ISSN: 2410-1397

Dissertation in Pure Mathematics

University of Nairobi

Deformation and Resolution of Surface Singularities

Research Report in Mathematics, Number 26, 2020

Stephen Ochieng Mboya September 2020

7))
2
e
o
S
o
=
s}
®
=
Gl
o
©
o
£
o
n

Submitted to the School of Mathematics in partial fulfilment for a degree in Master of Science in Pure Mathematics






Dissertation in Pure Mathematics University of Nairobi

Research Report in Mathematics, Number 26, 2020

School of Mathematics

College of Biological and Physical sciences
Chiromo, off Riverside Drive

30197-00100 Nairobi, Kenya

Master Thesis

Submitted to the School of Mathematics in partial fulfilment for a degree in Master of Science in Pure Mathematics

Submitted to: The Graduate School, University of Nairobi, Kenya



Abstract

In this dissertation, we study ADE surface singularities in terms of Dynkin diagram
obtained by deforming and resolving the singularity. Using classic invariant theory,
we describe how these surface emerge as quotient of C2/T', where T' C SL2(C), is
a finite subgroup of the group of 2 X 2 matrix of determinant 1 over C. We further
describe how these hypersurface embed in C3 as an affine varieties. We deform A,,
type singularity and show its relation to McKay-quivers.

Finally, we investigate the the exceptional locus of the resolution of the those isolated
singularities using sequence of blowup and from this we obtain the corresponding
Dynkin diagram of ADE type.

Master Thesis in Mathematics at the University of Nairobi, Kenya.
ISSN 2410-1397: Research Report in Mathematics
© Stephen Ochieng Mboya, 2020

DISTRIBUTOR: School of Mathematics, University of Nairobi, Kenya







Declaration and Approval

I the undersigned declare that this dissertation is my original work and to the best of
my knowledge, it has not been submitted in support of an award of a degree in any
other university or institution of learning.

Signature Date

STEPHEN OCHIENG MBOYA
Reg No. 156/16759,/2018

In my capacity as a supervisor of the candidate’s dissertation, I certify that this
dissertation has my approval for submission.

Signature Date

Dr. Jared Ongaro

School of Mathematics,
University of Nairobi,

Box 30197, 00100 Nairobi, Kenya.
E-mail: ongaro@uonbi.ac.ke









vii

Dedication

I dedicate this dissertation to Gedion Mboya, Philgona Mboya, Lameck Mboya and
Salome Apiyo.



viii

Y Y 2 Yo i

eclaration and Approvall...........oooiiiiiiiii s iv
[Decl i dA I

|9 T2 o= 10 1 vii

[Acknowledgments|........ ..o ix

MRECOUCTION. ... e 1

I T T e T Ty E PP 3

[L.1  Affine Spaces and Affine Varieties|.............oooiiii i 3

(1.2 Affine HYPersUrfaCes| . ... ..o e 4

[L.3  Morphisms and Regular Functions on Affine Varieties|...............oooiii i, 5

[1.4  Finite Groups action on Affine Varieties|............ ..o 7

[1.5  Classification of finite subgroup of SLa(C)|.......coooiiiii 7

2 Surface Singularities and Deformation|.............cooiiiiiiiiiiiiiiii i s 11

2.1 ADE-Surface Singularities|......... ... 11

2. 1.1 Gainvariant suBrings| ... .o e 11

2.1.2  Cyclic Quotient SingUIAriti€s]. . ... .....ooooiiii i 13

[2.1.3  Binary Dihedral and Binary Tetrahedral Quotient Singularities|............................... 13

[2.1.4 General results Obtained from Classificationl.........................., 16

[2.2  Deformation of Singularities|............ ... 16

[2.2.1 Root System from Deformation|...............oiiiiiiii e 19

[2.2.2  Classification of Root System| ....... ... 21

2.3 McKay quivers and Deformation of Cyclic quotient Singularities| .....................cooas. 22

[3_Resolution of Singularities and Dual graph| ... 25

[3.1  Projective Spaces and Projective Varieties|.............ooiiiiiiii i 25

B UD| oo 27

3.2.1  The blowup of C™ at the origin|...........ooiiiiii e 27

3.2.2 The blowup of X C C™ at P € X ..o oeiiiiiiitii e 30

[3.2.3 Blowup along Subvariety].............coo e 31

(3.3 Resolution of ADE Singularities and Dynkin Diagrams|........................co, 32

[3.3.1 Resolving Singularities of Ay, ~tyPes| .. . oot e 32

13.3.2  Resolving Singularities of Dy, ~types|.........ooiiii 34

[3.3.3 Resolving Singularity of Eg-type]..........ccoiiiiiiii 36

3.4 Resolution Problems..... ..o 38

[3.4.1 Choosing the Centers of Blowup|...........cooiiiiiii e 38

[3.4.2  Equiconstant Point]. ... ... ... e 39

[3.4.3 General resolution of X = V(29 +y"2°) € C? singularities|................................ 39




Acknowledgments

On the very outset of this dissertation, | would like to extend my sincere and heartfelt
obligation towards all the personage who have helped me in this endeavor. | am ineffably
indebted to my supervisor Jared Ongaro for conscientious guidance, friendship, mentorship
and encouragement to accomplish this project. Furthermore, his teaching introduced me
to new areas of mathematics and he took the time to explain them to me in detail. | also
express my profound gratitude to Geoffrey Mboya for his selfless and valuable guidance
and support for completion of this project.

| am grateful to the University of Nairobi for offering me a scholarship to pursue my master
degree in pure mathematics. Many thanks to the former director, school of mathematics
Patrick Weke. | appreciate my lecturers in the department of Mathematics for equipping

me with knowledge to enable me face this work with ease. | am especially thankful to Dr.

Katende, Prof. Nzimbi and Dr. Luketero, for their advice, friendship and always being
there for me. | am also grateful to EAUMP for allowing me to attend summer school
on algebraic topology in Kampala. It was a motivation towards my project in algebraic
geometry.

| am extremely thankful and pay my gratitude to Lameck Mboya for his selfless and support
for completion of this project. | am also thankful to my friend Laurence Muthama for
reviewing the preliminary draft of my thesis and providing many constructive comments. To
my classmates Serryann, Jacob, Evance, Lokaran, Chelulei and Njeru; our many discussions
and your kind and healthy suggestions improved this dissertation.

| also acknowledge with a deep sense of reverence, my gratitude towards my parents,

sisters; Everline,Lilian, Salome and Elvince who has always supported me morally and
economically.

STEPHEN OCHIENG MBOYA

Nairobi, 2020.






Introduction

The problem of resolution of singularities for a given algebraic variety X entails construction
of a proper birational morphism; 7 : Y — X such that Y is regular. The resolution
process has an impressive history. For curves the existence of resolution is known, see as
presented in [Kar00]. For the surface case, Zariski (1935) gave an algebraic proof and
existence of resolution in characteristic zero fields. Hironaka (1964) came up with famous
result of resolution for an arbitrary dimensional variety X over field of characteristic zero.
The geometric version of Hironaka theorem states that,for every real or complex algebraic
varieties, no matter how badly singularity is, can be dominated by smooth algebraic variety
isomorphic to it at each of its smooth points, see in [Kar00].

In this project we adopt Hironaka method and theorem on resolution of singularities which
comprise of an idea of sequence of blowup of singular locus along regular subvariety that
lies on singular locus of the proceeding variety. The output of the whole resolution process
consist of tree of charts, where the root nodes is isomorphic to C™; The ambient space
of the given hypersurface. The sub branches, that is the children of each node are
obtained from the parent nodes by blowing up and finally the proper transform of the
given hypersurface in the leaf node are regular and the total transform is normal crossing
divisor, see in [Bier97].

Firstly, we classify simple surface singularities as the quotient of C2 by finite subgroup
I' C SL2(C). The elements of SLa(C) acts on the ring C[u,v] such that for each
subgroup I' C SL2(C), there exist certain polynomial in C[u,v] that are invariant with
respect to this action and satisfying an algebraic relation as depicted from [Igor07]. In our
case we take f € C[x,y, 2] to be a polynomial describing this relation and consider f as
surface defined by the association of orbit of I' resulting to a complex hypersurface in
C3. We find that f has an isolated singularity at the origin which turn to be isomorphic
to C2/T. These singularities have been competently called, the Kleinian Singularities
which appears throughout the classification of surface and other known areas of geometry.

Du val showed that, resolving the Kleinian singularities by blowing up yields an exceptional
divisor that can be converted to Dynkin diagram of type ADE , see in [Dav 97].

The outline of the thesis is as follows:

Chapter 1: We use this chapter to introduce the standard notation and concept of
singularities which form a basis for resolution of surface singularities. Morphism , sheaf of
regular function on algebraic varieties and classification of finite subgroup of SLa(C) are
also introduced owing to its usefulness in understanding the sequel in other sections.

Chapter 2: Here, an introduction to classification of simple surface singularities as quotient
of C2 by finite subgroup T of SL2(C) using classic invariant theory is presented. We delve
into finding invariant polynomials under this G' action on C2\ {0} to achieve ADE- type
classification of surface singularities. We also present the space of universal deformation of



cyclic quotient singularities. Furthermore, we give the correspondence between the McKay
quiver and deformation of A,,- type singularities.

Chapter 3: We present the concept of blowup as an important surgical tool in resolution
process. We discuss blowup of a point in an affine varieties, p € A™, blowup of a point in
a subvariety, p € X C A™ and blowup along subavriety, X C Y C A™. We extend to
resolve the surface singularities of ADE-type and further explore the correspondence of
these ( minimal) resolutions with dual graphs called dynkin diagrams.



1.1

Preliminaries

The content of this chapter consists of classical Algebraic geometry material whose details
can be found in [Harts77, Dav97, Wil06] and [Mac69]. This is intended to fix notation
used in the rest of this project.

Affine Spaces and Affine Varieties

We work over the field C of complex numbers.

Definition 1.1.1. An n-dimensional affine space is defined by A™ := C™ to be the set
of all n-tuples of elements of C.

Definition 1.1.2. For a positive integer n, let R = C[x1,...,2y] be a polynomial ring.
An affine variety defined on S C R = Clx1,...,2y] is the vanishing set

V(S):={peC" | f(p)=0, for fe€S}

Definition 1.1.3. Let V. C C™ be affine variety. The vanishing ideal of V

(V) ={f € Clao,-.,@n] : f(p) =0, forallpe V}

is the ideal of all homogeneous polynomials vanishing on V. The coordinate ring C[V]

of V is the quotient ring
C[:D(), cee ,a:n]

I(V)
Further, we call a subset V. C P™ an algebraic set if there exists a homogeneous ideal
I for which V.=V(I). We say V is reducible if V =V (I) =V(I;)UV(I2) for
some proper ideals I1,I2 € Clxg,...,Ty], otherwise it is irreducible.

C[V] =

Theorem 1.1.4 (Hilbert’s Nullstellensatz). Let I be an ideal of R. Then

(i) I C R if and only if V(I) # &

(i) (V(I))=vVI={f € R=Clxg,...,x,]: f™ €I for some m} In particular,
if T is radical, [ i.e. VI =TI or equivalently R/I is a reduced ring (has no
nilpotent elements) e.g. I = (x) C Clx] | then I(V(I)) = I.

Corollary 1.1.5. There are order-reversing bijections



{varieties } «— {radical ideals }
{irreducible varieties} <— {prime ideals} = Spec(R)
{points} <— {mazimal ideals} = Specm(R)
X +— [(X)
V(I)<+—1I.
Lemma 1.1.6. A collection of Algebraic sets has the following properties
i) Empty space and the whole projective space are algebraic sets.

it) Arbitrary intersection of algebraic sets is an algebraic set.

iii) Finite union of algebraic sets is an algebraic set.

Definition 1.1.7 (Zariski topology). Zariski topology on P™ is the topology on algebraic

varieties where the open sets are complements of algebraic sets which satisfy Lemma

1. 1.0

1.2 Affine Hypersurfaces

For R := C[z1,...,2y], let p = (a1,...,a,) € C™ be a point and f € R be an

irreducible polynomial. We define a hypersurface X C C™ to be a vanishing set

V(f) :={peC”| f(p)=0}.

Definition 1.2.1. An algebraic hypersurface in an affine n — space is an algebraic

variety defined by a single implicit equation of the form f(x1,...,2y) = 0.

Example 1.2.2. An affine hyperplane defined by a linear polynomial of the form

X :=V(x1+...+xy) is an hypersurface.

Definition 1.2.3. Let X C C™ be an hypersurface defined by f € R

i. A pointp € C™ is a singular point (Sing) or critical (Crit) point of f if ;

of
Bwi

(p)=0 foralli=1,...,n.

Otherwise, we say that the point p € X is reqular point or smooth point.

A singular hypersurface X = V(f) is defined as;

Sing(X) :={pe X ’ f(p) = gjl(p) =...= g(p) =0}.



1.3

Example 1.2.4. We consider a variety X = V(22 + zy? 4+ 2) C A3. The partial
derivatives are

of _
oz = 2

o

8—£:2yz
=y +1

Thus the singular points are (0,%4,0) and (0,—1,0).

1. The tangent space to the hypersurface X at point p is defined as

n 9f
T, X = n
p {(mla amn) cC ’Z; oxz;

(p)(x—a;i) =0 forall i=1,...,n}.

iti. For a hypersurface X we define a dimension of X by
dim X :=min{dim T, X | p€ X }.

From definition (i1)and (it), we have that dim Tp X <dim T, X for allp €
X. Ifdim Tp X =dim X, then we say that X is nonsingular at a point p.

w. The tangent cone of X at p is defined as; Cp(V) =V (fp,min | £ €L(V)), where
fp, min — fp, j= min {-7 € Z’fp,] # O}'

Example 1.2.5. Let V. C C™ with Iy = (f). Then Tp(V') is defined by the single
equation dpf = 0. Thus, Tp(V) =C" <— % =0 for all s. On the other

hand, if some % #0, thendim ¢ T,V =n—1.

Definition 1.2.6. Let U C C™ be an open subset, f : U — C be a holomorphic function
and X :=V(F) = £~1(0) be an hypersurface define by f inU. A pointz € U C C"
is called isolated critical point of f if there exist a neighborhood V' of  such that,

Sing(f) NV \ {z} = 2.

Definition 1.2.7. The characterization of singularities by the vanishing of the partial
derivatives is called the Jacobian criterion for smoothness.

Morphisms and Regular Functions on Affine Varieties

Definition 1.3.1. Let Y C C"™ be a variety. A function f:Y — C is regular at a
point P €'Y if there is an open neighborhood U with P € U C'Y, and homogenous
polynomials g,h € R = Clx1,...,xy], of the same degree, such that h is nowhere
zero on U, and f =g/h on U. f is reqular on'Y if it is reqular at every point of Y.
The set of all reqular function will be denoted by Ox (U).



Definition 1.3.2. For an affine variety X. Let f € Clx1,...,xn] on X. Then we
call

D(f) := X \V(f) ={z € X : f(z)#0]}
the distinguished open subset of f in X.
Example 1.3.3. We consider a 3-dimensional affine variety X = V(x1x4 — x2w3) C

A% and the open subset

U=X\V(z2,24) = {(331,532,153,:34) €X ) X2, L4 F 0} cX.

Then
p:U—C
1 gf g 0
($1,$2,CU3,$4) — 22 f 2 #
?Z Zfili4¢0

s a reqular function on U.

Definition 1.3.4. Let V C C"™ and W C A™ be affine varieties. A map f:V — W
is a morphism of affine varieties if it is the restriction of a polynomial map on the
affine space C™ to affine space C™. A morphism f:V — W is an isomorphism if
there exist a morphism g : W — V' such that fog =Idw and go f =1dy .

Example 1.3.5. Consider the polyomial map
F:C"—>C™
F(x1,...,xp) — (fl(azl,...,a:n),fz(azl,...,a:n),...,fn(wl,...,wm))
where f; € Clx1,... ,xn] foralll <i<mn

More specifically if we consider an affine variety V(zy — 22) C C3 and a restriction
map

F:.C3 — 2
(z,y,2) — (zy,x2)

Then the variety V(zy — 22) C C3 X V(2Y —yZ) C C? through the mapping F,
whereY = xy and Z = xz.
Example 1.3.6. Consider two affine varieties X, Y C C3 with X = V(a2 +y2 + 22)
andY =V(x+y+ 2z). The mapping

o(r,y,2) = o +y® + 27

is a morphism from'Y to X. We also note that the affine variety X is isomorphic to
Y wvia the coordinate change p(x,y,2z) = (x,y,12).



1.4

1.5

Definition 1.3.7. A rational map ¢ : X —'Y is an equivalence class of pairs (U, pu)
where U is a nonempty open subset of X, @y is a morphism of U to'Y, and where
(U,pu) and (V,pv) are equivalent if oy and gy agree on UNV. The family of
rational map @ denoted by K(X) is called function.

Example 1.3.8. We consider X := V(zy — 2%) C C3, then % is a rational function.
Moreover, % is the same rational function, that is 7 ~ § because xy = z2 on X.

Finite Groups action on Affine Varieties

In this section we present the concept of quotient singularity. Let X be an affine variety
and G be a finite group acting on X . Then we are interested on a singular point of the
quotient X/G.

Theorem 1.4.1 (Cartan). Any complex quotient singularity (X/G,x) is isomorphic
to (C"/G,0), where G C GL(n,C) is a finite subgroup.

Definition 1.4.2. Let p € X be a point in a variety X. We define an algebraic group
as a variety X with reqular maps satisfying the usual multiplication and inverse in a

group,

g: XXX —>X
Id: X — X.

Definition 1.4.3. A morphism of algebraic groups is defined as a map ¢ : G — H,
that is both a regular map and a group homomorphism.

Example 1.4.4 (The General Linear Group GL(n,C). The set of invertible n X n
matrices, whose hypersurface is given by determinant, is just a distinguished open
subset of A%™, and thus it is an affine variety.

The regular map GL(n,C) X GL(n,C) — GL(n,C) exhibit, by definition, an inverse
map. The subgroup SL(n,C) C GL(n,C) is a subvariety.

Definition 1.4.5. An algebraic group G is said to act on algebraic variety X, if the
there exist a reqular map: ¢ : G X X — X such that ¢(g,¢(h,x)) = p(gh,x) and
p(e,x) =z, for all g,h € G and x € X.

Classification of finite subgroup of SLy(C)

A homomorphism on SU5(C)



We consider subgroup of general linear group of a vector space V over a field C
given by GL(2,C) := { f:V — V such that f is linear invertible}.

We have that SU = {4 € GL(2,C) |AA* = A*A =1, det A=1}.
Suppose we let

a b

U= .
c d

with UU* = I, we have that the determinant |a|? + |c|? = 1, |b|2 + |d|? = 1, then
we have that ab+ ¢d = 0 and thus we only consider the values of a,b,c,d in a
unit disk C.

We define the parametrization

a = exp'®cos(z), b= exp?®sin(x), ¢ = —exp"'sin(x) and d = exp® cos(x)

from which we get
expi(*+9) cos? () + expi D) sin?(z) = exp/@+O) = 1. ®

From equation (|1)), we obtain

a=—( andf=—v = a=dand b= —¢.

Therefore we get an element of the form U € SU3(C),

a+bit c+di
—c+dit a—bt

Lemma 1.5.1. There exist a natural surjective homomorphism between the subgroups
SU2(C) and real orthogonal subgroup, SOg(R) with kernel {I, —I} and in fact we
have that SOg(R) = SU2(C)/Ca defined by

Y SUz((C) — SO3(R)

a?—b%2—c24+d? 2ab+2cd —2ac+ 2bd
a+bi c+di
— —2ab+ 2cd a? — b2 —d? 2ad 4+ 2bc
—c+di a—b:
2ac+ 2bd —2ad+2bc a?—b%2—c?2—d?

Lemma 1.5.2. Every finite subgroup of SLy, (C) is conjugate to a subgroup of SUy(C).



Theorem 1.5.3. There is an exact sequence of group homomorphism
1 — Zs — SU5(C) = SO3(R) — 1.

More precisely

ker(m) = { &

10}}

01
Topologically 7 is the map 83 — RP3.

Remark 1.5.4. Every finite subgroup G C GL2(C) can be embedded into SL3(C) by
group homomorphism

GL5(C) — SL3(C)
g 0
g .-
0 Fet@

From the above theorem, it follows that there is an isomorphism between subgroups
of SU2(C) and SO3(R). The classification of finite isometry groups of R3 is a
classical results in Feliz Klein of the finite subgroups of SO3(R).

Theorem 1.5.5 (Classification of finite subgroup of SL2(C)). The classification of
the non-trivial finite subgroup of SLa(C) upto conjugation are precisely the binary
polyhedral groups given below. Here we let {ym = exp(%).

(i) Apn: For mn > 1, the cyclic group, G = Zy, where m = n+1, of order m
generated by:

¢m O
0 ¢t

(ii) Dy,: For n > 4, the binary dihedral group D,,, |D,| = 4m, where m =n — 2.
To find the generators of this subgroup, we consider the mapping

T SUz(C) — SOg(C)
such that Dy, = (A, B) with the relation

A™ = B2
Bi=1d
BABl1=A"1,
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For m =n — 2, order 4m, which is generated by A, B

0 0 2
A= CZm B—

-1 . :
0 Com t 0
(iii) Ee: The binary tetrahedral group T, of order 24, and is generated by:

¢4 0 G 1 |1 i

p=-— :
o ¢’ i o 1—i|1 —4

(iv) Er: The binary octahedral group O, of order, 48, and is generated by :

s O 0 1 1 |1
K = 1l TT . s M= ; K
0 (g i 0 I—211 —4

(v) Eg:The binary icosahedral group, denoted by I, of order 120, generated by:

Cio O 0 i 1 |¢—¢5 ¢2—¢8
v = s T = ,y Q=— 5 b 5

0 (i i 0 VB 28 —¢s+cd|

The above theorem is an example of ADE classification. In the next part, we show
that indeed the generators of above groups yield the same dual graph of resolution.

Example 1.5.6. Let G C GL2(C) finite subgroup, acting on one dimensional space
P with projective coordinates [to : t1] dual to the standard basis (e1,e3) € C, for

a b
g= €G and x = [« : B] € PL;
c d

G x P! — P!
g-x=a— [a+bf:ca+dp].
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2.1

Surface Singularities and Deformation

Here we present simple surface singularities as the quotient of affine space C? by
linear action of finite subgroup I" of SL2(C).

For a subgroup I' acting on an affine variety X by automorphism, we have that T’
also act on the algebra C[X] of regular function on X such that for g € ', f €
C[X]and « € X we have that, go f(z) := f(g_l(a:)). The I"' — invariant elements
in C[X] form a finitely generated subalgebra denoted by C[X]' with the corre-
sponding algebraic variety, denoted by X /T'.

The inclusion C[X]' C C[X] give rise to a finite morphism 7 : X — X/T of alge-
braic varities. This quotient turn out to be the spectrum of the ring of invariants
of the action

C"/G := Spec(C[V]Y).

ADE-Surface Singularities

2.1.1 G-invariant subrings

Definition 2.1.1 (Relative invariant). A homogeneous polynomial F is a relative invariant

if and only if any g € G, then g*(F) = V(F).

Definition 2.1.2 (Grundformen). A Grundformen is a relative invariant F with divisor
of zeroes equal to an exceptional orbit (i.e. an orbit with a non-trivial stabilizer).

Definition 2.1.3. Let ' € SU3(C) be a finite subgroup and f € Clu,v]. The Reynolds
operator, Ry of T acting on f € Clu,v] is defined as;

Theorem 2.1.4 (Noether). The ring of invariant of T' action on Clu,v] is generated
algebraically by,

(Rr(u®v®) : a+ B <|T)).

We note that, whenever —I € I', then we have for every g € I' — —g € T.

Furthermore, if o + 3 = 2n 41 for n € Z1, then (—g) -u®v® = —(g-u®v?) =
IeTl ,a+pB ts odd, Rp(uo‘vﬁ) = 0. More precisely, if I' is cyclic of order 2n,
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then —I € T, and thus if o 4 3 is odd, then Rp(u®v?) = 0.
Similarly, if a4+ 8 =2n, Vn €Z — (—g) cu®vP =g.g-uP.

Thus, if T is cyclic of order 2n and a + 3 is even, then;

1 2n
Rr(u®vf) = — > gF - u®”f
2n =
1 & k a,. n+k a,.B
:%Z(g cu®v” 4+ g -u®v?)
k=1t
1 & k a,.B k o, B
:%2(9 ~uv” + (—g" - uv?)
k=1
1 & k a, B
=_— > 2(g"-u")
2n ;=
1 n
:—ng.uafvﬁ
=i

Thus, for a cyclic group of order 2n, the ring of invariant of I' is generated alge-

braically by;

n

n
(% 0" u?) :2)(at B) S 2nf) = (2 g*-uv?) : 2/(a+ ) < 2n]).
In our case, the systematic application of Noether’s theorem to cyclic group G =
Zipns where m = n + 1, of order m, the binary dihedral group D,,, where m =
n — 2 of order 4m, binary tetrahedral group, T of order 24, Binary octahedral
group O of order 48 and binary icosahedral group, I, of order 120 will give the
result as shown below.

Group Fundamental Invariants
Cyclic (Zm) uv,u™, o™
Binary diheral (Dy,) u?v?,

u?" + (—1)"0?",
uv(u?” + (—1)"1v27)
Binary Tetrahedral (I) ud + 14uv? + 8,
U10U2 _ 211,6’06 + ’Ll,2’010,

ulTv — 34ul30® + 34u’v13 — yol”

Table 1. Fundamental invariants
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2.1.2 Cyclic Quotient Singularities

Theorem 2.1.5. The ring of polynomial invariants of linear actions of a finite group
on an affine space is finitely generated.

Let C[u,v] be ring of polynomial and G be a fine subgroup of SL3(C) acting on
Clu,v], we intend to find set of polynomials invaraint under the action of G, that
is

C[U’U]G = {f €Clu,v] |gf=f V g€ G}

Suppose we consider a finite subgroup I' C SU2(C), we seek invariant polynomial
f(u,v) € C[u,v] under all the elements of I'. For G = Z/m = C,, a cyclic group
of order m =n+ 1. We consider C7’, /G. Let G act on C™ \ {0} by:

¢: GxC™\ {0} »Cm

(u,v) — C;n C(z1 ) = Cmt, G v
el Y

Under this action, ™ — u™, v — v™, uv — wv. So that C[u,v]% = C[u™,v™, uv]

We let f1 = u™, fo = v™, f3 = uv generates the algebra of invariant with the
relation

.f:;n:fle - C[u,v]Gg(‘;[w,y,z]/(my—kzm).

Thus we have that cyclic quotient singularities,

A V(zy — 2" 2 Cla,y, 2]/ (xy — 2",

2.1.3 Binary Dihedral and Binary Tetrahedral Quotient Singularities

Theorem 2.1.6. Let G C SL2(C) be a finite subgroup. Let F(x,y,z) = 0 be homo-
geneous polynomial and let f1, fa, f3 generates the ring of invariant with C[u,’u]G =

(C[fla f2a.f3]> then C[uav]G = C[mayvz]/<F(m9y7z)>'

Remark 2.1.7. A monomial u®v® is invariant if and only if for the matriz of generators,

we have that, Cfl_b =1, since u®® = (uv)®w®=* for all a <b.

Proor. We consider the remark to prove the following cases:
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(a)

Case 1: G = D, is a binary dihedral group of order 4m. With respect to
generators defined above, the relative invariants (Grundformen) are given as

P =u"+0", Py =u" —v", Py =uv.
We have that
f1 = uv(u?™ — 2u™v™ +v2™), with (m =n —2).
When n is odd,then we have that,

fo = u™ — 2™, f3 = u?v?, with relation
m—+1

f1 = fsf3, wherefi = fi+2f; 7 .
When n is even, we have that,

f2 = u?™ — 2u™v™ +v2™,  f3 = uv(u?™ — v®™), with the relation

f2=hsE = (Fa+25 7 24P — ffE=o.
By substitution and scaling the generators, we get
Clu,v]® = Clz,y, 2]/ (x? + y%z + 2" T1).
In case n is even, we use the relation
f1=®2, fo=®2, f3 = 21923,

With the same relation, and we obtain the algebra of invariants isomorphic to the
same ring in the case of odd n.

Case 2: G = T is a binary tetrahedral group of order 24, with the Grundformen
given as

& = uv(u* —v?), Py, P53 =u*+ 2v/—3u2v2 + vt
with the relation that
fi1=®1, fa= 9293, f3 =95+ 3.
We obtain that;

2 = u?v?(ut +v1)? — qutot = (12/=3) " 1(®3 — <I>§)
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This show that tI’% and (I)g can be expressed in terms of fi, f2, f3. By substitution
we obtain that,

f3=fi+453.
And thus we have that,
C[u,’v]G = C[mayvz]/(m2 +y? +z4)'

Case 3: G = O is a binary octahedral group of order 48, with Grundformen given
as;

& = uv(u? —v?),

&y = ud + 14utv? + 08 = (u? 4 3v/—3u2v? + v?) (u? — 2v/—3u2v? + v?),
&3 = (ut +v?)((u? +v*)? — 36utv?).

We have that, suppose we identify our invariant polynomials with Grundformen
such that:

f1=®3, fo=®3, f3=P3P;.
We obtain the relation,
P3 — 2 = 10897,

Thus we can express the invariant <I>§ in terms of f1, f2, f3, by so doing this, we
obtain the relation,

2 =®2®2 = f1(f3 —108f3).
By substitution, we obtain that
C[uav]G = (C[:c,y,z]/(zc2 + z(yS + ZZ)).

Case 4: G =1 is a binary icosahedral group of order 120, with respect to
generators above, we have that, the Grundformen is given by;

®3 = uv(u'® +11u’v® —v'0).
Py = — (0?0 + v2%) 4+ 228(ulv!® — uSv1%) — 4940410010,

@3 = u30 + 030 + 522(u5v° — uPv?°) — 10005(u0v10 4+ u'%?9).

In this case, the Grundformen are invariants, therefore any invariant is a polynomial
in Grundformen ®4,®2,®3. We obtain the relation;

®F + &3 = 1728%3.
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2.2

Hence we have that:

C[uav]G = C[mayaz]/(m2 +y° +z5)'

2.1.4 General results Obtained from Classification

Let I' C SU2(C) C SL2(C) be a finite subgroup. Up to conjugacy class we obtain
five classes of such groups, as depicted in [Bries96].

Group Order Classification (A) R(x,y,2z)=0
Cyclic (Zy) n, n>2 Ay, xy — 2"t
Binary Dihedral (D,,) an, n > 2 Dy 4o x? + zy? + 2"t
Binary Tetrahedral (Ta4) 24 FEg x? +y3+ 24
Binary Octahedral (Qy4g) 48 E; x?+y3+yz
Binary Isocahedral (I120) 120 Eg x?+y3+2°

Table 2. Classification of ADE-Singularities

The Klenian attached to I is the quotient singularity S = C2 /T, which we explain
by the invariant theory of I', as a hypersurface in C3.

Suppose R is a relation between three fundamental generator of the invariant ring
Clu,v]" of C2, then we describe this as

S=C?/T:= {(a:,y,z) € C? |R(z,y,2) = O}
with isolated singularity at the origin (0,0,0).
Deformation of Singularities
Definition 2.2.1. Let (X,x) and (S,s) be complex space germs. A deformation

of (X,x) over (S,s) consist of a flat morphism (i.e. all fibers have the same di-
mension) ¢ : (gb_l(s),a:) — (S, 8) of complex germs together with an isomorphism

w: (X,x) = (¢_1(s),w). Where (c,b_l(s),:c) is called the total space and (S, s)

the base space.
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Definition 2.2.2. Let ¢ : (¢_1(s),w) — (S, 8) be a deformation of (X,x) and let
f:(T,t) = (S,s) be a holomorphic map. The induced deformation is the flat map
A(®): (XxsT,t) — (T,1).

Definition 2.2.3. A deformation ¢ : (¢_1(8),w> — (S,s) of (X,x) is miniversal or
semi-universal if every deformation p : (p_l(t),:l:) — (T,t) of (X,x) is isomorphic
to a deformation f*(¢), for some map f: (T,t) — (S,s), such that the differential
df of f is uniquely determined.

Theorem 2.2.4. Let X = V(f) € C™ be a hypersurface with an isolated singularity at
the origin. Then a semi-universal deformation of X is given by

X:{(az,s) eC"xC"

F@) =3 sibi(a))

1l ¢

(C",0)
T:S—>X

x — (x,0)

Where by,b2,...,b,. are basis of space C[a:l,...,:cd/(f,%,...,%).

Example 2.2.5. Consider X = V(x2 4+ y? 4 2"T1) C C3 be the singularity of type
A,. Then Clz,y,z]/{x,y,2™) has the basis {1,z,z2,...,zn_1}. Thus the semi-
universal deformation of X is given by

n
X = {(w’y’z7519527°--,5n) S CS+n‘ P + Z 3,~z""—|—az2—|-y2 = O}
=1

1 ¢
(C",0)

Definition 2.2.6. Let X = V(f) C C™ be an affine variety defined by an hypersurface
f = 0. Then the space defined by;

Tj} - (C[:cl,...,a:n]
- 0 0
(fa wfa---aawa>

is called Zariski tangent space.

Theorem 2.2.7. Let X C C™ be an affine variety with isolated singularity and g1y« .., gy
be reqular function such that their image in TJ} form a basis. Then the deformation

given by ft = f 432 sig; where t; are coordinates on the germ (C™,0) is a veresal
1
deformation.
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Definition 2.2.8 (Infinitesimal deformation). An infinitesimal deformation of an affine
variety X, is a flat morphism together with C-isomorphism X7 X Spec C = X
such that it induces a commutative diagram

X —" - X

L e

Spec C —— Spec R.

Example 2.2.9. Forn > 1, we consider deformation of Ay surface singularities defined
by the equation f = x2 +y% + 2" 1L, The derivatives are (n+1)z",2x,2y so that
we take g; = z* fori=0,...,n — 1. The versal deformation space has dimension n
and is given by;

Y x4 2" fsgts1z szt 4 szt

Furthermore we extend this to infinitesimal deformation given by;

(C{m,y,z} (C{:c,y,z,s}

(1:2+y2_+_zn+1) (w2+y2+zn+l+s)
C (C{s}.

Definition 2.2.10 (First order deformation). First order deformation is the deforma-
tions of an affine scheme X over A = C[s]/(s?) = C @ CJ[s] with s> = 0. Suppose
I, is an ideal of Alx1,... 5] then

I4= ((.fl + 913)’ sy (fn—d ‘|‘gn—d3))'
Where g; € C[®1y...,2n].
Example 2.2.11. We consider the nodal curve X = V(y? — 23 — x?) C A? so that

%: —3x2 -2z and%zZy
Yy Yy
Def(X)
x - x
V(t; +tox + —x2 — 23 + y?) X =V(y? — 23 — z?)

Figure 1. Deformation of nodal curve
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With Tj} = SLL?’%] with g; = x*. Thus the versal deformation space of the nodal curve

has dimension two and is given by; fi = t1 + tox + 22 — 3 + y>

Example 2.2.12. We consider a hypersurface X = V(f;) C C™. Then,

of of
S A=C[X ey —— ).

pec A = CIX]/(f, ")

Specifically, if we consider a cone X = V(2% — zy) C C3, then we have that,
Spec A = C[wayaz]/(fa —Y,—T, 2z)

with f = 2% —xy +t. This is a deformation of Ay singularity.

Theorem 2.2.13 (Artin, Lipman,Wah). Let X be a rational singularity. Then Def(X)
maps finitely to one to a component of De f(X), is called Artin component ;

(Def(X))art = Def(X)/HWJ

where W are the rational double point configuration supported by the exceptional set

X.

2.2.1 Root System from Deformation

Let V be a finite dimensional Euclidean vector space with standard Euclidean inner
product denoted by (-,-):

1. A reflection S on V is an orthogonal transformation
S : V — V such that for every a €V, S(a) =—a

and it fixes point wise the hyperplane

Ho={BeV|(B,a)=0

of V. We describe this reflection by the formula S, (8) = 8 —2 ég ’2% o.
2. A subset ® of V of finite set of non zero vectors is called a root system if:

(a) The roots span V.

(b) For every a € ® the only multiple of V in ® are Fa.

(c) ® is crystallographic, that is, for every a,3 € ® we have that (g, =
2 (B,a) e 7.

(a,00)
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d) For every 8 € ®, there exist a unique reflection Sz such that
B

Sﬁ(@) = &.

Definition 2.2.14. Finite group of isometries of V' generated by reflection, Sq(B)
through hyperplane associated to the roots of ® is called the Weyl group.

Definition 2.2.15. The rank of a root system ® is the dimension of V.

Example 2.2.16. We note that, there is only one root system of rank 1 consisting of
non-zero vectors {a, —a}. This root is called Aq.

In rank two there are four non zero vectors corresponding to the reflection

Sa(B) ={B+na |n=0,1,2,3}

(a) The simplest root system corresponds to @ = 5 and is called A1 X Ay which is a
direct sum of rank 1 root system Aj.

(b) When the of reflection 6 = g, the root system comprise of 6 vectors that corre-
sponds to the vertices of a reqular hexagon.

(c) If @ = 7 the root system comprise of 8 vectors corresponding to the midpoint of
the edges of a regular square. This root system is called Ba.

(d) If @ = % the root system consist of 12 vectors corresponding to the vertices of two

reqular hexagon of different sizes and rotated away from each other by an angle of
™

6"

\
4

B

AN
ol
»
Q

~

Root System A1 X Aj Root System Aa Root System Dy
O O o—0 O
1 2 1 2 O
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B
@ y) 5Tr/\G
h) 7
Root System By Root System Co Root System Go
C—O o—=0 G=—=9)
1—2 1—2 1—2

Definition 2.2.17. A subset @1t C ® is called a positive root if the following conditions
hold:

(a) For each root o € ® only one of {a, —a} is contained in ®T

(b) For any distinct o, 3 € ®T with a+ B a root,then o+ B € .

Lemma 2.2.18. For every set of positive roots ®T, the elements of the form —® are
called negative roots.

Definition 2.2.19. An element of ®7T is called a simple root if it cannot be expressed
as a sum of two elements of ®T.

Example 2.2.20. We consider the set of positives for the Go root system with simple
roots a1 and os.

as
2 + 31
a2 +ay
a2 +2a;
1 a2 +3ay

Figure 2. Positive and Simple Root System

2.2.2 Classification of Root System

Definition 2.2.21. The coxeter graph of a root system ® is a multigraph that has a
vertex for each simple root of a root system ® and every pair o, B of distinct vertex is
connected by Cag* CBa = 4cos?0 € {0, 1,2,3} edges.
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Definition 2.2.22. A Dynkin diagram of a root system is its coxeter graph with arrows
attached to the double and triple edges that point to the shortest root.

Theorem 2.2.23. The Dynkin diagram of an irreducible root system is one of the
diagram shown below.

Apm>1l: O — O O O O
Bpn>2: O — QO O O=0
Cpyn2>23 O —O-- O O<«=0O
Dpn>4 O — OO O O
.
FEg: O O O @) O
.
Eq O O O O O O
;
Eg O O O O O O O
.
Fy,: O O O=0

G27: OGO
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2.3 McKay quivers and Deformation of Cyclic quotient Singularities

As discussed in [RO98], A,, singularities are cyclic quotient singularities C" /Z/(n+
1)Z with the action on C[u,v] by :

(u,v) = (Cng1u Cptqv) ()

with (1 is a primitive (n 4 1) of root of unity. We obtain the generating invari-
ants £g = u" !, &1 = uv, x2 = v™11, and the generating equation

Tory = (uv)" Tt =2,
The MacKay- quiver is of the form,
Mo
(6]
—» —> e
[ —— ® - - - - o ., °
M- Mo My—1 My,

with n + 1 vertices are one dimensional representations define by tensoring ;

Mj:u—>CfL+1u, ueC, 7=0,...,n

This representation [@] yields : M; ® C?2 = M;_ 1 ®Mji1, J € ZLnta,

We fix a basis for each M j with a number u; and

0 0.« -..0 0 Unp,
U, 0--- -.-0 0 0
U = 0O uy++- ---0 0 0
0 O Up—1 O

Such that, we can identify M; — M, as a linear homomorphism by describing
the endomorphism U € End M, with expression M = M,®...H M,
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Similarly, we have an endomorphism V € End M with

O v+ 0 --- O

0 0 v2 --- O
V =

o 0 .-+ 0 v,

v9 0O .-« 0 O

These endomorphism have diagonal: U"T! = ug--- unFEni1,

UV = diag(vouy - v1ug+ -+ Unln_1), vt — g vnEnt1.

Taking the entries of this map; wg «  * Uy, VoUn, V1UQs .+« s UnUp—15Vp -« « « 5 Uy AS gEN-
erators of subalgebra of Cluo,...,unvg...,vy], presented by
0 0
(C[wo,mg ), . ,:I:gn),mz]/(wowz = :ng ). azgn)>

with xo = up... Up, T2 =vo...Vp, mgj) =vjuj_1, J € ZLni1. We express the

corresponding deformation in the form :

n
[U,V]=UV - VU =diag(A,...,An), > X;j=0.
j=0

The following theorem [RO98] says that in order to understand the deformation
theory of cyclic quotient surface singularities we need to consider underlying quiver
seriously as MCKAY- quiver.

Theorem 2.3.1. For a given (n,q) take in Clug,...,Up—1,00,...,Un—1] the subal-
gebra generated by those elements of diagonal matrices

UieVie, p=0,...7r+1

belonging to a special representation. then this algebra is canonically isomorphic to
the algebra of the total space of the Artin components of the Ay, q singularity up to
smooth factor.
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3.1

Resolution of Singularities and Dual graph

In this section we resolve Kleinian singularity. These singularity have an excellent
characterization of absolute isolated double point. The resolution process involve
successive blowup where each blowup is at an isolated double point, therefore
whenever we blowup a singularity of this type, the result is either non-singular or
the singularities are also Du Val type.

Moreover, there is a correspondence between Du Val singularity and Dykin diagram
in a way that; Suppose we have a resolution 7 : X — X, then the preimage of the
origin will be a tree of projective lines and any two lines either intersect transversely
in a singular point or are disjoint. On the other hand, any point of intersection
contains only two lines. We therefore draw a graph whose nodes are the projective
lines and connect two nodes with an edge if the corresponding lines intersect. This
graph will be a Dykin diagram of type ADE.

Projective Spaces and Projective Varieties

Definition 3.1.1. An n-dimensional projective space is defined by P™ := C™ /C* where
C* acts by A(x;) = (Axz;). A point p=[xg:...:xn] € P" is the equivalence class
of (x;), with x; the homogeneous coordinates of p. Further, we have that

P”:uyoni%’u?:(,(CZ = >:<C"uIP"—1 =C"uC™ tu...uC'U{oo}

zo T4 Tn

e eeey
Tq Tq

8

is covered by n+ 1 affine n—spaces.

Example 3.1.2. P2 = C2UuP! =C2uCuU {oo} with the disjoint pieces C* and P!
identified through the map

(21, 22) € C2 for z9 #0

:170’:1:0

To 11 T2
| ] { [x1: 2] € P! for xo = 0.

2.
xg’
nates in respective three charts U; = {x; # 0}.

The gluing data on UgNU7 = {xo # 0,21 # 0}, UgNUz = {x¢ # 0,22 # 0} and
Ui NUz = {x1 # 0,22 7# 0} is given by

2

Let up = %,1@ = v = %(1)"02 = i—l and wy = i—g,'wz = % be the affine coordi-

ul_z 0 ul V1 0 uz_z uq w1 vz_l 0
= , ) = and

0 ul_l U2 V2 Uqy 0 uo w2 0 v2_2 V2 w2

U1 w1



respectively.

Definition 3.1.3. A codimension m projective variety
X :=V(fays-eesfa,) = U?:OX nU; CP"

is the zero set of homogeneous polynomials fa; € Clzo,...,xxn], that is fa;(Ap) =
A% Ja;(p), with p € P" and the dimension dim X =n —m.

Further, X is covered by n+ 1 affine varieties
XNU; =V(fays-eesfa,,) CU; = {x; 0} = C"

with

fdj = fdj(azg,...,wj = 1,...,:12n)
the dehomogenisation of fa;. The projective variety X is a degree d = dy hypersurface
ifm=1.

Example 3.1.4. The conic V = V(z2 +x? —x3) C P? = C>UP! is covered by 3
affine varieties V NU; C U; = {x; # 0} = C2. We then have, from Ezample
that;

V = (VﬂUo)U(VﬂUl)U(VﬂUz)
=V +u? —u2)uV(2+1—v3)UV(w?+ws—1).

Let (V,Oy ) be a projective variety furnished by it sheaf of regular functions. The
following example is a demonstration of how to compute Oy .

Example 3.1.5. In this example, we find the sheaf (’)]P[z ](U) of reqular functions on

U = P2\ V(x2 +x2 — x3). From Ezample , we know that the basic open sets
Dy ={f #0} of U are

UNUy = {(ul,uz) cC?: 1+u%—u§ 750}
=C*\V(1+uf —uj),

UNnU; = {(vl,vz) E(Cz:v%—l—l—vg 750}
= (Cz\V(’U%—l—l—’U%),
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3.2

and

UNU; = {(wl,wz) e C? :wf—l—wg—l 750}
=C?\V(w]+ w3 —1).

Now, denote X =P? . then;

;]
xo#£0
Ox(U) == Op2(UNUyp) = OAZ(Dl—i-u%—u%)‘
170
Ox(U) 25 0 (UNUL) = 042(Dy2 1 _y2)-

[e=)

Ox(U) 2% Op(UNU2) = 0p2(Dyyz oz _1)-

Blow Up

Blowups are the basic device for fabricating resolution of singularities. They con-
stitute a certain type of transformation of regular schemes X to yield a relatively
new regular scheme X above X, the blowup of X, together with defined projection
7w : X — X called the blowup map.

The blowup plays an important role in a way that, it untie the singularities of a
given vanishing set Y C X by emphasizing on its inverse image E in Y C X.
Blowing up a variety at a point means that we replace the point with projectivisa-
tion of the tangent space at that point.

Definition 3.2.1 (Resolution of singularities). Let Y be reqular and irreducible variety,
a resolution of a singularities of an irreducible varieties X is a proper birational
morphism

Y > X ,

that is, 7 restricts to an isomorphism w~1(Y') 5 XTe9,

Theorem 3.2.2 (Hironaka). Let X be any variety over a field of characteristic zero.
Then there exists a variety Y and a reqular map w: Y — X that is a birational
equivalence.

3.2.1 The blowup of C" at the origin

We define the blowup at a point in affine n—space C", as a closed subvariety of
C" x pr—1,

BloC" ={(x,£) €C" x P""!|z € £} CC" x P"
:{((a:l,...,azn);[yl:...:yn]G(C"XIP’"_l | a:iyjzazjyi>},
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with the line £ uniquely determined by (x1,...,2,). We have that, the projective

space P" is covered by affine charts, with at least y; 7 0 with coordinates [y; : ...:

Yn], then the coordinates in x1,...,x,_1 are redundant, we obtain an affine space
with coordinate (y1,...,Yn—1,%y,) and therefore our definition translates to,

BloC" = {((x1,+++,@n); (Y1,-++,Un—1)) EC" X P |zj =2py;, 1<j<n—1}.

Remark 3.2.3. Suppose a point p is not the origin, we can still blow up at that point

by shifting origin to k by a transformation, ¢p :  +— x — k and define the blowup as;

BlL,C" =V ((x; — ki)y; — (xj — kj)yi : 1 < 4,5 <m) CC" x P71,

Since this map is not defined at the origin, we intend to eliminate this indeterminacy
of this map by constructing a graph I' of 7 to be open subset of the quasi projective
variety C™ x P*—1,

Example 3.2.4. We consider a variety V. = V(x? 4+ zy? + z) C C3. By Jacobian
criterion, we obtain two singularities at the point p = (0,=%%,0) .

Suppose we need to blowup the singularity at the point p1 = (0,—1,0), we adopt the
coordinate change, * —- X, y—Y +1, z — Z.

This implies that, % + zy? + z = 0 translates to X2+ ZY?*+2iY Z = 0.

We now blowup the the final variety defined by V(X?+ ZY?+2iY Z) C C3 to obtain
resolution w: V — V.

Definition 3.2.5. The blowup at a point p € C™ is a birational morphism,
m : BL,C" — C"
and the fibres of 7 are:

() = (z,[x]) for x#0
{0} xPr=t if x=o0.

So 7 is an isomorphism between Bl, C" \ w~1(0) and C™\ {0}, but the origin is
replaced with P 1,

Definition 3.2.6. The set E = w~1(0) C BlgC" is called the exceptional divisor. The
points on E are in bijection with lines through the origin, (0,0,...,0) € C".



29

Proposition 3.2.7. The blowup Blg C"™ is a smooth irreducible variety of dimension n.

Proor. For a blowup Bl C C™ x P*~!. Let U; C C*~1 be a standard affine chart
of C"~1. Tt suffices to check that each Bpl N (C™ x U;) is smooth. For simplicity, we
let 2 = mn. Then we have that;

Bl,N(C" x pr—1) = Cn,
This implies that:

BIN(C* X P" 1) ={(z1,...Tn);[y1 : -+ : Yn] ] ziy; —xjy; = 0}

U Yn—-1 Yj
:{(wl,...wn);[y—:...: Z : 1] ’wj:wn(yj),yn;éO}.
n n n
We obtain an isomorphism; ((a:l,. e Tp); [Z—i Tealt %] — (5—711, . y’y‘;l,yn)).

That is,

A™ = BINU,,
(tl,...tn_l,tn) — ((tntl,...tntn_l,tn); [b1:0neitn_q: 1]).

]

Example 3.2.8. We consider the blowup m: X — C3 of a point p = (0,0,0) in an
affine three space C3. Let (x,y,z) be the coordinates of the afiine 3 — space and
[w,v,w] be the coordinates of the projective space P2. Then by definition, the blowup
map 1s given by;

Bl(0,0,0)C* ={(z,£) € C}*xP? : z € £} C C3 x P?
= {((w,y,z), [u:v: w]) € C® x P?: wuj — xju; = 0}.

For the projective space P2 is covered by its three standard charts,
2 _ A2 2 2
P*=A UA UA,.

The blowup is also covered by three charts. The intersection with each chart of the
preimage of the variety X C C3 is determined as:

C® & Bl(g,0,0) C C? x P? = (C* x AZ) U (C® x A2) U (C® x AZ).
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For the exceptional divisor E = w~1(p) = P2. We consider a closed point ¢ € m~1(p)
and define a regular parameter (u,v,w) satisfying the relations,

TV = Yu,TWw = ZU, Yyw = 2.

For the chart w # 0, the above relation translates to; * = ¢,y = v,z = xw. We
see that = 0 is local equation of the exceptional divisor E.

Similarly, for the chart v # 0 we have the relation x = yu,y = y,z = yw. Thus we
obtain a local equation, y = 0 of the exceptional divisor E.

Lastly, for the chart w # 0 we have the blowup relation: * = zu,y = zv,z = z. We
obtain z = 0 as a local equation of the exceptional locus E. For the chart w # 0 we
obtain,
X ="' (V(X))N(C® x A?)
={(@y,2)s [u:v: w] | V(X))
:{(w,yzu,v) | xv = yu,zw = zu,yw = zv,V(f)} C A°.
We repeat the same steps to blow up the along the charts v # 0 and u # 0. Projecting

A3 into 3-dimensional space C3 with coordinates (u,v,z) the preimage set of blowup
surface becomes {('u,,'v,z) ‘ V(f)}

This is to say, if U = Spec(R) € C3 is an affine neighborhood of p = (0,0,0), with
p having an ideal my, = (x,y,2) € R. Then

7~ 1(U) =Proj (69 mZ) = Spec (R[Z’ ;] U Spec (R[z, ;] U Spec (R[z, Z])

3.2.2 The blowup of X CC* at pe X

Definition 3.2.9. We define the strict transform of a variety X as

Bl, X = 7-1(X \ {p}) C BL,C"
the closure of m~1(X \ {p}) C BL,C".

The blowup of X at p is the projection map m|gy, x : Bl X — X. The exceptional
divisor is E = w~1(p) C Bl, X.

Example 3.2.10. We consider a variety V = V(xy — 23) C C3. By Jacobian criterion
this variety has an isolated singularity at the origin, p = (0,0,0). We blowup this
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point by defining equation;

Bl,C? = {(x,£) € C3 xP?: x € £} C C3 x P?

= {((m,y,z),[u:v : w]) EC3xP2:zv—yu=0,yw—zv =0,zw — zu = 0}.

Blowing up along the three charts, we obtain the exceptional divisors, €* =y?> =22 =0
and corresponding smooth strict transforms respectively:

f’u;,go:y—a:z3 =0,
Vipo : 7 — y2® =0,

Yupzo:xy —z =0.

Remark 3.2.11. We note that 7 : Bl, X — X defines an isomorphism between BpX \
E and X\ {p}, and therefore  is a birational morphism. The total preimage in
Bl,C", 7 }(X)=EUBI, X C Bl,C" is called the the total transform of X. It

is the union of the exceptional divisor E = w~1(p) in Bl, C" and the strict transform
Bl, X.

3.2.3 Blowup along Subvariety

We consider the blowup of an C" along Y C X C C", with ideal Iy = (f1,..., fm)-

We define the blowup as the closure in C™ X P"~1 of the image of the map,

7: X\Y =C" x Pt
(T1yeees@n) 2 (T1ye oo sy f1(T15e ey ®n) ooy Frn(T1ye ooy n)).
Definition 3.2.12. Let X and Y be quasi projective variety and w: X —'Y be a
reqular map. The graph is set defined as:
I'-: X —>Y
{(z,y) | m(@) =y} C X x V.
We refers to the closure of the graph T as the blow up, Bl;Y along an ideal I.

Example 3.2.13. Consider the blowup of C3 along the z — axis. Suppose we take the
projective coordinates ((x,y,z);[u: v : w]) € C3 x P2.

Blowing along the z-axis implies the change coordinates, xv — yu = 0 and we consider
the kernel of blowup map,

(zyy,2);[u:v]) — [z,y, 252 : y].

Therefore we have that 7 : C3 x Pt — C3.
Thus the image of the blowup is C3 x P with w1 (x,y,2) is a point unless, z =y =0
when it becomes a projective space, PL.
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3.3

Remark 3.2.14. In case we require successive blowup to resolve a given variety X,
each blowup is completely specified by its center which is defined to be reqular closed
subscheme Z chosen in relation to zero sets of the variety X . Therefore at the center
of the blowup, the mapping fails to be isomorphic .

Resolution of ADE Singularities and Dynkin Diagrams
3.3.1 Resolving Singularities of A,, -types

Here we resolve the A,, singularities with generating polynomial
Y :=V(x?+y2+2"thH CC?

and construct the corresponding dual graph. We resolve this type of singularity by
blowing up the only singular point p = (0,0,0).

This surface is covered by three open affine chart. If we consider the chart w # 0
we have that y = z%, T = z%, z = z. So our original equation becomes;

z2<(Z)2 + (;’})2 +zn—1) —0.

This has two irreducible components, one where 22> = 0 corresponding to the

71(0,0,0) and the other ()2 + (2)2 42" 1) = u® + 0?4 2"~ = 0, defines
the strict transform (i.e. the closure of 7= 1(X \ {O}) inside this open set).
The exceptional divisor with open set defined by z # 0 is the set of point,

((0,0,0), [a: *ia: 1]) with a € C.

For the chart defined by u # 0, we obtain equation
v w
x?(1+ (;)2) + mn—l(g)n+1 =0 z?(1+v? + 2" tw" ) = 0.

We consider the second irreducible part, 1 + v2 4+ 2" 1w" Tl = 0 and the intersec-
tion with w=1(0) is an affine line ((0,0,0), [1:%3: b]) with b € C. By symmetry,
we obtain the same on the chart v # 0.

Remark 3.3.1. We note that ((0,0,0); [a: *ia: 1]) = ((0,0,0); [1:+3: b]) when
a,b € C* andb=a"1t. This can be seen by checking on the limits b — oo, on the
point ((0,0,0); [b~1:4ib~1: 1]) = b~ ! =0 so that we have the representation
of this limits point as ((0,0,0); [0:0: 1]) which corresponds to the case a = 0.
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We conclude that the exceptional divisor E consist of two projective lines intersect-
ing at the point ((0,0,0); [0:0: 1])

When n > 2, this point of intersection is singular point of the resulting blowup
surface ffi:w,v and the the singularity obtained here is of type A,,_2. (i.e. the the
variety defined by an equation u? + v + 2”1 = 0, has the singularity of A, _o-
type).

Again we can blowup and obtain the exceptional divisor which is either single P! or
two copies I', and I'; intersecting at a point, say (). In the first case , the inverse
image of FE and E’ intersect this copy in different points and in the second case we
will have E intersect I', in a point distinct from @ and E’ intersect I'; in a point
distinct from Q).

By this successive blowup of singular point until we obtain a nonsingular variety.
Ultimately, we will get projective lines, say L1,..., L, above the origin such that
these projective lines L; intersect L;,; at distinct points.

The figure below represent the exceptional divisor of A,,_; type singularity and
resolution dual graph of A,, type singularity.

pl pl pl pl pl pl
Eq E; Es3 En-3 En-2 E, 4

Figure 3. The exceptional divisor of A,,_; type singularity.

Figure 4. Resolution Graph of A,,.

Example 3.3.2 (The ordinary double point). We start by an ordinary quadratic cone
in 3 — space, with an hypersurface given by;

p=(0,0,0) € X : (a:y:z2) cc?

The ordinary double point occurs throughout the theory of algebraic surface and can be
used to illustrate the entire hierarchy of argument.
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Since this surface is a cone with vertex at p (the only singular point) and base the

plane conic X = xy — 2% C A3. This singularity has the standard "cylinder" resolu-
tion: w:Y — X.

.......
. .
o -]

112

.......
. .
o .

Sl x Pl Blp(X) X

Figure 5. Resolution of A; surface singularity

The cone consist of union of generating lines £, through p, and Y is the disjoint union

of these generating lines, £. ( That is to say, Y is the correspondence between the
cone and its generating lines £):

Y ={(z,0): C*xP? : z €t}

We obtain Y by blowing up point the origin, p = (0,0,0). The exceptional curve
7~ 1(p) =T of the resolution is a —2 — curve with T' = P!,

T —axis  _ _  y—axis
Y,

Figure 6. The exceptional curves of the blowup of A; singularities.
Since we have only one PY our dual graph will just be represented by a single node.

Figure 7. Dual graph of A;-type singularity.

3.3.2 Resolving Singularities of D,, -types
We consider a variety defined by

Y :=V(z?+y2z+2""1) CC® where n > 4.
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The exceptional divisor E of the blowup Y is a projective line. For the chart
u # 0 does not intersect the exceptional divisor E, while the intersection of Y
with blowup along the chart v # 0 is defined by equation,

u w w
(P Fy()+y" ()" T Eul tywtyt T =0

This singularity is analytically isomorphic to A; type singularity, since the ideal
generated by this equation and its partial derivatives is the maximal ideal, (u,y,w).

Now we consider the intersection of Y with chart w # 0 with defining equation
u v
(—)2 + z(—)2 H2t 3y 4 20?2423 = 0.
w w

If n = 4 it contains two singular points corresponding to the chart ©u = 0,v =
+i,z = 0 both of A;-type singularity. For the case of v = —i, we translate the
coordinates by v — v + 1 to obtain u2 4+ v2z + 2izv and its partial derivatives are
2u,2z(v+1),v(v + 2¢). Since we are working on the power series ring, we have
that, v + ¢ and v+ 2¢ are units, so the partial derivatives generates the maximal
ideal. Furthermore, for n > 4 it contain one singular point, u = 0,v = 0,z = 0,
of type D,,_» at the origin.

Resolving this new singularity requires successive blowup until we obtain non-
singular variety. This singular point generates a tree of projective line which inter-
sect in the pattern of D,, ».

The preimage of the exceptional divisor E, will intersect in a single point,and also
contains another projective line from A; singularity from the previous chart.

Dn—4
.....-"I—.

Aq T'o A{I_ Iy

Figure 8. Dual graph of D,, type singularity.

Example 3.3.3. We consider Dy and its resolution

The singularity is at p = (0,0,0) € X with Y :=V(x? +y3+23) C C3. Let the
blowup at this singular point p be defined by w: Y — Y. It is covered by three affine
pieces. Let [u: v : w] € P? be projective coordinates and (x,y,z) € C3 be the affine
coordinates as before. The morphism

T sz([)’o’o)»e — CS

is defined by * = uz,y = zv,z = z (i.e. the blowup along the chart w # 0). The
inverse image of morphism 7 is defined by;

fluz,vz,z) = 22(u? +v3z + 2).
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Here the factor z2 vanishes on the exceptional uv — plane,
A?=7"1(p) | (2 =0) C Byt,

and the other irreducible component 171 : (u2 +v3z4 2= 0) C Byt is the birational
transform of Y. It is clear that the inverse image of p under morphism 7w:Y —Y
is the v — axis and the strict transform Yy : u? 4+ z(v3 4+ 1) = 0 has an ordinary
double point at the three points where u =z =0 and v3+1=0.

The resolution is obtained by blowing up these three points.

It follows that w=1 consist of four -2-curves , I'y,T'1,T'2,T's intersecting to yield the
configuration of the Dykin diagram Dy.

. .
I'o

112

Figure 9. Dual graph of Dy

3.3.3 Resolving Singularity of Eg-type
In this case, we consider the singularity of Fg-type and compute its minimal resolu-

tion as well as its dual graph. Let the projective coordinates be given by [u : v : w].
This FEg type singularities is defined by the vanishing of a variety X;

X :=V(z2+y3+24) CC3

Suppose 7 : Y — X is a minimal resolution, then the exceptional fiber E = UE; =
7~1(0). The blowup equations are given by;

Y = V((zv — yu,yw — z2v, 2w — zu,x2 + 3% + 24)

We blowup the origin, the equation of total transform of X on the first coordinate
patch is given by;

22+ (@) 4 (@)t = a2 (1+ v e + w? + 22w = 0.
u u

So the equation of the strict transform Y is given by; Y := V(1 +v3x + w3+
x2w?). This is smooth and do not intersect E.
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The equation of the total transform of X on the second coordinate patch is given
by; " w
v ()P +y ()" 2y @ +y+y’e’) =0,

So that the equation of the strict transform of X is given by; Y := V(s?2+y+
u* +y?). This is a smooth hypersurface and intersect E whenever u = 0.

The equation of the total transform on the third coordinate patch is given by
2/ U.\2 Vi3 .2\~ 20,2 3, .2
z ((—) +z(—) +z):z (u”+zw” 4+ 2%) =0.
w w

Here the equation of the strict transform is given by ;

3 ,w6

u2—|—zw3—|—z2=u2—|—(z—|—u;)2—4=0.

This equation represent an equation of As-type singularity. The exceptional locus
C is the (double) line u = 0.

If we blowup one more time we get two more exceptional curves, copies of P, and
the strict transform of C' passes through the unique singular point, which an a
Ag-singularity. Blowing up one more time, we get two copies of P! and again the
strict transform of C' passes through unique singular point of A;-type singularity.
Blowing up one more introduces one more copy of P! and the strict transform of C
intersect the middle curve of the A5 chain. We obtain the dual graph of resolution
of E¢ type singularity.

E,=X—-iZ=0 E3 El=X+4+iZ=0

E,=U—iW =0 E! =U+iW =0

Figure 10. Exceptional divisor of Eg after third blowups

We therefore obtain the resolution dual graph of Fg
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3.4

2I
[ 4 4 L 4 ]
1 3 4 5 6

Figure 11. Resolution dual graph of Eg type singularities.

Resolution Problems.
3.4.1 Choosing the Centers of Blowup

Our primary step in resolution of singular varieties consist of getting an overview
of a possible a path which could results to a solution of problem. Under this
consideration, the center of blowup constitutes to primary object of interest and
therefore by making a correct choice, we are bound to obtain a resolution 7 : W —
w

Given a variety X embedded in a regular ambient scheme W with the defining
ideal J, of structure sheaf Oy . Essentially, resolving J, will implies, resolving X.

According to the Philosophy of resolution of singularities, the worst point of a
variety X, is attacked first. Therefore, an appropriate center of blowup Z, should
lie inside the locus of point where the order of the ideal J is maximal.

Definition 3.4.1 (Top locus of J). A closed subscheme top(J) C W defined as:
top(J) = {a eEW ‘ ordgJ is mamimal} is the top locus of an ideal J C X

Suppose top(J) consist of two transverse lines and one of them has to be chosen
as the center, in this case, our center is not unique and therefore, our variety X
has asymmetry obtained by interchanging two variables to yield a permutation of
two lines, that is, We obtain permutation group S2 acting on variety X.

In making a choice for the center Z, we intend to keep this symmetry and therefore
none of these lines will make a good center of blowup. Instead, we prefer to choose
the intersection of these two lines which appears to be Sz — invaiant. However,
this center may be too small. This is the paradox for the resolution process.

Example 3.4.2. We consider X = V(x3 —y222) C C3. The top locus consist of one
point, the origin where ord(J) = 3. Thus Z = {0} as our center of blowup. By
blowing up the origin, we obtain the total transforms in each three charts as follows:

x — chart y — chart z —chart

3 (1 —xy?2?) | y3 (23 — y2?) | 23(2? —y?2)




39

From the equation defining the strict transforms, we observe that there is a sym-
metry in y-chart and z-chart, thus J is invariant under interchange of y and
z

Remark 3.4.3. As a general rule, larger centers of blowups improves the singularities
faster than relatively small small centers. By this remark, We require Z to be a reqular
closed subvariety of top(J) of possible mazimum dimension, see [Hau98]

3.4.2 Equiconstant Point

Definition 3.4.4. Let J C W, Z C top(J) and w: W — W be a blowup with center
Z. For a point a € Z, we set ¢ = ordqJ = ordzJ. A point a’ in the exceptional
locus X, is called an equicnstant point if:

ordyJY = ord,J, here J7 denotes the weak transform.

Example 3.4.5. We consider blowing up the origin of Whitney’s umbrella define by,
X =V(x? —y?z) C C3.

Blowing up along the z-patch produces the same singularity =2 — y?*z = 0 with
total transform generated by; z2(x~y%z) = 0. Hence, the origin of z — chart is an
equiconstant point.

We observe that the order of f(x,y,z) := x2+y?%z is 2 at every point of the z — axis
and 1 at any other point of X, thus the top(J) is the z — axis.

We blowup X along the z — axis to obtain the resolutions with regular strict transform
given by; (1 —y2z) and (22 — z) along the u — patch and v — patch respectively.

Example 3.4.6. Consider X = V(a3 —y323) € C3 In this case, the top locus will
consist of two transverse lines y — axts and z — axis, and thus J is So —invariant
obtained by interchanging y and z, this implies that, the symmetric choice of the
center of blowup Z = {(O, 0, O)} We obtain the total transform J* = x3(1 — x3y323)
regular along the & — chart, and y3(x3 — y323) in the y — chart(symmetric to
z —chart). Along these two charts, the singularity remained the same,even though
our natural choice of center Z = {O} was the best!.

3.4.3 General resolution of X = V(x4 y"2%) € C? singularities

We finally consider varieties X := V(29 + y"2°%) € C3 such that r +s > q. We
determine the top locus, top(J) which depends on the values, q, r and s. Suppose
r, s > ¢, then we have that, top(.J) is the union of the y-axis and z-axis, thus we
can have the three choices for the center, Z = {0} or Z = {y — awis}, or Z =
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{z - a,zm's}. In all the three choices of the center Z, the tangent cone of the ideal
J consist of the monomial 9, except when r 4+ s = q. If this the case, then the
tangent cone of J is 9+ y" z°.

In obtaining the equiconstant point, we consider V' = {w = 0}, because x appears
in the tangent cone. We know that, the strict transform V' C W' contains all
the equiconstant points of X. However, outside X, all other points will be an
equiconstant with no relevant information.

Suppose we choose Z = {(0,0,0)} € C3 the origin, with r,s < q. We have that

V’N X lies entirely in the component of the  — chart, we omit this chart from our
consideration as explained above. We consider the two symmetric charts: y-chart
and z- chart and suppose we take the y — chart, we obtain the total transform;

J* — wqu +yr+szs — yq(wq _'_yr—i-s—qZS)-
We note that, the origin of this y — chart is an equiconstant point if and only if
r+2s—q>q — r+2s2>2q.

Furthermore, we have that s < g, this implies that the y — exponent has de-
creased from r to {r —(qg— s)}

Suppose that s > g we could have considered y — axis or z — axis respectively,
as the center of blowups because it gives a larger center which in turn improves
the singularities faster as compared to smaller center, Z = {O}

We conclude that, for any ideal J C W and any point p € W, there exist locally
at point p, a regular hypersurface V. C W, whose strict transform V contains all
equiconstant points p’ € W above p.
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