" T(a+1) og!
n+o—1 t o 6 g 0t+0+1)+n
= - 03 0, 0
(n—l ){9+:”9+: = Wy 4> 0e>0,0>
(3.149)
By the method of moments we have
m . .
= (~ 1 :
Pl = ) T BN
®) J.Z;In!(;—n)! (A8
e (=) T(j+a)a(0+ 1)+
Jz;in'(;—ﬂ)'ﬁlr(a’+|) 6+1
- ko) glo +1)- g
zn"‘ i —n) F(a+l} 6+1 (3.150)

Identity 3.24
Equating the above two methods we get

)

aft+6+1)+n

E (i)jl‘(j+a)a{9+l)+j_(n+a—
Sn(j-n)!0’ [(a+l) 6+1 N

i(—l)f—’*:i—"utr(j+a)a(B:—I}+j_ 0%t Tn+a)a(t+60+1)+n
= (f=n)! ¢Na+l) O6+1  (O+0)Da+l) [+

(3.151)

I n ot
n—1 )(B+r}(9+r) l n(@+1)

|
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The PGF of the Poisson mixture is

G(s,t) =E[e 170
6! Tro  of(1-sp+6+1]
T 0+1T(a+1) [0+ (1=s)]2t!
0 a”((]—s)f+9+|

=GTa= 0+1

)

The rth moment of the Poisson mixture is

E(T") =t"E[\"]
—r’L Iir+a)a(@+1)+r
O Tla+l) 6+
L Tr+a) a(0+1)+r
=13/ T(a+1) 6+1
. t T(1+a)a(@+1)+1
ET) =) a+1) o+
_toa{e+1)+1
T8 6+1

3.11 Erlang-Type II-Two Parameter Lindley distribution
3.11.1 Erlang-Type 1l-Two Parameter Lindley Mixture

The Type II-Two Parameter Lindley mixing distribution is

L OIBHAl g .
g(A)= ROl e, A>0,0>08>0,

(3.152)

(3.153)

(3.154)

(3.155)
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E[/\" —U\ / A —flsﬁ[g:;{] —Bld‘l

n_—A(1+6)
,69+1 i " A = B +AJdA
_ 0> Br(n+1) T(n+2)
_,69+1[(r+9)"” (r+9"'"]
__08r@n+n gyt
BO+1( r+6""[ r+.9]
ﬁe' M[ﬁ(wennﬁ]
62 B(t+6)+n+1
=Tg ])(r+6}"+°[ pe+1 ]

Construction by the direct method gives

- 1

fn(-'}= = E[f’\".ﬁ’_m]
-1 2 B(t+0)+n+1
¢ Trepz ! Il Bo+1 |
;(rie’"(;fe)z[ﬁ(r;ﬁe)flﬁI]‘ t>0;0>0,>0,n=12,3,..

By the method of moments we have

o —1 f= - _
7= L S B ()
j=n
o (=1)4- "rJ“ I BO+j+1
);, Fn(;—n )! BJF(J+ ]

L ()Pt

)

Identity 3.25
Equating the above two methods we get

e (=0 N O+ j+1, m, 5 B(t+8)+n+1
ﬁ;); 6/ ()[ Bo+1 ]ﬁ?(r+e r+6 ’ pe+1 ]
=BT '! po+ij+1, 6>  B(t+6)+n+tl
?:,, T I L T W A v A Ty

(3.156)

(3.157)

(3.158)

(3.159)
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The rth moment of the Erlang mixture is

E(T") = ”'1’.: D p(a-r)
In4+r)T(1—=r) fO—r+1
In 6" [ ,39—1—[ ]
1"(.'1+;) i r+1
0 - ner gt
5(r) - S rope 2 -

3.11.2 Exponential-Type II-Two Parameter Lindley Mixture
Construction by the direct method gives

fi(t) =E[ne™
B 82 B(t+06)+2
=@=07 po+1 |
pt+6)
[(r+9(,86+

, t>0;8>0,8>0

By the method of moments we have

o fj_l .
'—WE(;\"‘)

(=1)- 1=t BB+;+1
(j—1) po+1

(=1)/~ 1= 1,_"'._.1E9..t-’___ ]

ok
T
£

hir)=

Il
s

J

-,
Il
-

Il
gk

.
|

Identity 3.26
Equating the above two methods we get

s icve1 d BO+j+1, 5, P(t+8)+2
LY G T 1= e g royge+ )

j=1

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)




The rth moment of the Exponential mixture is

a
(1) =rE(A)
—-r +l

=ril[(1—-r) 9'[ ]

E(T) =T(0)0l 55~ ,1

3.11.3 Poisson-Type II-Two Parameter Lindley Mixture
.
Py(t) = ;.fn(f)

Construction by the direct method gives

Fift) = ;—!E[A"e““‘]
_# P B(t+6)+n+1
WF( +1)[W]

t 2 Bt+6)+n+1

=gk :+9[ BO+1

l, t>0,6>0,8>0

By the method of moments we have

Pa(t) = f(_] ) )

=i (J n)!
= (=1)/™ j ,‘39+j—H]
'(J—n)'ﬂ»‘ Bé+1

=}°f( gy (T B

j=

53

(3.165)

(3.166)

(3.167)

(3.168)
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Identity 3.27
Equating the above two methods we get

e = e G e
):: = :::H_” ﬂ ﬁ;;ij I': ol 1}(; +f)”}2[ﬁ{r;2):ln+ l] (3.169)
The PGF of the Poisson mixture is
G(s,t) = E[g"ﬁ‘—é‘)m]
=[( er+9] [5[(1—ﬁgl+’9]+1] 10
The rth moment of the Poisson mixture is
E(T")=t"E(N")
e
[B,?;;: Il 3.171)
BLl= }[ﬁe 2] (3.172)

3.12 Erlang-Type llI-Two Parameter Lindley Distribution and Its Links
3.12.1 Erlang-Type llI-Two Parameter Lindley Mixture

The Type I11-Two Parameter Lindley mixing distribution is

0%(1+82] -

g(A) = 073 A>0:0>0,6>0 (3.173)
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E[/\" / Ale —iﬁ.e [I |5/1,J _Hj’dl

9+3/ Ae —Wmlu 5A)dA

82 [l'(r1+l 51'(:1+2)]
_9+a (I_I_G)H{] (f_i_e)uiz
8% I(n+1) i 6{n+1)]
T 0+8(t+0)H! t+6

82 I(n+1)
:9+3W[r+6+6(n+1)]
62 t+0+8(n+1)

=mr{n——l)[ 056 ]

Construction by the direct method gives

- |

Lu(t) = ﬁb[/\ e~

el gt 1+0+8(n+1)
T I (r+6)”*3r(”+]}[ 0+38 ]
n, t ., 0 LHt+08+8n+1)

=?(r+9 r+8)[ 6+6

By the method of moments we have

B oo ( |); .-;.,; 1 i

50 =L F = EW)
_"“(l]a“rf'] 0+8(j+1)
—g‘ In(j—n)! 0 gt ULl f+08 ]
o= (=) =npj-1 1\ @+ 8(j+1)
—Z}. 0J n(n)[ 0+06 ]

Identity 3.28
Equating the above two methods we get

—1)mi=t [ f 5 ( n ’ n
z( 1} s (;)[e-l'b(j-l'l)] e yi( )[r+8+5( +1}]

J=n 9+3 ! f+9 .'+9 9+6
(_])j N O+, o 62  1+6+8(n+1)
;);!. (j=n)! 9’ o+s 1+l +9}‘”’[ 6+

], > 0:8>0,6>0,n=1,23,..

]

(3.174)

(3.175)

(3.176)

(3.177)
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The rth moment of the Erlang mixture is

E(T) = r(';_: ") E(A-r)
- gt
_ r(nr: S "”Heails_ ),
£(1) = " Doroy 2420, _.,

3.12.2 Exponential-Type lll-Two Parameter Lindley Mixture

Construction by the direct method gives
e
filt)=E[ne™™]
0 1+6+428
T(+0)y 6+6 )
] t1+6+28

=G Trem+e)

, t>0,0>0,6>0

By the methad of moments we have

(=1 )f"rfl'E
(j-1)
(=1}"1¢=1 1 84-8(j+1)
(G-1! 6/' 6+5
(=111 9+8(j+1)
o T 4s )

E(A)

—
=

I
(Wok

~.
|

Il
| ngt

|

-~
Il

Il
1:

S
Il

Identity 3.29

Equating the above two methods we get
i(—l)f"rf"'_[6+3(j+l],|_{ 0 2 1+0+26 ]
= e Ters T ite’ G+e)e+o)

(3.178)

(3.179)

(3.180)

(3.181)

(3.182)




The rth moment of the Exponential mixture is

E(T") = r!E(/\""')
P 0+8(1—r)
1T -
— 10'T(1 - [9—1-3(] f}]

r)
6+6(0}]_m
B+0

E(T) = 6T(0)]

3.12.3 Poisson-Type llI-Two Parameter Lindley Mixture

Rﬁ}zﬁum

Construction by the direct method gives

,H
H;( ) _'E[}'\" —U'\]
n!
_ 0> A+60+3d8(n+1)
on! (.f+8 Wl ,,l'(:H—l 9+—5]
_____ " 2 1 4+0+8(n+1) .
g+9}g+9)[ o5 b 1>0:0>08>0
By the method of moments we have
a
2 (<1
Py(r) = E(N
n(} }-z':lﬂ'(f J (;‘ )

= (=1)" | 'e+au+1“

_jz_:!n'_,' n)! @J 0+68

SRR

Jj=n

(3.183)

(3.184)

(3.185)

(3.186)
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Identity 3.30
Equating the above two methods we get

):(

Jj=n

a i\ 0+8(j+1). .t ., @ t4+048(nt1)
J( (n)[ 6+38 ]_(r+6}(r+9)2[ 0+6 ]

(=1)="= j1 8+8(j+1) 02  1+6+8(n+1)

_‘f—;ﬂ (J“’_H)r ej 6+6 ] (H+ )(f_f_a)ﬂlzi 9+5 ] (’3]8?)
The PGF of the Poisson mixture is
G(.’}'.f) e E[g_‘l_-‘:lff\]
= 0 139+5+(|—S}!
_[(I —s5)i + 6’ [ 8+o J (3.188)
The rth moment of the Poisson mixture is
a
E(T")=1"E(N")
VLIS (5}
0+
- r 9+3{]“+ l)
_r'{ﬁ) IW] (3.189)
9+23
}[ ] (3.190)

3.13 Erlang-Type I-3 Parameter Generalized Lindley (G3L) Distribution
and its Links

3.13.1 Erlang-Type I-3 Parameter Generalized Lindley (G3L) Mixture

The Type 1-3 Parameter Generalized Lindley mixing distribution is

go+l [,30! _:_3_] (’_ellﬂ_]

() = , A>0 0, 0, 0, :
g(d) 56 T@+1) >0, >0,a>0,8> (3.191)




28%H[Ba+ 4] e 0A30-1
pe I(a+1)

I A e ~A(1+8

- ,(jer'(a_,_])fu A e NBa+A)dA

_ ke h+a) Tnt+e+l)

B ﬁer(a"' ])[ﬁa(1+8}"'+a &2 (;+6 rr+££+]
atl

B ﬁeﬁ(aﬂ)( r(;}ﬁm[ﬁa(we)ﬂwal

I'n+a) g+l [,3{1(!+8}+n+a

E[Ane—n’.]:/ lne—.r
JO

60!+I

~T(a+1) (r+8)yar B6 ) L
Construction by the direct method gives
""_I n_—th
fn{f}— 'ﬁE[A € ]
_£F{Jl+(x) o ,Ba(r+9)+n+a]
" Tn D(a+1) (14 60)r+o+l il
_(nt+a-1 t o 0 g Ba(t+8)+n+a ) B
—( i )(r+9)(1+9} [ B0 i 150050, >0,8>08=1,2.3,.
(3.193)
By the method of moments we have
(- |)J’ nyj—1 .
1 = E{/\J
falt) = J):" “’“m’ )
Y IT(j+a) 1 Bab+j+a
= I (3.194)
E, R T

Identity 3.31
Equating the above two methods we get

(=)' T(j+a) 1 Bab+j+a (n-Hx—l).

}Z:, l'n(;w' Fla+1)6/ pe = n—1

E( 1)/-"J-"T(j+ea) 1 Ppabd+j+o
(j—n)! T(a+1)0 [ pe [ T(a+1) r+6

{ yi( 0 )M,[,Ga +8)+n+a
r+6° "t+0 tpo

F(n+a ar1 Bt +0)+n+a
A po(r+e)" ]

(3.195)

]

j=n
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The rth moment of the Erlang mixture is

E(rr) =~ g(n)
l'(n—!—r)l'(a—r) 1 Bab—-r+a
Tn (a+4)§_ﬂ Bo ]
l'(n+r Na-r) . pab—r+o
Tn Ta+rD°l pog | Qdoe)
Cin+1)T(o— } pod —1+a
BE)= I'n F(a+l}l pe |
~ n6  Pab-1+a
= = I}[ 56 ] (3.197)

3.13.2 Exponential-Type I-3 Parameter Generalized Lindley(G3L) Mixture
Construction by the direct method gives

A =E[pe™]
0%t Ba(r+0)+1+a

Tt +0)a+2 Bo ’
=hfea”ﬁa“+mmé'%,;>m9>ua>uﬁ>0 (3.198)

By the method of moments we have

o _[J—pfl

ﬁu==Z Y E(N)

i (=)' + a) ]%aﬁ+;+a
=T (G-ND T(a+1)6it pe ]

(3.199)

Identity 3.32

z (=1 W-Ir(ji+a) [ﬁa9+j+a

= a,,[ﬁaHG )J+1+0o
(=1 I(a+1)6) Be _r

(1056 | (3:200)

J=1




The rth moment of the Exponential mixture is

56 ] (3.201)
o L(@=1)  pab—1+a
ED=rarn®™ pe
0 Bod—1+a
— P 7 I)[ 5o ] (3.202)

3.13.3 Poisson-Type I-3 Parameter Generalized Lindley (G3L) Mixture

Prr(?} — :_lﬁf(f)

Construction by the direct method gives

i) = SEINe -
Ba(r+6)+n+a]
pe
ari Bo(t+0)+n+o
I+ )r+9} [ pge ]

_"T(n+a

) gat]
TalT(a+1) (1 +0)rat
)
)

_ IF{n+0:[ t
T all(o+1

n+o-—1 i ar1 Bo(t+0)+n+a
=( n—1 )(:+e”r+e) ' nBo h

1>0;6>0,>0,0>0

(3.203)

By the method ofﬂ)ments we have
=117t =
A=Y S )

j=n U !

_ v ( 1)/ " T(j+ a) 1 pab+j+a
JZ;JHI(J ) Moa+1)80 [ Bo )

T [ -
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Identity 3.33
Equating the above two methods we get

i(_l)j._,,l(a+j—1)(})(L)J-[ﬁa6+j+a]:(n+a—l)( t i 6 )a_,_,lﬁa(r+”f;)9+n+

= Jj\ Jj—1 n/'0 Bo n—1 t+6" ‘t+0
i(—l}f‘"rf‘” F(j+aJL[,fja9—j+a]_1"(n+a) 0%t Ba(t+6)+n+a
- U=nl IMo+1) 64 Bo T T(a+1)(r+6)Fat Bo
(3.205)

The PGF of the Poisson mixture is

G(s,t) = E{e_':'_"’)“ﬁ']

~ Ta | 0 ]m,[ﬁalfl—.s')r+6|+a]
T T(a+1)'(1—s)t+8 Be
_ 0 anBla-ste]+1
e U pe =
The rth moment of the Poisson mixture is
E(T") ="E(gf)
_JI(r+a) 1 Bab +r+a]
- D(e+1) 07 pe
_T(r+e) t,, Bab+r+a
E(T)= (%)[ﬁa{;;%] (3.208)
3.14 Erlang-Type IlI-3 Parameter Generalized Lindley (G3L)
Distribution and its Links
3.14.1 Erlang-Type 11-3 Parameter Generalized Lindley (G3L) Mixture
The Type 11-3 Parameter Generalized Lindley mixing distribution is
05 g FA) e BA 0] .
g(A) = 275 Na+) A>00>0a>06>0 (3.209)

]
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0" [a+8Ale Ar!
B+9d INa+1)

T (6+8)(a+ l)fo l”""a'"lg'”a'\f"'e}[a+5‘l]dl

_ han ol (n+a) " Sr(gga + ]
(6+8)T(a+1)"(t+0)H*  (t+ 9)"“‘“

B g+l I(n+a)

(0 +8)(a+1) (t+0)rtatl
_[Cn+a) %! a(t+0+08)+dn
T L(a+1) (14 @)rtat] [ (6+9)

E[/\"e_”‘] = fﬁ '1"8_“1
JO

ea—H

[oc(r+0)+ 8(n+ )]

] (3.210)

Construction by the direct method gives

n—1

fn(r} = {HE[AHE-—M]

t" 'I“{u+(x) oot o(t+0+3)+dn
,ﬁr(a+])(;+9}u+a---| (6+9) ]
_(nta-1 t o, 0 g0t +0+8)+38n _ B
_( n—1 )(f+9] (J+9 [ (0 +8) b 120,020, >0,6 >0n=1,2,3,:
(3.211)
By the method of moments we have
B o {_]}j—nl,j—l j
fn(f]—JEIWE{/\ )
(=1 '"T(j+a) | o(0+8)+8;
z In(j—n)! F{a-{-]}gj[ (6+9) ] (3.212)

Jj=n

Identity 3.34
Equating the above two methods we get

i(—l)f—"ri—'r(j+a)|_ a(9+3)+5j]:(naa—l) t i ] )a+,[a(:+e+6}+3n]
= In(j—n)! T(a+1)6/ (6+98) n—1 t+0° ‘r+60 1(0+9)

E( 1)~ I(j+a) 1 [a(9+5)+5;] Dp+a) 6 (t+6+38)+6n
(j—n)! T(a+1)6/" (86+38) T(e+1) (r+6)+at! (6+9)

(3.213)

]

j=n
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The rth moment of the Erlang mixture is

E(T") = r';_:’ E(A™)

e L
- e o3

- a(an—l)s[ (?6++8;)_3] (8:218)

3.14.2 Exponential-Type II-3 Parameter Generalized Lindley (G3L) Mixture

Construction by the direct method gives

8]
fi(t) =E[Ae™)

] JaH a(t+6+6)+0

:(H_B IR , t>0,6>0,a>0,6>0 (3.216)
By the method of moments we have
= (=1)-1g/-) :
1) = —E(N
1) = L gy )
1)1 r(j+a) 1 a(@+8)+8;)
J.; (-1 T(e+1 JBJ'I (6+9) I G
Identity 3.35
Equating the above two methods we get
Z{—I Y-l r(j+a) 1 (9+3)+6j]_{ 0 )m][a{:+9+6}+6] e
=] T(x+1)6/" (84+8) ' ‘t+86 (1+6)(0+9) g
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The rth moment of the Exponential mixture is

E(T") = rE(A™")

[(x—r) 0" (6 +38)—6r
- pl
r'r{a +1) o (8+48) ] feais)
_ - Ila-1), 0(0+6)—-0
E()= Ma+1) [ (6+9) ]
B G} a(0+8)—-6
=~ &a-D_ (@+rs) (%)
3.14.3 Poisson-Type 1I-3 Parameter Generalized Lindley (G3L) Mixture
t
Py(t) = —fulr)
n
Construction by the direct method gives
P s :" E i )l-"\
,;(-’J—E ,[}\ & ]
_ﬂr{n+{1} g+l a(r+9+5}+3n]
T nlT(a+1) (r+e)"+ﬂf---' (6 +96)
B n+o—1 y &l o(t+0+38)+dn )
_( o )(;+e (r+9) Fwess ) 1>0:6>0a>08>0
(3.221)

By the method of moments we have

iy
[ 6 |

F O i

Fy(r) = E(/\")
LG
i“(—l}J " T(j+ a) [a{ﬁ‘ 5}+5;]
Fﬂn' j—n)!T(a+1) 6/ (60+38)

SF o () (T VD,
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Identity 3.36
Equating the above two methods we get

j=n

i

i (=)™ "r(j+a) 1 a(9+3)+6J']_F(n+rx} %+l aft+60+8)+én

o (F=nl M(a+1)07" (6+05) T I(a+1) (t 4 @)rtat! (6+9)
(3.223)

The PGF of the Poisson mixture is

G(s,r} - E[e—:]—s]m]
=] ] J+ I'a [a[(l—.s):+6+3]]
(1-s)i+86 al'a 0+8
B 0 a+1(1—8)+0+38
—[(1—_\-).-+9] I 6+46 I Ry
The rth moment of the Poisson mixture is
&
E(T")=rE(N)
Ir+o) 1 oc(9+3)+8r]
[(a+1)6" (0+8)
Tlr+a) 1., a(0+8)+6r
- l'(a+ I)(BJ [ (6+96) ] e
B o(8+3)+0
( )I CFY)) ] (3.226)
3.15 Erlang-Type IlI-3 Parameter Generalized Lindley (G3L)
Distribution and Its Links
3.15.1 Erlang-Type Il11-3 Parameter Generalized Lindley (G3L) Mixture
The Type 111-3 Parameter Generalized Lindley mixing distribution is
2 A
g(l):wc‘”. A>06>0>08>0 (3.227)

Bo+38

(12
— I)f " o+j—=1\, 1 ;a0+8)+6j (n+a-1 \a oft+0+8)+q
; (.’1)( j—1 )(E)j[ (68+38) I= ( 1— | )(1-1—9} (.'-E—B "l n(0+38)

]
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E[/\” —.r'\ / Alle —rleé’i 65’1] —H’]'d.l

= ﬁg - f“a"e—lwl[ﬁ +8A)dA

0? B I'(n+1) s r'(n+E)
=Bass P arey oG

6= I'(n
ﬁ9+5(r-(|-9}"+2['6 (t+8)+8(n+1))
62 1+6)+8(n+1
=T(n+1) +e"+,[’6( ,6)6+6( )] (3.228)
Construction by the direct method gives
ni—1
. e n,_—th
fut) = Th E["\ € ]
=1 e B+e)+amt1)
=—T(n+1
T Ot }(:+e)n+’[ 3O~ ]
> 9 6 1
=?(ri9 :+e} (B '+ﬁ9':_6(”+ ), >%6>0,8>0,5>0n=1,23,..
(3.229)
By the method of moments we have
. _ — (_I}j_"f’i_] ;
fn(f)—J HWE(A )
E( 1)d=md=1 ,‘39+3{j+l)]
= n(j—n) 0;' PO+8
(- 1}1 ".r»" Ji\BO+8(j+1) _
;,. )| Bo+o | 9

Identity 3.37
Equating the above two methods we get

E (=) N\ BO+S(i+1), n, t . 0 5 B(t+0)+8(n+1)
2 0J "(n)[ BO+ 8 ]_?(r-i—e)(-'-e)zl BO + 8 ]

o (=1 7" L BO+8(j+1), 0>  B+6)+8(n+1)
J}—: G-mt 61 pots -l tNaepmt pats

(3.231)

j=n
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The rth moment of the Erlang mixture is

T(n+r) E(A~

BT )= I'n )

Cn+r)T(1=r) BO+8(1 =)

s T B6+38 ]

= _rli;l- ’}l‘( 1— 6!”[—‘39‘;-96_(|_l 3_ r)] (3.232)
E(T) = (”r*”rm)e[ﬁe <= —

3.15.2 Exponential-Type IlI-3 Parameter Generalized Lindley (G3L) Mixture
Construction by the direct method gives

fi(t) = E[ne™]

02  B(t+0)+26
@9}‘[ Boe+d !
B(t+8)
[(r+6 ,BS+3]

t>0:0>0B>0,6>0 3.234
.'+9 B : ( )

By the method of moments we have

B i(—l}f""rf"]iBB+5U+1)]
(j—=1)! 6J po+8

_y j=1y=1d BO+8(i+1) .
_Ei( 1)/~ 61[ B0+5 ] (3.235)
Identity 3.38
Equating the above two methods we get
B(t+0)+26

Y (—1) 15[ 305 ]_(r—SJ [(,+9)(ﬁ9+5)

] (3.236)
i=l
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The rth moment of the Exponential mixture is

E(T") =rE(A)
_ (BO+8(1—-r)
=00 —gp5 |
B6
BO+6

(3.237)

E(T) =T(0)0

(3.238)

3.15.3 Poisson-Type IlI-3 Parameter Generalized Lindley (G3L) Mixture

t .
Pu(r) = — fulr)
n
Construction by the direct method gives

f" \
P”l:.f) = FE[ANE i I

it 6> B(t+60)+8(n+1)
Tr{ﬂ' I}(r-‘-ﬁ)"":[ ﬁ9—|—6 ]
= (——)"( . )2[ﬁ(r+9)+6("+1)]1 1>0:0>0,>08>0 (3239

t+0° “r+8 Be+a

By the method of moments we have

- EVE (—1)} L

1(j
— n!(

_ —I)Jr "t jl BO+8(j+1)
_Zn( —n)'ef BO+6 ]

Jj=n

- § iy (F) ey

Jj=n
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Identity 3.39
Equating the above two methods we get

— , Be+6(j+1) t 8 L, B(t+0)+8(n+1)
Jj=n J — n
g' L) () ()l BO+8 ) l[r+9)(r+6)[ Bo+é ]
= (—1)J-mn j1 BO+8(j+1), 0>  B(+6)+8(n+1)
Ei G=mi &l pa+s T Vaeyel —pars )
(3.241)
The PGF of the Poisson mixture is
G(s,t) = E[e"1=51"4]
B ] 2 Bl(1—s)t+6]+ 6,
=lai=orre' U pBete D)
The rth moment of the Poisson mixture is
E(T") =VE(N)
_r,r! pO+d(r+1)
et Bo+s ]
i BOHE(r )
_"(8)[—ﬁ9+5 ] (3.243)
pos “5] (3.244)

BT =(z) a5 5

3.16 Erlang-4 Parameter Generalized Lindley (G4L) Distribution and Its
Links

3.16.1 Erlang-4 Parameter Generalized Lindley (G4L) Mixture

The 4 Parameter Generalized Lindley mixing distribution is

9+ [Ba + 5] ¢4 12!

B6+8 T(a+D)’ A>00>0a>08>08>0  (3245)

g(A)=
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n,—tA = -t 8%+ [Bor+84) e~ 0Ap !

E[A"e ]=fuhe A ﬁ[g+5 ]F(a+l)

— Lfmlnvka--I{,---A(M-B}[‘Ba_f_‘slldl
(BO+6)(a+1)Jo

_ o+ Ba I'n+ ) N l'(n+a+l)]
(BO+O)(a+1)" " (t+0@)+e = (¢t + G)n+otl

i In+a)

T (BO+d)(a+1) (t+O)niail
Tn+a) %! Ba(t+8)+6(n+a)

- 1'(a+|)(r+8)”*“+‘[ Bo+5 ]

[Ba(t+6)+6(n+a))

(3.246)

Construction by the direct method gives

n—1

falt) = =E[n"e")

—ﬁr o) 6% ﬁa(-'+9)+5(n+a}]
T Tn D(a+1) (14 6)r+o+! Bo+o
_(ntoa-=1\, t . 0 . Bolt+6)+8n+a) _ -
_( n=1 )(f+9)(:+9 | ((BO+9) , t>0,6>0,2>05>08>0,n=1,2,3,
(3.247)
By the method of moments we have
e (—1)/—m-1 ;
frl(f)—iznwﬂ'(/\}
)’ "W T(j+a) 1 Bad+38(j+a)
g’ (j—n)! F(a-,—])eil BO+& J (3.248)

Identity 3.40
Equating the above two methods we get

i(—l}j—n,J—lF(j+a)|_[ﬁaﬂ+5(j+a)]_1(n+a—l)( Y ) )a+,[Ba(r+9}+5(n+a)]
&, Tn(j—n)! T(a+1)6/ po+36 Tt\ n-1 J'1+6" “t+e BO+36
Z( 1)J-"npd- "I(j+a) [,Ba:ﬂ 8(j+ a:)] [(n+a) ga Ba(i+6)+ (n+o:}_]
—ﬂ)' F(a+l 36+3 Mo+ |)(r+3):1+a ] ﬁ8+6
(3.249)

Jj=n
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The rth moment of the Erlang mixture is

£(rr) =180 E(n" *‘)
=a(;9— [ﬁaeﬁgsg_l}] e

3.16.2 Exponential-4 Parameter Generalized Lindley (G4L) Mixture
Construction by the direct method gives

fi(t) =E[ne™]
_ g ﬁa{r+8}+6(a—:-l)]
(r+9)a+2 Bo+6
o1 Bo(t+0)+8{a+1)
=4 [ (t+0)(BO+6)

H—B |, 1>0:0>0,aa>0,>0,8>0 (3252

By the method of moments we have
m‘ 1 j-1
_§ e
i) = L )

1) T+ @) 1 Bad+8(j+a)

_j)::l G- @ )ef‘[ o5 | s
Identity 3.41
Equating the above two methods we get
i 1) TG+ a) | [ﬂa8+5{j—a}]=( ] )a+,[ﬁa(:+9}+8{a+l}]
& (-1! Tla+1)6/" Bo+3s t+6 (t+6)(B6+3)

(3.254)




The rth moment of the Exponential mixture is

E(T")=rlE(A)
_ o r} ,B(I8+5(a—r}
e 0 B0 ] (3.255)
o - 6 ﬁa@+3(tx—l)

2= g !
T(a+1) B6+6

2] pab+d6(ax—1)
oc(a—l)[ Bo+é8 )

(3.256)

3.16.3 Poisson-4 Parameter Generalized Lindley (G4L) Mixture

Pi(r) = :_I a(t)

Construction by the direct method gives

" 1h
_ U pran,—tA
Py(t) = ”![:[f\ e

"T(n+o) o« Ba(t+6)+d(n+a)

=Fﬁa+1}(;+e)w---' BO+8 ]
_(n+a-1 y ar1Bo(t+8)+8(n+a) :
_( o )(:+e (r+9} [ (B0 13) ], 1>0,6>0,>0,>0,8>0

(3.257)

Bt the method of moments we have
B (=1) ﬂ,u' "
H ) E ”I(j l‘l)' )

j=n
E( I}J "f"r(j‘f'a) 1 ﬁa6+6(1+a}
j=n '(Ja'i'l‘(aﬂ}ex BO+5 |

_ o (=) o+ j—1 Bad+8(j+a)
_Ef()( j-1 )(e) Tpers | G
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Identity 3.42
Equating the above two methods we get

d

a

J=n

_Tnta) 6% Ba(t+0)+ 6(n+ a)

Oict-f =1 a8 +6(jt+a), (nta-1 t o, 9 qerBo(t+0)+
(n)( ji—1 )(6)[ po+a ]_( n—1 )(I+9}(I+9]+[ n(fo -+

(=i
J
= (=" (j+a) 1 Bab+8(j+a)
L

L Gonr Na+1oll po+s D@+ =il po+s
(3.259)
The PGF of the Poisson mixture is
G(s,t) = E[e'"“ """”“]
la gorl Bal(1—s)t+86]+da
1'(0:+l}[{l—s)r+9]‘3“'l p6+8 I
a+1:B1(1 +8]+8
=l —e}r+6]l [ Be+a ) oas
The rth moment of the Poisson mixture is
E(T") =t"E(N)
_ Ja+r) 1 Bad+d(a+r)
-f r(a+l}§[ po+6 )
_Matr) 1, Bab+8(atr)
“Ta+D%® L pors | s
: 1
E(T)= (éﬂ%] (3.262)

Erlang-Transmuted Exponential Distribution and Its Links

Given the Transmuted probability distribution as
G(t)=(1+)F @) —yFO)* -1<y<]

-
where F(t) and f(t) are the old cdf and pdf respectively and G(t) and g(t) are the new cdf
and pdf respectively.

The derivative is

g(t) = (1+y)f(r) = 2yF (1) f(1)

]
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Let f(t) be an Exponential pdf;

f)=0¢"% t>0,0>0

then

G(r):(l+})[l—e9]—}[] e

g(t) = (1+y)0e® —2v[l—<' 61196
=(14y)8e~ % —2y0e % + 2y 20
= (1—y)@e~% +2y@e=2%"
=(1-y)0e % +y(20¢72%), t>0,60>0

gt)=(1-a)0e® +200e2%

which is the Transmuted Exponential distribution.
3.17.1 Erlang-Transmuted Exponential Mixture
The Transmuted Exponential mixing distribution is

gA)=(1-a)0e % +2a08e72%*, 2 >0;0>0,0>0

E[n"e ) = [ AeH((1 - a)0e~® +20:0e~204]dA

(1-a ef Ae ”’”cm+2aef Atg—A0+20) )

Lln+1) l"(rr+]}
)u‘-l 20‘.’9( +29}n1]
( — o) 2a ]

G+ 01 G20y

:(l—a)e

= 00 (n+1)[

(3.263)

(3.264)
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Construction by the direct method gives

_f.,(f) = %‘;E[Ane—n\]

m-1 8 (1-a) 20
— E‘GF{H*‘ l}[(‘ 7B 9}"+B+ (I+26)"+|]
n—1 (l —«) 20
= Ont [(,+9)u+| + (t+20) nH]
n 2] t o ne, 20 E i
= - - —_— ) I : 3 =1, 3, ...
i'(I a)(.f+8)(r+6 - (r+26)(r+23) , t>0;80>0,0>0,n=1,23,
(3.265)
By the method of moments we have
= (—1)i-npi=1
t --—-~—~--«»E(X\-JI
70)= ¥ St B
(=020 O
= 2+ (1 - @) +2
gi —,f'.')l (ZS)IL]I ( a}_'_ a]
i .
= l—a)+a 3.266)
JE" ﬁ)l (29 [ { ) ] (
Identity 3.43
Equating the above two methods we get o
o (-1 2] t ., no, 20 ¢ B
j_E "n(;— ey 21— +al =101 ](r-—SJ(f-f-B) G20 528
00 J ngj=n ! i a} 2a
}g" —n}l 8 9)1'[2 (1-a)+a]=6T(n+1) +9)H+] + (r+28)"+1] (3.267)
The rth moment of the Erlang mixture is
b Llntr) .,
E(T") = o -ﬁ(n )
_D{n+r) -
~ Im (26}_ [2 =)o
_I(n+ ) (1- a}
& C(1—r)(20)7 + o] (3.268)
E(T)= r(”r_: ) T(0)(20)] (l ) +a)=-co (3.269)




3.17.2 [Exponential-Transmuted Exponential Mixture

Construction by the direct method gives

file)=E[re™]
(1-a)

:9[{:+9) (:+29)

By the method of moments we have

0 [ [ |
f=EY Y o0

5, 1>0;0>0,a>0

- had (_])_f—lrj—l ! B
=L o ey /(1 -a)+a
=§;(-|)f g 26'}j[zof(l—mc}m:]

Identity 3.44
Equating the above two methods we get

2¢

(26)) Tt +0)

.
Il

The rth moment of the Exponential mixture is

E(T") =rE(A™)

B r!l;g]e__r) R27(1-a)+a
(1 - )20y “) + 4
E(T) = 1(0)(20)[& a} +a)=o0

3.17.3 Poisson-Transmuted Exponential Mixture

P(0) = -4:(0)

(=111 i1 _ ) + ] =95(1_“1+

(t+20)

]

(3.270)

(3.271)

(3.272)

(3.273)

(3.274)




85

Construction by the direct method gives

Ri() = SB[

r" E (1-a) 2a

T H)[( +a)"”+(:-+-29)""]
(1-—a 2a
- rue[E_F B)H+| + (r+29}"+]]
i e E o B 20 o § o )
=1 a}(r+9)(r+9} Ia(r+29)(r+26‘)’ t>0,8>0,0>0 (3.275)
By the method of moments we have
(o) SN
JEI'! n!( —n}'
()"t
J):‘:! TETE 29)!"‘“ o) +
—1 )iy
—): ]} ! (”)[2J (1- o)+« (3.276)
Jj=n ‘
Identity 3.45
Equating the above two methods we get
“(l}f"rf()J 3 L 0 : 0 20 ¢ B
E (26)7 21— +al = (1-a)(=5)(g)" + (7 55) (555)
= (=1)-n—n & (1-a) 2o
;):::, T (29)f[2 (l—a)+o]=0r(n+1 )I( gy +(:+2e)n+1] (3.277)
The PGF of the Poisson mixture is
G(.’i‘-_f} = E[‘;_i-]—_v]h"\]
=5 2 (3.278)

=0l 5rre Y T=sp 20’
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The rth moment of the Poisson mixture is
E(T")=t"E(A")
r!

(26)"
= r!(;—o)"lfz"(l —a)+a

=ri"

27(1-a)+a]

E(T) = (35)2(1 - &) + ]
)(2-a)

=(7g

(3.279)

(3.280)
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4.1

ERLANG MIXTURES BASED ON MODIFIED
BESSEL FUNCTION OF THE THIRD KIND

Introduction

In this chapter Erlang mixtures are expressed based on Modified Bessel function of the
third kind.

The modified Bessel function of the third kind has been defined and its properties given.
Moments about the origin (raw moments) of the Erlang mixtures have been derived and
specifically the first moment has been obtained.

Special cases of the Generalized Inverse Gaussian Distribution have also been derived.
The Exponential mixtures and Poisson mixtures have also been obtained and the PGFs
determined in the Poisson mixtures.

4.1.1 Definition
The modified Bessel function of the third kind is defined as;

I i 2. w .l
Ky(w) = if:} .r'_'e_f“*-lr]d.\‘ (4.1)

which is a fuction of w with index v.
4,1.2 Properties of thessel function of the third kind

They include;

1.Ky(w) = K_y(w) (4.2)

2.Kyi1(w) = ?—‘;Kp(h-') + Ky 1(w) (4.3)

3K (w) = ﬁxr(ur) = — 3Kt () + Koy () (4.4)
N Ty 1) 2w)
4.K.,_%(w) =\ e [1 +f=E] o ] (a.5)

5K (w)= VCe ' (4.6)




4.2 Erlang-Inverse Gamma Distribution and Its Links
4.2.1 Erlang-Inverse Gamma Mixture

The Inverse Gamma mixing distribution is

ﬁa
g{l]=ﬁelﬂl @l A50,a>0,8>0 @)

E[Aue—h’\.]_[ !1" —Ilﬁ _XE:L —a—1 :‘L
0
¥ 0
= 11[30: [ A,”_a_li’_d_%(."ﬁ.

:%/r;m&(rl—-a)—lt,—.r{.l-{-':ii—]dl

let A= \/’[?x — diA= ngdl

& i ry — a’?_‘-...ﬁ ) r
E[/\"e_"“']:B—/ V!iix)"_“_'e Ve Vfgdx

_ .Brx VH-B n—ee X" o _]e..;\f?':‘.!_%]dx

-} 2 /Br
e 5 ! -B )n—ll_/. X{"_a}_ I(,’__‘-"(E:'l-'h%)d.\'
Ta 0

_ ﬁ(\/ﬁyr"-azx «(2VB)  @8)
E(A’"J:_/] 1’ jﬂ’l e
_ [ al-o-1.Ea

Ta

==

let x=

: « Lt " -—

ey =5 [(Ey-eteBa
B ;3?;-“ [ e
=El"a J)

=1}
— J'
B (4.9)
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Construction by the direct method gives

n—1

fult) = = E[A”e"”“i

L3 Iﬁo:
= (\/ }” O:QKH a 2\/_

Tn oo
\/_ )n o
='TEEE_ZK“““Vﬁ”

By the method of moments we have

. = (=1)inl
n = 7)5—‘ N
0= L S E)
_ e (=1l e )
_j.=' In(j—n)! ot

Identity 4.1
Equating the above two methods we get

i I:ml jhe-j) _ (v/Bye, Ka-a(2v/B1)

= I'n(j—n) INot tI'nl"ot
e F(a—j) B /E,. a /B1)
g —h‘}' o l‘a(v 2Kn-a(2

The rth moment of the Erlang mixture is

E(T") = r(”:’ E(A)
- l'(n—i—r)ﬁ...,,l'(a—f—r)
~ In I'o:
1 I'(n+r) o+
ﬁ' I'n l"(x
1 In+1)T(a+1)
By E I'n e
nao

B

(4.10)

(a.11)

(4.12)

(4.13)

(4.14)




4.2.2 Exponential-Inverse Gamma Mixture
Construction by the direct method gives

fi(t) = E[Ae™™]

/B

| oy
l_a { V’ 2K a2/ B1)
By the method of moments we have

=i - i E(AY)

& u-1
o0 _l}J’ l J- ]ﬁ_;r{a_j)
j=| (-1 e

Identity 4.2

Equating the above two methods we get

i(—I)-j""r-f"'ﬁjl"(a—_f) ﬂ“ »3

G—1)! ra —ra\V ) 2Ki-aVE)
J=1 ’

The rth moment of the Exponential mixture is

E(T") = rlE(A™")
rIT(a+r)
Br Ta
o I T{a+1)
) =8 Ta

B
o
B
4.2.3 Poisson-Inverse Gamma Mixture

P(t) = :—I.,r;,m

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Construction by the direct method gives
rﬂ
Pi(t) = —E[/\”e 4

OB Brerk_aevBl)

n! o
_ (V/Bme i
- W2K,,_a(2v ,Gf)

By the method of moments we have
(6]

(_I)J HfJ
P, i g)!
()= J}:ﬂ n!(j -@f)
1) n;_r jHe=J)

_Zn‘ j—n) N

j=n

E(N)

Identity 4.3
Equating the above two methods we get

Z E]’ J ” l—‘(a J} (\/_}"_» H a(jV@)

= I(j=n)! lNoa nlo
§ e ) B [Byeark, oo/
& (j-n) Ta Ta'V7i =

The PGF of the Poisson mixture is

G(s,t) = E[e"“ —.r}m.]
—

—B—a(f' p ) =%2K)_a(2+/Bt(1 —=
= V IR ¢ s))

Fa'y (1—s)

The rth moment of the Poisson mixture is

2
E(T") = "E(N)
rﬁ,F( o-—
& fﬁrvr(“

o

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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B(r) = (B )
- (a,ﬁ_r 0 (4.25)
4.3 Erlang-Pearson Type V Distribution and Its Links
4.3.1 Erlang-Pearson Type V Mixture
The Pearson Type V mixing distribution is
g(A)= Iﬂ_(& —¢)"*t) Asca>0,8>0 (4.26)

oo [ ; .
E[Ate M :[ Ale ’lﬁ—e_lj-j_r'(l—c) e+hqa
f l"(/l HZ+I] 1A - ’Ldl
let x=A—c = dx=dA
E[AH{)—J,".]=£[ ( +{)n(r}—ﬁ' l —1(x+e) ‘{!).
' Fa

lj[j:c ,Am(v"ﬂ‘)"( 9= le—fax

o c R
Zﬁra [Azn(:)c,u—kfu (k=1 g1( H’d\]

e =Bt (1)t [ [B ypeaar VP B
B (e o
- [E (k) "'t\/ ?*- [ R

Sl Z(D”’*( Byarky_ o2/

(4.27)
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E(N) = [2.1 % e — )@
v
- E_a[ LA —c) @i gn,
let x=A—¢c = dx=dA

E(N) = ﬁa[ (x4c)x™ -1, gy

let y= E = x= E = dx= —-d)
X ¥
@ J H oo .
k=0 : : !
a J
—kpk-a k—o—1_—y 3.-
_G[;?::n() B [ e Vdy]
a J
=213 ({)er*p-ria-w)
k=0
_ & (1 kg D@ —k)
“ggj(k)‘”’ P T
_ % (. Bul(@—k)
1.21 (ﬂ) & ¢ ) Ta (428)
Construction by the direct method gives
P 1
ﬂr("} E[f\” —M]
M | a,—fc n
=rn ﬁra E(:) uk\;ﬁ}k rsz‘ “(2\/_}
b=

te n Qo |
- (.'1("31 g_a‘ k)_k \/?7 =tk ol 2\/,81} (4.29)
L 0




By the method of moments we have

) e
fu(t) = E ) _i! (,.'\J)
_ o N BT (@ —k)
JE” Tn(j—n)! sz](k)(. (F) T (4.30)

Identity 4.4
Equating the above two methods we get

o ¢ \ji—nj—1 J . - -, o\ B n " r—-
Z(D:{JA Y (-’)(.J(EJkM= (tc)" B - ¥ (I)ﬁ{\/?—)‘_“m VB

= Tn(i—n)! S\k c T In Fa™ = \k
(_UJ WG (0 BuT(a—k) BT & (n\ g ,J';E k—a Irm
Z G ‘;ﬂ(k)( ((‘) T - Ta g 1) (V f} 2K 24/ B1)
j=n o= k=0
(4.31)

The rth moment of the Erlang mixture is

e(rry = " )

nog (7)e-tyte

= r(::;;) 2 (1’) (%)*'r(‘; - 5 (4:32)
-0 (e

4.3.2 Exponential-Pearson Type V Mixture
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Construction by the direct method gives
fit) =E[re ™)

a,—tc 1 ) I,‘_
B iz‘b(i)c'_"(\/EJk_“2Kk---a(2\/E)
[B)-erk_atay/B+ ([ By-e2k1_a(2y /B

[C(\z
ﬁ;-“ \/ }“[cKa(Z\/_)HVf )Ka—1(21/B1)] (4.34)

By the methad of moments we have

-yl -

J(I(-'}—J; T E(N)
@ (= &N B aT(0=k)
LG & ()2 (439)

Identity 4.5
Equating the above two methods we get

B (et £t D e B
(4.36)
The rth moment of the Exponential mixture is
E(T") = rE(A™")
2() ‘*
E(T) = cl;if,(kl) - ‘F{a k} (4.38)

4.3.3 Poisson-Pearson Type V Mixture




Pn(f} = :_If;l(f)

Construction by the direct method gives

n

t
ﬂ;(f):n E[J"\-"E U’\]

r:' Fa = k
2(ct)"B% ' & (n\ 1 ’."rfk . )
= n'Ca E k (T(\/T} Ke-a(2v/Bt) (4.39)
? k=0

By the method of moments we have

= (—1y
P(t)=Y “——=EN)
E:,H-U—n

_ Yl &\ BT (@—k)
Z n'(j—n}' Z’( ) }(?)k o

j=n k=0
_l = u(’.’C} ﬁ o — k}
B ;;: n'(j-n! | Z (L) c') I'o (4.40)

Identity 4.6
Equating the above two methods we get

= 1yf-n i J + o b npEo,~te n M
Z ( ])j (K'}J E (!)(E)&r(a ;‘J — 2(("') 18 3 Z{](:):_i(vflg)f(—a!{k a(z\/g)

f=n M-n)! S\k/ ¢ Ta nlla /=

|}J u,r nf s (o —k) ﬁag-w.-c- B 0\ #’F - s
y e E() e = o ):o(k)‘ D 2Ke-al2V/B)

Jj=n (J - ” k=0 k=

(4.41)
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The PGF of the Poisson mixture is

G(s I [ —(] w]m]
ﬁ(x —ct(l—=5) 0
I'ot

&
=72(J *(v o) 2KV —)

Bae—r.-:'l —5) / ,3

~ e (Vu—x}ﬁ “2K_a(2V/B(1-5))
o g—et(l-5 -
_2p (ra] ) V(ljﬁ Y =

The rth moment of the Poisson mixture is

Fa]

4.4 Erlang-Inverse Gaussian Distribution and Its Links
4.4.1 Erlang-Inverse Gaussian Mixture

The Inverse Gaussian mixing distribution is

— (98-
g(A) = (5)%end 5

LI .
e L A>0;

(4.42)

(4.43)

(4.44)

-—o-o{p,(oo

(4.45)
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4

= i"f —Q,V’rﬂ*ﬁ‘ . _l Al
g(l)—(z}r}l TeVPexp| 2[pl+l)]

En'e ™ = (1 l" _’A(;:r)“l ‘e"/_‘ﬁe\p[—— pl+ JdA

(—)‘ ‘/_/ A" ”exp[ r}l—— p/l—l- )dA

_ﬂg,”iﬁ— n— yl,,_ +p Y l
= (e [“a0blen- (2 1E) 0+ - E
[ ¢ ¢
let A= le_'_px = dA = ’2{—|—de
31]
:+p “

1.

[} ") [ @
n,—tN _ ¢ %,v’p@ PO ‘"H%J_] (p
F_[f\ e ]—(2—} [ .}u (V % p)‘) X [ (\; 23+p 2H—p) ,f ]\/ 2r+p

el " b [l lexp[—(—z‘;")(\ T

'JH—.O 5 (x+ ;)]dx

:(ﬁ)feﬂ(\/—zwﬂ" R

L /55 ] |
,(%)ze«ﬂ?(v%)w—zlzxﬁ( VET))] (4.46)
E(N)= (%)%e\’ﬁ(\{@ U2k, (/p) (447)

Construction by the direct method gives

n—1

fly= F—E[A”e"”‘]

J'J'—l
= 4 4 \".0? (n=1)
T Inm (23r) ( 7_r+p) ° 2Kn—§( #(2r+p)) (4.48)
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By the method of moments we have

o ()]

f};(f)=j=n I'n(j—n)! il
oo R & . ] =,
=1 (r,,(}‘,‘—_l)(zi) """p”(\r}g-’”_’}z"j—# Vép) @49
J=n

Identity 4.7
Equating the above two methods we get

o J' n } 1 {b ." E . 1) =1 0 ; —
L F”(J—ji zzr) ¢ W(\/E)U 22K, ;(\/E}=fnl (Z-_Jr}ze»’ﬁ(vfmf_pJ{u x}zK E(M
Jj=n

Ny j—n i [+ il
= e P 9 V2K, (VB9) = e P 58 bak, (/5T R)

™

(j—n)! ‘2m 1+p nTE
(4.50)
The rth moment of the Erlang mixture is
E(T*}:—("+’)E(A r)
_r("+"‘) AR PRV @ (—r—%) )
=~ G 2R VK, (V9p)
r r
= (‘11: )(;f:r} 2 “""’(VF r+2K,, 1 (\/8p) @sv)
: T+1), 0 4 /w8 2.
B() =~ () 270 5 Ky (v#9)
—
:2;ievﬁ(%}i(vfg)—ixg(\/@ 52)

4.4.2 Exponential-Inverse Gaussian Mixture




Construction by the direct method gives

fi(t)= E[/’\e'"m]

f—
=2.e\f’_ts )( %K (V921 +p))

\/ 2r+p
—2pVPo ) A % [ o~ Vé(2+p)
\/’HP 2\/¢ 2r+p
— VP02 +p) ‘I’ L +
=l ( \/21+p cp(2r+p {\/_
— 2oV9lP \/12”40]\/_ 1 —)
2 2r+p
—
_ Ol | _? (“53)
Vz;-l-p
By the method of moments we hﬁf
= (-1
t)y=) ——E(n
710 =}, S E)
= (- w9 [86my
VPP e R 4.54
= (J'_l)l € (2717) (Vp} J 2{\@) ( )

Identity 4.8
Equating the above two methods we get

- (_])j g i VPe ¢ /E{ 3) = vﬂ[vp_m|
£ G P -0, (/5 = I

The rth moment of the Exponential mixture is

E(T)=rE(A™")

- |
= r!Ze"m—'ﬁ(i)E{\fg)(_r_!’K—r—!s(M}

—2r!e»’7 (\/p (r3) g “-'i. NCT) (4.56)
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iy (V99) = [ 7zl *EM]

—) ’[ ]

- /'3 \/@
—{\/—)[\/_p— ]

pop

o a[\/j— 1 (4.57)

4.4.3 Poisson-Inverse Gaussian Mixture

Pn(r) = an(f)

Construction by the direct method gives

f”
Pi(t) = —E[N"e™""]
n!

_ii% pé , 0 (n—%)
_n!(Qﬂ:)-ev (VZI*P} -2K"_%

(Vé(2+p)) (4.58)
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By the method of moments we have
30

_a
Pn(f) —JZHWE(AJ}
E('l}i "]‘: \/_{ ) ( ,E)U é\Kj_%( .f'¢p} (4‘59)
jon 1 n)! Vp 3

Identity 4.9
Equating the above two methods we get

._" P i ; 3] il =is v.ﬂ¢ 4 (" h
,Z,,mu—n P )K= ()" V2K, (Vo0 P
(=1)/—ng/-n J5F ii 9 G-1) T /o f fe=d —
L gl \/p 0Dk, | (Vop) = (755" 2Ky (VTP
(4.60)
The PGF of the Poisson mixture is
G(s,1) = E[e_“_"')"’“‘]
I N Iy
20PN (| 55 (VAR +P))
_ [2(1=s)+p.s | ;; —\oE—p)
2\-'{3@ . Sl LI iR . ’ @] 4
‘ ( }(V 0 )\/2\/¢(2!(I—s)+p)f
= 2eVPP,—\/0(2(1-5)4p) (& L( 2f(|—\)+P)
232./ 2r(l—s} +p)
— 9o VPO—/ 2 (1-5)1P) ¢ o [ =s)+p.y
= 2fvﬁ_\f #(2t(1-5)+p) (4.61)

The rth moment of the Poisson mixture is
E(T")=tE(N)

=1 2("”( o t\f” DK, 1(Vep (4.62)
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(n_zm’?( \/ )x.(\/_

=t V 5 (4.63)

4.5 Erlang-Reciprocal Inverse Gaussian Distribution and Its Links
4.5.1 Erlang-Reciprocal Inverse Gaussian Mixture

The Reciprocal Inverse Gaussian mixing distribution is

8(2) = (5 }* VPP dexp[- 22 - g’l] 250 i

E[A"e "] = [ml"e_"l( )evOP )~ e\pl——A— ——]d&
(9;} (,wp/ Ar~texpl— rl—fl———]dl
_$
={= ,l]]
¢\l Vop n—4 (2+¢) P l
( } e j A" rexp|— > [l+ (2r+q‘))l”dl

_/')F—F(b ?I.-—V! P dx

26+ ¢
n,—N] _ \/_ n -; e +¢) " P
B = ( f \fzr+cp (2 2 [\ 2!-1—¢ 2r+q)) f_ Vi

O 1 2
—.{Zt;:r}‘i )V'PP(M _‘_D'-¢)”+E/G I’H'L‘_]e)‘p[ ( !+¢ ]d)‘

)2e "W’f A ’eup[——[("r+¢)ﬂ.+ dl

\/2f+¢




E[f\"f ;-.I (tr 5 \Jap(\/jr—i—‘p n};[ xn}-'. Iu‘.’fp[ 7\"2?"%3 [—{—%)]dﬁ'

(o yhev®( [0 e M CI)
= (2t +¢)

Construction by the direct method gives

n=1

fn{;}= E[f\" ,—:,’\.]
= I ) " 1
~Tn (215) e V 2;+¢) 2K, ;(\W}

I'm "2r 2t +

By the method of moments we have

1 J—nyj—1
JAORD =)

j=n

ﬂ 3 \f%_( n+=s - m2r+¢
e P

n (;z+ )2V +9))

(n—1)li!
(4.65)

=1

-n I 1 i+
):( 1)/~ ¢)§e\f@(\f§)-"*‘i‘zkj+§(m)

= I'n(j—n)!

Identity 4.10
Equating the above two methods we get

= ()i 0y e [P
g', In(j—n)! (EJH‘? QP(\/;
J=ngf=n o
Z( I} n" ;;r] e"w’(\/g”‘ZK {\/—}_(zj‘r)w w?p

Jj=n

7,
Wate

B - |( d’ ) eV '6_9( P )n+-}2 —m[] Z("+ '(2\;‘ 7[+¢} i
' ¢ \/ p(2r+(b

(n—1)1!

(4.66)

(4.67)

n ‘b f =
YK,y (/06) = (e P[5y K (VPRE )

"+‘2KM.(\I (2t+4¢))

(4.68)
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The rth moment of the Erlang mixture is

I(n+r)

E(T") = =5—E(A™) 35
=r(’;.:r}(%)fe "(\/g ) 2K, (VPP) (4.69)
£(r) = St By har_y (v59)
(qbn ,g\,r(v}:} \/% o~ VPo
~ (o (\/)
., /E) (\ﬁ)_

= ::\/7 (4.70)

4.5.2 Exponential-Reciprocal Inverse Gaussian Mixture

Construction by the direct method gives

fi(e) = E[ne™]
= ()t [2E )oK, (VR 9)
% o L (1+)!(2/p(2r+9)) "
Ky (VPO T 9) = \/ §f+¢ VPG M[H?_:.( +i) (“Vipz_grr'wn |
H e~ VP[] +2*2\/p(2r+¢)
2r+¢
2 v, L
Vzﬁ/ 2:+¢ VP2t +¢)
B ¢ - VP VP29 +1
f'(’)_( 2r+¢) \,’2 2r+¢o [\/p(2r+¢ |

—( T ivEe-vearely | s P+ 9)+1
oz ¢ iy




\/P(2f+¢’ +1 RV (NS

fit)) = (\f p{2.f+¢ )*( 2:+¢J) (\/2r+¢ p(2;+¢;]
(Zri¢7ri¢9(2r+¢) WVpGrT ) + 1)eV®I-V I
_(er-qb} I\/H;:J:—lﬁ}+1] R L
By the method of moments we have
26 ]
= L S
:; 7{_(?5;;_1 (%)58"""’(\,%“52@%(\/ﬂ_cb) (4.72)

Identity 4.11
Equating the above two methods we get

J-1,j-1 i e 1 P2t +
E( 1)1 ’P)‘e“ 5 %)HZZKJ%(M)_(z;i [\/ +9¢) +1] Vop(l-\/3 £

(v‘

= G- (22)° 2+
(4.73)
The rth moment of the Exponential mixture is
E(T)=rlE(n7")
= (ke By riak 4 (/p9)
:r!{z—"’i)iev’ﬁ‘p(b@)" b2K,_1(V/p9) (@.7)
(T = ﬂ 3oV0P E%
B = ()™ [ ) h2K,(/59)
— i 4’\/&—9 f 'I5 (il ;_\-ﬂ
_y 0 [
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bu)=(JEﬁ(Jgﬁ
_[e
-2

4.5.3 Poisson-Reciprocal Inverse Gaussian Mixture

Bu(0) = -0

Construction by the direct method gives

n
Pi(t) = ’—E[/\"e---f-"-]

e ([ ZEr K, (Vo +e)

n'

By the methad of moments we have

-y

Jj=n

(_| ) rrff
n’(;—n}'

_| Jengd
_Z( t ¢}x \;'3_ \/¢ ‘H—"Kﬂ.‘(\/P(P

n!(j—n)! ZJI

j=n

Identity 4.12
Equating the above two methods we get

_l.rn.r y
Ef t ") )1 ev@P V(b "QKHa(\/_}—— L9 (

= = nl(jp Ju‘

g (j—n)! 2';':

[_P

V2r+o

(U "f!_" ? )i u«ol’(\!m)“"zK,ué(\/_)— e*""“’f\aﬁ "k, (VP +9)

(4.75)
(4.76)
(4.77)
™ "K,H 1(VPp(2t+9))

(4.78)
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The PGF of the Poisson mixture is
G(s,t) = E[e™ (=]

= (L)t NW’(\/#)E%( DT

2 21—s)+9
Yovoo( [P ~VPR(1—5)+¢)
! "= \fp(2(1—~)f—+¢)‘
_a b Ve an—m( -
272, /p(2(1 - \);+¢) V2(1-s)t+¢
:
= VP—V/PR(—70) | ¢ )4( _21
\prv(l y+0) V2(1-s)i+¢
— AP/ P(2(1=5)1+9) ;
—¢ ({2(1—5).-+¢ . (R
The rth moment of the Poisson mixture is
E(T") =1"E(N")
— e By ik Ly (/o9 (10

E(T)=1( )b

—

\;’E ﬁ?‘“

_ . $\\ /ep P
(_Jf p(\/

(Vﬂ[{

275 vl

= e 0] T _1|‘/_¢_+1
—2’(232\/_ 3 ‘/7}

=y "_p"l
~ L 1Vee ) @)

4.6 Erlang-Generalized Inverse Gaussian (GIG) Distribution and Its
Links

4.6.1 Erlang-Generalized Inverse Gaussian (GIG) Mixture
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The Generalized Inverse Gaussian mixing distribution is

(5

, 1
g(.l}:zKr:ﬂ)l‘_'exp[—E(pl+%)], A0 “.s2)
e g ..
E[/\“e"’"]:/ﬂ ,l"e_’lle(ﬂ A exp[——(pl+ )]dA
= (%)E l"_"_]ex [—r}t——( l—l—f}]dl
" 2K,(Vp9) Jo " 2PAT 7
(%)‘1‘ - n+v—1 (ZI +P} ¢' 1
= ZK;-{\/P_@)/(} A exp|— 3 (A + (2.'+,0)I)]dl
¢ ¢
let =\/ x =d —\/ dx
2t+p 2t +

; —a Y |
n,=IA {%)! . ‘P n4-v= (2"+p)
E{A0eT ZKV(\/E;E)/:] V2r+px) el (\f 2r+,c»Jr 2r+p \/7 ”Vz;

(8 9 ntv [ rv-l (2-"+P} ¢
= 2K V 2r+p) ' /o i

i'H'l 14— 1
ZK\ (\/2r+p) " r’ expl[—/o(2t+p (x+ )]d\'

|"
Pyr [0 juivKunn(/OCFP))
= B)( g e s

Construction by the direct method gives

n—1

f;;(f) = {F_E[AN --f.-'\]

."" A ,, v Kyl ¢'(21+p})
[) (\I 2r+p * % (/%) (4.84)
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By the method of moments we have

l); n!; -1

i
fN Z r\”

J=n

f—n) B
(=1)0=mp=l /5 [6.;..K;v(v/8P)
_J'Z=;| Tn(j—n)! (\d ‘P) (V )J ;(‘ \/_}

v e [ K (VEP)
_J;! In(j—n)! \,E)j éutm)

(4.85)

Identity 4.13
Equating the above two methods we get

i(_i)j nej-1 @)jxﬁ_,.(m}:,n 1( /E)r( [ ¢ }M‘_K,,......(\/qb(2.f+p)}
& TnG-n! \p' K(/p#) Tn Ve \2+p K.(v/P®)
et (—I)j_"fj—" ,E _;'XJ"‘H'(\/@} o f'E Vv / ¢ u+rKﬂ+1'(\/¢'(2"+p})
LG Vo kwew ~We' Waed" T kom0
The rth moment of the Erlang mixture is
E(T") = ”’;:"}E(A—")
= r( } ,“p) r+ .(v@_
Tn Vp CK(VP9)
_T+), [P\ Kor(y/5P)
“ o Ve K9 (a7
o _ Ln+1) . [p K1(V9p)
sl (un) K.(VP9)
l’r— Ky ( \/—) (4.88)

'"{W K(VP9)

4.6.2 Exponential-Generalized Inverse Gaussian (GIG) Mixture




Construction by the direct method gives

file) = E[pe™

_ [Py [_® anKn (V2 +p))
(V (,b} (\i' 21+p} K.(/59) (4.89)
By the method of moments we have
= (1)l
N W WY LA /Y
filt) E G- (A1)
- CEN =
- (—]‘)J 't I( /f jKJ'-+-|‘(\¢@) «50)
& G-t Vel K(vee)
Identity 4.14
Equating the above two methods we get
f“ [_I)J_IIJ_]( [JE)JK‘I’(\/@) - ( ’E)\'(V ¢ )I t \-Kl-'-i"](\." ¢(2I+p}} (4‘91)
= G- Ve’ K(Vp9) o'\ 2u+p K(Vpd)
The rth moment of the Exponential mixture is
E(T")=rE(A )
=r|( ,’g)---rK—J"}'i'[\f%)
Wo) TKvp9)
_ . [P Kv—r(\/0P)
=" Kwee =
/E Kl’—](\/ﬁ) (4.93)

ED =48 %vpe)

4.6.3 Poisson-Generalized Inverse Gaussian (GIG) Mixture




12

Construction by the direct method gives

Pi(t) = S ENe™)

—
e 8 f ®  \niv Kypo( m}.]
,,,(w)(\,z B b o
By the method of moments we have
o (_l)_f—uﬂ‘ |
Pa(r) = — CE(M)
J'Z,',ﬂ-(J—n).
[)J‘ HIJ 'f¢, KJH(\/@)
;Z?,"' (j—n)! ‘Hp K,(\/po (4.95)

Identity 4.15
Equating the above two methods we get

-] ( )J "IJ

2

Sa(-nl\ o) K

/qﬁ) K,n(v’_} r( /_)1 9
\2r+p

}fi+1'K"""l'( v ¢'(2" T p))
Ko(Vp®)

= (_1)i-ngi=n @jxﬁ...(\/ﬁ}_ P, |9 nrvKnen(v/0(2 +p))
= U-n) Vp} K.(VP9) _(\/¢)(\/2r+p) K.(v/p9) e
The PGF of the Poisson mixture is
G(s,t) = E[e"(1m)"]
:( /g}\( ¢ )l-Kl‘(V ¢{2(1_*}1+P)}
Vo' '\ 2(i=si+p K.(VP9)
[ ).-Kr( 9(2(1 =s)t+p)) V4

:(\; 2(1-s)t+p Kv(\p9)
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The rth moment of the Poisson mixture is

E(TTy=1"E(A")

= ¢}Klil(\/_)
P Ki(Vp9)
_ /g Kriv(\/0P)
—(*‘M p) X, (VP8) (4.98)
N — ’¥K|'+1£V%)
E(T)= fv P K(J/P9) (4.99)
4.7 Special Cases of Erlang-Generalized Inverse Gaussian (GIG)
Distribution
i B LT My Attty
In Vﬁf' \/’Jr+p 9{\/_)J( - Je—s{pa+x}{m
-l E;“‘lnﬁ'—'e"'![(zH'PJl'-‘E]di
S 3 (4.100)
e e
4.7.1 Erlang-Inverse Gaussian Distribution
When v=-%
el [Py | ¢ ,,__.,;K,,_g(v’¢(2f+9))
fult) = l'n(\/cb V21+p) 2 i(\/_
- [ [t St VRO
In '\ ¢ V 2t+p \,"m e—/Po
(_
= i 62\/_ 3 n L) ‘po
" Im (\/p T )? (\/’2;4.'9) = Ku—a';(\r ¢(2t+p))
g / d /%
- ) (4/ ) 1eVP K, 1(v/9(2r+p)) (4.101)

l"n \,’J.r{p
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4.7.2 Erlang-Reciprocal Inverse Gaussian Distribution

When v=%
( }_I’I_I( ;E]‘( [ )”_?_]‘K".+.ﬁ,',(\’ ¢'{2I+p)}
I Tn \/¢}‘ \f 2t+p’ K1 (vVP9)

ru—-l '1,'5‘ i ’ ‘p - KJH é(v‘ ¢(2r + p}l}

:ﬁ(\;‘a)’—‘(v 2+p z\i!:we—\;p_ﬁ

n—1 0
(PR [ S ke (/o)

Vo = "V 2e+p’

o [ e (STETH
In z’ \[2t+p - ’

4.7.3 Erlang-Gamma Distribution
When v=0, ¢=0, p=0

P J'S“ A= |€—I1:{2’+P}lld,l

-
fﬂ( ) r‘ﬂ .ﬁ}wl"_le_%tpl)dl
(n+v)
j‘ {I) — -'_" ! ::i!tﬂ)‘“—r
. I'm o

_ 7 Tty )
T I'm (2"_;"2):!-+t‘ I'n

_1M@+y) _p o 2 \, :
F (I'n)? (2"4‘9)(2-'-[-;)}' p=>0v>0

4.7.4 Erlang-Exponential Distribution

(4.102)

(4.103)
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When v=1, ¢=0, p=0

Il"(n+l]( p Y 2t y

M) =7 (Tn)?2 “2t+p’ 2t+p
_n.p n.
~(Tn 2:+p)(21+p)’ et

4.7.5 Erlang-Inverse Gamma Distribution

When v<0, ¢=0, p=0

=1 [ g ntv- 1,-32A+%] 42,

ﬁ’(r): I'n jﬂ )‘ll |e qfl]da‘

[0 3
let A= \’f T => 4 = V'fid.r

-3 [2 r\+—‘-’-—]
5 e v g,
e /5 \[Ldx
fl'i f} = ﬁ r(—v)

()

1 I(_) n+|/M ntv=1 —-r{\'.-rj[l'+|]
™ Tk Dl ”} 0 =

n—1
’ (*f’)-"(\;E)"“KH.‘(«\/fzr}m

l"nl"( v)'2 2t

pa—

s il /¢ n—v (98 \dy
= m(\ 5) Knio(V/(26)0)

4.7.6 Erlang-Levy Distribution

When v=-%, >0, p=0

(—(=3+1)

I’ 1(1} (V@}”""%K" j(v(2)9)

(\I|||2 IHRKH ‘( ,."

Talt) =

l'n\/r_?r

(4.104)

(4.105)

(4.106)
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4.7.7 Erlang-Positive Hyperbolic Distribution
When v=1,0=0, p=0

L 1 ﬁ:“&n+l—le---}[fﬂ-v-ﬂ]l---%]dﬂ

nl(t) =
Ta(1) Tn oAl 1e=3A+$) 42
-
=£( Py, /<2 )n+|KH+'( 92 +p)) (4.107)
I'n \/(P V2-' +p Ki(vp9) ‘
4,7.8 Erlang-Harmonic Distribution
When v=0, ¢=an, p=£
p (r) B =1 ;T)H K”(\/mJ
T T M 2+ 8 Ko(y/any)
_—
| e Ka(Vainta) (4.108)

Tn '\ 2m+a Ko(a)
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5.1

5.2

ERLANG MIXTURES BASED ON CONFLUENT
HYPERGEOMETRIC FUNCTIONS

Introduction

In this chapter Erlang mixtures are expressed in terms of the Confluent Hypergeometric
Functions which are the Kummer’s and Tricomi.

The Confluent Hypergeometric Functions have been defined and their properties given.

The Incomplete Gamma function has also been defined and its relation to the Confluent
Hypergeometric Functions shown,

Moments about the origin (raw moments) of the Erlang mixtures have been derived and
specifically the first moment has been obtained.

The Exponential mixtures and Poisson mixtures have also been obtained and the PGFs
determined in the Poisson mixtures.

Confluent Hypergeometric Functions
5.2.1 Kummer’s Confluent Hypergeometric Function

It is defined as;

2
1A (f. 1) —l+—_ f:lll;
f{ Wf+2)o(f+n—1) "
~H-£1Ja‘1”+|(g+2,‘r ..... (g+n—1)n! (5.1)
gED=1,=2,=3,.
Fi(f,g:8) = Z(f+n—l(f+n 2)....(f+2)(f + )STfTg "

g+n—1)g+n—2)...(g+2)(g+1)glegl’f n!
I+il—( +n)Igt"

=i mﬂ' I'fn!
=|+thf+")r(g f)__Te

| I'(g+n) ﬁﬂ(g_”"‘

_I+"Z]B(f+ng f} e f)nf
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|F|(f£;f;'=] I_T

t =) & Bt me =N

Expressing Kummer's Confluent Hypergeometric function in the integral form we have

1F(f,gt) =1 B(f - Ef SHn=1(] _y)e-f- 1_(1)

n=1

1 = g (e)?
J' NEsF=1 2007 g
B(fg f) ,Z’ 0" (1-2)* i

A P oxpsinres )
+B(f..g—f)/ Y=L S
: f f- I( __}')""_f_llt.‘f"'— 1dy

B(fg f) (2]
e [ g el [l el
I+B(f,g—f)[éj (1—y) e [0 ¥ (1 -y) dy)
I
1Fi(f.gt) = E(-fc(:——f}ﬁ Y (1 —y)s~I=ledy (5.2)

This can be expressed in another form by letting x=(1-y) == dx=dy

Flf,gt) = B(fg f)/ KT (1 = )19y
B(fg 7 [ﬁf' x)8— (6= 1gmtxgy
_E’!I'r'(g_f'gs_r) (5.3)

5.2.2 Tricomi Confluent Hypergeometric Function

It is defined as;

1 = G e
‘P(f,g:r)=r—f_£ W1 +y)sf e dy (5.4)

Also

W(f,g:t) =1""8¥(f—g+1,2-g;r) (5.5)
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The following relation between Tricomi and Kummer’s Confluent Hypergeometric Func-
tions holds

E l—*(] l—g
52 I'g—1)x"%
¥(f,gt) = =——— F(f,gst)+———— F(f—g+1,2—g:t) (56)
(f.8:1) F(f—g+l),'fg) If 1'(f g )
g#0,—-1,-2,...
5.2.3 Incomplete Gamma Function
It is defined as
! -
Y(f,1) = / W le™Vdy (5.7)
0

and its relation to the Confluent Hypergeometric Functions is as shown below.

W)= [ ey
J0

B 1 » e {_),}rl .
_/uyf n il dy

n=

L G AU Y
- Z # J_‘f+n—ldy
=0 0

00 (_ 1 )n l,_H—%?]

T &5 n! f4n
e

= A B}

j=f+n n!

_al.|m -, 1 (=2 1 (=
BT T R TR R T T

i)

d, S (=0, f (=? f (=)
=fl|+fﬁT+f+2 21 T f+3 3 Ea'
LA i W1 28 I 0 G 725 2 M
f +1 10T 00+ 2 (D +3) 3 T
—.£[1+if(f+])(f‘—2) ..... (f"—"lf};_l)(_r)n]
T = A ) WO ) W

tf .
W)= T.F'(f'“ 1;—t) (5.8)




Also, from (5.3) we get

y
y(fst)= }—.ei"ﬂ(l,f +1;—1) (5.9)

5.3 Erlang-Beta | Distribution and Its Links
5.3.1 Erlang-Beta | Mixture

The Beta | mixing distribution is

a—1¢1_ 13y8-1
g(ﬁ.)=% 0<Ai<lz>08>0 (5.10)
_ ! _a A% 1(1-2)B-1
n_—tAy] _ n_—rA
E[A"e ]_fo Wi

1 . - -1 =t
=B{Q—ﬁ}/“ ln+ I(I_Il)ﬁ If_‘ ldl
1 1 I I Y+B—( V=1 "
= ln-i-ﬂ'--- “ _ A)_N-H} +p—=(n+a)— a‘_’“Mﬂ'A.
B(a,[h/o
_ Bn+a,p)

=—— " Fnt+ant+toa+ph:—t) (5.11)

Construction by the direct method gives
n—1
. f
)=
fat0) I'n

B " 1B(n+a,p)
“ I'm B(a,B)

E[.-"\"(’_;A]

VFi(n+on+a+fi—1), t>0a>0p>0n=1,273,.

(5.12)
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By the method of moments we have

- oo {_])j—ul,j—l

Flt) _J_g‘ Dr(j—n}!

_ v (=T "fj_'B(Ha-ﬁ)
Z In(J—n)' B(a.B)

_w (="' B(j+a,B)
E; l—'n(_;—n}' (Ifﬁ)

E(A))

W\R(j+a,j+o+B:0)

Identity 5.1

["r\
z( 1)1 By, ) _ " B(n+a,B)
= Tn( _mn (a B) ~ I'm B(a,B)

_|J'—"J'"B B(n+ o,

The rth moment of the Erlang mixture is

E(TT) = l—‘(}]?—: r) E(N
~ D(n+4r)Bla—r,p)
~ Im B(o.B)
_ I(n+1) B(a—1,B)
ED) = =5 "Ba.p)
_”a+,6—l
T a1

5.3.2 Exponential-Beta | Mixture

Construction by the direct method gives

H)=Elpg™
_ Bla+1,5)0
B(a,B)
:aiﬁlﬂ(a+l.a+ﬁ+l:—r}~ t>0,0>0,5>0

1r,(a+l a+p+1;-1)

1Filn+a,n+a+B;—t)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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By the method of moments we have

)

70 = L 5 Ew)

(="' B(j+a,B)
j=1 (f_l)! B{a,,’j)

Identity 5.2
Equating the above two methods we get

@ (~1)/-1p-1 B(jml,ﬁ) _

04
?—:1 (j-n!  Ble,p) -a+BIF1(a+1,a+,e+1;_f)

The rth moment of the Exponential mixture is

5.3.3 Poisson-Beta | Mixture

Par("} = i)‘u(f)

Construction by the direct method gives

) = (g™
_ " Bn+o,p)

o B(aB) ‘An+oan+a+fi—t), t>0a>0p>0

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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By the method of moments we have

m .
l('}; ‘)_E(_I} )

-~ n!( n)'

(=17 B(j +a, B)
_sz’!h" (j—n)! Bla,p)

Identity 5.3

Equating the above two methods we get

i (=1)"¢/ B(j-i—(%) _"B(n+a,B)

= n"'(iﬂ' B(a,f) n! B(a,B) 1Filnta,nt+oe+B;—t)

i —| Jmyi- ugml_aﬁ B(n+a,B)

G-m!  B@p) ~ B 'NTertethion
j=n :

The PGF of the Poisson mixture is

G(s.r) = iy~

= %lﬂ(a.a+ﬁ:—(l —5)t)

= 1F(a,a+B:—(1—s5))

The rth moment of the Poisson mixture is

E(T") =1"E(N)
B(r+a.p)
B(a,p)
B+ 1,8)
E(T) =I73(Q.B}

a+p

5.4 Erlang-Uniform Distribution and Its Links

5.4.1 Erlang-Uniform Mixture

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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The Uniform mixing distribution is

1
gA)=7—, a<A<ba>0b>0 (5.28)

1
b—a

di

E[AHF-'-FJ"\] 2 /b ‘lﬂ(,---.'a'\.
. “] b
= [ Mg =N \d A

b—
L / At i~ [*anethan)

let x=A = dx=1td]

E[f\" —u‘r'\]__ f ( )n —l: _/‘ r)ue—-\{ir]
I m].br - (n—r]_.m‘}]

e b—a [ g3l il

1 (b.\‘)"+1 ]m (m‘}n-‘—l
- F 1 2:-bt)| —
(b= a)r+! [ n+l ' I(é; g 2 (b=a)"t'" n+1

= m[b"“ 1Fi(n+1,n+2;—bt) —a" ™ Fi(n+ 1,n+2;—at)]

1Fi(n+1,n+2;—ar))

(5.29)
Construction by the direct method gives
M 1 i
J{n{f} = "@:b[‘h‘" g ]
o 1
= 1_,”-(5 a}{ﬁl) [b"+]|F] (n+1,n+2;—bt) —a" '\ F(n+1,n+2; —ar)], t>0a>0,b>0n=1,
(5.30)
By the method of moments we have
(_ 1 }j i’lrj | .
Jalt) ): E(N)
p = In(j
])j ul,J 1 Ib;+| aj+1]
(5.31)

Z Tn(j—=n)! (b=a)(j+1)

j=n
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Identity 5.4
Equating the above two methods we get
. - . . m
- (_l};—nr;—l [bj+l_a_r-—|] ’rr—l 1 i -
- =— [} F l,n+2;—bt) — Fi 1,242;4
_?::,, Te—m)l G=aG+1)~ Tn B=a)neD) IGRERAES: —&) =™ 4 Fi@+1.8+
2 (—1)i-mf-n [piH] — g/+]) 1 +1 v
: = b" 1\ F 1,n+2;—bt) —a"" Fi(n+1,n+2; -
?; Gnt B ool Bahr) Pierlaeh=l=atlitatl ol
(5.32)
The rth moment of the Erlang mixture is
I'(n+
E(T" E A"
(1) = —5E(™)
_Tn+r) o' "—a' o
== D=all=1) 39)
o -1
E(T)= LS el B | - = o0 (5.34)

I'm (b-a)0)

5.4.2 Exponential-Uniform Mixture
Construction by the direct method gives

h (F} — E[Ae_m]
1
T -a)(1+1)

I )
- m[}’)2|F|(2,3;—b.') —a"|Fi(2,3;-at)], t>0;a>0b>0 (5.35)

BN AR +1,14+2,—bt) —a' T R (1+1,142; —at)]

By the method of moments we have

_|1|1| |
VO £ g

Fili= )_: -
oo _I j— Ir; | b;+] aj—l‘
): [ ]

G- (b-a)G+1) L

j=1
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Identity 5.5
Equating the above two methods we get

= (—1)i=1=1 [pi+] _ gi*])

¥ G—1)! (-a)j+1) 20

J=1

I .
= (b%1F1(2,3;—bt) —a* | Fi(2,3;—at)]  (5.37)

The rth moment of the Exponential mixture is

m
E(T")=rE(AT)
B =a ]
{b a)[l—r)
Pl —a'"]
=T-a0-7 =
E(T)= % = (5.39)

5.4.3 Poisson-Uniform Mixture

Pn(-’) = :_I n(f)

Construction by the direct method gives

- ?m[y""' Fi(n+1n+2—bt) —d" " Fi(n+ 1L,n+2,—at)), t>0;a>0,b>0
n: =l

(5.40)
By the method of moments we have
9]
l); ny .
Pn( )_ ;,. ”.r ”}I J)
); "IJ [bj+l aj+1]
= Z (5.41)

(j=n) (b=a)(j+1)

;n
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Identity 5.6
Equating the above two methods we get

; nr; b_H—]_ J+1 ™ 1
Z{ Gon) [b o~ (j+ ll} M-t ])[b"+'|F|(n+ Ln+2;—bt)—a" | Fi(n+1,n42;—a
J=n =
(— |)f—":='-" (B! — it 1

B Fi(n+ Ln+2,—bt) —a" !\ Fi(n+ 1,0+ 2;—ar)]

y

(j=n)! (b=a)(i+1) (b-a)(n+1)

Jj=n
(5.42)
The PGF of the Poisson mixture is
G(s,t) = E[e'"“ """)”‘]
= (b_ia)lblpl( 1.2 —b(] = S)f) — a1 F (1 .2 —d’(l - 5'}.!')] (5.43)
The rth moment of the Poisson mixture is
E(T") =1E(A")
 a [br-}-l _Hr'-.l-]]
(b—a)(r+1)
',r[br-rl —at I]
= —— 5.44
b—a)r+1) i
. t[p? —a?]
E(T)= ——— i
(1) 2(6—a) (5.45)
5.5 Erlang-Beta Il Distribution and Its Links
5.5.1 Erlang-Beta Il Mixture
The Beta Il mixing distribution is
A 1
g(A)= A>0a>0.0>0 (5.46)

B(a,B)(1+2)*+F’
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’la—l
n_—iNy] _ n_—ti
E[N"e ]_./u Mot o ,6)(1+1)"+1”dl

Ao 1 —M
B(a, B}j (14+A4) aip?
_ u-r-a---l " ml -B—(n4a)— l —1A
B—{a‘m[o (1+1) dA

_Tn+a) .
= W‘P(n*a,n—ﬁ+ 1:1) (5.47)

Construction by the direct method gives

n—1

fot) = rr E[Ne

(= Il"(ur +a)
~Tn B(a, B)

Yn+oan—BF+1:), t>0a>0,8>0n=1,23,.. (548)

By the method of moments we have

- o2 (_l)j nfj 1
flt) =Y, =———E(N)
J;'i I'n(j—n)!

_y G Bl ap - )

i (5.49)
= In(j—n)! Ble, )
Identity 5.7
Equating the above two methods we get
(=1)i—4/-'B ;+E;B ) ”"'F(n+ﬂ.’) |
J-);.. Taj—m!  Blo.B) ~ Tn B(@p) ter-PEL)
J=ngj—n
E( Ly Bj+a B-J) r(’l+a)‘{’(:r+a,n—ﬁ+lzr) (5.50)

= U=nj B(a,B) B(a,B)
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The rth moment of the Erlang mixture is

I(n+r) .
(T — !
E(T") = = —E(A™)
_I(n+r)B(a=r,B+r)
" Tn g Bap) (5.51)
< In+1)B(a—1,+1)
E(T) = ! :
(7) I'n B(a,B)
nf
= ‘ﬁ- (5.52)
5.5.2 Exponential-Beta Il Mixture
Construction by the direct method gives
filt) = E[ne™™"]
INGE
= ——Wa+1,2-B;), t>0a>0,>0 (5.53)
By the method of moments we have
= (=111 ;
j
; (j.— 0 E(r’\ )
= (1)1 B+ o B~ j)
(5.54)
J-)::’. (j—=1) B(a,B)
Identity 5.8
Equating the above two methods we get
J—lgj—1 \
Z 1) P B0+l -~ lﬂ(m-'-”‘-l-'(m+I._2—,B;.') (5.55)

= )! a-ﬂ) B(a,B)




The rth moment of the Exponential mixture is

(20]

E(T") = ME(A™)

= IB(O&—:‘.ﬁ+r}

= B(a,B)

_ B(a—1,B+1)
E0) = =50, B)

__B

Ta-1

5.5.3 Poisson-Beta Il Mixture

Par("} = ﬁ u(r)

Construction by the direct method gives

P,(r) = e [.r\ e "
.r" l"(n-'-a}

! B(a,B) Y(n+an—-p+11), 1>0a>0p>0

By the method of moments we have

(-1) j n

E’, 1= A

v (= ')“”-‘f B(;+a,ﬁ—j)
Z n!(j—n)! B(a,B)

j=n

Identity 5.9
Equating the above two methods we get

i (=)™ B(j+a,B—j) " T(n+ a)
& nl(j-n)! B(a,B)  n!B(a,B)

i (=1)"i"B(j+a,B—j) Tn+a)

J=n (j—n)! B(o,B) = B(a B)‘Pn+an—ﬁ+],}

Y(n+a,n—B+1:1)

(5.56)

—
w
(5

7

(5.58)

(5.59)

(5.60)
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The PGF of the Poisson mixture is

G(s,t) = E[e"1-]

_ @) _B:(1—
B(a{mw( 1= Bi(1—8))

The rth moment of the Poisson mixture is

E(T") =t"E(n") [20)
B(a.B)
_UB(r+a,B—r)
(. B)
rB(a—I—l B—-1)

E(T)= B(a.B)

o

B—1

5.6 Erlang-Scaled Beta Distribution and Its Links
5.6.1 Erlang-Scaled Beta Mixture

Given the Beta | distribution as;

x%-1(1 - x)f-!
hix)=————— O0<x<l;x>0,>0
(x) BapB) B
let;
A 2 —x de 1
X = — ——2 = —_ —= —
u # di p

0<A<a>0,>0,u>0

(5.61)

(5.62)

(5.63)

(5.64)
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R ANG
B RN . i )
E[A"e ]_./0 A" N —
b (Byr(1— 3y

/0 B(o,pB)

‘li"_] a & n+a—1 _& -1 -4
ey b GO

—

A a—1,-14
= — dA
u ( Ju) e

let A =ux = dA=pdx

”" 1
E[;"\"{’_h\] - f _rn+a—l ( 1 —X}B_IC’_'“F'rdX

B(a.B) Jo
B p"B(n+a,n+a+B) ! Aﬂ_‘-a_l(l _'r)ﬁ_l X g
B(e,B) Jo B(rr+0£._n+la-ﬁ'}n _
B ,U”B(H+O!‘H+(I+B) 1‘1;:-|-ot—l(] __rﬁ—a-t-li—tn—i-cr)—l —
- Blo.B) Jo Bln+da.n+o+f) ¢
_ p"B(n+o,n+a+p) e
= B(a’,ﬁ) |F](ﬂ +a.n+a+ﬁ. Pr)
(5.65)
) J 1 .
iB(j+ . B)
=y —=r
o B(a,B) (5.66)

Construction by the direct method gives

n—1

- TR
)= = E[N"e™"
" u"Bn+oa,n+a+p)

1Filn+o,n+a+ B;—pr)

" Tn B(@B)
(ut)" B(n+ot,n+ o+
= :‘1_3? ( B(.a‘_ﬁ) 'B}|F|[:n+(x.n—-—a+ﬁ;—,u1). t>0a>0,>0,up>0,n=123,.

(5.67)
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By the method of moments we have

= £ )
. E (=1)7"v~" WB(j+a.B)
e Tn(j—n)! B(a,B)
= (=1Yntk=lyntk piu 4 k4 o, B)
= k!Tn B(a,p)
=lyn i (=D¥(ur)* B(n+k+a,B)

T TIn &K B(a, ) a8}
By McNolty’s Approach
- n+l
.f;m(r1=j r"‘ e Mrg(A)a
n+l -w'l.' nyp—=171 _ Ayg—1
A L )
o (n+1) a’B(p.q)
. a,;LmI A.i‘ "(l)p—l(l_&)q—lﬂ
o I'nB(p.,q) "a a a
FaX " a A n+1+p=1 A g=1,=At
ﬁev+-1(f)—ﬁm/ (=3 (1 “) e~ dA
H
uH -p—1 g—1 —(ﬂ‘ﬁ
l'h'B (p, q)/ e } o
A
let e - adz = dA
- (m) /I 14p—1 q-1_—atz 1.
T 1( ) F;rB(p q) (I ) € adz
a)i+|',l'i 1 !;I'll*,ll | q IE( (E‘f}k"‘
]-HB (p.q)
_ atip & (—a)t ,m|+p+k L1 — 27 dg)
TnB(p.q) = k' Jo
1+1.n L k
Lt (=at) Bn+p+k+1,q) (5.69)

= InB(p.q) =, k!




This result can be achieved using the result given by the method of moments;i.e.,

lun & (—pr)k B(n+k+a,B)

falt) =

I'n i K B(c.p)
funn(t) = ut & (—ur)* B(n+ | +k+ea,p)
S\ )= [(n+ 1) & & B(a.B)

let p=a, o=p and P=q

et = tY B(n+1+k+p,
fail)= (—at)* B(n P.q)

Cln+1) = K B(p.q)

(5.70)

Identity 5.10
Equating the above two methods we get

Z (=1)/-"¢- _ufﬁ+aﬁ} (ut)" Bn+a, )

1Filn+a.n+a+B;—ur)

J=n I'n( J_H)' B(a .B) = tTn B(O‘,’B)
_ANJ=npf=n g : : ”by )
E:,( (lj)_”r)! M;({J;g)ﬁ}:u ;(l‘::;;.ﬁ]|F|(rr+a.rr-+-a-+-ﬁ;_p,} —

The rth moment of the Erlang mixture is

E(T) = F(r:-:: F}E(A_r)

l-(r:+r},u TB(a—rB)

(5.72)
5 B(a,p)
[(n+1)u'Bla—1,B8)
)= I'n B(a, )
_nletp-1) (5.73)
n o=1
5.6.2 Exponential-Scaled Beta Mixture
Construction by the direct method gives
fil)= E[Ae"j‘]m
_ HB(a+%B) B
= BB iFi(a+1l,a+p+1;—ut)
=;Tﬁ.ﬁ(a+l.a+ﬁ+l:—pr), r>0a>0,>0u>0 (5.74)
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By the method of moments we have

E' 14j—1
e (=)
f.(r)—j:}:‘,l G=D =)
_§ N B+ a,p)
=1 (J_l}r B(“:ﬁ}

Identity 5.11
Equating the above two methods we get

21 R
()" wB(jtoB) po _
Z =11 B(ai.B) = a+ﬁ|F|(a+l.,a+,6+l.—m}

J=1

The rth moment of the Exponential mixture is

E(T")=rlE(AT")
— rT'u—_rBta _"-"B)
- B(a,B)
_ ' B(a—nB)
u Blogh)
1 Bl —1,8)
BT = B p)
_a+p-1
T oula—1)

5.6.3 Poisson-Scaled Beta Mixture

B(t) = E.)‘u(")

(5.75)

(5.76)

(5.77)

(5.78)
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Construction by the direct method gives

!”
R' e —E Afl =IA
10) n! [Ne h

_1"p"B(n+a,B) . s
_,,ris(a B 1Filn+a,n+o+B:—ut)

n
(‘mr) B(H(Z(TBB) Fn+an+o+B;—ut), t>0a0>08>0u>0
n

(5.79)

By the method of moments we have
SR
i=n n! = ﬂ

= (‘l)’ "t wB(j+a.B)
;E:'r (j—n)! B(e,p) (5.80)

Identity 5.12
Equating the above two methods we get

Z(—l}f "t WB(j+o,B) _ ()" B(n+a,B)

U ”) B{a ﬁ) HI B(a ,13} |J |(” "a.ﬂ-'-a-'—ﬁ_lu_'r)
j : ]
j=n ). B‘I‘.I,“ B o B 1£\n G.n—l—{x-kﬁ_[” 531:

The PGF of the Poisson mixture is

G(s,1) =E[£)—(|—.«].-n]

= ﬁijg Fi(@, 0+ B —a(1 - 5)1)

= 1F (e, a+B;—pu(l —s)r) (5.82)
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The rth moment of the Poisson mixture is
2]
E(TT) =1E(AT)
. r,.,t.l’“B(.t‘+(2!‘,,6‘)
B(e.B)

_ (w),.B(r+ a.fB)

Bﬁx.ﬁ)
E(T) = t_w)w

JTiL%]
B+a

5.7 Erlang-Full Beta Distribution and Its Links
5.7.1 Erlang-Full Beta Mixture

Given the Beta Il distribution as

xP 1

B(p.q) (1 P’ x>0p>0,g>0

h(x) =

let
x=bL = drx=bhdl

The Full Beta mixing distribution is

e B
g(d)

= , A>0h>0,p>0.9>0
' = Bp,q) (1 +bA)P T4 Sa e

(5.83)

(5.84)

(5.85)
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bP l,u—l
n—IA] _ n_—iA
E[Ne ]_‘/U it
4 oo lu—i-p—le—il ¥
" B(p.q) Jo (1+bi)rte
let bA=x = bd) =dx

EIAﬂe_.u\I= bP /m( }n -p—1 —-‘y,(| ﬁ
B(p,q) Jo "b 42 b
br 14 p— I n+1—g—(n+p)—1
b"'f’B(p 7 f X (1+x) dx
C(n+p) _
= W“P(H +p,n+ 1 — q. !—,) (5.86)
Construction by the direct method gives
- 1
falt) = E[f\"f_m]
i | |
[(n+p) !
-l W Al —g;—
I'n b"B(p,q) (it — ¢ b)
1 , I(n+p) r
=-(= —-———-‘P +p,n+1—q;-), 0:6>0,p>0, 0,n=1,23,..
:(b} B (p,9) (n+p,n+ q_b) > P g>0.n
(5.87)
By the method of moments we have
o (_|)j—",j—1 .
fult) = ) =————E(N)
;‘Z:'a In(j—n)!
=¥ (Dl 'B(J+P q-J) i
= Tn(j-n) biB(p,q) ’

Identity 5.13
Equating the above two methods we get

—1\nei—1 -+
Z( 1)/~ B(}+P¢? J) li}ﬂMT(n—Fp,n+]—q;}E)

= I'n(j—n) bIB(p.q) t'bh" TnB(p,q)

[27]
(_])“' "I B(j+p.q—j) T(n+p)
Z (j—n)! biB(p.q)  b"B(p. )"P(” p:n+1—g; ) (5.89)

j=n
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The rth moment of the Erlang mixture is

. I'(n+r)
¥
E(T") = —5—E(\"
_I(n+r)B(; J—r,q—f—r)
T Im b="B(p,q)
_Tn+r)b'B(p—rg+r)
I'n @3 B(p.9)
Cn+1)bB(p—1,9+1)
E(T)=
D="F " B
_ nbq
T p—1

5.7.2 Exponential-Full Beta Mixture

Construction by the direct method gives

fit) = E[Ae™]
B I(p+1)
~ bB(p.q)

W(p+ l,2—q;;;). t>0:6>0,p>0,g>0

By the method of moments we have

_[)J |f! 1

file) = ):( E(N)
C _l); 'r’ ]BU‘FPJI—})
=L G- oBGg

Identity 5.14
Equating the above two methods we get

by

(=11 B(j+p.g—j) T(p+1) !
j =P gyps1,2-g
G-D  bB(p.g) _ bB(pg) Ty

(5.90)

(5.91)

(5.92)

(5.93)

(5.94)




The rth moment of the Exponential mixture is

E(T")=rE(§y")
B(p—: q+r)
b="B(p.q)
r!b"B(p—J,q—}—r)
B(p.q)
bB(p—1,q+1)
B(p.q)

E(T) =

5.7.3 Poisson-Full Beta Mixture

I

Par("} = ; .-:(f)

Construction by the direct method

H

Pn(f) — "_E[Ane...f;\_]

" l"(n+p) !
B —_— n+pn+1-— =
B(p.q) ¥(n+p, a3)
I(n+ t
_ n . o
_(h} B(p, q)‘P(ﬂ-l—p n+l—q h), t>0:6>0,p>0,g>0

By the method of moments we have

=Y S ’” CE(N)

=i n)'

- E (—I}f "t/ B(j+p.g—)J)
. (j—n)! biB(p,q)

(5.95)

(5.96)

(5.97)

(5.98)
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Identity 5.15
Equating the above two methods we get

o (=) B(j+p,g—j) _ 1 .L(n+p)
J.Z;Jn'(j—u) biB(p.q) _() n'B(p.q)

27
( J nfj "3 ,-'+pq ’} I(ﬂ—}—p}
v 1 — ’
JEH _” b"‘B(P(}‘) )”B{P } (H +_p n+ q,b) (5 99)

————Y¥(n+p,n+ I—q, }

The PGF of the Poisson mixture is

G(s,t) = E[e" (179"

_ L(p)
B(p.q)

Yip,1—gq; Ul ;S)'r

) (5.100)

The rth moment of the Poisson mixture is

2]
E(T") = "E(N)

B(r+p,q—r)

b'B(p.q)
t. , Blr+p,g-r)
(5) o) (5.101)
B l,g—1
BT = (2=
_. EP
= 5= (5.102)

5.8 Erlang-Pearson Type | Distribution and Its Links
5.8.1 Erlang-Pearson Type | Mixture

The Pearson Type | mixing distribution is

1 (A=-a)P ' (p=-A)" 1

g()= B(p,q) (b—a)r~! (b—a)4~'b-a’

a<A<ba>0b>0,p>04g>0

(5.103)
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a
e [Pan-a_1 _(A-afl(b-2)i"! 4
n_—iN] n,—IA
E[n"e ]—L Ae B(p,q) (b—a)P~! (b—a )"'_1 b—a

1 b . —a _ dA
= Amle A p (1 — g—1
B(p,q) Ja ¢ (b— ( b a) b-a
let x= 4=¢ = x(b—a)+a=12 = dAi=(b—a)dx

b—a
1 47

E[Ane—-n\.] - (x(b i (I] Hi a)nc,—r(,\'{b—u}-!-rd}xp—-I (] —.‘C)q_']d.t'

B(p,q) Jo

i : ix( - w
B i n=kk (b — a¥IxP~V (1 — x)9!
B(p,q) [ ¢ )2 (ﬁﬂ x(b—a) " (1-x)""dx

k=0

é ~fa

n\ ok k ktp-1 kt+ptg—(ktp)—1 —ix(b—a)
(b—a) ] B ) R A dx
~B(p.g) ZI( ) ]

_ o—ta ﬂn—k o .ﬁB(k +P q} 1 il —a
=e ;;’1[(*) (b Y g Fi(k+p.k+p+gq—(b—a))]

(5.104)

Construction by the direct method gives

ni—1

Falt) = T-ElNe ™)

n—1 n
- ’]_Te_“‘ E (:)a”_*(b— a)kMJ. (k+p.k+p+qg.—(b—a))

=0 B(p.q)
mn—1_—ta n o
= “Il'—ne E (:)(%)*W|F](k+p.k—+—p+q;—(b—u)f}. t>0;a>0b>0,p>0.4q>
k=0 ,
(5.105)
By the method of moments we have
o (_ l)j_".l'f_l
(@)= ), i E(N)
" J}Z:;'l Tn(j—n)!
Ll | J=ngsj=1 i . ; B(k
=Yy u———{r ), : — ) (j)af"‘(b ‘—u———u( +p.g) (5.106)
j=n "(J = n}' k=0 k P {f)
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Identity 5.16
Equating the above two methods we get

(=1)F7-1 : b kB(k—}-p._q)_(J’*r""e"" S (n\ b—a  Blk+p,q)
Z In(j—n)! E(k)aJ (=) B(p.q) I'n Z(L)(c_!)

j=n k=0 B(p,q)
|F|(k+p.k+p+q;—(b—a):
(=1)mpin J () j—k kBk+p.9) iy (”) n—k «B(k+p,q)
b—a)f———= = b—a)f———=-
J); (j—n)! ); e b-a) Bpg) Eﬂ £)e =9 B(p.q)

1Fi(k+pk+p+g,—(b—ajt) (5.107)

The rth moment of the Erlang mixture is

E(T") = 1'(;; i} E(N) -

- 1'(*1?_: r 1:20(;”),9 , *(b—c:)*%

- I'E:;;:') g{,}( X )(b:ﬁ)k% (5.108)
=" (;‘)U’;‘H*W

5.8.2 Exponential-Pearson Type | Mixture
Construction by the direct method gives
filt)=E[ne™"]

1 "
=) (Da] ~*(p— gt B2 gkt pt (- a)r)

=0 E B(!’-‘I)
B(p.q) B(p+1,q) a
= e g B(rq) 1(PPHT {b—a}r)-k(b—a)T')]F](P**I-P+¢I+|i_(b_“)f)]

=e "a\F(p,p+q.—(b—a)t)+(b— a)

q|f*|(p+] pHg+Li—=(b—a))], t>0a>0,b>

(5.110)




By the method of moments we have

- 1 j—1
fl(”_jgi G- E(A)
. - {_IJJI il J TN i kB(k-Fp_q}
_FI—U_])! k;](k)ai (h—a) “Fpa) (5.111)

Identity 5.17
Equating the above two methods we get

Z (_I)J ];J I E (j)a-’""k(b—a)kw =e "“[aiF(p,p+q;—(b—a))+

ioo \k B(p,q)

(b—a) £ 1Filp+1,p+g+1,—(b—a))]
ptq
(5.112)
The rth moment of the Exponential mixture is
E(T") =rlE(A™")
o [—r\ _,_ B(k+p.q)
= rl ( )a rHih= }i__.,___.,.,
;E; k B(p.q)
I B(k
o ( r)( a},\ (k+p.q) P—
a’ k B(p.q)
1 < =1\ b—a B(k+p.q)
E(T)=- ( )(—)"— (5.114)
“;E’y k)" a ° B(pa)

5.8.3 Poisson-Pearson Type I Mixture

Py(1) = :—1,)‘;;0)
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Construction by the direct method gives
IN
Palt) = SE[N'e™]

A il : Bk
= Le"" Z (:)a”"(b }"‘u«(-+—p1-|F|(k+;: k+p+qg;—(b-at)

n! - B(p,q)
(@) _uxs (n\,b—a Blk+p,q)
| e — ) ——1F(k Jk —(b—
¢ k};} 1)) B Milktpktpt g —(b-a))
o b—a Bk ;
=Z(:)(—a}*wlﬂ{k+p.k+p+q;—(fa—a}r)g 1>0a>0b>0,p>0,g>0
k=0 )

(5.115)

By the method of moments we have

2, (=1

P@)=Y

f=t nl(j—n)!

(=1)/="/ j) i~k «Bk+p,q)
= a’ " (b—-a) ——————= (5.116)
JE,, n!(j—n)! z;')(i b=a) B(p,q)

E(N)

Identity 5.18
Equating the above two methods we get

o (—1)y==gf L (] ik Blk+p.q) (ar]" s (n\ b—a  Blk+p,q)
E.nr(j—n}! E(k)w P R k);n(k)( « ) TB(pa)
1Filk+ p.k+ptqg,—(b—a)
(S m N e Bk pg) e (2)er H0-ap 20
J): Gn)! ;()“‘ G- o ¢ & e to-ar Tty
1Filk+pk+p+g.—(b—a)) (5.117)

The PGF of the Poisson mixture is

G(s,t) = E[e™\""""]

e—all- t)-'z() k *L‘;(;f;f Flk+pk+p+qg—(b—a)(l—s))
— emali-s) (” g;.mpp gi—(b—a)(1-5))

= p-all-s)t Fi(p,p+q;—(b—a)(1 —)) (5.118)




The rth moment of the Poisson mixture is

E(TY=t"E(N)

L ,.B(k—l—pq
=y (L) B(p.q)
=) ):( )¢ a)isg((:;)q}
B - -a kB(H—p q)
e =0, (B 5
_ B(p._q_ -a B(pi 1,q)
_mmBWMYH a B@q}]
_ b—a P
= (at)[1+( )(p_+_q)|

5.9 Erlang-Pearson Type VI Distribution and Its Links
5.9.1 Erlang-ﬁarson Type VI Mixture
The Pearson Type VI mixing distribution is

l: d]b a—1_1
d—c/ d-c

B(a,b—a)(1+4=4y’

d=c

g(d)=

= A>dia>0b>0,c>0,d>0n=1,2.3,.

(5.119)

(5.120)

(5.121)
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( d.‘rall

d( d=c

a
Bla.b—a)(1+74 “’}"’

E[/\"e—"ﬂ‘] o / lue—a’l
d

A—d
d-c

B[N = L “Id—c)+d"’

let x= = x(d—c)+d=12 = dA=(d—c)dx
—I[ (d—c)+d| b—a— I

B(a,b—a)(1 —l—x)"’

1 oo [.T A (_ 4 _d]n _—."[l(n‘ ('I-d_ Br—a—1

" Bla,b—a) Jo (1+x)? o
E—f{f oa (d‘ 5 i )
= m L [A'(d - L‘}+d]"£‘ HG=ET=e (l +.\') dx
»—td oa M
- % [7IE (2)rta—cpe e apoosi bt
Bla —da)Jo k=0 C
e—.!ddn n n
ey ab 3 Z(k)( (k+b—u}‘1-'k+b—ak a+ 1;(d—c)r)

(5.122)

Construction by the direct method gives

f" |
frr("} = Tn

‘n 1 —n.‘dulr i(n)
Tn Bla,b—a) )=
B (fd}" e 1d n

" tI'n Bla.b—a) frur 8

E[A"e—”\]

Tk+b—a)¥k+b—ak—a+1;(d—c)t)

( )(d! YOk +b— a)W(k+b—ak—a+1;(d-c)t), t>0ab,c,d>
[

(5.123)
By the method of moments we have
- o0 (_])J—HIJ—] ;
!"(F)_};; In(j—n)! ()
(=] J L (j\,d—c Blk+b—a,a—k)
_);: In(j—n)! g = \k ( d ) Bla,b—a) Baen




Identity 5.19
Equating the above two methods we get

& (—1) - ni] j i o/ d—c  Blk+b—a,a—-k) (td)" e Lo /n\ d—e,
?; Tn(i—m1 © k);;} T " Bap-a) - e Blap- a)‘f;) AR
T(k+b—a)¥(k+b—ak—a+1:(d—c))

Z(_I}J ".'f n Z () }EB(k—Fb—a.a—k) _ e~Mdgn 2 (:)(d—

= B(a,b—a) B(a,b—a) F=0)

I'k+b—a)¥(k+b—a,k—a+1;(d—e))
(5.125)

The rth moment of the Erlang mixture is

[(n+r)

E(T") = T E(NT)
l'(r;: ;-)d_rﬂzb 5 )(d;c)‘ B{k;(:;(ii) k)
o G (e )
= l'(:;;l) k:ﬂ( k )(dd C)ks(k;(i,;“ 3}_ ;
=BT (TR sz
5.9.2 Exponential-Pearson Type VI Mixture
Construction by the direct method gives
£16) = E{ne™

d!’ 1d 1 .
= E( ) VC(k+b—a)¥(k+b—ak—a+1;(d—c))
-—:W[F(b—a)‘{’{b—u.]—a;(d—c}r):—(u]l"(l+b—n}'{-’(l—b—a,2—z1;(d—c).')]

d
_de™"'T'(b—a) o d—c I . _
= ml‘{"(b—a‘l —a, [d— L)l')‘f’(T](b —ﬂ)“P(I ——b—a,z—ﬂ,(d—()f}l‘ f}o,ﬁ,_b._('?d =

(5.128)
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By the method of moments we have

a
H@) =y ~————E(AN)
: )_:. (-1
o0 _Ij..]j'..] J F —c. . Blk+b— i
= ( .) -'I y ({)(d L)L (k+b—aa—k) P
1= (j— 1) = \k d Bla,b—a)
Identity 5.20
Equating the above two methods we get
5 —| | () Blk+b—a,a—k) de'"T(b—a),
&’ 4 = W(b-al-a(d-c
J)_:, - 1) ‘Za B(a,b—a) B(a,b—a) * ( Gl
{d;")(b-a}wu+b-a.2-a;(d-¢-);)J
¢
(5.130)
The rth moment of the Exponential mixture is
E(T")=rE(A™")
i d—c RB(k—H'J—a a—k)
= ic Bla,b—a)
; — r\,d—c ,\Bk+b—a a—k)
ar ,E ( k >( d B(a,b—a) Eat)
1 1\ d—c 1B(k+b a,a—k)
GiR)= d ; ( k )( Bla,b—a) 5.132)

5.9.3 Poisson-Pearson Type VI Mixture

Ba(t) = - £al0)




Construction by the direct method gives

okt iR
Pt) = E[N"e™]

" e.—fc."dn n n d=c "
T Tk +b—a)Pk+b—ak—a+15(d—c)
n!B(a,b—a) | U(k)( d JTlk+b—a)Pk+b—ak—atli(d—c))

‘"’(rd)" i
_n*Bub—a Eo(k) F{A+b—(t}‘-}'(k—b—ak—a+] (d=c)), t>0:a,b,c,d>0
(5.133)

By the method of moments we have

(=1
Fy(r) =J§'mf‘(/\i)

e (1) "rf i /j —c kB(k+b—aa k)
- Z,, ni(j—n)! g ( ) B(a.b—a) (5150

Identity 5.21
Equating the above two methods we get

(_])J’ —ny [:ku"f‘b A= ') B ‘?—Id(rd)u n ™\ d—c "
}Z;’, r'(J—n ;’ ( ) B(a,b—a) n!B(a,b—a)kg](k)( d )

Tk+b—a)¥(k+b—ak—a+1;(d—c))
(_”J' ".'" n i M}—a.a—k} B e tdgn n (”) d—c
;, Z() B(a,b—a)  B(a,b—a) = \k v
Tk+b—a)¥(k+b—a,k—a+1;(d—c))

(5.135)

The PGF of the Poisson mixture is

Gls,t) = E[e—[l—r}m]

= %f C:) d;")*r(k+;;—ajq’(k+b—a._k-a+ 1;(d —c)(1—s)r)

L,---d{l ---.c_l."r(b Pt ﬂ}
= W‘P(b-— a,l —a;(d—c)(1—-s)t) (5.136)
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The rth moment of the Poisson mixture is

E(T") =1"E(N\")

v (T, d—cyBlk+b—a,a—k)
e ,g,(k)( 7~ Blab-a

oy () (4 c Bl b—a,a—k)
= ;g’;(k)( d ) Bla,b—a) (5.137)
: d—c.  Blkemb—a.a—k

=0

d—c. B(l+b—a,a—1)

B(b—a,a) ]
‘B(a,b—a) d B(a,b—a)
b—a

= )1+ (=5 =) (s139)

= (td)

+1

5.10 Erlang-Shifted Gamma (Pearson Type Ill) Distribution and Its
Links

5.10.1 Erlang-Shifted Gamma (Pearson Type 1) Mixture
The Shifted Gamma (Pearson Type Ill) mixing distribution is

ﬁ“

gA) = ae""‘-"”*"(;‘t—p)“"', A>ua>0B8>0u>0 (5.139)

. P B
E[/\”e"""] iz [ lne—mﬁe--ﬁ(i\ ---,u](l _'u)a---ldl
U

’Bﬂ' o0
_ BT [T an -yt emia-BasBugy,

If:.y EH
e A 1 niq _ Na—=1 —(+p)(A—p)
e [u A=) e dA

let x=A-p = A=x+u = dl=dx

o o0 :
E[;'\"e_”\'] . l-q_ae—-pr/ (x+ }.!)”.\'a_lé’_(H'ﬁ Wy
0

let x=py = dx=pudy
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(41 - |
E[/\rfe—f/‘-] == l@—ae—w /ﬂ (}1}'+ﬂ}”(ﬂ_!’}a_Ic'_("'*'.s.'ﬂ_‘-‘“dy
a OO0
) le_a‘,-_m#”-“af b+ I)”)’a_l(.'_{""‘ﬁ).u."(f).
0

_ “r'(ﬁ#{}xao—w /N(Js+ ])n'*-a"']"a‘Jyﬂ"" |e_...[,.,_p)ﬂ_‘.d}r
]

n o — !
= %l‘a%a,aﬂﬁ L;(r+p)u)
=u"(Bp)%e "W (a, o +n+1;(r+ P)u) (5:140)

Construction by the direct method gives

IrJ'i 1
f" ."} i E[Aﬂ —.':]
.,H |
= ﬁu" (B)%e *M¥(o,a+n+1;(t+B)u)
.-: a,—w
= %\P(a,aww L{t+Bu), t>0;a>0,8>0,u>0n=1,23,.
(5.141)
By the method of moments we have
B L I)" "f" | i
f(t) = JZ” Tn(j—n)! E(N)
oo ( ”_,J n _,J | a
ET W (Bu)*¥ (e, o+ j+1:Bu) (5.142)
Jj=n I
Identity 5.22
Equating the above two methods we get
(=1 a (pa)"(Bu)%e™
e W 1; W] °  y(q, 1:
; (= ) W (Bu)*¥(e, e+ j+1:Bp) = L (a,a+n+15(+B)u)
(_”J ""J . o —
E 1w (Bu) (e, e+ j+ 1 pp) = p™(Bu) e M ¥(o,a+n+ 1 (t + B)p
j=n

(5.143)
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The rth moment of the Erlang mixture is

(n+
E(T") = (1'_” D E(A)

- r(”ri:r}u T(Br)*¥(a,a—r+1;:Bu)
_Dn+r)
T un

C(n+1)

(Bu)*¥(o, e —r+1;Bp)

E(T)=

(Bu)*¥(a,a—1+1;B8u)

- ﬁ(ﬁp}“‘l’(a‘a:ﬁu)

5.10.2 Exponential-Shifted Gamma (Pearson Type Ill) Mixture
Construction by the direct method gives

fi(t) = E[ne™]
=u(fu)e "W, a+2:+pu), r>0>0.>0,u>0

By the method of moments we have

Identity 5.23
Equating the above two methods we get

Y G

(5.144)

(5.145)

(5.146)

(5.147)

Y B ok j+ 15 B) = BB e (e o+ 25+ )
i=1 ‘

(5.148)




The rth moment of the Exponential mixture is

E(T") =rlE(A™")
=rip " (Bp)*¥(a,a —r+1;8u)

_r
ur

(Bu)*¥ (o, a6 —r+1:Bu) (5.149)
(Bu)*

E(T)=—=—VY¥(a,a;pfu) (5.150)

u

5.10.3 Poisson-Shifted Gamma (Pearson Type IlI) Mixture

Pu(0) = o0

Construction by the direct method gives
.P”(f} — _E[AH —1"‘]

—u"(ﬁn) ”"P(a a+n+1;(t+B)u)
_ (uf)"(ﬁu

n!

‘P(a._a+n+l;{r+,8)p), t>00>0,8>0,u>0 (5151)

By the method of moments we have

Z E;])} "HE(/\‘)
Jj=n

E (—1) J(ﬁ;{)"‘[’ o, 0+ j+1;:Bu) (5.152)

nl(j

Identity 5.24
Equating the above two methods we get

Y(a,a+n+1:(t+p)u)

J" nyj u
,):1.(’0 f,u (Bu)*¥(a,a+j+1;Bu) = %

E(

Jj=n

_I}J l'!rj n

W (B) (o, 0+ j+ 1 Bp) = p'(Bp)%e ¥ (o, a+n+15(t + B)p)

(5.153)
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The PGF of the Poisson mixture is

G{SJ‘) — E[C’ (1 '.¥]f.-"\]
= (Bu)e (Y (0, 0+ 1;([1 - st + B))

The rth moment of the Poisson mixture is

(2]
E(T") =t"E(N)

=tu" (Bu)*¥Y(a,a+r+1;Bu)
= (tp)" (Bu)*¥ (o, 0 +r+1;Bp)
E(T) = (tp) (Bu) ™ (e, ¢ +2; Bu)

5.11 Erlang-Right Truncated Distribution and Its Links

5.11.1 Erlang-Right Truncated Mixture
Given the two-parameter Gamma distribution as;
h(x) = a—b(’ b=l x>0,a>0,b>0
b ' ’ '
In the integral
I= ]ﬂ d ey, p>0

Let;

ol fiod
a

(5.154)

(5.155)
(5.156)

(5.157)
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So
b b
i Lt ax _b—1 _il
Fb./o e “x" dx = = y(b,ap)
_ v(b,ap)
I'v

where ¥(b,ap) is an Incomplete Gamma function.

b
e b P o—ax b-1
— B fx=1
l'b)f(b,ap)f() e
P (Ib
e %xb=ldr=1
[u ¥(b,ap)
P b
f e~ gy — ¥( ::P)
0 a
The Right Truncated distribution then becomes;
@ _aAqgb-1
A)=———e"A"7", 0<A<pa>0,>0,p>0 5.158
g(4) ‘y{b,ap]e p.a P (5.158)
. P b
E[;"\"{’_,“] = [ ln{,—i’l a {’_“;{lb_ldl
Jo 7(b,ap)
ab Posppenge g
s / lu—ib—lg i[rm)dl
y(b,ap) Jo
let x=Alt+a) = dx=(t+a)di
E[A"e™"] = a’ / el _X_yntb-1g-x X
y(b.ap) Jo t t+a

a’®  yn+b,pt+a))

E Wb,ap)  (t+a)"*?

a®  y(n+b,p(t+a))

(r+a)rtb ¥(b,ap)

~ (ap)"p" L'i(%}:;]”—!'nﬂ'] (n+bn+b+1;-p(t+a))
[p(t +a)]"+b (“.ﬁ:)blfl‘l(b.b+ 1;—ap)

_ bp" \Filn+bn+b+1;—p(t +a))

T n+b 1Fi(b,b+15—ap)

(5.159)
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bh e Pltta) Fi(ln+b+ 15 p(t + u))

E [J"\”(_’_rA] e P"

n+b e R(Lb+1ap)
_ b _P,]ﬂ(l n+b+1;p(t+a)) (5.160)
ntb 1Fi(1,b+1iap)

Construction by the direct method gives

n—1

fur(f) = r—EIf\”é’_Ih]

I'n
" bp" \Fi(n+bn+b+1;—p(t+a))
- Tnn+b 1F1(b, b+ 1;—ap) 8
b(pr)" 1Filn+bn+b+1;—p(t+a))
= : - . t>0a>0,6>0,p>0n=1,2,3,..
t(n+b)n 1Fi(b.b+1:—ap) i EX BN R R
(5.161)
By the method of moments we have
(_I}J‘ ny j—1 ;
AJ’
Z:; In(j—n)! E(N)
—1)=npd=1 ppi i i -
— (=1)7"=" bp! \Fi(j+b,j+b+1;—ap) p—

E Tn(j—n)! j+b Fi(b,b+1;—ap)

Identity 5.25
Equating the above two methods we get

Z (=) bpl \F(j+b,j+b+1;—ap) - b(pt)" 1Fi(n+bn+b+1;=p(t+a))
Tn(j—n)! j+b F(b,b+1;—ap) t(n+b)n 1Fi(b.b+1;—ap)

E (=)™ " bpl \Fi(j+b,j+b+1;—ap)  bp" \Fi(n+b,n+b+1;—p(t+a))
(j—m' j+b F(bb+1;—ap) ~ n+b 1F(b,b+1;—ap)
(5.163)

Jj=n
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The rth moment of the Erlang mixture is

L(n+r) —
E(T") = E(AT
@)= "52E0N)
Din+rybp™ \F{b—1rb—r+1;,—ap)
T I'm b—r g@Yb.b+1;—ap)
=1"[n.—i—r'} b |F(b—rb—r+1,—ap) 5168
pTn b—r Fi(bb+1;—ap)
E(T) = Cn+1) & F(b-1,b—ap)
pIn b—1,F(b,b+ 1;—ap)
n b Fi(b-1,b;—ap)
= — 5.165
pb—11F(b,b+1;—ap) ¢ )
5.11.2 Exponential-Right Truncated Mixture
Construction by the direct method gives
filt) =E[ne™"]
bp 1Fi(b+1,b+2;—p(t+a))
= >0a>0,b>0,p>0 ;
b+1 JRBbiL=ap ° ~—oe=lbzlp B:le)
By the method of moments we have
= _”J' -1 .
filt) = ; Y ——E(N)
“—lf'rf'b«’F bj+b+1;—
_ Z ) P 1Fi(j+b,j+ ap) 5167

=t (=1 j+b Fi(bb+1;—ap)

Identity 5.26
Equating the above two methods we get

i{-])f—'rf—' bp/ |Fi(j+b,j+b+1:—ap)  bp \Fi(b+1,b+2:—p(t+a))
= (-1! j+b  1Fi(bb+1;-ap) T b+1 1Fy(b,b+1;—ap)

(5.168)
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The rth moment of the Exponential mixture is
a
E(T")=rlE(nT) (10)
i r'bp'"’ 1Fi(b—nb—r+1;—ap)
‘b—r F(bb+1;—ap)
- i b 1Fi(b—rb-r+1;—ap) S
p’ b—r F(bb+1;—ap)
b 1F(b—1,b:—ap)
pb—11F(bb+1;—ap)

E(T}—

(5.170)

5.11.3 Poisson-Right Truncated Mixture

Pu(") = ifn(f)

Construction by the direct method gives

" & 5
Palt) = —E[N'e I
_t" bp" \Fi(n+b,n+b+1;—p(t+a))

n'n+b 1Fi(b,b+1;—ap)
_(p)" b (Fi(n+bn+b+1;:—p(t+a)) . ¢
= R, b+ li=ap) y t1>0:a>0b6>0,p>0 (517)

By the method of moments we have
[l'fﬁi

)i DALY

= '(J—"}'

i —1)/=" bpl \F(j+b,j+b+1;—ap)

mn(j=n)tj+b  Fi(b,b+1-ap)

(5.172)




Identity 5.27
Equating the above two methods we get

= (=1)i™ bpl \F(j+b,j+b+1—ap) (p1)" b (Fi(n+b,n+b+1;—p(t+a))

Z'.lr!(j—:r:]!_,.F+b 1Fi(b,b+ 1;—ap) onl n+b 1Fi(b.b+ 1;—ap)

j=
i (=1)d="¢d=" bpi \F(j+b,j+b+1;—ap) by \Fy(n+bn+b+1;-p(t+a))

= (j—n)! j+b R(bb+1li—ap)  n+b 1Fi(b,b+1;—ap)
(5.173)

The PGF of the Poisson mixture is

G(S._!) = Eh“ --s)m]
b 1Fi(b,b+1:—p[(1 —s)t +a])
& ﬁ 1F1(b,b+1;—ap)
_1F(b.b+ 1 —p[(1 —5)t +a))
- 1F1 (b._b+ 1: —ap)

(5.174)

The rth moment of the Poisson mixture is
=
E(T"Y=rE(N)
.y bp" Mb,r+b+ 1;—ap)
b+r Fi(bb+1;-ap)

~ b(ep)  Fi(r+ bggb+1;—ap)

" bebr 1Fi(b,b+1:—ap)
bip (Fi(b+1,b+2;—ap)
b+1 1F(bb+1;—ap)

(5.175)

E(T)= (5.176)

5.12 Erlang-Left Truncated Distribution and Its Links

5.12.1 Erlang-Left Truncated Mixture

Given the Gamma distribution with two parameters as;

s
hix) = ﬁ—ae_ﬁ'txa_]‘ x>00>0,6>0 (5.177)
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Then
[+ oa
l’%/ e Py lgy =1
Jo
a A, e
B—[ e"B"'_ra"'ld_r+/ e P14y =1
I'ee'Jo s .
let t=Bx = dt=Pdx
Ao o Bl ¢ dt
ﬁ.\r’xl._/ e T o Sl
e x Ix =
[u ‘ o © (ﬁ) B
| it te—1
= — e 't dt
5y
_ N@.pA,)
T
Therefore
o Jn )
‘B—[ ety / e Py =1
T'ee'Jo J A,
becomes
T(a,ﬁln) .Ba /w ~Bx a1 _
To +1_a Ar,e X Cde=1
And

® Bxa-1,. Lo y(a.Bi,)
/;"e X dx—ﬁa 7,8“
|
= [Fa-y(a, )] pa

oo ﬁ“e"ﬁ-"x“"'d.x 3
J2, T —v(a, fAo)

The Left Truncated mixing distribution then becomes

B ﬁc:e—,@}.la—l
sA)=rq= (e, Bh,)’

where y(a,BA,) = /

0

A>A;0>0,8>0,4,>0

e x* lelx

(5.178)
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n_—in o n —tA ﬁae_ﬁl‘la_l

E[N"e ]_/L e Yo B dA
B{X n+o—1 —R(.‘H’J)
~ =yt J, “*

let x=A+Pp) = dx=(1+p)dA

n_=th ﬁa & X ntee—1_—x d.\f
ElpA ™ = —— —_— e

| I= Fa—Y(a,ﬂL,)fa,,u+m(f+ﬁ} Y

_ Ba 1 = —x _n+o—1
~ Ta—y(a. BA,) 1+ Byr+e me" R
B%  T(a+n)—yla+n,(t+p)A,)

(r+py+e I'e—y(a,BA,)

Construction by the direct method gives

n—1

fn('} e ’—E[f’\" —r'\]

I'n

_ 7 B% T(@tn) = (ot (t+ B)A)

T (t4p)nte T —y(a.BA,)
1 n( I“(a+n} y(a+n,(t+ B)A)
T Tn r+,6} :+ﬁ Foa—yla,BA,)

By the method of moments we have

- €0 (’_])j—n.,j—l

fn(f}—jz" In(j—n)!

_Z( 1)i-"-1 B® T(a+j)=y(a+j,BA)
j=n In(j—n)! pite Lo —y(a,BA,)

Ei 1)~/ 1 T(a+j)—y(a+,BA)
Tn(j—n)! BJ Fee—y(a,BA,)

E(N)

J=n

(5.179)

(5.180)

(5.181)

t>0a0>0,8>0,4,>0n=1,273,..
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Identity 5.28
Equating the above two methods we get

Y= 1 T+ ) — p(o+ j, BAy) _ 1 1 B . T(c+n)—y(a+n,(t+B)A)

,(, n)! ,BJ o — ya,ﬁl{,) tI'n .'+B}”( B) o —vy(a, BA,)

i I 1 D+ j)—He+j,Bh)  B*  T(a+n)—y(o+n,(t+B)A,)
= ;—n}' Bi Ta—y(e, BA) T (t+ pyrte e —y(a, BAy)

|Ms

(5.182)
The rth moment of the Erlang mixture is
E(T") = r(’l’f’)b(r\ )
e .
E(T) = l“(” g I}Bl‘(a Fa) YTS‘IHL BAo)
= i e s

5.12.2 Exponential-Left Truncated Mixture

Construction by the direct method gives

fit) =E[pe™
B* T(a+1)—y(a+1,(t+p)A)
(t+4 B)atl TFa—y(o,BA,)

i 1 \( B )uaFa—T{a+l-.(f+ﬁJL;)

Es 00,8 50450

T t+p T+ o - y(a, BA)
(5.185)
By the methad of moments we have
oo ; ].,_; 1
Al = Z —E)
. ; 1ej=1 Qo
Z 4 I r(a+ v'} a T J‘-Blﬁ) (5.136)

j=1 J‘_I}I B} le— yauﬁlu)




Identity 5.29

Equating the above two methods we get

w COTWT LTt ) -retifh) 1y B aale—y(et] i+ B)A)

= G-nt B Ta-vy(epi) t+B"t+p Fo— (e, fA)
(5.187)

The rth moment of the Exponential mixture is

E(T")=rE(A™")
= pprT(@—r) —na—rpl,)

To— 7(a, BAy) (5.188)
¢ _ r(ﬂf—l}—}'(a—l.ﬁl,,)
E(T)=p Ta=Hapi,) (5.189)

5.12.3 Poisson-Left Truncated Mixture

Po(t) = = /()

Construction by the direct method gives

ﬂ,{f) = ;—tE[/\”e H\]
" B%  T(a+n)—y(a+n,(1+B)A)

T nlG+B)yTE Ta-1(e,ph)
A ¥ s B oT(o+n)—y(a+n(t+p)A) ;
_E(HB){H,BJ Ta— 1{o. BA) . 1>00>0.>0,4,>0
(5.190)
By the method of moments we have
R (=i vl
P"‘”-?_:,, TTET A
_ @ G T(a+j) - At j,Bh) 190

e n!(j—n)! Bi F'a-yle,fr)




165

Identity 3.30
Equating the above two methods we get

i(—l)f—“.rflf"(ai—j)—?(a+_j‘ﬁ/1(,)_L( t yi( B }a["(a-i—n}—}'(a+n,(!+ﬁ)lu)
n(j—n)! i Ta-—y(a,BA,) T alt+B M+ B Toa—7yla,B)

J=n
i (=D 1 Na+i)-re+iph) _ _ B*  T(a+n)—va+n(r+B)4)
(j=m! B/ To—y(a,pi) (r+B)yr+e Ta—y(o, fAo)

j=n
(5.192)
The PGF of the Poisson mixture is
G(S,f) = E[e--{lv-,s_}m]
- ABQ r(a}_?(a[“ _S)'r+r8]j~u)
(1 —s)t +B]* Fa—y(a,BA,)
_ B ol(@) —7y(a,[(1—s)+B]A)
==+ ! Fa— (o, BAy) La
The rth moment of the Poisson mixture is
E(T))=t"E(N)
_tT(a+r)—ra+rnBA)
= (E) Ta—y(a, pio) (5.194)
E(T) toal'o—y(a+1,84,) —

"B Ta-y(a.pi,)

5.13 Erlang-Truncated Gamma (from above and below) Distribution
and Its Links

5.13.1 Erlang-Truncated Gamma (from above and below) Mixture




In the integral;

b b a
/ e Pyl — / e Prya-lyy [ e Prya-lgy
a 0 0

fet t=Px = dt=Pdx
b Bb dt Ba t dt
—Bx o—1 ;5. —t a—1 —t a—1
et Mot [y
L 0 B Jo B B

- ﬁbe"‘r““]df ]fﬁﬂe"*r““]dr
“B%Jo @ B*Jo

_ 1a,pb)  y(a.pa)

16) B B
f B%e P34y = y(a, Bb) — y(a, Ba)
b ﬁa ﬁl o= |dx
f« ¥(e,Bb)— y(,Ba)

and the Truncated Gamma (from above and below) mixing distribution is

%ae---ﬁlla-—]

Y(e,Bb) —y(a,Ba)’

g(A) = a<A<ba>0,>0a>0h>0 (5.196)

n =fA n,—tA ﬁae ﬁlﬁ'ﬂ :
I= [ Gd y(ee, Bb) — y(c, ,Ba)d‘1
ﬁa

- ?(a-ﬁb)—r(a-.ﬁa)jﬂ
x=@F+B) = dx=(r+p)dA

b‘luvl-rx—le—ﬂ.{H-ﬁ}dl

n,—tA] _ B bli+f) X \nta-l —.r_d_’_\:__
N e M e e
_n Ba I ue+h) o Ie . aié+B) nee—1 ,—x g
~ Ya.pb) 1@ pa) (Hﬁ”*‘*[[ eleta— 1 el

T
= ‘y(a_lﬂb '}’(a ,Ba (f+ﬁ n+a
__ B* yntabi+p)-vataalttp) (5.197)

(4 b)Y v, pb) - y(e, Ba)

Yin+ o, b(t+ B)] — ¥[n+ c,a(t + B))
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Construction by the direct method gives

) /
E F,\ar ; —IA
I'n W™

Jult) =

B r"" B*  yln+a.b(t+B)) —yin+ a,a(t + )]
(r+p)rte Na.pb)—y(e. Ba)
ng B _aYinta,b(t+B)-yin+a,a(t+pB)] . .
.fl—'n(f-';-ﬂ) (r+,B) ¥a B8] =l Ba) t>0:a>0,0>0,a>0b>0,n
(5.198)
By the method of moments we have
3 co (_”.i"'fld 1 i
f"(")_?::,, TG =i £
_ e (1) BY y(j+a,bB) — y(j+ @,aB)
‘); Tn(j—n)! B+« y(a,Bb)—v(a,Ba)
(=1 y(j+a,bB) —y(i+ a,aB)
=L TG-wT B Wapb)- aﬁn} ki
Identity 5.31
Equating the above two methods we get
(=1)=7J=V 1 y(j+a,bB) —y(j+a,af) 1 ’ B o Yn+ab(t+pB)—vn+a,alt
?:,, Tn(j—n)! B/ y(a,Bb)—7(a,Ba) :l'n(£+BJ +B 1(a, Bb) — y(a, Ba)
E( 1)Ji="J=" 1 y(j+a,bB) - y(;%a aB)  B*  vin+o,b(t+B) —v[n+a,a(t+B)]
= (-m' B vapb)-v(@Ba)  (r+p)e v(a, Bb) — (e, Ba)

(5.200)




The rth moment of the Erlang mixture is

E(TF’) = 1—'(";-:; r) (A'_f')
_Iln+r) 1 y(la=rbB)-y(a—raf)
- I'm B y(e.pb)-7y(a.pa)
T(n+r) ,y((x—r.bﬁ}—ﬁx—r._aﬁ)

I'n y(ee, Bb) — y(a,Ba)
_Tn+1) y(a—1,bB)— —1,aB)
R S T E T
y(a—1,bB) - y(a—1,aB)
T[a ﬁb) = ]'(a,ﬁa)

=nf

5.13.2 Exponential-Truncated Gamma (from above and below) Mixture

Construction by the direct method gives

(5.201)

(5.202)

filt) = E[ne™]
_ B*  Aa+1,b(t+B)] -+ 1,a(t+B)] _ o
= GrpEn 7o B =50 B0} , 1>0,0>0>0a>0b>0
(5.203)
By the method of moments we have
o | |
i)=Y ”} I‘; E(N)
J=1 .
_ v G i+ abB) — v+ ap)
—J; (1—1}' B/ y(a.Bb) - v(a,Ba) (209
Identity 5.32
Equating the above two methods we get
o DWW pitesB)-vitaaB)  B* yle+1b(t+B)] - va+1,a(t+B))
= G-nt B/ vepb)-ra.pa) (r+p)*H! y(e, Bb) — v(et, Ba)

(5.205)
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The rth moment of the Exponential mixture is

E(T") = rE(A™)

FYa—rbB) - vigg raB)
P fo)~ 16,6 et

?(aeﬁb)—?(a'ﬁa)

5.13.3 Poisson-Truncated Gamma (from above and below) Mixture

Put) = = £u(t)

n

Construction by the direct method gives

" .
Pi(t) = EE[-’\"e il

=r_" B*  yln+a,b(t+p)]—yin+a,a(t+ )
n! (t+p)n+e (e, B — v(a.Ba)

I( 1 '}n( DB }a)’[ﬂﬁ‘a‘b(f-f—ﬁ}]—T[H—‘-a,a{f-f—ﬁ)]‘

t>0,0>0,8>0,a>0,b>0

:; -'+|8 -"+3 Y(a!Bb)_T(a,BG)
(5.208)
By the method of moments we ha&
. & (=18 :
Pn("} . - E(;\JJ
;)::’; 1(j—n)!
_ J neio| 'JI{_;——(I bB)—vy(j+ a.af)
);,ul(,-' n)! 3; y(ct, Bb) — y(cx, Ba) (5.209)

Identity 5.33
Equating the above two methods we get

E( 1)/ "rf 1 y(j+g.bﬁ) Yi+taaB) 1, ¢ i B )a]f[n-l-a._b(r-i—ﬁ)]—}'[H-f-a.a(f-i'
Znl(j-n)! B/ y(a,Bb)-1(@.Ba)  nl'i+p’ 1+p ve, Bb) - y(e, pa)
i( 1)/~ "rf‘"L_y{j@a.bﬁ) 7(j+a,af) B*  Yin+o.pg+B)—vinta,al+p))

= G-mt B/ y(a,pb)-7v(aBa) ~ [t +p)ye (e, Bb) - y(a, Ba)

(5.210)
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The PGF of the Poisson mixture is
G(s,t) = E[e~(1-9"]
B2 yia,bl(1—s)r+B]] - viggel(1 - )t +B]]

~[(T—s)y+p° (. Bb) — y(a.Ba)
B jedlabl(i =)+ Bl - vioal(l ~s)e+ ] —_—
(1-s5)t+B y(ee, Bb) —y(e. Ba) ’

The rth moment of the Poisson mixture is

E(T"Y=rE(N)
:rrly{ﬁa.bﬁ)—y(w a,af)
B" g r(«,Bb) — y(a,Ba)
B l[i),,y(r+ o, bp)—y(r+a,af)

p y(o, Bb)—y(a, Ba) (5.212)
_ t fa+1,bB) —y(a+1,aB)
B B rvlepb)—y(e,pfa) (5.213)

5.14 Erlang-Truncated Pearson Type Ill Distribution and Its Links
5.14.1 ErIang-wuncated Pearson Type lll Mixture

The Truncated Pearson Type Il mixing distribution is

_ayg-2,ald
g(d) = Li=Ay = . 0<A<1:f>0,a>0 (5.214)
B(l,B—1hF(l,B:x)

n,—iN] _ : n,—tA (]_l)ﬁ_lzeal
Ene ™ = [ A% R T
- 1 I nr1 _ \A-2_—-A(t—-a)
*B(I,B—l).ﬂ(l._ﬁ;a).fu A e A
1  — )
= ln-e—]—] [ —& B4+n—(n+1)-1 _A{a—1) 1
B(lﬁﬁ—lllﬂ(leﬁ:a)-ﬁ =) ‘ ¢
_ B(n+1,B—1)1Fi(n+1,n+B;0—1)
- B(1.p— 11k (1,B:a)

=nB(n,f) Fin ;_II(':;;'{Z}G ) (5.215)
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Construction by the direct method gives

1 —.'".]

j"(") -

_.f“ ' 1Fi(n+1,n+ B —1)
= —nB(n.fB) (1500

I'n

_m""l",B1F|(n+],n+ﬁ:a—r) t>0;a>0>0n=123 (5.216)

L(n+B) 1F1(1,B;a)

By the method of moments we have

n 1
falt) = E%FW}
Jj=n
Z 1"::(); n) Uﬁ)lh(J+:.Jf5+&[§ 2 (EA

Identity 5.34
Equating the above two methods we get

i (1)1, (_ﬁJ|F1{j +1,j+B:@)  nm" TP 1Fi(n+1,n+Bi0—1)

& TaG=nt"’ F(LE) T(+B) A(LBa)
g _(IJ,}J_::;: ".' (,r'-.ﬁJ'F'(]jFT(:::;;f:a nB(n,p) Li n:,,ll igsia_r) (5.218)
The rth moment of the Erlang mixture is
E(T") = F("r: D pan
-0 oyt o)
E(T) = Lr(rif—”st—l..ﬁ)%
- —mff(—l-ﬁ)M - (5.220)

1F(1,B:a)
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5.14.2 Exponential-Truncated Pearson Type Il Mixture

Construction by the direct method gives

0= g
. ]F|(2._B+l;a—f)
=81.5) 1AL Ba)

r>0:0>0,>0

By the method of moments we have

oo (—l)f"'rf“' o

Salt) = ;; —U_—U!—E(AJ}
o (TR G+ L+ B
=L G- BUP TR fa

Identity 5.35
Equating the above two methods we get

= ) i A+ +Be) _

]F](Z,B-i—l;a—r)

Z (=1 JB(J.P) 1Fi(1,B:a) =B(1.F)

j=1

1AL Ba)

The rth moment of the Exponential mixture is
E(T")=rE(A")
s ; | aFf(l—=nB—ro)
= rl(=r)B(-np) F(L.pa)
(0,8 - 1) o
AL Bia)

E(T)=(—1)B(—1,p)

5.14.3 Poisson-Truncated Pearson Type Il Mixture

BA(0) = -0

(5.221)

(5.222)

(5.223)

(5.224)

(5.225)
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Construction by the direct method gives

Pi(1) = B[N
B r’ iFiln+1,n+B;a—1)
—J?B .B) AP
"I 1Fi(n+1,n+B:a—1)
[(n+B) Fi(1,B:)

t>0,0>08>0 (5.226)

By the method of moments we have

_IJNJ .
Pa(t Z( : a'\“r)

i=n —ﬂ

Fii+1,j+B: )

B (—l)i-w
ﬁ,-)_:,,n( ”}'!BU‘B) 1Fi(l,B:a) =1
Identity 5.36
Equating the above two methods we get
> (=0 R+ j+Bia) T (Fi(n+1,n+Bia—1)
J;,n!(j—n)r’s("‘m F(LBia)  Tn+B)  A(LBa)
o (1) R+ Ba) 1Fi(n+1,n+Bia—t)
LG PO R R AT R e 6
The PGF of the Poisson mixture is
G(s,t) = E[e” =]
=FIFﬁ|F|(1.B:a-(I—.~;).'}
' lpl(lfﬁ_;a}
_ 1AL Bia—(1=s)r) 319}

1Fi(1,B:a)
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5.15

The rth moment of the Poisson mixture is

E(TN) = .f"E(/ﬁ
i 1A(r+1,r+Bx)
=¢rB(oi) 1Fi(1,B;a)
o audAL(r 1,7+ B o)
='B{np) 1Fi(1,B; )
IFl(zvﬁ'i']:a)

1Fi(1,6:a)

E(T)=1tB(1,B)

Erlang-Pareto | Distribution and Its Links
5.15.1 Erlang-Pareto | Mixture

The Pareto | mixing distribution is

¥

a+l?

g(A) = A>B:f>0,a>0

>

Ao+l
—ape [ eharasian

o0 [#4
E[."\"e' m] =/ l”e"'}‘ 0.'.,3 di
B

let A=x+B = dA=dx

E[p"e ™' = ap® / e~!HB) (x 4 )41 gx
J0

— a’ﬁo‘g—’f-’ / B_”{x-(-ﬁ)"_“_ldx
J0

let x= B)‘ E dx:ﬁﬂ').-

E{;\"e_m] — a.Bt‘xe—:B /ﬂ e—:ﬁ_\-(ﬁy -E—ﬂ}"_a_lﬁd_\’
:Oﬁﬁa(’ I,@ﬁu a[ e fﬁ}'(}:+l)fl o Id)-‘
Jo

- a'@ﬂ{u—lﬁ'é _\'l_l(_\‘-l- I)”_“"I_l_lg—"ﬁ_\'d},

= aﬁ’*e"'ﬁ‘l’(l,n —a+1;81)

(5.230)

(5.231)

(5.232)

(5.233)
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Construction by the direct method gives

n—1

t
— EAM_—I‘:\
oy E"e™]

Jult) o

_f"_] B~ ‘
—ﬁaﬁ e lp(l._}?—a‘l-l.ﬁf)
_a(p)e® .
= T ¥(l,n—a+1;61),

By the method of moments we have

, (=)=t
falt) = ):‘, Tn(j =

Jj=n

~1)=
_Z I

Jj=n T(_."

Identity 5.37
Equating the above two methods we get

nyj—1 X
Z( |)J :}I af’/B(l,a—-j) =
J=n
Z(_l J_:J ~aBiB(1,0- )
j=n

The rth moment of the Erlang mixture is

Lo 0,8 50.0=1,2,3..

Hr

H

E(N)

af’/B(1.0 - j)

a(ip)e ™,

tI'n

(1,n—a+1:pr1)

=ap"e " PY(1,n—a+1;B¢)

= @aﬁ "B(l,0t+r)

= r(’;_” . %B(I,a-l—r)
E(T) = E(’;;' ”%B(I,a +1)

N %B(l,ow 1)

(5.234)

(5.235)

(5.236)

(5.237)

(5.238)
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5.15.2 Exponential-Pareto | Mixture

Construction by the direct method gives

fi(t) = E[ne™
=afePP(12-a:Bt), t>0:a>08>0 (5.239)

By the method of moments we have

hile)= i Msm

= G-
= i (_(Il)i":giﬁlaﬁfs(l,a ) (5.240)

Identity 5.38
Equating the above two methods we get

o (1)l

)3

Waﬁfﬂ‘(l.a- - j) = aBe PW(1,2 - a:Br) (5.241)
=1 B

The rth moment of the Exponential mixture is

E(T") = FE(A")

= r!%ﬂ[].a—i—r)

= a—'fB(l,a%—r} (5.242)
‘o

E(T)= BB(I.O(+ 1)

o

= m (5.243)

5.15.3 Poisson-Pareto | Mixture

P(0) = -4:(0)
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Construction by the direct method gives

JI

P"(I} - '—ﬁ[}'\" —H\]

I,J
= —ap"ePW(1,n— a+1;Br)
.

_ a(rB)"e“’ﬁ

n!

Y(l,n—o+1;6t), t>0,a>0,>0

By the method of moments we have

=)l n}lanB(l._a'—j)
j=n

Identity 5.39
Equating the above two methods we get
Z (=1 a,BfB(l oa—j)= MT(I n—a+1;0t)
ek n!(j—n)! 4 n! ’ ’
(_l J' HrJ n z ) . = _‘.B
): aB’B(1,a—j) = aB"e "P¥(l,n—a+ ;1)

1= j—n)

The PGF of the Poisson mixture is

Gs.1) = E[e”(179
= ae PU-9"p(1,1 - a; B(1 = 5)r)

The rth moment of the Poisson mixture is

B
E(T")=1rE(A")
=1"af’'B(l,a—r)
=a(if)'B(l,oc—r)
E(T)=(atp)B(1,ct—1)
.

T o |

(5.244)

(5.245)

(5.246)

(5.247)

(5.248)

(5.249)
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5.16 Erlang-Pareto Il (Lomax) Distribution and Its Links
5.16.1 Erlang-Pareto Il (Lomax) Mixture
The Pareto Il (Lomax) mixing distribution is

) T s

W 7|,>0;Oc>0_.,6:>0

[ Al —IA] _ “ n_ —td a-Ba
E(e ™) = [ a%e Tt e

= aﬁ“fw At~ A+B)"*1da
0
let A=fx = dA=Pdx

E(N'e ") = ap? [~ (Bxy'e P (Br-+ B) % B

:aﬁ&ﬁu o '1JI€ ,Bf.l'(l_'_)‘.) o1 g

—aﬁ”[ A’"+l ](] u+| a=(n+1)= l(, ,Brtdx

=af"T'(n+1)¥(n+1,n—a+1;B1)

Construction by the direct method gives

ul

@n

i"” -1

fa(t) = —E[A"e™"]

aﬁ"l"{n+ D¥(n+1,n—a+1;01)
- an(.rﬁ)"
T

By the method of moments we have

oo ¢ 4y f—myj—1 ;
70 = Ll )

= (_1)fmel |
;W B'B(j+1,a—j)

Yn+l,n—a+1;Bt), 1>0,0>0,>0n=12,3,..

(5.250)

(5.251)

(5.252)

(5.253)
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Identity 5.40
Equating the above two methods we get
(-1t - an(ipy"
of’B La-j)=——""Y% l,n—a+1;
;} Tn(j —n)! B’B(j+ J) ; (n+1,n—o+1;Bt)
(_] J ngj—n
Z afB(j+1,a—j)=ap"T(n+ 1)¥n+1,n—o+1;Br1)
J=n
The rth moment of the Erlang mixture is
. T(n+r)
BT =<2 AR
(") Fnd( }
- T(n+r) a !
—Taﬁ B(l—roa+r)
I'n+r) o
= Tn FB('—}(I'PJ)
In+1)o
E(T)= —B(0,0+ 1) =00
(1) =5 5BO.a+1)

5.16.2 Exponential-Pareto Il (Lomax) Mixture

Construction by the direct method gives

£i(6) = Elne™
=af¥(2.2-a;pt), t>0,a>0,>0

By the method of moments we have

= (=11
Filt)= ) e E Al
1(r) ;');l G=1) E]( )
_ (!
—ng =) aB/B(j+1,a—j)

Identity 5.41

oo {—I}j_lfj 1
U_—l}’aﬁ B j+] o — _,' a,B‘P(z 2—q: .31‘)
=1 %

(5.254)

(5.255)

(5.256)

(5.257)

(5.258)

(5.259)




The rth moment of the Exponential mixture is

[10]
E(T") = rE(A™)

!
=a—!B(|—r a+r)

,6;

E(T) = 2B(0,a+1) =

B

5.16.3 Poisson-Pareto Il (Lomax) Mixture

Py(t) = i (1)

Construction by the direct method gives
f" .
B - P
P,,(I)—n!b[r’\ e

n
” %aﬁ"l‘(n +1)®(n+1,n— o+ 15 Br)
n.
=a(f)"¥n+l,n—a+1:61), t>0a>0,5>0

Pa(r) = f mﬁ(r\f)

= n!(j —J!)!

L G _:—n
Z ;{lj) ) aﬁ*’B(Hl a—j)

Identity 5.42

Equating the above two methods we get

j=n

Z{—_T]J)%;HGWB Jj+lLa—j)=af"T'(n+1)¥(n+1,n—0a+1;Br)
j=n -

(5.260)

(5.261)

(5.262)

(5.263)

(5.264)
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The PGF of the Poisson mixture is

G(s,t) = E[e~{1=h
=a®(1,1-a;B(1-s)) (5.265)

The rth moment of the Poisson mixture is

2]
E(TH =1"E(N)
=t"af'B(r+1,00—r)
=a(tB)B(r+1,a—r) (5.266)
E(T)=o0tBB(2,a—1) (5.267)

5.17 Erlang-Generalized Pareto (Gamma-Gamma) Distribution and Its
Links

5.17.1 Erlang-Generalized Pareto (Gamma-Gamma) Mixture

The Generalized Pareto (Gamma-Gamma) mixing distribution is

lﬁ—l'ur{

2(A) = . )
e e

A>0,aa>0.>0,u>0 (5.268)

% AB-1yo
H,—IA = n,—tA ]
aire fn A B(a,ﬁ}(&+u)a'?-ﬁd‘?

1 /‘“’ 1Bl ~fh —a-p
= A A+ dA
B(a,B) Jo e (A+tp)

let A=pux = dA=pdx

[ =
E[/\”@ -H\] — H / (”x)ﬂ-:-ﬁ--le &I.t’(#x_l_.u} o ﬁy.(b.‘

B(a,B) Jo
_xu-a»u'"_ /m 1+B—1 N—a—B —utx
= BoB) b ¥ (1+x) e dx
K [wr11+ﬁ—l | 4 x)it1-a—(+B)—1 ,—uix gy
Blo,f) Jo - sy ’ '
.ui'l

B{a’ﬁ}r(n +B)W¥(n+B,n— o+ 1;ur) (5.269)
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Construction by the direct method gives

I!..u---l :
Jult) = ﬁE[f\"é‘_h']
B ot B)YW(nt Bt 1)
= Tn B(a,p) = el
__(un)" T(n+B) B _ _ —
= B(a,f) Tn ¥Y(n+Bn—a+l;ut), t>0a>0,>0u>0n=1.273,.
(5.270)
By the method of moments we have
oo —l j— ny
Jult) = E } i—n) ’\J)
J=ngj— l : s
): l} o= iBU+B,a—)) m

= Tn(j—n) B(a,pB)

Identity 5.43
Equating the above two methods we get

= (=17 “f‘ : BUJrﬁ-a—i}_ (ur)" T(n+p) !
g‘, -‘1(} D Ba.B)  iB(a.f) Tn Y(n+pB,n—o+liur)
i _{]J_:’J ’ BU;{’E‘.;}_ J) _ =51 ﬁ)l'(n+{5 )¥(n+B,n—a+1;ut) (5272)

The rth moment of the Erlang mixture is

E(T") 'I:H E(gm)
_Tn+r) _ BB-ra+r)
"1 " T Bap
_D(n+r)B(B—r,a+r)
= uTn  B(a.p) i)
Cn+1)B(B—-1,a+1)
EF uln B(e,B)
no
= (5.274)

u(p—1)
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5.17.2 Exponential-Generalized Pareto (Gamma-Gamma) Mixture

Construction by the direct method gives

hy=E [M—""‘]
B, B)r(ﬁ +1)¥(B+1,2—o;ur)
= W‘P(ﬁ+ 1,2—eut), 1>0,0>0,8>0,u>0

By the method of moments we have

fil) = E (——)E(AJ)

(D B+ o))
_J.; J_I B(aB)

Identity 5.44
Equating the above two methods we get

- Jw' iBli+B.a=j) uBr(a+p)
E )! Bla,B) e

J=1

Y(B+1,2—a; )

The rth moment of the Exponential mixture is

E(T") =rE(A™) 3
— o =rBB—ra+E
)
_r_!B(,B—.".a—I—r)
W B(a.p)

1 BB—l.a+1)

ED) =~ Ba.p)

5.17.3 Poisson-Generalized Pareto (Gamma-Gamma) Mixture

(5.275)

(5.276)

(5.277)

(5.278)

(5.279)




Pn(f} = :_If;l(f)

Construction by the direct method gives

By(r) = —E[f\" =
f" J[ll-”
= Eml"(n +B)¥(n+B.n— o+ 1;ut)
- “:1) ”’ifff) W(ntBn—atlip), t>00>05>0n>0 (5280

By the method of moments we have

P = £ S )

_%(—l)"—”f jBU+B.x—))

- & ni(j—n)! B(a,B)

(5.281)

Identity 5.45
Equating the above two methods we get

S (1) B(j+@a—j)  (u)"T(n+B)
Lol —an* o Ty T
o (-1 Blj+B.a-j) __»°

_I;r (j—n)! H B(a,B) B(a, )

— o+ 1;ur)

[(n+B)¥(n+ B.n—o+1;ut) (5.282)

The PGF of the Poisson mixture is

G(s,t) =E[e~('=""]

o:mr(ﬁ W(B.1 - ap(1-s))

__I(B) : .
= B{a,ﬁ}lp(ﬂ’ I —o;u(l—s)t) (5.283)
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The rth moment of the Poisson mixture is

2

E{T?j =1"E(N)
_ s eBlr+B,a—r)

g B(a.p)
_ Blr+p,e—r)
= e
B(T) = () 2=
i

-1

(5.284)

(5.285)
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6.1

6.2

SUMMARY AND RECOMMENDATIONS

Summary

Continuous Erlang mixtures were constructed with various mixing distributions using the
direct method and the method of moments, and the two methods were equated to deduce
a Mathematical Identity. The rth moments werg-also obtained. The Erlang mixtures were
expressed in three forms, namely, Explicit, the Bessel function of the third kind and the
Confluent Hypergeometric funtions which are Kummer’s and Tricomi.

Exponential mixtures and Poisson mixtures were obtained from the Erlang mixtures,
and the direct method and the method of moments were used and equated to deduce a
Mathematical Identity. The rth moments were also obtained and Probability Generating
Functions obtained in the Poisson mixtures.

Recommendations and Future Research

« The 4-parameter generalized Lindley mixing distribution and other forms of the 3-
parameter generalzed Lindley distribution have been introduced in this work. Other
mixing distributions leading to Erlang mixtures could also be identified.

» The link between Erlang mixtures and both Exponential mixtures and Poisson mixtures
has been shown. The link between these mixtures and other mixed distributions c
also be established. For example the link between the Erlang distribution and the
Pearson type Il and the Chi-squared distribution could be worked on, where both
distributions are special cases of the Erlang distribution. The link between Erlang
mixtures and Exponential mixtures through the Pareto distribution could also be
explored.

+ The rth moments for the Erlang mixtures, Exponential mixtures and Poisson mixtures
were deduced. Other moments such as the raw moment and the central moment could
be obtained.

This research focuses on construction of mixed Erlang distributions and linking them to
both Exponential mixtures and Poisson mixtures. Further work could be done on estima-
tion and application of these three mixtures.
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