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Abstract

This thesis mainly focuses on the Mathematical and Numerical aspects of the Fredholm
integral equations of the Second Kind. Due to its wide range of physical applications,
we are going to deal with three types of equations namely: differential equations,
integral equations and integro-differential equations.

Some of the applications of integral equations are heat conducting radiation, elastic-
ity, potential theory and electrostatics.

Generally, we define an integral equation where an unknown function occurs under
an integral sign. Also integral equations can be classified according to three different
dichotomies:

1. Nature of the limits of integration
2. Placement of the unknown function

3. Nature of the known function

After the classification of these integral equations we will have to investigate some
analytical and numerical methods for solving the Fredholm integral equations of
the Second Kind. Analytical methods include: degenerate kernel methods, Ado-
main decomposition methods and Successive approximation methods and Numer-
ical Methods include: Degenerate kernel methods, Projection methods, Nystrom
methods and Spectral methods.

The main objective of the thesis is to study Fredholm integral equations of the Sec-
ond Kind. In chapter 4 we have given the approximate methods (Spectral Methods)
to solve these equations Using The Classical Orthogonal polynomials which is the
main idea of this thesis where we apply the Spectral Approximation Methods for
approximating the Fredholm integral equations of the Second Kind.
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Introduction

Integral equations occur naturally in many fields of science and engineering. A computa-
tional approach to solve integral equations is an essential work scientific research.

Integral equations were first encountered in the theory of Fourier Integral. In 1826, another
integral equation was discovered by Abel. Actual development of the theory of integral
equations began with the works of the Italian Mathematician V. Volterra (1896) and
Swedish Mathematician I. Fredholm (1900).

Integral equations are encountered in a variety of applications in many fields including;
queuing theory, mathematical problems of radiative equilibrium, medicine, the particle
transport problem of astrophysics and reactor theory, acoustics, fluid mechanics, steady
state heat conduction, fructure mechanics and radiative heat transfer problems. Fredholm
is one of the most important integral equations.

Most initial value problems (/V Ps) and boundary value problems (BV Ps) which are also
associated with ordinary differential equations (ODFEs) and partial differential equations
(PDESs) can be evaluated more easily by the use of integral equation methods. Generally,
integral equations is one of the useful tools in many branches of pure analysis famously
known as the theories of functional analysis.

Integral equations can be viewed as equations which are results of transformation of points
in a given vector spaces of integrable functions by the use of certain specific integral oper-
ators to points in the same space. If, in particular, one is concerned with function spaces
spanned by polynomials for which the kernel of the corresponding transforming integral
operator is separable being comprised of polynomial functions only,then several approxi-
mate methods of solution of integral equations can be developed.



1.1

HISTORICAL BACKGROUND OF THE INTEGRAL
EQUATIONS

An integral equation is an equation in which an unknown function under one or more
integral signs. There is a close connection between differential equations and integral
equations and some problems may be formulated either way. Its basic form is given by

y(a;):f(x)+A/abK(x,t)y(t)dt, relab], N#£0 1)

K is known as the kernel of the integral equation. Since the kernel K is integrable then
it satisfies all the conditions of Fredholm theorems. For g(z) # 0, we have A which
is a nonzero real or complex parameter and ¢ given, and we seek f, this is the non
homogeneous problem. For y =0, equation becomes an eigenvalue problem, and
we seek both the eigenvalue A and the eigen function f. The integral Equation is
therefore given by;

(I-AK)f=y )

with K being the integral operator on a Banach space X

Toward the end of 19" century, interest on integral equations increased, majorly because
of their connection with some of the differential equations (be it Ordinary or Partial)
of mathematical physics.

In this section we present the works of Tvar Fredholm [1903], David Hilbert [1904]
and Erhard Schmidt [1907] on the theory of F'redholm Integral equations of the Sec-
ond Kind. Although the original copies of Fredholm’s and Hilbert's papers had been
anticipated in special cases-especially by Carl Neumann and Henry Poincare’. They
were actually the first to treat the problem in full generality, that is; independent of special
applications. But Schmidt derives and extends the results of F'redholm and Hilbert,
which is entirely a different of view.

We have seen that a Fredholm integral equation of the Second Kind has the general
form as:

b
y(w)=f@) - [ K@yt xela 0

Where y(x) is the unknown function, f(x) and K (x,t) are known. K (x,t) is called the
kernel of the integral equation, and A is a parameter.



Our authors assume that y(x) and K (z,t) satisfy certain regularity conditions on the
interval. The authors were also quick to point out their results apply to more general
regions of integration in higher dimensional spaces.

Both F'redholm and Hilbert start from the corresponding linear system below:

y=(I-\K)f @

Where K is a square matrix and y and f are vectors. But F'redholm, implicitly takes
A= —1 and is also concerned with how to solve in such away that the process can be
generalized to . He does not justify his generalization but simply writes down formulas
and then shows that they actually work. In the process, he treats the right hand side of
as an operator on functions, thus ensuring his place among the founders of Functional
Analysis. The crowning glory of his (Fredholm’s) paper is an elegant theory of what
happens when is 'singular’ i.e when —1 is an eigenvalue of an arbitrary multiplicity of
K(x,t)

On the other hand, Hilbert takes K to be symmetric and is concerned with generalizing
the finite dimensional concept of eigenvalue and eigenvector in such away that functions
can be expanded in terms of eigenfunctions of the kernel K(x,t). (It was Hilbert
who introduced the terms Eigenwert and Eigen funktion). Unlike Fredholm who first
develops a complete theory for linear systems and eigensystems and then by a limiting
process generalizes the theory to . He is then forced to assume that his eigenvalues are
not multiple(although he relaxes this assumption toward the end of his paper). There,s
no significant use of operators.

Schmidt covers the territory mapped by F'redholm and Hilbert (and then some), but
with an important difference. Instead of starting with the finite dimensional problem, he
works directly with the integral equations. In addition, he goes ahead and introduces what
we would now call the Singular Value Decomposition for unsymmetric kernels and proves
an important approximation theorem associated with the decomposition. He achieved this
by introducing a finite collection of functions 1, o... that are orthonormal in the sense
that
b .
[ eits)iss)as = {1’ ) ®)
a 0, 1#£]
There are many analytical methods which are developed for solving Fredholm Integral
Equations. Such methods as the degenerate kernel methods, converting Fredholm in-
tegral equations to ordinary differential equations, the Adomain decomposition
, altered decomposition method, series solutions. Numerical methods for solving
Fredholm integral equations can be subdivided into the following categories, Degener-



ate kernel approximation methods, projection methods, Nystrom methods and
Spectral methods.

All of these methods have iterative invariants. There are other numerical methods,but
the above methods have their invariants the most popular. For more interesting history,
see [15].



1.2

1.3

Problem Statement

This involves the study of the Fredholm integral equations of the Second Kind including
their properties, analytical solutions and numerical solutions.

Objectives

e To study and understand the Historical Background of Fredholm integral equation of
the Second Kind.

e To study and understand various analytical and numerical methods for solving Fred-
holm integral equation of the Second Kind.

e To study and understand the application of spectral methods in Fredholm integral
equation of the Second Kind.



1.4

Literature Review

We have already defined an integral equation as an equation in which an unknown func-
tion to be determined appears in the integral sign.

Over the years, we have seen an increasing interest in integral equations mainly because
of their connection with some of the differential equations of mathematical physics. This
also explains why in engineering and scientific applications of a natural phenomenon we
usually find ourselves in front of one equation of three, differential equation, integral
equation or integro-differential equation. In fact, the conversation of a scientific
phenomenon to integral equations is the easy way to obtain numerical solutions, enable
to prove the fundamental results on the existence and uniqueness of the solution.

At a time in the early 1960's, researchers were interested majorly in one-dimensional case.
It was for a kernel function K that was at least continuous: and the it was assumed
that K'(z,t) was seventh times continuously differentiable. This was the type of equa-
tion studied by lvar Fredholm, and in his honor such equation is called Fredholm Integral
Equation of the Second Kind. Today, the work involves multi-dimensional in which the
equations are completely continuous and the region of integration is commonly a surface
of R? and the kernel function K is often singular. The Fredholm theory is still valid for
such equations and the theory is critical as well for the convergence and stability analysis
of associated numerical methods.

In the recent past, many methods of solving Fredholm integral equations of the sec-
ond kind have been developed by researchers, such as quadrature method, collocation
method and Galerkin method, expansion method, product-integration method, deferred
correction method, graded mesh method and Petrov-Galerkin method. Furthermore, the
iterated kernel method is a traditional method for solving the integral equation. However,
it also requires a huge size of data of calculations.

Some of the recent researchers include: IMAN MALMIR [30] who in his research he used
the numerical solution method based on Chebyshev and Legendre polynomials to solve
the Fredholm integral equation of the Second Kind. Also, Also in their research SALIH Y.
AND T. AKKAYA [I16] used a matrix method for approximately solving linear Fredholm
integral equations of the Second Kind. The solution involves the truncated Legendre series
approximation.



Their method is based on first taking the truncated Legendre series expansions of the
functions in equation and then substituting their matrix forms into the equation reducing
it to a matrix equation corresponding to a linear system of algebraic equations with un-
known Legendre coefficients among many other researchers [13].

He used their expansions because of their convergence and recurrence properties. First,
he tries to expand the unknown function in the integral equation based on the related
formulas, then develop kernel of integral equation by determining a function which can be
represented as the solution of linear differential equation then substitute into the integral
equation to find the coefficients of the function.

In this thesis, we are going to use the Legendre Polynomials and Chebyshev Polynomials
methods to approximate the solution of the equation . Usually, the main advantage
of spectral methods lies to their rapid convergence and their relatively simpler numerical
implementation than other methods especially the Legendre Series approximation method.



1.5

Outline

In this study we discuss the following points:

The first chapter is about introduction and definition of integral equations, historical
background and theory of integral equations. In the second chapter we expose the math-
ematical preliminary of the integral equations which aims to familiarize the reader with
the concept of integral equation including their applications and relations with ordinary
differential equations and partial differential equations. The third chapter is devoted pri-
marily to presenting various methods of analytical and numerical resolution of Fredholm
integral equations of the Second Kind, especially to exhibit approximation methods, such
as the methods of Adomain decomposition, variational iteration, projection, collocation,
Galerkin, Nystrom, successive aproximation--- and to illustrate the validation of these
methods by instructive examples. The fourth chapter contains the introduction to spec-
tral methods together with classical orthogonal polynomials and applications of some of
these polynomials to approximate the solution of Fredholm integral equation of the Sec-
ond Kind. These methods seek the solution as a linear combination of polynomials of
degree N. Indeed, it is known that the orthogonal polynomials have interesting properties
for approximating the Fredholm integral equations of the Second Kind. These orthogonal
polynomials include: D’Olinde Rodrigues’, Laguerre, Hermitian, Legendre, Chebyshev and
Jacobi. In this work, we are only going to study into details the Chebyshev and Legendre
polynomials.



(a) David Hilbert (b) Erhard Schmidt

(¢) Ivar Fredholm
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2.1

Mathematical Preliminaries

Definition An integral equation is an equation in which the unknown function y(z) to
be determined appears under the integral sign. A general form of an integral equation in

y(x) is of the form:
p(x)
u(z) =v(x) —|—/ K(z,s)u(s)ds (6)
w(z)
K(x,s) is the kernel of the integral equation. w(z) and p(x) are the limits of integration.
The limits of integration w(z) and p(x) are either constants, variables or mixed and they

can also be in uni-dimension or multi-dimension.

For example; for a <z <b; a < s < b the equations

i) = [ K o)uls)ds (72

yia) = () + [ K s)y(s)ds (1)
b

y(o) = [ K@ 9)ly(s)Pds (70

In equation , the unknown function y(z) is easily observed to appear both inside and
outside the integral sign as we stated earlier in the definition. It is important to note that
the kernel K(x,t) and the function f(x) are always given in advance. Therefore, the main
idea is to determine y(z) such that it it agrees with equation (1)).

Integral equations arise naturally in Physics, Chemistry and Biology and Engineering appli-
cations modeled by initial value problems for a finite interval [a,b]. They also arise as rep-
resentation formulas for the solutions of differential equations. Therefore, a di f ferential
equation can be replaced by an integral equation that incorporates its boundary condi-
tions. An integral equation can also be replaced by differential equations that incor-
porates the limits of integration. For that reason, each solution of an integral equation
automatically satisfies the boundary conditions. Integral equations also form one of the
most important tool in many branches of pure analysis, such as functional analysis and
stochastic processes.

Classificaion of Integral Equations

2.1.1 Class of Integral Equations



11

There are two major types of integral equations and other related types. The following is
the list of the class of integral equations:

1. Fredholm types

2. Volterra types

3. Integro-diferential Equations
4. Singular integral Equations

5. Volterra— Fredholm type

6. Volterra— Fredholm Integro— dif ferential Equations

2.1.2 Fredholm Integral Equations

The standard form of the Fredholm Integral Equations take the form;

b
o(x)u(z) =v(x)+ )\/a K(z,s)y(s)ds,a <x,s <b (8)

The kernel function of the integral equation is K (z,s) and the non-homogeneous function
is v(x) which are normally given in advance and the parameter A. The value ¢(x) will
give the following kind of Fredholm Integral equations;

1. When the value ¢(x) = 0, the equation becomes:

0=v(x)+ )\/abK(x, s)y(s)ds (9)

and the Fredholm Integral Equation is called Fredholm Integral Equation of the First
Kind.

2. When the value ¢(z) = 1, the equation can be written as;

b
u(z) =v(x) +)\/a F(z,s)y(s)ds (10)



12

and the integral equaton is then called the Fredholm Integral Equation of The Second
Kind

Without loss of generality, we can always obtain equation @ from through dividing
by ¢(z) on condition that ¢(z) # 0.
2.1.3 \Volterra Integral Equations

Its general form is given by

x
o(x)u(z) =v(x) —1—)\/ K(z,s)u(s)ds (11)
a
with its interval of integration being the function of z
We realize that equation (10)) is a special case of the Fredholm integral equation when the

kernel K (x,s) vanishes for s > x, x is in the range of integration [a,b]. As in Fredholm
integral equations, Volterra integral equations fall under two kinds.

1. For ¢(x) =0, then (10)) is

0=uv(x)+ /\/;K(x,s)y(s)ds (12)

and in this case the integral equation is called the Volterra integral equation of the
First Kind.

2. For ¢(z) =1, then (10]) is

(o) = o)+ A [ K s)y(s)ds (13)

and the integral equation is then called the Volterra integral equation of the Second
Kind.

In a bit of a summary, the Volterra intgral equation is of the First Kind if the unknown
function y(z) appears only under the integral sign. However, the Volterra integral equation
is of the 2" type if y(x) apears inside and outside the integral sign.
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Linearity and Homogeinity Property of Fredholm and Volterra Integral Equations
2.1.4 Classification of Linear Integral equations

There are two main classes of integral equations.
1. Class of Fredholm

2. Class of Volterra

Fredholm Linear Integral Equations

The standard form of Fredholm Linear Integral equation is given by;

b
y(x) =v(z)+ )\/a K(z,s)y(s)ds,a <x,b<s (14)

a and b are constants limits of integration, F'(x,s) the kernel of the integral equation and
A is a parameter

The equation is called Linear because the unknown function y(z) under the integral
sign occurs linearly, i.e the power of y(x) is one.
2.1.5 Volterra Linear Integral equations

The standard form of a Linear Volterra Integral Equation is given by;

y(x) =v(z) —i-/\/asK(x,s)y(s)ds (15)

where the limits of integration are a constant a and a variable x and the unknown function
y(z) occurs linearly under the integral sign. The kernel of the integral equation is given
by K(z,s).
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Remark 2.1.1. The Structure of Fredholm and Volterra Integral Equations.The
unknown function y(x) appears linearly under the integral sign in Linear Fredholm
and Volterra Integral Equations of the First Kind. Nevertheless, the unknown function
y(x) appear linearly inside as well as outside the integral sign of the Second Kind of
both the Fredholm and Volterra Integral Equations

The limits of Integration. In Fredholm Integral Equations, the integral is taken over a
finite interval with fixed limits of integration. However, jn Volterra integral equations,
at least one limit of integration is a variable, and is usually the upper limit.

2.1.6 Linearity Property

As we have seen earlier, the function y(x) in Linear Fredholm and Volterra Integral Equa-
tions @ and ((12]) must occurs in the first powers of 1 whenever it exists.

However, non-linear ones come about when the unknown function y(x) is substituted by
a non-linear function K (y(z)) such as y?(z), sin(y(x)), e¥(z) and so on. The following
are examples of non-linear integral equations;

y(x) =v(x) +)\/xK (z,5)y?(s)ds (16a)
y(x) +)\/ (z,8)eY(s)ds (16b)
y(x) +)\/ )sin(y(s))ds (16c)

2.1.7 Homogeinity Property of Integral Equations

When v(z) = 0 in Fredholm and Volterra Integral equations of the Second Kind given
by @ and (|12)), the resulting integral equation is called homogeneous integral equation,
otherwise it is non-homogeneous integral equation.
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2.1.8 Integro-Differential Equations
In this type of integral equations, the unknown function v(x) occurs on one side as an

ordinary derivative and appears on the other side under the integral sign.

Examples of Integro-differential Integral Equations

y'(z) = 2$+/05968y(8)ds, y(0)=0,9' =1 (17)

/() =sina+ [~ y(s)ds, y(0)=1 (18)

Equations and are Volterra-Integro differential equations while equation (??) is
Fredholm Inegro-differential equation.

2.1.9 Infinite-Integral Equations

These types of integral equations arise when one or all the limits of integration become
infinite. Also when the kernel K (x,s) becomes infinite. Some of the examples are:

y(x) =v(z) +)\/_O:Oes2t2|y(t)dt (19)

y(z) = /Om[l]y(s)ds, 0<a<l (20)

(x—s)*

Where the singular behaviour in the equation [20| results from the kernel being infinite.
K(x,8)p—s =00

Remark 2.1.2. The Abel’s type of integral equation is normally given by the equation

(20).
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Remark 2.1.3. 1 . 1
y(r) = 37 \/5—/0 my(s)ds (21)

Is an example of a weak — singular integral equation. Where the singular behaviour
in this type arise from the kernel again becoming infinite as x — s.

2.1.10 Volterra-Fredholm Integral Equations

The Volterra-Fredholm Integral Equation, which is a combination of disjoint Volterra
and Fredholm Integral Equations.These equations arise from boundary value problems
especially, when converting a boundary value problem to integral equation whose basic
form is:

a) = 1)+ [ Ko shylo)ds+ [ Kae.s)y(s)ds @)

Where Ki(z,t) and Ky(z,s) are the kernels of the integral equation.

Numerical examples are given below,

y(z) =a?— /()x(x+s)y(s)ds+/()g 3y(s)ds (23)

y(r) =tanx — cotx — /()Iy(s)ds+/()4 y(s)ds (24)

Remark 2.1.4. The unknown function y(x) appears inside the Volterra and Fred-
holmintegrals and outside those integrals.

2.1.11 Volterra-Fredholmintegro-Differential Equations

This is a combination of disjoint Volterra and Fredholm integrals and a Differential Op-
erator. This type of integral equation arise from many physical and chemical applications
similar to Volterra-Fredholm integral equations. The standard form is given by;

J'@) = f@)+ [ K sylids + [ Kol )

Where K(z,s) and Ka(x,s) are the kernels of the integral equation and n is the order of
the ordinary derivative of y(z). Because this kind of equation contains ordinary derivatives,
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2.2

we need the to prescribe the initial and boundary conditions depending on the order of
the derivative involved. Other examples include:

x 2
y(@) =20+ [ (2= y(s)ds+ [ a’sy(s)ds,y(0) = 2 (26)
and
1! 1 z g /
y'(z) = —2x— ﬂ$4+/0 y(s)ds—l—/; xsy(s)ds, y(0)=1, '(0)=2 (27)

Relations Between Ordinary Differential Equations and Integral
Equations

In order to convert differential equations to |.E we will first have to state and prove the
Cauchy's Integral Formula

Cauchy’s Integral Formula

Theorem 2.2.1. For f a continuous real valued function, the n' repeated integrals of
f based at a is assumed to be.

/j/jl .../axn_lf(xn)dxn...dxgdxl = (n—ll)! /ax(x—t)(n— 1) f(t)dt

a single integral.

Proor. Applying Mathematical Induction. Since f is continuous, it follows from the
Fundamental Theorem of Calculus: Let

In(z) = /ax /;1 .../jn_l f(zp)dxy,...drodxy

Therefore,

Where
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If the result above is true for n then we can also prove for n+1 by applying the
induction hypothesis as well as changing the order of integration.

Tns1 () :/j /jl .../:nlf(xn+1)d:cn+1...dx2dx1 — (Tb_ll)!/ax/txl(xl—t)”_lf(t)dmdt

On changing the order of integration, we obtain

fea@) = [C@= ooyt

]

Example 2.2.2. Let us have a look at the following general conversion of an IVP to
integral equation

Consider the Initial Value Problem:

y" (@) +ar(@)y" (@) + o+ an(2)y(z) = F(z)
With the initial conditions;

y(wo) = Co, ¢'(x0) =C1, " '(x0) = Cna

Where the functions a;(x) (1 =1,2,....,n) and F(z) are real valued functions and con-
tinuous on the interval a < x <b Let

OR

Where



19

OR
Y (z) = /mu(:v)d:v =Ch_1

Since t is a dummy variable, we can instead use x Thus, when we integrate again,

we obtain;
x T
Y2 (x) =y (o) = / u(x)dz? +Cn,1/ dx
x0 Zo
OR
xT
Y2 (2) = Cpg = / u(x)dz® + Cp_1(x — x0)
zo
Where
(7n—2'—'yn 2(%0)
OR
X
Y2 (z) = / w(x)dz? + Cp_1(x —20) + Cpo
xo
But

= /::(:1: —xo)u(z)dz

Le by Cauchy’s Integral Formulae, we obtain the above integral
Integrating again with respect to x over xg tox, we obtain,

(z —x0)?

y" 3 (x) :/ u(z)daz® 4+ Ch_y
0 2!

+ Cn—2(x —x0) + Cn—3

Where

n—3(

Crn—3=9y"""(x0)

And after n times integration, we have:

v n (z — )" (x —w0)" > (z —w0)" 7
[ e+ Cry O g O )

y(z) = . 1)
+--+Ci(z—20)+Co
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And by Cauchy’s integral formulae, we get;

(x—x )”_2 (x—x
mfm +GF3@%%y

+ -+ C1(x —20) + Co

n—1

y(z) = /{: Mu(t)dt+cn_lm

)n—3
Y 1) O

Now, putting these values of y and its derivatives in the given initial value problem
in the differential equation, then we shall have:

u(x) = an expression for n'h derivative of y with respect to x.

w@+m@x£@mﬁ+cwg+wumé?w4m@mm4%4@—x@+a%g
N v (r—t)? (x — )2 B
%@xLO S Ut C 4 (2= 0) g + Cng) -+
T (p— n—1 Tr—r n—1 r—1x n—2
ran(a) ([ St E I S e
+Ci(z—x0)+Co) = F(x)
By letting

Where
o(x) =Cho1a1(2) +[Cr—2+ (x—x0)Cp_1]az(x) + [Co+ (z —29)Cy +...+Cn_1W]an(:{;)
and

K (o) = —[on(2) + (2 — )as(@) &+ E=D" L ()

Which is a Volterra integral equation of the Second Kind.

Usually we convert the IVPs and BVPs to equivalent Volterra and Fredholm
integral equations respectively.
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Example 2.2.3. Convert the following IVP to V. I. E.
u”(s) —u'(s)coss+y(s)sins = e’ (28)
and the initial conditions are;
y(0) =1,y/(0) = -1 (29)

We begin by letting w=1y and s =z Let us put y"(z) = u(z)
Integrating between 0 and x, gives

/Ox Y (x)dw = /Oxu(t)dt (30)

t being a dummy variable.
Using the limits of integration and the initial conditions we have:

x
y(@)=y(0) = [ u(t)dr (31)
But y'(0) = —1 thus, we have;
€T
Y () :/O u(t)dt —1 (32)
Integrating again between 0 and x, we get
()de = [ [“u(tyart— ["d 33
y@ar= [ ["uae ~ [z (33)
Again using the limits of integration and applying the initial conditions, we get
x x
y(x) — y(0) :/O /O w(t)dtdt —z (34)
By Cauchy,s Integral Formulae, we have
x
y(z) :/0 (@ —tut)dt—z+1 y(0)=1 (35)
x
y(x) :/0 (& —t)u(t)dt —z +1 (36)

Substituting the values of y"(x), y/(x) and y(x) in the given differential equation, we
will obtain:

T

u(zr) — (/Oxu(t)dt— 1)Cosm+sinx(/0 (x—tu(t)dt—z+1)=¢€"
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Rearranging the terms;
u(zr) — /Ox coszu(t)dt + cosx + /Ox sinz(z —t)u(t)dt — xsinx + sinx = €* (37)
Rearranging the terms again, we obtain;
u(z) =e* —cosx + sinz(x —1)+ /Ow [cosx — sinz(x —t)|u(t)dt (38)
FEquation can also be written as:
14x):j(xy+zfaxx¢ymwdt (39)
With
f(z) =€" —cosx+sinx(xr—1) and K(z,t)=cosx— sinz(x—t) (40)
Is a Volterra Integral Equation of the Second Kind given by

u(zr) =e* —cosx+sin(z—1) = /Om(cosx —sin(x —t))u(t)dt (41)

2.2.1 Transformation of (BVPs) Into Integral Equations

When an ordinary differential equation is to be solved under conditions involving depen-
dent variable or derivatives at two different values of the independent variables, then the
problem under consideration is called a boundary value problem (BVP).

Example 2.2.4. Let us consider the following boundary value problem

y' (@) +My(a) = e, y(0) =0,y(1) =1 (42)

We construct a Fredholm integral equation associated with the boundary value problem
above: We integrate both sides of with respect to x over 0 to x in the following
manner

/Ogr;y//(gg)al:zc-y/\/O”Cy(%)(]la7 _ /Ow e daly (2)]E = [¢"]E /\/Oxy(a?)dx

X
Y(@)=y/(0) =" =11 [ y(a)da (43)
Let y'(0) = C, then we can rewrite equation as

@)= —1-A [ ya)dz+C
y(@)=e | v+
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Again integrating with respect to x over 0 to x and using the Cauchy’s Integral For-

mula, we obtain:

/Oxy'(:c)d:c—/ edr — /d:c )\/ d:cd:c—l—/ dx

Using the formula below;

/ / x)dxdz... (n_l 0 /Ox(x Ly (1) dt

We get
y(@) —y(0)=¢" —1—a— A/ T —t)y(t)dt + Ca (44)

But y(0) =0, then (44]) becomes
xT
y(:c):Cx—:zc—i—ex—l—)\/O (x—t)y(t)dt (45)

C is unknown We therefore, make C' the subject of the formula in equation . Since
y(1) =1 then C can be expressed as

1
1:C—1+e—1—)\/0 (1—t)y(t)dt
1
— 0:3—e+)\/0 (1—t)y(t)dt
We substitute the value of C' in the equation to get
y(x) = —e—i—x\/ (1—=t)y(t)dt] —x+€” —1—/\/ x—1)y(t)dt
Rearranging to get
1 T
y(x) :23;_1_xe+eﬂf+A/0 :c(l—t)y(t)dt—)\/o (x — t)y(t)dt
T 1
y(x) =2x— l—xe—l—ex—)\/o (x—t)y(t)dt—l—)\/o z(1—

We now break the interval from 0 to x from 0 to x and the from x to 1 thus we have;
1

y(x)=2x—1—xze+e” + /\/Ox(:x —t)y(t)dt+ )\[/Oxzv(l —t)y(t) +/ x(1—1t)y(t)dt]

T

We combine the two integrals where the limit of integration at 0 to x so we write it

as;

x 1
y(z) = 20— 1 —xe+ew+A[/O (2(1—1) - (z —t))y(t)dt+/x 2(1— t)y(tdt)]
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1

y(x) =2x—xe—1+€"+ /\[/mt(l —x)y(t)dt—l—/x z(1—1t)y(t)dt] (46)

0
OR

1
y() = F)+ A [ K@yl (47)
Which is a Fredholm Integral equation of the Second Kind. Where

flz)=2z—ze—1+¢€"

Example 2.2.5. Transform the BVP into its equivalent integral equaotion

Y (r) =sinz — zy(z)

y(0) = y(1) =0

Integrating the differential equation given with respect x over the interval 0 to x as
shown below

/: Y (v)dr = /Ox sinzdz — /O:E xy(x)dx
W @) = [cosaly - [ ay(a)do

x
Y (z) =y (0) = —cosz+1 _/0 xy(z)dx
Let y'(0) = B, then we have from above as

Y (z)=—cosz+b+1 —/wa:y(a:)da: (48)

o

Integrating again the equation , we obtain

x x T T €T €T
/ Y (1)dx = —/ cosxdx—l—/ B(x)d:v—i—/ dx —/ / zy(z)drdx
0 0 0 0 0 JO

Taking into consideration the Cauchy’s Integral Formula; we then have

(@)} = ~[sinalf + @) +o— [ (2= Oty(t)de
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From above, we apply the limits of integration and we obtain
y(2) = y(0) = —sine + Ba + 2 — /Ox@ — )ty(t)dt
Taking y(0) =0, we get
y(z) = —sinx—i—Bx—l—1—/()x(x—t)ty(t)dt (49)

Since B is unknown and given the condition that y(1) =0 we then have from equation
o
1
y(1) = —sinl+ B+1 —/O (1— )ty (t)dt
1
0=—0.01745+ B +1 —/0 (1— )ty (t)dt

1
— B = —0.98255+ /O (1—t)ty(t)dt

Substituting back the value of B in equation (49) above, we get

y(z) = —sinz + (—0.98255 +/01(1 — )ty(t)dt) — /O"’”(x —Oty(t)dt

Rearranging to get

y(x) = —sinz +0.01745z —|—m/01(1 —Oty(t)dt — /Om(x —ty(t)dt

y() = —sinz +0.017452 — /O Ne—Oty(t)dt+ o /O (= Bty

We now break the interval of integration from 0 to 1 from 0 to x then x to 1 as shown
below

y(r) = —sinx +0.01745z — /Ox(x — t)ty(t)dt—kx[/ox(l —t)ty(t)dt + /1(1 —t)ty(t)dt]
‘ (50)

We combine the two integrals with the limits of integration running from 0 to x which

suffices to write as

T

y(x) = —sinx 4+ 0.01745z — (/

; :U[(l—a:)t—(x—t)t])y(t)dtjt/:x(l—t)ty(t)dt

y(x) = —sinx +0.01745z — /Oma:(l —I)ty(t)dt+/1x(l —t)ty(t)dt

We then have

T 1
y(x) = —sin:v—|—0.01745x—/0 t2(1—x)y(t)dt+/ xt(1—t)y(t)dt (51)
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Which can be written in the form

1
y(x) = f)+A [ K@y
Where

f(z) =0.01745x + sinx

t?’(1—z), O0<t<ux
xt(l—1), r<t<l1

K(a:,t):{

2.2.2 Relations Between Integral Equations and Partial Differential Equations
(Green’s Functions)

As we have seen above, here also we consider two cases which are initial value problem
and boundary value problem. We want to see how we can come up with an Integral
Equation given a differential operator L

Let L be defined by:

d2y

T3 +B(;c)@0(x)]u(:c), a<zr<b (52)

Lu(x) = [A(2) -

Where A(x) is continuously differentiable positive function. Let its adjoint operator M be
defined by:

d? d
Muv(z) = W[A(x)v(x)] — %[B(x)w(x)] +C(z)v(z), a<x<b (53)

We integrate by integration by parts to obtain:

/ab(v(ﬂf)LU(x) —u(w)Mo(x))dr = [AX)(o(x)u (z) —u(2)v (x)) +u(@)o(@) (B(z) - A'(2))]q

The above equation is known as the Green's Formula for the Operator L

And we use the relation below to prove the theorem

AX)y"(z)+ B(2)y () + C(2)y(x) = F() (55)
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Which proves our theorem can still be written in the form:

L o)D) 4 gy = Fo) (50

Which is clearly self-adjoint.

The function p(z) is again continuously differentiable and positive and ¢(x) and F'(x) are
continuous in a given interval (a,b).
The equation(54) takes the simple form:

b
/ (v(z) Lu(z) —u(z) Lv(x))dz = [p(z)v(z)u'(z) — u(z)v'(z)] (57)
a
Let us consider the following homogeneous second order equation:

= () + afa)y(z) (50

Also let u1(x) and uz(x) be two linearly independent solutions of the homogeneous equa-
tion (58)) which are also twice continuously differentiable in the interval a < = < b.

Any solution of this equation is only a linear combination of u;(x) and ua(x). l.e;

y(z) = Crui(z) + Couz(z)
Where (7 and (9 are constants.

Case one: Initial Value Problem

Consider the IVP below:

() ) +ala)y(x) = F2) (59)

y(a) =0,y'(a) =0 (60)
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To form an integral equation from the problem above, we consider a function:

X X

s () F(1)dt — ua () / wi () F(t)dt, (61)

a

w(x) = ul(x)/

a

Where () and ug(z) are solutions of the homogeneous equation (/58)).
Differentiating the equation (61]), we obtain:

Hence w(a) = w/(a) =0 and

d dw d duy, [* d dusg T
%[p@)%] = %[p(ﬁ)%]/a Uz(t)F(t)dt—%[p(f)%] X/a uy (t) F(t)dt+p(a) [ur/ (x) —us () (2)ug ()] F(
(62)
And the uj(z) and ug(x) satisfy the homogeneous equation
Intead of x, let's now use p, u; and us to obtain:
d / / d / d / / /
%[p(UWz —uyuy] = %(pul)uz - %(p%)m + pujug — puguy =0
And since because u; and uy satisfy (58), we have:
p()[uy (x)uh — up(z)u (r)] = A (63)

Where A is a constant. The negative of the expressions in the brackets in the above
relation is called the Wronskian W W (u1,ug;x) of the solution u1 and us. l.e

W (u,u9;x) = uy (z)uhy(x) — uo(x)u) () (64)
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From and ([64)), it follows that the function ([61)) satisfies the system:

d  dW
%(p%)—FqW:AF(x) (65)
W(a)=0, W' =0 (66)

Dividing equation by the constant A then comparing it with (56), we derive the
required relation for y(z) given by:

Where
R(z,t) = — (w1 (x)ua(t) — uz(z)ur(t)) (67)

Also R(x,t) = —R(t,x)

We can use the delta diac function property to verify that, for a fixed value of ¢, the
function R(x,t) is completely the solution of the initial value problem:

d dR
LR = [p(@) )+ ()R =(a ~1)
dR 1
R|x:t = 07 %|x=t = m (68)

The equation describes the effects on the value of y at x due to a concentrated
disturbance at t. Also known as the In fluence Equation.

The function G(z;t) given by:

Gla:t) 0, if <t
R(x;t), if x>t

Which is called the Causal Green's Function.
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Case 2: Boundary Value Problem

Consider the BVP:

L o)) +a()ye) = Fla), a<a<h (©9)

and the boundary conditions:
y(a)=0, y(b)=0 (70)

The general solution of is of the form:

y(z) = / " R(z:t)F(£)dt + Crua () + Cous () (71)

Where uj(x) and ua(z) are two linearly independent solutions of the homogeneous equa-
tion (58). When we substitute the boundary conditions in the boundary value problem
(69), we obtain

Ciuq (a) + CQUQ(CL) =0 (72)

T

Crur (b) + Cyus(b) = — / R(b,t)F(t)dt

a
Which will determine a unique pair of constants C| and Cy provided the following holds
for the determinant D given by;

D = wuj(a)ua(b) —uz(a)ui(b) #0 (73)

Assuming that holds: then

Cy = [UQI()@)] /a xR(b,t)F(t)dt—ir[qu()a)] /a " R(b. ) F(t)dt (78)
And C is given by
Cy = —[“11()@)] / xR(b,t)F(t)dt—[ullga)] / " b ) F(t)dt (75)

Putting the values of C; and Cs in ([76]), then we have the solution of y(z) as:

y(a) = [ (Rt)+ ete)n (@) — @)l b, g ey / [ralaulz) 5”1(“)“2(“")]R<b,t)p(t)dt

D
(76)
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Now, using and and carrying out some forms of algebraic manipulations, we
get:

ug(a)uy (z) —uy(a)ug(z) [u(a)uz(t) —ua(a)u ()] [u1(z)uz(b) — uz(x)ui (b))

Rz, 1)+ = IR(b,1) = o
(77)
Which we finally have as
[u1 (z)uz(a)—ug(@)uy (a)][u1 (t)uz (b)—ua(t)ui (b)] ;
Gla:t) = t t AD : : , if x<t
[u1 (£)uz(a) —ua( )U1(al]1[[u)1(m)w( ) —ua(@)ua ( )]’ if o>t
Then the solution of y(x) by the value of C] takes the form:
y(x) = —/ G(x;t)F(t)dt (78)
Which is called the Green’s Function. It is clearly symmetric:
G(z;t) =G(t;x) (79)
Which satisfies the auxiliary problem for all values of ¢
d dG
LG = [p(r) ] +4(a)G = (1) (80)
G|x:a = G|x:b =0 (81)
G‘x:t‘*‘ - G‘x:t— =0 (82)
e = ol == )
de' T da't p(t)

The condition means that the Green’s function is continuous at x = t. Also, the
condition (83)) states that % has a jumpdiscontinuity of magnitude _ﬁ) at x =t
Generally, the condition is as a result of and (81)), and indeed the value of the
jump in G(x;t) can be obtained by integrating over a small interval say (t — €, ).
But the indefinite integral of d(x —t) is the Heaviside function H(x —t), thus we have;

p(t)

dG(x;t) +/$ dG(t—e;t) _ H(z—1)
t

x)G(x;t)dr =p(t—e

2 [ a@)Glatyde = plt -0 =
When x traverses the source point ¢, then on the R.H.S the Heavyside function has
a unit jump discontinuity. But since other terms are continuous functions of z, then it
follows that % has at t a jump discontinuity.

Example 2.2.6. Determine the Green's function for the boundary value problem
(E):x2y” (z) + 2y (z) + (N222 —n?)y(x) = f(2), 0 <z < a and n is any natural number
The boundary conditions y(0) is finite and y(a) =0
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We observe that the associated homogeneous equation is the Bessel's Equation written
as

22y (z) + wy (x) + (N2® —n®)y(z) = 0

written in the parametric form. This means that the ordinary differential equation can
be written as a Sturm — Liouville equation if we divide both sides by x i.e

712 x
ey (&) 4o/ (@) + (= Ly (a) - L)
Or
n2 i
L@ @)+ 0= Dyt = 12

The Green's function Gp(x,C) for the given problem must satisfy the equation:

d  dGn(z.Q)\ o _

L@ L (2 (e, 0) = 6z 0)
But the Bessel's equations in parametric form has solutions Jn,(Az) and Ny (Ax) which
are linearly independent. Note that Jy(x) is the Bessel function of order n and Ny(z)

is the Neumann function of order n given by:

In(x)cosnm — J_p ()

N, —
n(7) sinnm
A Bessel's equation whose solution is:
y(z) = Adp(Az) + BN, (A\x) (84)

We now want to construct the Green's function. Since the Neumann function Ny (Ax)
is singular at the origin, so, the only solution that satisfy the boundary condition at
the origin is J,(Az) and so we set

yi(x) = Jn(Ax)

Now, to determine the function ya(z), the solution of the Bessel equation which
satisfies the boundary condition at x = a. We first observe that

Jn(Aa)
Nyp(Xa)

y(a) = AJp(\a) + BN,(\a) =0 = thatB = —

So, if we put A+ 1, we have a solution

yo(2) = Jn(\z) — n(Aa)
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which satisfies the second boundary condition y2(a) =0 Thus we write

ya(z) = Jn(A:v>Nn(A]aV)nzAj;(Aa)Nn(Ax)

We now use the method of variation of parameters to solve the Boundary Value Prob-
lem. We let yi1(x) and ya2(x) be two linearly independent solutions of the Boundary
Value Problem. Then we write

y(z) = C1(z)y1(x) + Ca(z)y2(z)

= y'(2) = C1(@)y1(2) + Ca(2)ya(z) + Cr(2)y) (z) + Co(2)y5 (@)
And we now assume that
C1(@)y1(z) + Ca(a)y2(x) =0 (85)
so we remain with

Y (z) = Ci(2)y) (2) + Ca()ys(x)

y'(x) = Cr(2)y) (2) + Co(2)ya(w) + Cr(x)yy (x) + Caw)y (x)

Using the values of y'(x) and y"(x) in the equation

n? x
oy () 9/ (@)+ O = D)y () = 1)
We observe that
n2
[C1(2)y () + Ca(2)ys (x) + O (2)y; () + Ca()ys ()] + [C1 (x)yy () + Cal@)ya(x)] + (A — — )
(86)
Which is equivalent to
n? n?
= Cr(@) [y (2) + ¥ (2) + (V) = —y1 ()] + Co(@) [wys (2) + v (@) + (N = — )y (@)]2[C] (2)y] (2) 4
(87)

Since y1(x) and y2(x) are solutions of the associated homogeneous equation it implies

that
Ol (), () + Chla)yh(a) = 1) (85)

T
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The equations and permits to solve the system for Ci(z) and Ch(x) if the
determinant W (x)

W(x) =Wy (z),ya2()]

If we let

and

The Cramer's Formula gives

Cite)= 3 =

, A x)f(x

Now, to determine the values of C1(x) and Cy(x), we use the Lagrange'sIdentity If
u and v are solutions of the self-adjoint equation

Llu] = (p() 5%+ g(a)u(z) =0
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then
0 =vL[u] —ul*[v] = 4 (z)(u'v —uv)]
dx
Therefore,
p(z)(u'v—uw')=C
i.e
C
Wiu,v| = ——
[:0) p(z)
But
pr) =
and
Wiy (), y2(z)] = T
Let
/ —y2(z) f(z)
Cl (I') = C
/ yi(z)f(x)
CQ(x) = C

We now determine the value of the constant C' so that Cy(x) and Ca(x) are completely
determined. For this, we calculate the Wronskian Wyi(x),y2(x)]. Here, we use the
values of

y1(x) = Jp(Ax)

and

We now show that il_)ﬂb Jn(T) = 55y

lim Ny, (z) = ﬂ(g

z—0 ™ C

' n#£0



Here,

(n;l)! (jy

n

as v — 0 Now,

Jn(Aa)
Ny (Aa)

Wiyr,y2] = WlTn(Az), Ju(Ax) — Nn(Az)]

Jn(Aa)
Ny (Aa)

Wdn(Ax), Ny (Ax)]

By using the properties of the determinants hence we have

lim W[, (2), Ny ()] = —

z—0 T

Where Jy(x) and Ny(x) are replaced by their values as x — 0 Similarly,

lim W, (Az), Ny (Az)] = —

x—0 T
i.e
~Ja(Aa) | 2
Wiy, pe] = (Nn()\a) T
2 Jp(Aa)

= C=aWly1,y2| = Y 0a)

This implies that:

» 1O
Cy(z) = /0 Lt

And

y(a) = Cr(x)yi () + Co(2)ya(2)

We then have from above:

71 JIn (A Nn(Aa)—Np (X)) Jn(Aa .
Cla0) = 5[ (AQ) (Jz()\a)( Q) Jn( )]Jn()\l’) if 0<z<(
FALREET PR L ()i (<x<a

Which is an integral equation
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2.3

Application of Integral Equations

Due to the advancement of science has led to formulation of many physical problems,
which are governed by integral equations. The following are some of the areas where
integral equations have been applied:

2.3.1 Ocean Waves

Ocean waves are actually energy passing through the water, causing it to move in a circu-
lar manner. From this point of view, the waves interact which causes the energy transfer
among different wave components. In order to determine the approximate solution of the
resultant nonlinear transfer action function, we consider a set of four progressive waves
traveling with different numbers and frequencies. This interaction results in energy ex-
change.

This can be determined by numerical integration method using a fourth order Runge —
kutta scheme in computing the non-linear transfer action function.

2.3.2 Seismic Response of Dams

The dynamic behavior of a dam with a full reservoir is known to be different from that of
a dam with an empty reservoir.

The developed hydrodynamic pressures affect the motion of the dam, while the dam re-
sponse influences in turn the dynamic response of the reservoir. This phenomenon is
termed Dynamic Dam-Reservoir Interaction (DRI) and it could be catastrophic in
cases of resonance, that is when the two domains (dam and reservoir) are vibrating in two
phases.

In order to analyze the safety and stability of an earth dam during an earthquake, we need
to know the response of the dam to earthquake ground motion so that the inertia forces
that will be generated in the dam by the earthquake can be derived.

Once the inertia forces are known, the safety and stability of the structure can be deter-
mined.
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Some approximations are made to create a mathematical model in the form of integral
equations, that is;

y=[ a(r)gl(e—r). ldr

Where z is the level, y is the displacement, @ is the base acceleration and 7 is the shear
stress.

2.3.3 Flow of Heat in a Metal Bar

Here, we consider a classical problem of heat flow in a metal bar to demonstrate the
aplication of integral equations. The unsteady flow of heat in one-dimensional medium
should be well defined. The ruling partial differential equation with its boundary are given

as follows:
or 9T
— =a——=—qT
ot af)xQ 4
The boundary conditions are;
oT oT
T, t)=T(l,t —(0,t) = —(I,t
0.0 =T1H, S=(0.0)= (1)
and the initial condition is;
T(z,0) = g(z)

Where T'(x,t) is the temperature at any time and at any position on the bar, « is the
thermal diffusivity, ¢ is the heat loss through the bar, x = 0 is the left-hand side of the
bar and x = [ is the right-hand side of the bar, and [ is the length of the bar and t is the
time.

2.3.4 Calculation of the Flow Characteristics around a Submerged Sphere in
Regular Wave.

Here, we consider a combination of two classical problems in order to find the hydrody-
namic characteristic of motion of a body in time harmonic waves.

These are radiation and diffraction problem. In radiation problem, the body under-
goes prescribed oscillatory motions in calm fluid while diffraction problem, the body is
held fixed in the incident wave field and determines the influence of it over the incident
wave. These boundary value problems can be formulated as two different types of integral
equations called direct boundary integral formulation function as a superposition of
a single layer and double-layer potentials and indirect boundary integral formulation
representing the unknown function with the aid of a source distribution of Green's function
with fictitious singularities of adjustable strength.
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2.4 Types of Kernels

The main special types of Kernels of an Integral Equation are:

1. Symmetric Kernels
2. Separable / Degenerate Kernels
3. Resolvent Kernels

4. lterated Kernels

So, we discuss the various types of Kernels in Integral Equations since Kernels play a big
role when in finding the solution of the given system of integral equations.

2.4.1 Symmetric Kernel

A Kernel K (z,t) is symmetric (or complex symmetric or Hermitian) if:

K(z,t) = K*(t,z) (89)

Where *x denotes the complex conjugate. If the Kernel is real, then we have;
K(z,t)=K(t,z) (90)

For example,the following are some examples of symmetric Kernels

1. K(x,t) =cos(x+1t)
2. K(z,t)=loguxt

3. K(x,t) =2*t> +at

But again, K (x,t) =sin(2z+3t) and K (z,t) = 2t> +2 are not symmetric. Also, K (z,t) =
i(x —t) is symmetric Kernel since in this case; If

K(x,t)=i(x—1t)
then

K(t,x) =1i(t—x)
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and so,

K(t,z)=—i(t—z)=i(x —t) = K(x,t)

But, K(x,t) =i(x+t) is NOT a symmetric kernel, since in this case if K (z,t) =i(z+1)
then

K(t,x)=i(t+z)=—i(z+1t) = —K(z,t) # K(z,t)

Usually, Integral Equations with Symmetric kernels are of frequent occurrence in the
formulation of physically motivated problems

2.4.2 Separable Kernels

A kernel K (z,t) is said to be separable or degenerate if if it can be expressed as the sum
of a finite number of terms, each of which is the product of a function of x and t only i.e
n

K(w,t) = 3 as(@)bit) (1)

i=1

Where a;(x) and b;(t) are assumed to be linearly independent, otherwise the number of
terms in relation (91)) can be reduced by linear independence if c1a;1 +co2ag+ ...+ cpa, =0,
where ¢; are arbitrary constantsi.e ci =co=...=¢, =0

2.4.3 Resolvent Kernel

Let the solutions of the integral equations below be given

b
u(@) = (x) + A / Gz, tu(t)dt (92)
and .
v(z) = $(x) + A / Gz, )0 (t) (93)
respectively by
b
u(@) = é(x) + A / R(z,t; \u(t)dt (94)
and
(@) = B(z)+ A / T(z, t; A)o(t)dt (95)

Then R(x,t;\) and I'(x,t; \) are called the Resolvent or Reciprocal kernels of the given
integral equations.
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2.4.4 lterated Kernels

Here we consider the general form of F'redholm integral equation of the Second Kind.

b
ola) = o)+ [ Glabo(t)dt (96)
Then the iterated kernels G, (x,t) for n =1,2, ... are defined as shown below:

Gi(z,t) = G(x,t)

Co(,1) = /bG(:v,z)Gn_l(x,t)dt,n: 2,3,.. (97)

a

Where G(z,t) is the Kernel of the integral equation
2.4.5 Eigenvalues and Eigenfunctions

Consider the homogeneous Fredholm Integral Equation:

b
y(x) =X [ Gl ny(t)dt (98)

Usually, the equation has two types of solutions y(z) =0 and y(x) # 0 For y(x) =0
is called the trivial solution of the integral equation For y(z) # 0 is called the nontrivial
solution of the integral equation and the parameter \ is the eigenvalue of while
every nonzero solution of is called the eigen function corresponding to eigenvalue

A

Some Fundamental Properties of Eigenvalues and Eigenfunctions

Theorem 2.4.1. If a kernel is symmetric, then all its iterated kernels are also sym-
metric

Proor. Let G(z,t) represent a symmetric kernel, then
G(z,t) =G(t,x) (99)

By definition, the iterated kernels are defined as follows:

G1<£L‘7t) = G(.’Iﬁ,t) (100)

b
Gl,t) = [ Gla,y)Gr1(y,D)dy,n =2.3,...n (101)
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Let G (z,t) be symmetric for n =m, then by definition we have;

Now we prove that G, 41 is also symmetric i.e

Gmi1(z,t) = Gy (t, o)

using ((101)) We have;

b

G (2,8) = [ Gla.y)Gunly,t)dy

a

using and

— /abé'(y,x)ém(t,y)dy,

= /ab G (t,y)G(y,2)dy = Gy (t, )

Thus by Mathematical induction, G, (z,t) is symmetric for n =1,2,3, ... ]

Theorem 2.4.2. (HILBERT THEOREM) Every symmetric kernel with a non
zero norm has at least one eigenvalue.

Theorem 2.4.3. The eigenfunctions corresponding to distinct eigenvalues are orthog-
onal to each other.

Proor. Let ¢i(s) and p2(s) be the eigenfunctions to the two distinct eigenvalues A\
and Ay of the homogeneous Fredholm Integral Equation:

p(6) = [ Gls (0 (103

and suppose that the Kernel G(s,t) is symmetric, then A = 0 is not an eigenvalue of
(103)) since it will result to a trivial solution i.e ¢(s) = 0. The functions ¢; and g
satisfies the equation (103)) in the sense that;

b
o1(s) = M\ / G(s, 1)1 (1)dt (104)

and
b

o2(s) = Ao / G(s,) fo(t)dt (105)
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We multiply (104) by o2(s) then integrate it with respect to s over (a,b) to obtain;

b

/abw(s)@z(s)dsz /\1/;902(8)[/@ G (s,1) 1 (t)dt]ds

Changing the order of integration we get:

[ eis)eathds =1 [ o0 [ s thea(s)isli

Applying symmetry of the kernel G(s,t), we obtain;

[ er)eatsds = [ o)l Gt )gas)aslar

Using ((105)),we obtain;
b b " Ny b
[ ereesas = [(o0P D=2 "o t)os(tyan
a a )\2 )\2 a
which gives
b
(A = Ao) / o1(8)a(s)ds = 0 (106)

since A1 # Ao we then conclude that:

/ab901(8)902(8)d5 =0

Hence eigenfunctions corresponding to distinct eigenvalues are orthogonal to each
other. 0

Theorem 2.4.4. The eigenvalues of a Fredholm integral equation with a real symmetric
kernel are real.

Proor. let A1 be an imaginary eigenvalue corresponding to a complex eigenfunction
fi(x). Then the complex conjugate A\; will be an eigenvalue corresponding to the
eigenfunction fi(x), which is the complex conjugate of fi(z) Hence using (106)),we
obtain:

— b _
(A1 — )\2)/(1 fi(z) fo(z)dr =0 (107)
if \j =ag+ip1 and fi(x) = ai(x) +iby(z) then gives:

b
2@51/ (a2 +b2)dz =0
a

Since fi(x) # 0, the integral cannot be zero unless the imaginary part of A i.e 1
must vanish. Hence we conclude that the eigenvalues of a Fredholm integral equation
with a real symmetric kernel are real. O]
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3

Methods of Solutions of Fredholm Integral Equations
of the Second Type

In this chapter, we will present some analytical and numerical methods to solve Fredholm
integral equation of the second kind, but we begin by stating some theorems on existence,
uniqueness of solutions.

b
y(a) = f@)+ A [ Koyt (108)

a and b are given constants and the kernel function is K (z,t). Also, in Fredholm integral
equations of the Second Kind, the unknown function y(x) appears both inside and outside
the integral sign.

In equation (108)), K (z,¢) and the function f(z) are real valued functions and X is a pa-
rameter. When f(z) =0 then the Fredholm integral equation is said to be homogeneous

3.0.1 Existence and Uniqueness of Solutions of Fredholm integral equations of
the Second Kind

In this section, we give some conditions which ensure the existence of the unique solution
of Fredholm integral equations.

Existence and Uniqueness

Theorem 3.0.1. Let the following equation

b
y(e) =X [ K(xty(t)dt = f(2) (109)

If the kernel K (z,t) is continuous over [a,b] x [a,b], f € L*([a,b]) and |A\|B <1,
where

B= \//ab/ab|K(x,t)|2dxdt

Then the equation (109) admits a unique solution for y € L*(|a,b])
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Proor. We consider the equation

7)) = £() + [ K, 00y (110
Since
feL?*(ab]), TyeL*(a,b]) and /abK(a:,t)y(t)dt € L*([a,b])
Using the equality of Shwartz, so

2

[ Ko < [ Ko< (@ opa) (Roora)

SO

ffK(a:,t)y(t)dtr < (1 K(x,t)rdt> (s y@)rdt)
Also
/ab f(fK(x,t)y(t)dt‘de < /ab (ff K(:c,t)‘zdt) (f;’ y(t)dtr) dz
Which is
< /ab/ab K(m,t)rdtdm/j y(t)rdt
Since
/ab/ab K(:z:,t)’zdtdx < 00

and then

b
/
Then equation (T10)) is satisfactory and T of L?([a,b]) in itself.

We notice that the demonstration below is also that the operator defined by

2
y(t)' dt < oo

b

(Ay)(@) = | Ko ty(t)dt

a

is bounded and therefore by theorem above the equation
Ty=y

admits a unique solution for |\|B < 1. O
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Lemma 3.0.2. Let U and V' be two compact spaces. The set of continuous functions
from U to V' with the uniform norm is complete.

Theorem 3.0.3. Let K : [a,b] X [a,b] = R and f :[a,b] = R be two continuous functions.
So, if X is small enough, then the equation

b
u() = @)+ A | K@y
admits a unique solution that needs to be extended further to [a,b]
Proor. We consider the set F' of continuous functions on [a,b] — [a,b], endowed with

the uniform norm, so by the lemma above, it implies that F' is complete. We then
consider the application

. F—>F
given by
b
D(y)(@) = f()+A | K ty(t)dt

We show that ®P is a contraction application for a certain p. Vx € [a,b], we have;

o) 20| < [ew)iw) —ew)@

:N y—y

JPK (z,t)(y(t) —g/(t))dt“ < ‘/\' HK‘ ‘oo ‘b—a

o0

If it is small enough and if p is large enough, then the application ®? is a contraction,
so it has a unique fixed point. This point is the solution of the Fredholm integral
equation of the Second Kind. O]

Here, we will majorly use the method of degenerate kernels.

And such a kernel can be expressed as:

n
K(w,8) =3 gi(x)hit) (111)
i=1
some of the examples of degenerate kernels are

K(z,t)=ax—t
K(z,t) = (z—1)>

In what follows we state without proof the F'redholm Alternative Theorem.
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Theorem 3.0.4 (Fredholm Alternative Theorem). If the homogeneous Fredholm In-
tegral Equation

b
y(x) = A / K (z,t)y(t)dt (112)

has only the trivial or zero solution y(x) =0, then the corresponding non-homogeneous
Fredholm integral equation:

b
y(x) = fla)+ A [ Kyt (113)

has always a unique solution.
We consider this theorem for a Kernel which is separable.

Theorem 3.0.5 (Uniqueness Solution). If the Kernel K (x,t) in the Fredholm integral
equation s continuous, real valued function, bounded in the square a < x < b and
a<t<bandif f(x) is a continuous real valued function, then a necessary condition
for existence of a unique solution for Fredholm integral equation s given by

INNM(b—a) <1 (114)

where;
|K(z,t)|] < MeR (115)

However, if the necessary condition does not hold, then a continuous solution may
exist for Fredholm integral equation.

A number of analytical and numerical methods have been developed to solve these equa-
tions. The analytical methods are also known as traditional methods.
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3.1 Analytical Methods for Solving Fredholm Integral Equations of

the Second Kind

Some integral equations have solutions and others have no solutions or have innumerable
solutions.

Remark 3.1.1. [t is important to say that we will discuss analytical methods in space

(Cla.t]). 1)
Some of the analytical methods include:

1. The degenerate kernel method

2. The Adomain Decomposition Method

3. The Modified Decomposition Method

4. The Noise Terms Phenomenon

5. The Variational Iteration method

6. The Direct Computation Method

7. Successive Approximations (Neumann Series and Picard's method)

8. Convertion of Integral equations to BVPs

3.1.1 The Degenerate or Separable kernel Method

We defined a degenerate or separable kernel as:
n
K(z,t) = gi(x)hi(t) (116)
i=1

The mappings g1(),92(),...,gn(x) and hy(t),ha(t),...hy(t) are linearly independent. Given
the integral equation below

b
y(@) = f@)+ A [ Koyt (117)

Since

K(e,t) = 3 gi(ahi)
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Then (117)) becomes:
n b
y(@) = F@) + A3 (@) [ (Bt (118)
i=1 a

The technique of solving the equation (118)) is essentially dependent on the choice of the
complex parameter A and therefore we define:

b
Bi :/ hi(t)y(t)dt (119)
a
Where the quantities /3; are constants. Using in (118)) we obtain:
n
y(x) = f(x)+ A Bigi(x) (120)
i=1

And we now can find the values of 3; Using (120)in (118]) we have;

n b n
S gi@)ti— [ RO+ Y Begn®]dt] =0 (121)
i=1 @ k=1
From linear independence of g;(z), it then suffices to have
b n
Bi= [ h®IF0+2 Y Bgr(t))dt =0 (122)
@ k=1
Now, using the simplified notation;
b
JRIONOR (123)
And )
| gt = G (124)
Then becomes;
Bi—=A> BkGik = fii=1,2,..n (125)
k=1

Which is a system of Algebraic equations for the unknown 3; The system ([125]) has the
determinant:

1-AG11 —AGz - G,
~AGa1 1-AGa -+ —AGa

pove| L )
“AGn1  ~AGpz -+ 1= G

Which is a polynomial in A of degree n.
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1. VA for which D()\) # 0, the Algebraic system ([126)) and thereby the integral equation
(117) has a unique solution.

2. On the other hand, VA for which D(X\) =0, the Algebraic system ((125)), and with it
the integral equation ({117]) , either is insoluble or has an infinite number of solutions.

Example 3.1.2. We want to show that the equation
2w
u(z) =v(x)+ 7/0 sin(x +t)u(t)dt (127)

have no solution if the non-homogeneous part v(x)=x and has a solution for v(z)=1.
We rewrite G(z,t) =sin(z+1t) as

K(x,t) =sinzcost + cosxsint (128)

hi(x)g1(t) + ha(x)ga(t)

and o
Here
27 27
G111 = /0 hi(t)g1(t)dt = /0 costsintdt =0
2w 2
G2 = /0 hi(t)ga(t)dt = /0 costcostdt =
27 2
Go1 = /0 ho(t)g1(t)dt = /0 sintsintdt =7
27 27
Goo = /0 ho (t)gg(t)dt = /0 sintcostdt =0
Therefore,
1-XG11 —)MGio
\) = (130)
—AG91  1—MAGo9
1 —Ar
D(\) = (131)

— AT 1
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=1— X272 (132)
If D(X) # 0 then we have a unique solution.
Here the eigenvalues are given by equating (132)) to 0:

1-X722=0
where we obtain:
1 1
Al = and Ay =—— (133)
T T

The algebraic system corresponding to (127) therefore given by:

1-XG11 —)MGio A 0
= (134)
~AGo1 1—-MXG9 ) \B 0
Now, using (131)) we obtain:

A— B =0
—AMTA+B=0

K(x,t) = sin(z +1t) being symmetric: When A= L, yields A= B. Then the corre-

™
sponding eigenfunction uy(z) is therefore given by:

ui(x) = )" ABgi(x) = (A1 (x) + B(x)
=1

1
ui(x) = —(Asinz + Acosz) = —(sinz + cos )
70 T
1 Lo . . . . . .
When A = —=, we obtain:A = —B, then the corresponding eigenfunction is given by:

1 A
ug(x) (A,u—Aw):;(u—w), p=sinz, w=cosx

™

When v(z) =z, we have:

/O%v(x)ul(a:)da: = I:/O%x(u—l—w)d:c #0
/()27rv(a:)u2(x)dx = ﬁ/o%x(,u —w)dr #0

which gives that v(z) is not orthogonal to uy(x) and uz(x) and so (127)) will have no
solution.
When v(z) =1, we obtain the following:

/()27Tv(x)u1(x)dx = i(mu%—w)daz =0

/O%v(x)m(x)dm =— /()277(” —w)dr =0
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Then (127) will have infinitely many solutions of the type:

u(z) =v(x)+ ful(x) - iuz(x)

u(z) = 1+C’i(u—l—w)+Dﬁ(u—w)

u(z) =14 Ecosx+ Fsinx

Where E and F' are arbitrary constants.
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3.1.2 The Adomain Decomposition Method

It was introduced by George Adomain, and it involves of decomposition of of the unknown
function y(x).

b
y(a) = f@)+ A [ Koyt (135)

into a sum of infinite number of components defined by the decomposition series:

y(x) = yn() (136)
n=0
or equivalently
y(@) = yo(z) +y1(x) +y2(2) + ... +yn(2) (137)

Where the components y,,(x), n > 0 will be determined recurrently. This is achieved by

substituting ((136]) into (135]) to obtain.
00 b 00
> (@) = f@) A [ K@) yl®)t (138)
n=0 a n=0

or equivalently,

yo(x)+y1(x) +y2(z) +... = f(x)+A/{le(x,t)[yo(t)+y1(t)—|—y2(t)+...]dt (139)

The component yo(z) is known as the zeroth which is identified by all the terms outside
the integral sign.

yo(r) = f(z) (140)
and
b
g (2) =\ [ Kz t)a(t)dt, n>0 (141)

Therefore y(x) can be easily obtained in the form of a series solution with the help of the
assumption we made in ((136]) and ((137))

Remark 3.1.3. The components of yo(z),y1(x)--- are completely determined. As a
result, the solution y(x) is easily obtained as a series using the series assumption in
(136). The decomposition method converts the integral equation into an elegant deter-
mination of the computable components, if an exact solution exists for the problem,
then the series obtained converges very quickly to this exact solution. However, for
concrete problems, when a closed form solution is not obtained, a truncated number
of terms is usually used at numeric ends. The more components we use the more
precision we get.
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Example 3.1.4. Let us solve the integral of the second type below

1
y(x) =2x+ g/ ) ty(t)dt (142)

We know that from (142)) we have

00 r 1>

Zyn(x):2x+§/ £ yn(t)dt (143)

n=0 -1 n=o
Or equivalently as

(144)

Yo( )+y1(:c)+y2(a:)+---:2:c+"Z/llt(yo(t)+y1(t)+yz(t)+---)dt

We therefore identify the zeroth component by all terms that are not identified under
the integral sign. Therefore, we obtain the following recurrence relation

(x) =2z (145)
Yn+1(z 2/ tyn (t (146)
It follows from that

mx:;[}%@ﬁ=$/2ﬂﬁ:%

$)=§/1ty1 /12t2dt =

2/ tya(t)dt = 2/1 =2

Hence

(147)

y(x)=2x+x<§+§+227+821+---)

We notice that the equation (147) represents an infinite geometric series at the right

hand side and has

but we know that

Therefore, the exact solution is given by
y(x) =2zx+x
y(x) =3z

(148)
(149)
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3.1.3 The Modified Decomposition Method

The method introduces a slight variation to the recurrence relation

ug(s) =v(s) (150)
s (5 )\/ (s,0u(t)dt k>0 (151)
whose infinite sum is given by
o
=> up(z) (152)
n=0

that lead to finding the components of u(s) in the manner that is easier and faster. In
many events the function v(s) can be picked up as the sum of two partial functions that
is to say v1(s) and wvy(s) or as

v(s) = vi(s)+va(s) (153)

In view of ([153)), we introduce a change in the structure of the occurrence relation (150)).
In order to minimize the magnitude of calculation we identify the zeroth component wuq(s)
by one part of v(s) that is va(s) and va(s). While the other part can be added to the
component u(s) as well as other terms.

To put it in another way, the method introduces modified occurrence relation

ug(s) = vi(s) (154)
ui(s) =va(s —i—)\/ (s,t)up(t)dt (155)
upa1(s )\/ (s,t)ug(t)dt k>1 (156)

Which displays the disparity between the standard occurrence relation and the
altered relation ([L54]) rests only on the categorization of the first two components ug(s)
and u;(s) while the rest of the components u;(s) i > 2 remainunchanged in the two
occurrence relations. Even though this variation in the formation of wug(s) and u1(s) is
small, nonetheless it takes part in the accelerating the convergence of the solution and in
minimizing the magnitude of computational work.Furthermore, decreasing the number of
terms in v1(s) influences the components of u;(x) and other components as well.

Remark 3.1.5. Proper selection of v1(s) and va(s), the exact solution u(s) can be ac-
quired by using very few iterations and sometimes by computing only two components.
The outcome of this alteration depends only on the correct choice of vi(s) and va(s),
and this can be achieved through tests only. Upto to now there is no rule guiding on
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the correct selection of vi(s) and va(s).

If v(s) contains one term only, the standard decomposition can be used in this case.

Example 3.1.6. Consider;

y(x) = sinz — ZB—I—QZ/()2 ty(t)dt (157)
First, we separate f(x) = sinx+x into two parts namely,

g(x) = sinz

h(z)=—x

Now, using the Modified Recurrence formula (154) we obtain;

yo(x) = g(z) = sinx (158)
y1(x) = h(x) —i—x/oj tyo(t)dt = —x —km/o7 tsintdt =0 (159)

Consequently,
pini@) = [ K@y@d =0  i>1 (160)

Also, using (160)), the the structure of y;, i >1 is equivalent to zero. Hence

y(x) = sinz
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3.1.4 The Noise Term Phenomenon

The noise terms refers to the undistinguishable termswith mutually exclusive sign that
spring up in the structure of yo(s) and y1(s) as well as other terms in the answer to the
problem of Fredholm integral equation of the second type. These terms came into
sight only for unique type of non-homogeneous integral equation.

Remark 3.1.7. If the noise terms exist in the yo(s) and y1(s) components then without
loss of generality a closed structure of slution can be obtained after two consecutive
iterations.

If we cancel the noise terms between yo(s) and yy(s) while y1(s) having more terms,
the terms which have not been canceled in yo(s) sometimes yield the correct answer
to the problem. So, it is inevitable to verify the non-canceled terms of yo(s) fulfill the
integral equation. However, we will be required to carry out many iterations of y(s)
in order to obtain the answer in a series form.

In many scenarios, not all nonhomogeneous equations have noise terms phenomenon.

Example 3.1.8. Find the exact answer to the problem below using noise terms phe-
nomenon method:

y(s) = s(m—2+sins+coss) — /07T sy(t)dt (161)

Following the Standard Adomain Decomposition Method, we use the recurrence for-
mula:

yo(s) = s(m—2+sins+coss)

pa(s) = [ swo(t)at

The above gives:

yo(s) =s(m—2+sins+coss) (162)
™
nils) = [ syolt)dt (163)
™
y1(8) :s/o t(m—2+sins+ coss)dt (164)
On using Integration by Parts, we obtain:

s 7T3

yi(s) = 5/0 (7t — 2t +tsint +tcost)dt = s(? —m?+7—2) (165)

It follows from (162) and (165) that the noise terms +2s and +m appears in yo(s)
and y1(s) so, canceling these terms from the zeroth component yo(s) yields the exact
solution,

y(s) = z(sins+ cos s)
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3.1.5 The Variational lterative Method

In this section, we will apply the variational iterative method to handle F'redholm integral
equations. This technique only works best for a degenerate kernel such that

G(z,t) =u(x)v(t), u=g and v=h. (166)

From ({166 it implies that we differentiate both sides of the Fredholm integral equation
to convert to its identical fredholm — Integro dif ferential equation which needs a
defined initial condition. For this reason, we confine ourselves with the study of u(x) =
", n>1.

The standard Fredholm integral equation is of the form:

b
y(w) = (@) + | Gl (167)

Or equivalently from ({166))

b

y(@) = f(@)+u(@) [ ooyt (168)

a

Since the value under the integral sign i.e the integrand is constant. So, differentiating
the equation ({168)) with respect to x yields;

b

y(@) = f(2)+g'(x) [ hy(e)dt (169)

a
Which is called the Integro-differential equation and its correction functional is given by/

b

pen (@) = () + [ NO@L®) = (O~ (Q) [ o(slshds)ac o)

The variational iteration method entails two essential steps:

1. We use integration by parts to optimally obtain the Lafrange’s multipliers.

2. We substitute the value A\ obtained into (170]) where the restriction was excluded
which yields:

x b
bar1(@) = v = [ W)= () =(©) [ hr)yals)dsldc (1)
and it is used for the computation of consecutive (successive) approximations y,,11(x) n>
0 of the solution y(x) From (171]), the zeroth approximate yo(x) can be any selective func-
tion, and making use of the first value g is used for the selective zeroth term approximation
and eventually we obtain;

y(x) = lim yp(x) (172)

n—oo
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Example 3.1.9. Using the method of Variational Iteration Method solve the following
Fredholm integral equation:

™

y(x) =sinx —x+x/0 y(t)dt (173)

The solution of the above Fredholm integral equation by Variational Iteration Method
requires us to first differentiate the given integral equation (173|) with respect to x
keeping t fixzed and we obtain:

, _ B T
Y (r) =cosx 1—1—/0 y(t)dt (174)

From (174) the corresponding correction functional is therefore given by: That is after
using the formula for Integro-differential equation (171))

s

i (@) = val@) = [ Wh(0) = cos+1= [ yu(s)dslac (175)

We realize that X is taken to be —1 for the first order integro-differential equation and
the initial condition y(0) =0 is reached after substituting x =0 in equation .
Subsequently, we will be using this initial condition to select yo(x) = y(0) =0 and
finally applying the same selection into the correction functional gives the following
SUCCESSIVE apProximations.

Yo(x) =0 (176)

T

x
(@) = yo(x) = | h(¢) —cos¢+1— [ “yo(s)dsld¢ (177)
but y4(C) is given by;
’ ™
¥h(C) = cosC =1+ [ yo(s)ds = 0
applying the above in the equation (177)) we have

yi1(z) = _/()x[008<+ 1-]d¢ = sinx —x

thus we obtain
yi1(x) =sinx —x (178)

™

el@) =1 (@) = [ (C) = cosC +1= ["yn(s)dslc (179)



Here

Y () =cosC—1=0 at{=0

And using the value of y1(¢) =0 in (179) we have;

y2(x) = sinx—x—/om[—cosg—i-l—/Oﬂ(sins—s)ds]dc

. 2
:sinx—x—/o [—cosQ—l—I—?]dC

2

. . m
=ginx —x — [51n:p—m+?x]

+sinx is one of the noise terms and we therefore cancel it to obtain:

2
yo(z) = (sinx—x)—i—(m—?) (180)
Using , we have
() = () = [ h(Q) —cos¢ 1= [ ya(s)dslc (161)

Using the same method as in the case of yo(z), wyi(z) and ya(z) in y3(z) we
obtain,

ys(x) = (sin$—x)~|—(x—?x)+($— Za:) (182)
2 4 16
— y4(x) = (sinx —z)+ (z — W—x) +(x— lx) +(x — Lx)
2 4 16
and the general solution therefore becomes:
2 4 16 256 n
, T T T T s
yn(z) = (sinx —z)+ (z — ?x) +(z— Zzp) +(z— Ex) +(z— ﬁx) +.+(z——x)

(183)
Hence, from (183) the noise terms are £x and £7— which we now cancel out to obtain
the answer to the problem as

y(x) =sinx (184)
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3.1.6 The Direct Computation Method
The Direct Computation Method normally approaches the Fredholm integral equations of
the Second Kind in a more direct manner and the resultant solution is usually given in an

exact manner but not in series form as we have seen in other methods of solution.

Also, a point to note is that this method is only applicable to degenerate or separable
kernels of the form:

n
K(z,t) => ui(z)vi(t) (185)
i=1
which is a kernel of the Fredholm integral equation of the Second Kind;
b
y(@) = f(@)+ A [ Kbyt (186)
a

Procedures to be followed when dealing with the Direct Method

1. Substitute ([185)) into (186))

2. On substitution, we obtain:

b b

b
i (E)y(t)dt + ua () / va(O)y(t)dt + ...+ un (z) / n(t)y(t)dt
(187)

y(@) = f(@) + () [

a

Here we assumed A =1

3. Each and every integral in the right hand side depends only on a variable ¢ and the
limits of integration for t being constant which also implies that each integral is equal
to a constant. Based on the explanations above, the equation (187 becomes:

y(x) = f(x) + Abrui(z) + ABauz(x) + ABzus(x) + ... + ABpun () (188)

Where b
B = / vitydt,  1<i<n (189)

4. If we substitute into ({188]), we obtain a system of n algebraic equations that can
be solved to find the value of the constants 5; 1 <4 <n. Thus using the obtained
numerical values of (; into , the solution of the Fredholm integral equation ({186))
is readily obtained.

The direct method will be best demonstrated by the following example.
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Example 3.1.10. Solve the homogeneous Fredholm integral equation using the direct

computation method

y(@) = A /O " sin(z -+ ¢)y(t)dt

(190)

We notice that the Kernel K(x,t) = sin(z +1t) = sinxcost + cosxsint is separable.

Then equation (190) can be written as
y(x) =wAsinz +yAcosz

Where

w:/o costy(t)dt, ”y:/o sinty(t)dt

Substituting (191)) into (192)) yields

™
w:/o cost(wAsint +yAcost)dt

™
fy:/o sint(wAsint +yAcost)dt

Solve the algebraic system above gives

1 1
w= 57)\77 v = §w)\7r

For w#0, ~#0, we find that the eigenvalue X is given by

Which inturn gives an eigenfunction y(x) by

y(x) = jzg(sinx+cosx), C=2w
77

(191)

(192)

(193)

(194)

(195)

(196)

(197)
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3.1.7 Successive Approximations Method

This technique gives a systematic plan that can be used to find a solution to IVPs an inte-
gral equations. Normally, we begin by first assuming fo(z) which will be used to find other
approximations. fo(z) is also known as the zeroth recurrence function approximations.
Taking into account the Fredholm of the 27¢ type

1
f@)=g@)+ [ K@ f@a (198)

Where y(x) is the unknown function to be determined, K (x,t) the kernel and \ a pa-
rameter. This method takes the form:

fo(z) = zeroth term (199)

Fas1(z) = g(x) + A / (@,8) fult) (200)

Just like the Adomain Decomposition method,in Successive Approximations method, we
also have that;

fo(x)=any selective real—wvalued function mnot inside the integral sign

(201)

— )\ / (,0) fo(t) (202)

[ Koo ()

Fua() = fula)+ [ Ko 0)fult) (204)

One of the methods associated with Successive Approximations Method depending on the
choice of fy(x) is the Neumann Series approximation method.

Neumann Series Method

The Neumann series is obtained when fy(x) = g(x) in other terms which are not inside
the integral sign of (|198)). Given:

fo(z) = g(z) (205)
fi(x) = g(z)+ A / (,8) fo(t)dt = g(z) + L llK(x,t)g(t)dt (206)

= fi(z) = g(2) + APy (2) (207)
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Where

1
Oy (2) = /_ K(a.t)g(tyat (208)

The second approximation is therefore given by:

fox )+ A / (z,t) f1(t) (209)
+>\/ (t) + APy (t)]dt (210)
= g(2) + AD1 (z) + \?Dy(2) (211)
Where
b
Bo(zr) = /_ K ()0 (1)t (212)

From (212)), the third approximation can be obtained as:
f3(x) = g(x) + APy (x) + N2 Po(z) + N3P3() (213)
And the n' approximation as:

fr1(z) = g(2) + A1 () + N30 (2) + NP @g(x) + ... + X' Dy, (2) + N T Dy () (218)

)+ Y N'Ppii(z), for n>0 (215)
n=1
Where .
Vi) = [ K(a, )0, (t)dt (216)

The series (216) is known as under the name of the Neumann series. this series is
absolutely and uniformly convergent. Thus, the solution is given by

f() = g(a) + lim 3N, () (1)
=1

Example 3.1.11. Determine the solution of Fredholm integral equation of the Second
Kind using Successive Approximations Method;

r)=e"+ /_11 xty(t)dt (218)
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For the zeroth approzimation approximation yo(x), we let;

yo(x) =e (219)

The method of successive approximations admits the use of the iteration formula:
1
Ynt1(x) =€* +/ 1xtyn(t)dt n>0 (220)
Using (219) and (220) we obtain:

1 1 9
yl(x):ez—i-x/ tyo(t)dt:ex+a:/1tetdt:e‘r+x—
-1 — €

1 1 2 2 2 2
yg(x):ex—l—x/ tyl(t)dt:ex+x/ (tel + =t2)dt = e + 2= + = X 3
-1 -1 e e e

1 1 2 2 2 2 2 2 2 2 2
yg(x):ex—i—x/ tyg(t)dt:ex—i—x/ (te! + 22+ Ex St dt = e+ ax=+ a4 a=x =+ x (5)?
-1 -1 e e 3 e e e e

3 3
Therefore,

2 2 2 2 2 2 2
ya(z) = e da=+a= x - +r-x () +2= x(5)? (221)
e e e e

3 3 3
From (221)), we obtain:

e 2002 20 2n 2
(@) =+ (14 2+ P+ P+ G (222)

We notice that the infinite geometric series on the right hand side has a =1 and the

common ratio as r = %

Therefore, the sum of the infinite geometric series in (222)) is given by:

a 1

a—r 1—% (223)

Using (223)), the series solution in (222)) therefore becomes
y(z) = * +6re!

Example 3.1.12. Let the integral equation of the Second Kind be

u(r)=1 —|—/01 xu(t)dt
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Solve using the successive approximation (method of Neumann)
For the solution, consider the zeroth approximation as ug(x) =1, and then the first
approzimation can be calculated as

1
w(z) =1+ /0 zuo(t)dt
1
= 1—1—/ rdt=1+zx
0
In this way, we find

us(z) = 1+/01 uy ()dt

ug(r) = 1—1—/01x(1—|—t)dt

1
uz($):1—|—§
So we get
un(x):1+x{1+%+212+213+...+2nll
And so

ur) = gglrgoun(x)

ulw) = w2 5

1
u(zr) = 1+nli_>Irolox.2(1 - 5)

u(zr) =1+2z

which is the solution.

3.1.8 Picard’'s Method

The Picard’s method is obtained when we let yg(z) =0, 1, x, or any other real-valued
function.Given the Fredholm integral equation of the Second Kind:

y(x) = f(z) +)\/abK(x,t)y(t)dt a<z<b (224)

From ([224)), we have:

yo(x) = Any  real —valued  function (225)
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Therefore, the first approximation y;(x) is defined by:

b
n(x) = F)+ A [ Kot = f (226)
The second approximation is given by:
b
va(w) = f(@)+ A [ K (e, ()t (227)
a
Continuing in the same way, we obtain the n'” approximation by:
b
Yni1(2) = F(@) + A / K (2, t)yn(t)dt (228)
Hence, the final solution is then given by;

lim y,41(2) = y(z) (229)

n—oo

Example 3.1.13. Determine the solution of the Fredholm integral equation below by
using Picard’s Method

y(x) =sinz + cosx + /(f sinzty(t)dt (230)
Here, we let the zeroth approximation yo(x) to be

yo(x) =0 (231)

The first approximation is then given by:

y1(z) = sinx+cosx+sinx/: tyo(t)dt = sinz + cosz (232)

The second approximation is also given by:

y2(x) = sinz + cosx + sinx/i tya(t)dt = (233)
0

: S P : T
yg(a:):smx—i—cosm:smx/o (t51nt+tcost)dt:s1na:+cos:c+§smx

The third approximation is given by:

ys3(z) = sinx+cosx+sinx/2 tya(t)dt = sinx + cosx + wsinx (234)
0
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Using the same approach we have the fourth approximation as:

. . 2 . 3 .
y4 () :smx+cosx+smx/ tyg(t)dt251nx+cosx+?smx (235)
0

and

s

ys(z) = sinx+cosx+sinx/jty4(t)dt =sinz + cosz + 2mwsinz (236)
0

From (2306)), we cancel the noise terms in £m such that the exact solution is

y(x) =sinz +cosx

Convergence of Successive Approximation Method

Theorem 3.1.14. Let A: X — X an operator continuous on a Banach space X whose
spectral radius verifies r(A) < 1. Then the successive approxzimation method defined
by Vn € X, upy1 = Aug+ f converges for all ug € X and f € X to a unique solution
of u—Au=f.

Remark 3.1.15. This result is very natural in the finite dimensional space where the
spectral radius can be interpreted as the greatest value of N(A) for the set of algebraic
norms N .

3.1.9 Conversion of Fredholm Integral Equations to ODE
This method involves converting F. |. Es to their equivalent BVPs. This is obtained by

integrating both sides of the given Fredholm integral equation w.r.t s in order to do away
with the integral sign on the right hand side which then yields the ODE.

Leibnitz's Theorem

Theorem 3.1.16. [7] To convert the differential equations to integral equations, we
use the Leibnitz’ sRule of Differentiating Under the Integral Sign, i.e

If G(s,t) and % are continuous functions of s and t in the domain a < s <b,
to<t<ti,a=g(s), b=h(s), then

d hs) W) 9G(s,t) . dh d
/g G(s,t)dt—/g(s) éz Vit + d(;)G(s,h(s))— Z(SS)G(S,Q(S)) (237)
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provided g(s) and h(s) defined functions with continuous derivatives in the intervals
defined above. We may also use this rule to convert integral equations to equivalent
ordinary differential equations. For example, we have

(a). For Volterra integral equation:

js[/ t)dt] = /—dt+Gst) (s) (238)

(b). For Fredholm Integral Equation:

oG
a 88

d

b
= / G(s,t)v(t)dt] = v(t)dt (239)

Where u(t) and v(t) are independent of x and hence taking partial derivatives with
respect to x, u(t) and v(t) are treated as constants.

The boundary conditions can be obtained by substituting s = a, and s =0b into y(s)
and the resultant boundary value problem can be solved easily by using the Ordinary
Differential Equations methods e.q Taylor series, Runge-Kutta and multi-step meth-
ods.

There are two types of problems associated with this method of solutions. From the
general point of view
Given the Fredholm Integral Equation of the Second Kind:

b
s) +A/ G(s,t)y(t)dt, a<s,t<b (240)

Where f(s) is given and the kernel G(s,t) can be of two types:

1.
Gls.t) = t(1—s)h(s), for a<t<s
s(1—t)h(s), for s<t<b
2.
Gls.t) = th(s), for a<t<s
sh(s), for s<t<b

So, in a simpler way, h(s) =\, a constant. From the first expression, the Fredholm
Integral equation takes the form:

s) +)\/St(1 —s)y(t)dt+ /\/bs(l —t)y(t)dt (241)
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and from the second expression, we have:

y(s) = f(s)+ A / Tty (t)dt+ \s / (bt (242)

The R.H.S of equations (241)) and (3.1.9) are a representation of a product of two functions
of s, so when we differentiate them with respect to s both sides of (241]) and (3.1.9)) using
Leibnitz rule to obtain for equation (241]) we have:

y'(s) = f'(s)+As(1—s)y(s A/ ty(t)dt — As(1—s)y +)\/ 1—t)y

=y Cty(H)dt + / "0 Oy (243)

we differentiate both sides again with respect to s in order to do away with the integral
sign in ([243),
y"(s) = f"(s) = Asy(s) = M1 —s)y(s) (244)

wich then give rise to the ODE:

Y (s)+ Asy(s) = f"(s) (245)

With boundary conditions as:
y(a)=f(a), yb=f(b) (246)
And for equation (3.1.9) given by:
s b
y(s) = f(s)+ A / ty(t)dt + As / y(t)dt

We differentiate both sides of ([3.1.9)) with respect to x using product rule of differentiation
and using Leibnitz rule, we obtain:

b
=f s)-l—/\/ y(t)dt (247)
S
We again differentiate (247]) with respect to = so that we remove the integral sign to get

y'(s)=f"(s) = My(s) (248)

Therefore, the resulting ordinary differential equation is given by:

y"(s)+Xy(s) = f"(s) (249)
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Here, the boundary conditions are:

y(a) = f(a), y'(b=f(b)) (250)

Combining ([249)) and (250)) yields the boundary value problem equivalent to the Fredholm
integral equation ([240)).

However, if h(s) is not a constant, we can then proceed in similar manner to the above
discussion above to obtain the boundary value problem for the two different types of
kernel. The method is best demonstrated in the following examples:

Example 3.1.17. Conwvert the following equation to its equivalent boundary value prob-
lem:

y(z) =sinz+ [ K(x,t)y(t)dt (251)
Where

and therefore, | equation (251)) becomes;

y(x) =sinz+ (5 ) /Ox ty(t)dt—l—x/m (5 — ()t (252)

Differentiating (252)) twice with respect to x using the product rule of differentiation
and using Leibnitz Rule of differentiation, we obtain:

Y (r) = cosx — /x ty(t)dt + /5 (g —t)y(t)dt (253)

SINE]

y'(w) = —sina —[ty()]f + (5~ Oy(0)

T
y'(@) = —sinz —zy(r) - Sy() + zy(z)
7 _ . ™
Y (r)=—sinz — §y(x) (254)
From (254)), the resulting ordinary differential equation is then given by:
" m .
y ($)+§:—Slnl' (255)

With the BCs as:
)=1 (256)



3.2

Numerical Methods For Solving Fredholm Integral Equations of
the Second Kind

There are many numerical methods for solving Fredholm integral equations of the Second
Kind. These include:

1. The Degenerate Kernel Method
2. The Collocation Method
3. The Galerkin Method

4. The Nystrom (Quadrature) Method

3.2.1 The Degenerate Kernel Method

We discussed about the Degenerate Kernel Method as one of the Analytical Methods for
solving Fredholm Integral equations of the Second Kind. However, we can also use it to
numerically solve the Fredholm integral equation below.

a)= @)+ [ Ko, a<z<b 257)

A kernel K(z,t) is degenerate if it can be expressed as the sum of a finite number of
terms, each of which is a product of functions of x and ¢ only such that:

n

K(z,t) =) gi(x)hi(t) (258)

1=1

which we now seek to approximate them by degenerate kernels. From equation (257)),
K (z,t) is the function to be approximated by a sequence of degenerate kernel functions;

Kn(w.t) =3 gin(@hin(t), n>1 (259)
=1

Where K, is an integral operator associated with the integral equation (257)) which can
be rewritten as:

b
Koy(@) = [ Ku(w,0y(t)dt, a<e<b, nz1 (260)
a
Thus, the integral equation (257)) can be simplified as:

(I-\K)y=f (261)
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Using (260)), (261) can be written as;
(I = AKp)yn = f (262)

Where 4, is the solution of the approximating equation.
Using the formula (259) for K, (x,t), the integral equation (262)) becomes

(o) = 1)+ A 0in0) [ et 1

As we have already seen in section 3.1.1, we then have:

yn(z) = f(2) +XD_ Bigi(x) (263)
=1
Where .
Bi=AY Gubr=a i=12,...,n (264)
k=1

represents a system of n algebraic equations with (3; the unknowns such that

b
%:LhNMﬁwt (265)

and )
Gix = [ hi(t)gn(t)at (266)

From (264)), (265]) and (266]) we have:

1—)\G11 —)\G12 _)\Gln
—)\G21 1-— )\GQQ s —)\ng

DN =| (267)
“AGpi MGz o+ 1—AGn

which is a polynomial in A of degree n.

Analysis of the solution y(z) = f(z)+ A [ K (2,t)y(t)dt by the degenerate kernel

When one of the ¢; or all of them are nonzero, then we have the following:
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1. If D(X) #0, then a unique nonzero solution of the system (264)) exists, which implies
that (257) has a unique solution given by (263)).

2. If D(X\) =0, then the system ([264)) has either no solution or possesses infinitely many
solutions. Thus, (257)) has either no solution or infinite solution.

When f(z) =0, then from (265]) it implies that ¢; =0, i=1,2,...,n which suffices the
algebraic system (264)) to a system of homogeneous linear equation hence the following
are possible depending on the value of D(\)

1. If D(X) #0, then (264]) has a unique zero solution for /3; = 0 which also implies that
(257) has a unique zero solution i.e yy,(z) = 0.

2. If D(\) =0, then has infinite nonzero solutions so that has infinite nonzero
solutions as well where the values of A for which D(X\) =0 are the eigenvalues and
any corresponding nonzero solutions of y(z) = )\fé’K(m,t)y(t)dt are called the eigen-
functions of the integral equation.

When f(x) =0, but
b
/ FOhi(t)dt=0, i=1,2,..n (268)

which simply means that the function f(z) is orthogonal to the functions h;(t) thus the
q; reduce to zeros for i =1,2,...,n. From (268)), the system (265]) reduces to a system of
homogeneous linear equations and the possible case are:

1. If D(X\) #0, then (257) has a unique zero solution for 5; =0, i=1,2,...,n. ie
yn(z) =0

2. If D(X) =0, then the system (264]) possesses infinite nonzero solutions which implies
that (257) has infinite nonzero solutions.

For a kernel which is not degenerate, we use the Taylor Series Approximation Method.

Taylor Series Approximation

Consider the Fredholm Integral Equation of the Second Kind;

y(x) = f(z) +)\/abK(x,t)y(t)dt a<z<b (269)
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Where oftenly, K (x,t) can be written as a power series in ¢,

oo

K(z,t) =Y Pi(z)(t—a)’ (270)

=0

Orin z, -
K(z,t) =Y P(t)(x—a)’ (271)

=0

Now, suppose that K, is the partial sum of the first n terms on the right hand side of
(270) which can be rewritten as:

Kulo,t) = 3 Pia)(t—a) (212)
=1

And using the notation;
n
Kala, ) =3 gin(@)hin(t). n>1
i=1

Where K, is a degenerate kernel with
gi(x) = Pi_1(x), hi(t)= (t—a)i_l, i1=1,...,n (273)

And the linear system (264]) can now be written as:

b(t—a)i_lpj_l(t)dt:/bf(t)(t—a)i_ldt i=1,...n (274)

a

Gi—)\iGj/

j=1 ¢
and the approximate solution is therefore given by:

n—1
yn() = f(x)+ A Z Giy1Pi(x) (275)
i=0
Where the integrals in equations (274)) are evaluated numerically.

Example 3.2.1. Solve the Fredholm integral equation
1
y(x) =¢€" +/ sinzty(t)dt, 0<uz,t<1. (276)
0

Let us first approximate the Kernel K(x,t) by the sum of the first three terms in its
Taylor Series:

K(x,t) =sinxt (277)



Ezxpanding (277)) using the Taylor expansion, we have

ii =00 2 £(0)+ LD () 4 LD gy 170 (s, 7710)

1! 2! 3! 4!

k=0

From (278]) we obtain

which is a separable kernel.
Then the given Fredholm integral equation takes the form:

5
)= +/' (wt— 3, (;R)Mﬂdt
5

y(m)zex—i—x/o ty(t) t——/ 3y (t)dt + 5,/ t2y(t)dt

Let

1
fqlzzjg ty(t)dt

1 1
Ay = _6/0 3y (t)dt
1 1

Then (279) yields

y(x)=e"+ Ajz — Aga + Az

y(t) = et + Ayt — Aot® + Ast®
Substituting the value of y(t) given by . m -, we obtain
1
Al:/o t(et + Ayt — Aot + Agt®)dt

1
A= {tet—et} +———+—=

(at) 4+

(278)

(279)

(280)

(281)

(282)

(283)

(284)

(285)
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Therefore,

2 Ay As

A== (286)

3 5 7

Substituting the value of y(t) given by (285)) in , we get

1 r1
Ay = _6/0 t3(el 4+ At — Aot® + Ast®)dt

1 LA A As
A:_[St_ 2t t t} Bt Rl PN}
2 6te 3t°et + 6te 660 30+42 2 54
Ay 41 As
— 4+ — Ao+ = =2e— 287
5+7 2+9 e—06 (287)

Also, substituting the value of y(t) given by (285)) in (283), we obtain

1 1
A:—/5t Ayt — Agt? + At
3 1200t(e+ 1t — Agt® + Ast?)dt

} 1 Ay As Asg

1
Az = = |t%e! —5tle! +-20t%¢! — 60t2e" 4 120te’ — 120e | + = — ~— =+ o=

120 o T840 1080 ' 1320
A Ay As 11
A4t A 4,
37840 1080 T1320 30°
A, Ay 1319 11
St SR S Ml PR B
10 T 1080 T 1320773 30°
A, A, 1319
AL A2 O 120—44 2
- + 9 + 11 3 0 e (288)

Solving the algebraic systems (286)), (287) and (288)) gives

A; =1.5459
A9 = —0.1491
Az =0.005279

So, using these values in (284)) gives the solution of (279) as below

y(x) = e® 4 1.5459z — 0.149123 + 0.0052792° (289)

Which is the required approrimate solution.
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Example 3.2.2.

3z 1 L .
=4 —1
s et =Dy

We approximate the kernel by the sum of the first three terms in its Taylor series.

K(z,t)~

2 3
L3+ 5+ 50— 1}

which is a degenerate kernel.
Then the given integral equation can be written in the form

1 1
— —x+§/0 (xtw;ﬂmsg‘“‘) y(t)dt (290)
y(r) = —+ :1:/ ty(t) dt+ Vi / t2y( dt+ / t3y( (291)
We let
1 r1
=5 /O ty(t)dt (292)
1 r1
=1 /0 t2y(t)dt (293)
11,
Az = 12/0 13y (t)dt (294)
Then (290) gives
3 9 3
y(x) = 3 + Az + Asx® + Asx (295)
y(t) = E+Alt+Agt + Ast (296)

Applying the same procedure as in the above example, we obtain the algebraic system
below

5 Ay Ay 1
Qp, 2 A3 _ 2 297
3T 4 T 5 T 6 (297)
A 19 A; 1
S e PR 2
4 57776 "8 (298)
A A 1
A A 8,1 (299)

ot
(=]
EN|
—
[}



Solving the system, we obtain

Ay =0.1072
Ay = 0.04036
Az =0.009403

Hence, from equation (295|) the required approzimate solution is given by

y(z) = g +0.10722 4 0.040362% 4 0.0094032

3.2.2 Collocation Method
Collocation method is one of the numerical methods for solving ordinary differential equa-

tions, partial differential equations and integral equations.

The main idea in collocation method is to select a finite-dimensional space of polynomials
up to a certain degree say degree n. The method also involves the selection of a number
of points in the domain as well a solution which satisfies the given equation at the col-
location points. Therefore, the fundamental principle of collocation method is to choose
parameters and basis functions such that the residual is zero at the collocation points.
Now, given the Fredholm integral equation of the Second Kind:

y(x) = f(z) +)\/abK(x,t)y(t)dt, a<zt<b (300)
The equation can be written in the form:
b
cly(@)] = (@) =X | K@,y - F(a) (301)
We seek an approximate solution of equation in the form such that:
Yo(x) =®(x,Ar, ..., Ap) (302)

Where the parameters A1, ..., A,, are known as the indeterminate coefficients.
When we substitute (302)) into (301]), we obtain:

e[V ()] = V() — A / " K (o.t)Y, ()t — F(x) (303)

If f(z) is an exact solution, then clearly the residual [ f(z)] = 0, which allows us to choose
the parameters Ay, ..., A, such that the error [F),(x)] is small.
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Again, we have that Y;,(x) are linearly dependent on the parameters Ay, ..., A,, hence
from (302), if

lim Y, (z) =y(z),

n—oo

then we can find te solution f(x) arbitrarily by taking sufficiently large number of the
parameters Aq,..., A,.

Determination of an Approximate Solution F),(x)

Let's set

Ya(2) = Bo(2) + 3 Asdi(v) (304)
=1

Assuming the functions ®;(x) i=1,...,n are linearly independent.
If we take ®o(z) =Y (x) or $o(z) =0 and then substitute into (304)), it gives;

[V (@)] = Bo(r) + imqn(m () A [ Kl +§:1Ai<1>i<t>]dt

or simply as:

e[¥a(@)] = hol \) + 3 Aihi(a, ) (305)
=1

Where

b
ho(ar, \) = o (z) — Y () — A / K (,1) Do (t)dt

ha( ) = i) — A [ K (o, )0s()dt

We require that €[Y;,(x)] = 0 of the given system at the collocation points x1,...,2z, on
the interval [a,b] i.e;

eYnu(z;)]=0 j=12,..,n a<zi<x2<..<2,<0b

Usually, 1 =a and x,, =b = the algebraic system (305]) becomes:

n
ZAihi(~Tja)\) = —h()(:L'j,)\) 17=1,...,n (306)
=1
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Suppose that the determinant of the algebraic system (1306 is nonzero i,e

hi(z1,A) hi(x2,A) -+ hi(zp,A)
hao(x1,A)  ha(x2,\) -+ ha(zp,A)

detlhi(x;, )] =| #0 (307)

hn(x1,\)  hp(xa,A) oo hp(zp, )

then (306]) uniquely determines the numbers Ay, ..., A,, which makes it possible to find
the approximate solution Y;,(x) using the formula (304)

Example 3.2.3. Solve the following Fredholm integral equation of the Second Kind
using Collocation Method;

1 (1
y(x) =2x+ 5/ ) xty(t)dt (308)
Set n =3 such that the linearly independent functions are given by;
di(z) =1, Py(z)=2z and &3(z)=2> (309)

Therefore, the approxzimate solution of (308)) is;
3
Yn(x) = ZAZ(I)Z(J}) =A1+ AQI‘—I—Agl’z (310)
=1

Substituting (310]) into (308)) we obtain:
1 1 9
Y3(I) =2+ 5/ 1l‘t<A1 + Aot + Ast )dt+6($,A1,A2,A3)
Where
e(x,Ar, Az, A3)
is the error term or the residual term.
I 2 3
Y3($) =2x+ im/ 1(A1t+A2t + Ast )dt—{—E(ZB,Al,AQ,Ag)
Integrating with respect to t over —1 <t <1 we obtain:

2
Y3((E) :2$+g(§A2)+8((£,A1,A2,A3) (311)
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Now, from we need to form three algebraic equations that will enable us find the
values A1, Ao and As.

Asserting that the error term is zero at the collocation points, arbitrarily chosen to be
r1=—1, 29 =0 and x3=1. Then we have:

for xr=-1

1
Al—A2+A3:—2—§A2
2
A1—§A2—|—A3:—2

which yields; )
—A1+§A2—A3:2 (312)

=0, A =0 (313)

r=1

1
A1+A2+A3:2+§A2

resulting:

2

§A2+A3:2 (314)
Using (313]) we have;

2

—Ag—A3=2

3 2 3

2

§A2 + Ag =2

Adding the two equations and solving for As andAs we obtain:
Ay=3 and A3=0
Therefore, the approximate solution of s given by;
y(x) =3z

Which is the same as an exact solution ({148]) obtained by the use of Adomain decompo-
sition method.
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3.2.3 Galerkin Approximation Method

The solution of the fredholm integral equation of the Second Kind
b
a;)+>\/ K(z,t)y(t)dt, a<z,t<b (315)
a

y(x) can be approximated by the partial sum:
n

= A;®;(x) (316)
i=1

of n linearly independent functions ®;(x),®a(x),...,P,(z) on the interval (a,b). Here
the associated error e(z, Ay, Aa,..., A,) depends on = and the choice of the coefficients
Ay, Ay, ..., Ay, Thus, when we substitute the approximate solution for y(x), the equation

(315) becomes;
Yo +)\/ (x,6)Yn(t)dt +e(x, A1, Ag, ..., Ap) (317)

Where the n conditions must be found to give the n equations that will determine the
coefficients A1, Ao, ..., Aj.

For Galerkin Method, we assume that the error term e(x, A;, As, ..., Ay,) is orthogonal to
n linearly independent functions ®1(z), ®2(x),..., P, (x) on the interval [a,b] where the n
conditions are given by;

b
/ Op(z)(e,x, A1, Az, .., Ap)de k=1,...n
a

b b
/afbk(x)[Yn(x)—f(x)—/a K(z,0)Yo(t)dtlde =0, k=1,...n

Where Ay, ..., A, are intermediate coefficients and asserting that A = 0.
Which implies that the approximate solution can be written in the form:

b b b
/a(I)k(:r)[Yn(x)—/a K(x,t)Yn(t)dt]dx:/a b@)f(@)de k=1,..n  (318)

OR

/<I>k, ZAk@k / thAk@k ]dtda:_/@k fla), k=1,..n

k=1
(319)
which is the general formula after substituting for the partial sum (316)).
"Without loss of generality, the first set of linearly independent functions ®(x) are dif-
ferent from the second set ®;(x), but some functions may be used for convenience."
The scheme is best demonstrated in the example below,
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Example 3.2.4. Approzimate the solution of the following,
1
y(x) = 2x+0.5/ zty(t)dt, —1<az,t<1 (320)
-1

Choosing ®1(x) =1, ®o(x)=x and ®3(x)=2> as the linearly independent func-
tions to give the approximate solution:

Ya(z) = Ay + Agx + Agz? (321)
Substituting (320) in (317), we obtain;
1 r1
e(x, A1, A9, Ag) = A1 + Agx + Az — 22 — 3 / ) xt(Ar + Aot + A3t2)dt (322)

Where the error/residual term e(x, A1, A2, A3) must be orthogonal to the three linearly
independent functions which we chose to be;

Oi(x)=1
Oy(z) =1z
®3(z) = 22

For ®1(x) =1, we have,

1 A1 1 1 1
5/11[A1+A2;E+A3:U2—§/1xt(A1+A2t+A3t2)dt]dx:/1.7:(1.7:

Integrating the second integral on the left hand side with respect to t and the integral
on the right hand side with respect to x over —1 < x,t <1, we obtain:

1 /1 2
5 /_1(141 + §A2x+A3]}2)dl‘ =0
which gives;
1
A1+§A3 =0 (323)
For ®9(x) = x, we have,

1 1 , 1 1 ) 1 /1 )
i/lx[A1+A2x+A3x —5/ wt(Ay + Agt + Ast )dt]da::§/ xodr

Canceling % throughout and integrating the second integral on the left hand side with
respect to t and the integral on the right hand side with respect to x, we obtain:

1 1 2
/_1(A1:z; + §A2x2 + Azad)dx = 3
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which gives
Ay =3 (324)

For ®3(x) = 22, we have;

1

1 1 1 1 1
5/lxz[A1+A2x+A3x2—§/1:Bt(A1+A2t+A3t2)dt]d$: 5/1x3d93

Canceling out % as in the above and integrating the second integral on the left hand
side with respect to t and the integral on the right hand side with respect to x over
—1<uz,t<1. We obtain:

1 1
/ 1(A1x2 + §A2w3 + A3x4)da: =0

Giving rise to’
2 2
—A1+-A3=0 325
g1t As (325)

Using (323), (324) and (325)) gives Ay = A3 =0 and Ay =0 which gives the approxi-

mate solution as
ys3(x) =3z

which is also the same to the exact solution given by (148). and we realize that the
same result is obtained if we use the Collocation method.

3.2.4 Quadrature Method (Nystrom Method) of Approximation

The Nystrom method of approximation of Fredholm integral equations of the Second Kind
is based on numerical integration of the integral operator in the equation:

y(x) = f(x) +)\/bK(x,t)y(t)dt, a<zt<b (326)

Where the interval [a,b] is subdivided into n equal sub-intervals known as node points of
width At = =2,

Normally the quadrature formula takes the general form:

/abgb(:c)d:c = zn:Aiqﬁ(:zzi) +e[o] (327)

=1

Where the x; are the node points of the integral equation, A; (i =0,1,2,....,n) are
numerical coefficients of the function ¢(z) and €[¢] is the error term.
There are quite a number of quadrature methods, these include;
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1. Rectangle Rule
2. Simpson Rule

3. Trapezoidal Rule

In this section we are going to discuss the Trapezoidal rule due to its wide range of
applications and accuracy to approximate the numerical solution of the Fredholm integral
equations of the Second Kind.

Trapezoidal Rule

Here, the numerical solution to the general Fredholm integral equation of the Second Kind
is given by a finite sum and solving the simultaneous equations which is the end result.
The general form of the integral equation is given by;

y(x) = f(x) —I—)\/bK(x,t)y(t)dt, a<zt<b (328)

of which the interval [a,b] can be subdivided into n equal sub-intervals known as node

: : __b—a
points with h = >—%.

to=a, tj=a+jh=ty+ih, j=0,1,...,n
But since ¢ and x are dummy variables, we have;

To=th=a
Tp=1t,=D>

ri=xo+ih (i.e x;=t;)

Let h = At Therefore, from equation (328)) we can rewrite;
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which further yields,

y(zi) =yi
f(xi)=fi
K(xi,tj) = Ki'

Now applying the Trapezoidal rule on equation (328) then we obtain,

)= F@) A [ K (a0t £ MR . to)ylto) + K e, 0)y(61) oot 3 K (b))

Which can be simplified as:
1 1
y() = f(2) + AAUZ K (2,80)yo + K (2, t1)y1 + o+ S K (2,10 )yn] (329)

Since there are n+ 1 values of y; for (i =0,1,2,...,n) then equation (329) becomes a
system of n+ 1 equations in y; for instance,

1 1 ,
[§KiOyO+Ki1y1+Kz’(n—1)yn—1+§Kinyn]7 1=0,1,2,..,n.  (330)

The equation (330)) gives the approximate solution of (327)) at x = x;, where the terms
in y are shifted to the left of the equations resulting into n+ 1 equations in vy, Y1, Y2, ..., Yn

yi = fi+ AAt

Since h = At therefore from (330]) the system of simultaneous equations is given by,

) h h
i=0, (1- /\§K00)y0 — MEKo1y1 — AhKpoy2 — ... — >\§K0nyn = fo
. h h
=1, —AEKloyo — (1= AhKq1)y1 — AhKj2 — ... — >\§K1nyn = fi

. h h
t=n, _)\§Kn090 — MKy — ...+ (1 - )\§Knn)yn = fn

and its general form is written as,
ANKY = F

where K is a matrix of coefficients which is given by:

1-A2Ko —AKog -+ —MiK,

—AMKio  1=AKy - =M K,
K =

ALK —MKp - 1=M2K

i 2 An0 nl 2 hnn |




88

Y is the matrix of solution given by;

Yo
Y1

Yn

and F'is the matrix of the non-homogeneous part and is given by;

Jo
i

fn

Which will give a unique solution of a system of linear equations where | K| # o and either
infinite or zero solutions when | K| = 0.

Example 3.2.5. Use the trapezoidal to approzimate the solution of the following Fred-
holm integral equation of the Second Kind;

y(r) =sinz = /01(1 —xcosxt)y(t)dt

atx:O,% and 1. Taking n =2 and At:%:%, so that ti:@'At:%:xi. Using

1.1 1 .
Yi :9i+§(§Kioyo+K¢1y1+§Kz'2y2), i=0,1,2
which can also be given in the matriz form;
1-1Koo —3Koi —1Ko | |wo sin(
—1K1o 1-3Ku 3K | |yi| = [sind

—iKm —%Km 1—iK22 Y2 sin 1
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substituting for g; = g(x;) = sin% and Kij = K(x;,t;) =1 —§cos %

we obtain;
1-f0-0)  —40-0)
—11-3) 1-3(1—Jcos
—(1-1) —2(1—cos

Which yields the system below

0.75 —-0.5
—0.125 0.7422
0 —0.0612

Using Gaussian Elimination method we obtain; yo = 1.0132,
1.0205 Since the exact solution is given by y(x) =1 which compares ezactly as the

approzimate values.

—0.25 Yo
—0.1403] |y
0.8851 | |y

—3(1-0)
D 4 deond
1—%(1—cosl)

LcosY into the matriz,

10 sin0
y1| = |sin %
Y2 sin 1
0

0.4794

0.8415

y1 = 1.0095 and yo =
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4.1

Spectral Approximation Methods

In this chapter we focus on how to use the spectral methods for solving the Fredholm
integral equation of the Second Kind. This technique is based on the approximation of
the unknown in the form of a series.

Orthogonal Polynomials

Here we consider a range I of R, bounded or not and a weight function w(z) > 0.

Any polynomial is therefore integrable for the measurement of weight function w(x) with
respect to the Lebesgue measure on I. We then apply the Gram — Schmidt orthogo-
nalization process to construct the natural base 1, X, ..., X" of P, an orthogonal family
of polynomials P,, which can be assumed to be unitary. If we want an orthonormal basis,
it suffices to divide the P, by their norm. We then obtain a family P, = ﬁ where ||al|
is the norm associated with the dot product.

From these families of polynomials we can check || P,|| the recurrence relations which can

be written;
Pn(x):(X_An)Pn—l(X)_,unPn—Q(X)a (nZl)
Where
N\ — < XPn—laPn—l >
" || Po—1l|
and
. ||Pn—1H2

TP ?

In particular, p, > 0 for all n > 2 in the case of unitary polynomials P,(z) = 2"+ ... by
setting P_1 =0.

In general, we show that any orthonormal family P,, of orthogonal polynomials of degree
n verifies a recurrence relation of the same type:

xPp_1 = anPp+ BnPn-1 +vnPp—2
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The expression above is important because we are sometimes required to use other or-
thogonal families other than those normalized by their norm or their higher degree. This
is in particular for the case of C'hebyshev polynomials T},, occurring naturally in the form;

T (x) = cos(narccos(z))

Here, P, are normalized by their higher degree of coefficients if a,, = 0 for all n provided
they have taken Py =1 and by their Fuclidean norm if v, = ay,—1 for all n.

Moreover, the roots of the P,, polynomials are for al n > 1, real, within the interval I and
distinct.

Definition and Properties

Usually, we denote the interval I by I =[a,b], —co <a < b < 0o an interval of R and by
w(x) the real and positive measure such that;

b
/ "w(x)dr < +o0, neN
a

Given that w(z) is the weight function and C|[a,b] the span of continuous function on the
interval I.

Remark 4.1.1. We can also work with a complex value function instead of a real valued
function by the introduction of Hermitian scalar product

Example 4.1.2. Let f, g€ C(I) then the dot product is defined by;

b _
<t.9>= [ f@g@w()da
Definition 4.1.3. The family (P;)i > 0 of polynomials is said to be a family of orthog-
onal polynomials if P;, P; of C(I) on a

< fg>= /b Pi(x) Py (x)w(x)dz = 0

a

In general, the family (P;)i > 0 is referred to as a family of orthogonal polynomials on the
interval I at the weight function w(z) if the degree of P; is i for all integers i and

<P,Pj>=0, i#j



92

4.2

4.1.1 Gram — Schmidt Orthogonalization Procedure

Let X be a Hilbert space, we consider a sequence of free vectors Vi, V5, ..., V,, of X then
an orthogonal basis V{, V3, ..., V, of vectors of X defined by;

Vi=1,..,n; V/eV,Vh ..V,
on V| =V} which is being constructed: we look for V4 such that;
Vo +Oz1,2V1/ and < Vll,VQI >=10

is realized if and only if,

<Vi,Vi>

Q1o =—
[[Vi][2

Also from the vectors V{, V3, ..., V, being constructed, we look for V/ in the form:
Vi —i—Oq’le/ +... +04k:—1,kvk—1 and < ‘/Z,Vk >=0, 1=12,...k—1

and can only be achieved only if:

N <V V>
AT

Classical Orthogonal Polynomials

The classical orthogonal polynomials are the most widely used since they constitute most
important class of orthogonal polynomials and are defined according to the values of the
interval of integration I and according to the expression of the measure of the weight
function w(x).These orthogonal polynomials include:

1. D'Olinde Rodrigues’ formula
2. Laguerre polynomials

3. Hermitian polynomials

4. Legendre polynomial

5. Chebyshev's polynomials

6. Jacobi polynomials
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These polynomials have many important applications in areas such as mathematical
physics (in particular, the theory of random matrices), approximation theory, numeri-
cal analysis and many more.

To come up with the above class of orthogonal polynomials, we use the orthogonalization
process of Gram — Schmidt which leads to respective class of orthogonal polynomials.

4.2.1 D’Olinde Rodrigues’ polynomial

It is a simple formula which allows us to calculate a series of orthogonal polynomials.
Let (P,(x))n € N be a sequence of orthogonal polynomials and satisfies the orthogonality
condition

/a ’ P () Po(2)w(x)dz = Koy nmn

where w(z) is the weight function, K, ,, are constants and 0y, y is the Kronecker delta.
It can also be shown that P,(z) satisfies the recurrence relation of the form:

L4 ona)u(a))

w(x) dx™

P,(z) =

Where Q™ (z) is a polynomial with degree at most n.

Generative function and Classical Orthogonal Polynomials

We call the generating function of the system of functions ¢(z), a function K (x,t) whose
development in series according to the powers of ¢ in a certain domain D is as follows:

+00
K(z,t)= Z_‘; O (x)t"

The assumption is that the functions ¢y, () are polynomials P, (z) of degree n.

Theorem 4.2.1. A necessary and sufficient condition for the P,(z) polynomials to be
defined by the development K (x,t) = Y120 Py(2)t" are orthogonal over the interval
la,b] relative to the weight function at w(x) is that

= / " KoK (o, )w(z)da

depends only on the product tt’



Proor. In effect to
p +oo ) oo /
¢ nm=0 n,m=0
so if n =m then < P, P, >=0 and we have that
+o00

[=3 "™ < P, Pp>

n=0

4.2.2 Laguerre Polynomials

The family of Laguerre polynomials is normally characterized by the following presenta-
tions:
1.The sequence of Laguerre generalized polynomial L%(z) is given by the generating

function;

Ko(z,t) = TR exp(l_im;)
with

rin) =3 D

if =0 we have LY (x) = Ly (z) with

which gives an orthonormal basis in L?([0,+00]) which permits to have:

< Ln, Ly >=0,  |[lnl£2(0,400])=1
2. The polynomial L% (x) can also be defined by the formula of d'Olinde Rodrigues

%% " _
Ly(z) = — W(%’"Me )

3. Also the sequence of generalized Laguerre polynomials verifies the recurrence relation;

nt1() = Cnt+atl—a)Ly(e) +n(n+a)ly_(z) =0
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4.2.3 The Hermitian Polynomials

They are characterized by of the following three presentations:
1. The Hermitian polynomials H,(x) are given by the generating function;

+00
K(x,t)= =2t _ > Hy(x)t"
n=0

2. H,(x) polynomials are defined by the formula of d’Olinde Rodrigues’ i.e

H (o) = (1) i)

3. The series of the Hermitian polynomials (H;,),>1 satisfies the recurrence relation:

Hpt1(x) =22Hy,(x) — 2nH,—1(x)

which is orthogonal in LQ(R,e_QEQda:)
4. The family

Hn(x) = 2[:;;,(3)%

which is an orthonormal base in L2(R,e’x2da:)
4.2.4 Legendre Polynomials

The family of Legendre polynomials is characterized by the following presentations:
1. By the generating function the Legendre’s polynomials L, (z) is given by;

1 I

K(2,t) = e = 3 Ly ()"
(=.1) V1= 2zt +12 ;::O”()

2. From the d’Olinde Rodrigues’ formula the Legendre’s polynomials L, (z) take the
form:

1 a
ol dan

Ln(z) ((z* =1)")

3. The of Legendre’s polynomials (L,,(x)),>0 satisfies the recurrence relation;
g poly >

2n+1 n
L -
n—1—1$ n(2) n+1

Lypt1(z) = Ly—1(x)

where (L, (x) > 0) is a family of orthogonal polynomials in L?([—1,1])
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4.3

4.2.5 Chebyshev's Polynomials

They are characterized by one of the following three presentations;
1. The Chebyshev's polynomials T;,(x) are defined by the generating function:

1—uat Rty
K(zt)= ——2  _N° T ()"
@) =5 nz;; n()

2. Ty, () polynomials are defined by the formula of d’Olinde Rodrigues':

(=22l (n—1)! dr 1
To(x) = (2n)! \/1—1’2%((1—%2) )

3. The sequence (T},(x)n>0) satisfies the recurrence relation:

Ths1(x) = 22T, (x) — Th—1(x)
which is also an orthonormal basis in L?([—1,1],(1 —xQ)_%dx), and satisfies the relation;

T, (x) = cos(narccos(x))

4.2.6 Jacobi Polynomials

From the fundamental interval [—1,1] and measure
du(z) = (1—2)*(A+xz)’dze, a,f>—1
with Standard Normalization (if @ = 0)

IF'n+1+a)

plaf) —
" nI'(1+«)
square of the standard of the normalized polynomial

2N (n+ 14 a)I(n+145)
nl2n+a+F+1)(n+a+5+1)

Spectral Approximation Methods

Introduction

Spectral methods were introduced by D. Gottlieb and S. Orszag [18] and they have
been widely used for the approximation of solutions of equations with partial derivatives.
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Initially they were introduced by the use of truncated Fourier series which were mainly
used for the approximation of the problems with periodic boundary conditions. Also by
the use of high-degree polynomials that form tensorized bases of approximation spaces
which is a fundamental property of the construction of spectral methods.

Generally, the spectral approximation methods use polynomials from the family of Jacob:
polynomials.

k+al [k+p
l k—1

1 k
PR = Zo (=D @+, Vee[-11]
p

compared to the weight function
w(z) = (1—2)*(1+z)”

Normally the nature and choice of the approximation depends on the domain on which
we are looking for the solution.

For example, for the Legendre’s polynomials we take (a=0 and =0) and for the
Tchebyshev's polynomials of the first kind (a=-3 and 3=-3) a multiplicative factor close
and basically depends on the degree k if we place ourselves on the interval I =[—1,1].

Numerically, spectral method call for the use of T'chebyshev’s polynomials which are
sometimes difficult to implement and analyze numerically, specifically, when dealing with
spectral methods.

We notice that the definition and numerical analysis of spectral methods are fully based
on the properties of orthogonal polynomials.

Consider the Fredholm integral equation of the Second Kind;

b
y(@) = fl@)+ [ K@Oy@at C(lab]) = [-1.1] (331)
such that f(z) is continuous for x > 0 and the Kernel K (z,t) a function defined on
I=((z,t)>—1, t<1)

is a function to be determined.
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4.4

Numerical Resolution of the Integral Border Points

Proposition 4.4.1. Consider the following function system;

where lo(X) =1, [1(z) =2z and

[5] ;
1 k) [2k—2 .
In(z)==> (—1)/ T b2

j=0 J k

this system forms an orthonormal basis in L*([—1,1])

Proor. We check that

with the properties:
(1) = (£1)F
(@) || < sk(E+1), —1<z<1

1 1
/_J,%(m)dm = (k+§)

N | —

where [%] denotes the integral part of k and the Legendre’s polynomials take the
recurrence relation:

2n+1 (z) n ]
= Tlp(X) — —— 1y —
n+1 n n n—1

ln+1(x)
]
Now, in order to solve the integral equation (4.3 we use the projection by the approxi-

mation of y,(x) which is a linear combination of orthogonal polynomials [,,(x) as well as
the solution of the integral equation (4.3))

Given
()= F@)+ [ Kttt 63

and by taking the linear combination of the legendre’s polynomials;

yn(z) = Cjlj(x) (333)
j=0



when we replace (333)) in (332)) we obtain:

écjlj(ﬂﬁ) = f(x) +/_11K(:c,t)§cjlj(t)dt (334)
Taking
bj(x) = L 11K($,t)l] (t)dt
We write

3 Cy(1(w) ~ b)) = £ @) 35)
j=o

Also taking the inner product of (335) by /;(x), we obtain:
n
> Cj <lj(z) —bj(x),li(x) >=< f(x),li(z) > (336)
j=0
If we use the orthogonality condition in (336]), we obtain a system;

Ci— Xn: Cj <bj(x),li(z) >=< f(2),li(z), i=0,1,2,..,n (337)
j=0

whose determinant is given by:

1=A<by,l —0>-A<bi,lg>—A<bp,lop>

—“A<by,l1 >1=A<b,l1>--—A<bp,l1 >

—A<byly>—-A<bi,ly,> - 1—=AX<bp,l, >
If D(X\)# 0, then the sustem (337)) has a unique solution.
4.4.1 Numerical Techniques

[17][19] Here, the main idea is to approximate the Fredholm integral equation equation
of the Second Kind using:

o Legendre Series Solution Method

o Chebyshev Polynomials Solution Method
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4.4.2 Mapped Chebyshev Spectral Method

For the last three decades researchers like Grosch and Orszag [18] showed that we can
easily solve the differential equations on a semi-infinite interval through mapping it into
[—1,1] using the algebraic function for the same map.Their technique was later devel-
oped by BOYD [20] by generalizing this technique which is provided in [19] an incredible
extensive review of general properties and practical implementation for many of these
approaches.

The maps which have used more frequently are logarithmic, algebraic and exponential
given as below:

o Algebraic map given by;

sx Y
:77 rT = —]——
Y V1—22 fy2 — 52

o Exponential map given by;
y=sinhsz=s t(Inz+z2+1)

e Logarithmic map given;

1
y=stanh 1z = ;ln 1+ZB, z=tanh~1(s7!
—z

y)

Where y € (—00,00). Here, we can choose the maps by how y quickly increases with
r— *£1

Theoretically, we have already seen that the Chebyshev polynomials of the first kind of
degree n are defined by:

T, (x) = cos(narccosz), n=0,1,2,... (338)
(338]) is defined by a recurrence relation;
Toy1(z) =22T () = Ty—1(z), n>1 (339)

(339) is an orthornormal basis on Lz([—l,l},(l—xz)’%dz) where (1—932)’% is the
weight function which implies that Chebyshev polynomials are a system of of orthogonal
polynomials given by:

5 dm.n (340)

/ \/ﬁ
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on the interval [—1,1] with respect to the weight function Where ap =2 and «,, = 1 for
n>1
Such that the Chebyshev expansion of a function u € L2,(—1,1) is:

N A A 2 1
u(z) = nz::OunTn(x), Uy = o Llu(x)Tn(x)w(:c)dx

Like always, the Chebyshev polynomial T},41(z) of degree n+ 1 has different simple zeros
or roots in [—1,1] at

2n+1
2n+2

x; = cos( ), n=012,...,N (341)

Theorem 4.4.2. For g € C*"[—1,1] and xq, 1, ...,x, are the zeros of Ty 1(x), then

T n

/ CID) g TS o) (342)
—1+/1 — 22 n+1k::0

Procedure For The Solution

We consider the Fredholm Integral Equation of the Second Kind:

1
)+ /_ K(@ (0 (343)

Where the functions K (z,t) and g(x) are given while ¢(x) is the unknown function to be
determined. Using the logarithmic map, then equation (343]) becomes

! -1 -1
x)~|—/_1K(:L’,stanh t)p(stanh™ " t) dt (344)

S
1—1t2

Suppose, = = stanh ', then

d(stanh ™1 #) = g(stanh ™! —i—/ K(stanh™! t,stanhflt)qb(stanh*lt)l Stht
(345)
So, by letting u(z) = ¢(stanh ™' 2), then from (345) we obtain
y(z) = g(stanh ™! +/ K (stanh™* z,stanh_lt)1 St2dt (346)
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Now, we set

-1 -1
M(z,t) = K (stanh 1z,;tanh t)dt

and
G(z) = g(stanh™' 2)

then (346) becomes:

1
y(z) = G()+ [ Mzt (t)dr (347)
Also, using the same method as above in algebraic map, we obtain the integral equation
of the form:
K(sz(1—22)72,st(1—12)"2)
M(z,t) = -
and

[N

G(2) = g(s2(1-2)72)

From the two cases, it suffices to solve the approximate solution of the mapped integral
equation in the form:
(I—sK)u=G (348)

In order to solve ([348)), we assume the operator K is compact on the space L2 (—1,1)
with P, the n+ 1—dimensional subspace spanned by the Chebyshev polynomials Ty, ..., 7T,
which motivates us to approximate the integral equation (347)) by trying to solve;

(I —sP,K)u, =PFP,G, U,€P, (349)

Using the Gauss-Chebyshev formula given in the theorem (4.4.2) to approximate the
integral part of (347) we obtain:

n

1 M= i) (350)
=0

ST

a(z) = G(2) +

which is a semi-discrete equation that is almost exact in the manner that the residual,

n

> Mz t)a(t;) — G(2) (351)

1=0

ST
n—+1

ro(z) =1(z) —

The residual r,(z) = 0 at the collocation points z;, k =0,...,n. This leads to the
following system of linear equations:

n

M (zp,ti)a(ti) = G(z)) (352)
n+1 ;) b J

STC

(zg) —
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Thus, the Chebyshev polynomial approximations is given by

n
Phu(z) = Z e Ti(2) (353)
k=0
Where
1 n
o~ —— ) Uz 354
0% T 2 1) (354)
and
2 N Ti(zg), =0 355
Cp N —— u(zi)1li(z), ©1=0,....,n
e 2 U Ti (355)

Eventually, the approximate solution of equation (343)) from the real line is given by

e Logarithmic map

On(x) = zn: cka(tanh(s_lx)) (356)
k=0

o Algebraic map
x

) (357)

For more details and illustrative examples, see [11],[30], [31], [22]
4.4.3 Legendre Series Solution Method

Here, the solution involves the use of truncated Legendre series approximation.
Normally, we first take the truncated Legendre series expansions of the functions in the
Fredholm integral equation and then substituting their matrix forms into the equation,
which corresponds to a linear system of algebraic equations with unknown Legendre co-
efficients.

For more detailed information and illustrative examples, see [16], [31] and [17].

Consider the Fredholm integral equation of the Second Kind:
1
y@)=g(a)+A [ K@y, ~1<at<1 (359)
~1
Where y(x) is the function to be determined \ is aconstant,while the kernel K (z,t) and

g(x) are given continuous functions in —1 < z,¢ <1 or just as [—1,1].

The solution of equation (358)) is therefore expressed as a truncated Legendre Series, i.e:

y(zr) = Z anPp(z) (359)
n=0
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Where P, (x) is the Legendre polynomial of degree n.
The expression (359)) can be expressed in its equivalent matrix form as:

y(x) = P A (360)
Where
P, = Py(z) Py (x)Py(x)...Py(x),
A= [aoalag...an]T
and

an, n=0,1,2,...,00

are coefficients to be determined.
We choose 7 such that equation (359)) becomes;

N
y(e) = X_:Oan(w)Pn(-’L’)

Procedure For the Determination of y(x)

In order for one to obtain y(z) for equation ([358) in the form of equation ([359), we will
first have to deduce some of the Matrix approximations corresponding to the Legendre
polynomials, that is letting the known function g(x) to be approximated by the truncated
Legendre series as given below,

N
9(x) =3 gnPu(z) (361)
n=0
with its equivalent matrix form is given by;
[9(z)] = P.G (362)
Where

G = [909192-.-9n]
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If we then consider the Kernel K(z,t) which we can approximate by double Legendre
Series of degree N (because of the presence of the two variables x and t) as:
N N
K(z,t) =" > KnnPm(x)Pa(t) (363)

n=0n=0

Which we can also in its equivalent matrix form as :

[K (z,t)] = P,KP! (364)
Where
Py = [po(t)p1(t)p2(t)...pn ()]
and
Koo Ko1 -+ Kon
Ky Kuno -+ Kin
K=
Kn1 Kn2 -+ Knn

Conversely, the unknown function y(t) in the integrand, we write it from the expression

and (550
[y(t)] = P A (365)

When we substitute the matrix forms (360)), (362), (364) and (365)) which are congruent
to the functions y(x), g(x), K(x,t) and y(t) respectively into equation (358)) and simplify
the resultant equation, we obtain the matrix equation;

1
A=G+\K( / PIPdt)A (366)
OR simply as:
(I-\KQ)A=G (367)
Where )
0= / PPt =gua), mn=0,1,2,.,N (368)

and [ is the identity matrix.

1 m n
an:/_lpn(t)Ps(t)dt: {072 7&

nf1y Mm=n
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In equation (368|), when

D(N) = [T = AKQ| #0

we then obtain;
A=(I-XKQ)™'G, X#0 (369)

which implies that the unknown coefficients a,, n = 0,1,2,..., N can be determined
uniquely by the equation thus the integral equation has a unique solution
as we have already shown in the previous sections. The solution is normally given by the
truncated Legendre Series.

Exactness of the Solution

We can always check if this method is exact or accurate. Because equation (|359)) repre-
sents the approximate solution of equation ({358|) which must be satisfied.
For x; € [—1,1], then

e(xi) = y(xi) — g(s) A/ (t)dt| =0
or
e(z;) <107F, (370)
k; is any positive integer.
suppose €(z;) <0, k is any positive integer, is specified, then the truncation limit N is

increased until the difference €(x;) at each of the points x; smaller and smaller then the
specified 107%.

Conversely, the error function can be determined by

e(zi) =y(x /\/ )dt

Example 4.4.3. Approzimate the following Fredholm integral equation
1
y(z) = 32 — 525 + / (1=at)y(ar (371)
whose exact solution is given by,

y(z) = 3z — 52° (372)
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We seek a solution of y(x) in the Legendre Series;

N
=3 anPula) (373)
n=0
So that:

f(z) =3z — 523
K(x,t)=(1—uxt)
A=1

N=3

By using the expressions for the powers of x" in terms of the Legendre Polynomials
pn(z) given by;

I .
Po(x) = ol da (2 1) (374)
Where
Py(z)=1 = 1= Fy(x) (375)
Pi(z)=2 = z=Pi(x) (376)
Py(x) = ;(3:02 —1) = 2? 2P3( Z) + ;Po(:v) (377)
Py(z) = ;(5:53 _32) — 8= 2D ?x) +§P1 (z) (378)

Using the substitutions above in (371]) we obtain

D) 1 2 py ) = —2pya)
)

K(z,t)=(1—xt) = Py(x)Py(t) — P1(x)Pi(t)

f(z) =3z =523 =3P () — 5(

Therefore, from the expressions (362)) and (364) we obtain the matrices:

F= (379)
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and

(380)

0 0 O
-1 0 0

1
0

0 0 0O

0 0 0O

Which is given by the coefficients of

(381)

Po(z)Po(t) Polz)Pi(t) Po(z)Pa(t) Polz)Ps(t)
Pi(z)Py(t) Pi(z)Pi(t) Pi(z)Pa(t) Pi(z)Ps(t)
Py(z)Po(t) Pa(z)Pi(t) Pa(x)Pa(t) Pa(z)Ps(t)
Pa(z)Po(t) Ps(z)Pi(t) Ps3(x)Pa(t) Ps(z)Ps(t)

Now, using the expression (368|) where

G| mn=0,1.23

PPt =

-/,

Q

Given by

(382)

A PG Pat) Pl)

w

— o\

AL A

a®

Whose recurrence relation is given by:

Yielding a diagonalized matrixz @),

(383)
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From (367)) and (369) we have

o o O

—_

o O

Or equivalently as

and clearly,

Thus, using (359)) we have

ag
ai

az

as

o o O

- o o O

_ O

o O

ag
ai
az

as

and from (386)), (387)) becomes

o o o O

ag
ai
a2

as

y(z)

o o o O

o O O N

o o O O

=) O whn O

o o O O

- o o O

—2Ps3(x)

S o O e}

o O O N

e O (@) ]

S O wn O

O gl O o

ag

ai

a2

as

~no O ] o

y(x) = apPo(z) + a1 P1(z) + aaPa(x) + a3 P3(x)

(384)

(385)

(386)

(387)

(388)
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where P3(z) = (52 — 3x)

Giving
y(z) = -2 (§(5x3 — 3:5)) (389)
Hence,
y(z) = 3z — 5a°

which is the same as the exact solution obtained analytically.

Example 4.4.4. We want to approzimate the Fredholm integral equation below using
Legendre Series Solution Method,

1 1
y(x) =2x+ 5/_1 xty(t)dt (390)

We seek a solution y(x) in the form of Legendre Series

N
y(r) = Zoanpn(x)

so that
1
f(z)=2x, K(x,t)=uxt, )\25 and N =3

By using the expression for the powers of x™ in terms of the Legendre Polynomials

P,(z) given by

1 d"

Pu(z) = W@(ﬁ -1
Po(l‘) =1= 1= P0($)
Pi(z)=2 = x = Pi(x)
Polz) = ;(3302— 1) = a?= 2P23(‘7”) +;Po(x)
Py(x) = ;(51;3—390) b Z(@ ?Pl(a:)
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From the expressions (362)) and (363)), the matrices become

0] 00 0 0

1 0100
F= and K =

0 0000

0] 00 0 0

Now, using the expression (367))

1
Q:/}fﬂﬁ:bmy m.n=0,1,2,3
—1

[ Po(t)]
P
_ |7 {Po(t) Pi(t) Pa(t) Pa(t)
Py(t)
| Ps(t)]
From
_J0, m#n
Pn(x)_{%al’ m n
2 0 0 0]
0200
Q_O()go
00 0 2

But we know that

Therefore
1 0 0 o]l o] o]
3 3
PRCE SRR
0O 0 1 0ffo0 0
_O 0 0 1_ _0_ _0_
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Q
S = &
[T
o o Nlw o

IS
w
I

Applying

gives

Which is not the same as the exact solution as in the case of the standard decompo-
sition method where we found the exact solution as

y(x) =3z

Example 4.4.5. Let us consider the problem

y(r) =e* — 5 — ¢ x/ll xty(t)dt (391)

Using the same same procedures from the two examples above, we want to analyze the
errors for N =9,10

From figure [3, we can easily conclude that the larger the N the more the accuracy
hence in order to obtain the most approximate solution then N should be sufficiently
large since the margin of error is minimal.
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Error

x 10

“\\ /

\ — __
) _ L L L

-0.5 0 0.5
x values

Figure 2. Numerical results for N=9,10
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5.1

Conclusion

In this thesis we have presented some analytical and numerical methods for solving the
Fredholm integral equation of the Second Kind. The analytical methods presented here
are: degenerate kernel methods, converting Fredholm integral equation to Ordinary Dif-
ferential Equations, the Adomain decomposition method, the modified decomposition
method, variational iteration method, noise terms methods, direct computation method
and successive approximation methods. Furthermore, we have used numerical methods:
projection methods including collocation method and Galerkin method, degenerate kernel
approximation methods and Nystrom methods for solving Fredholm integral equation of
the second kind. Additionally, we have also approximated the Fredholm integral equation
of the Second Kind with the numerical solution using mapped Chebyshev polynomials
and Legendre Series methods. The importance of the Legendre series method presented
for the approximate solution of Fredholm integral equation has been demonstrated. The
advantage of the method is that the solution is expressed as a truncated Legendre series
which means that after calculation of the Legendre coefficients, the solution y(z) can be
easily evaluated for arbitrary values of = at low computation effort. If the functions f(z)
and K (z,t) can be expanded to the Legendre series in —1 < x,¢ <1, then there exists the
solution y(z); else, the method cannot be used in. On the other hand, it would appear
that the method shows to best advantage when the known function f(x) and K(z,t)
have Taylor series especially when they converge slowly. For computational efficiency the
truncation limit NV must be chosen sufficiently larger.

Future Research

Due to time constraints, there are many areas in which we intended to extend this work.
One of the areas include:

1. Applications of Integral Equations in Aerodynamics and Geophysics.
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Matlab Codes

Listing 5.1. Matlab codes

clc,clear all,close all

E 9=[2.14066E-04,7.043E-06,1.2992E-05,9.6585E-06,4.843E
-06,0,4.843E-06,9.717E-06,1.6442E-05,5.4748E
-05,0.000367792];

E 10=[6.81207E-05,2.32566E-05,1.46982E-05,9.6881E
-06,4.8431E-06,0,4.843E-06,9.688E-06,1.4736E-05,2.4448E
-05,8.5605E-05];

x=[-1,-0.8,-0.6,-0.4,-0.2,0,0.2,0.4,0.6,0.8,1]1;

plot(x,E_9,'g")

hold on

plot(x,E_10,'r")

xlabel('x values')

ylabel ('Error ')
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