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Abstract
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sheeted covering map by studying the inverse image of lines on a smooth cubic X under
the blowup map

Blg : BlgP? --» X.
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Introduction

The main goal of this thesis is to study the configuration of lines on a nonsingular complex

cubic surfaces and be able to demonstrate that there are 27 lines on such a surface.

We do this in two ways

(i)

(i)

We explore the geometry of Grasmaniann Gr(2,4) of Lines on IP? through the Plticker
embedding
Gr(2,4) < P

and the representation of lines in Gr(2,4). We then show that there is at least a
line on a cubic surface X in P3 and that one can find two such lines £ and m which
are disjoint on X. Further, we demonstrate that the set of lines intersecting a given
arbitrary line £ in P? is a subset of Gr(2,4) and that the set has exactly 5 pairs of
disjoint lines. We also appreciate that if one line of the 5 pairs of lines that inter-
sect ¢ also intersects a line m disjoint to ¢, then 5 disjoint lines of the five pairs of
lines also do intersect m. This gives 17 disjoint lines on X: ¢, m, the 5 disjoint lines
intersecting both ¢ and m, the 5 disjoint lines that only intersect £ and the other
5 disjoint lines that only intersect m. We then convince the reader and ourselves
that any line on X \ {The 17 lines above} would intersect exactly 3 of the five lines
intersecting the line ¢; for if more, the line would be ¢ or m and if less then the line
would intersect atleast 3 of the five lines. There are therefore (g) = 10 disjoint lines
on X \ {The 17 lines above}.

we appreciating that a smooth cubic is birational to P> and that the blow up BlsP?
of P2 at 6 points in general position is isomorphic

Blg: BlgP? --» X

to a smooth cubic X. We further demonstrate that the space of smooth cubics is a
dense open subset U of P!°. Now by taking a subset M of the product U x Gr(2,4)
consisting of pairs (X,¢) of a smooth cubic X and a Line ¢ on X, we define the
incidence correspondence

T:M—U

by the projection (X,¢) — X. The goal of the thesis is then equivalent to counting
the number of inverse images of 7 ; that is, showing that 7 is a 27-sheeted covering
map. Finally, we count these inverse images of 7 by counting the images under
the blow-up map B{g, of the 6 exceptional hypersurfaces, the strict transform of



(g) := 15 lines through any two of the six blown up points and the strict transform
of (g) := 6 conics through any five of the six blown up points.

The outline of the thesis is as follows:

Chapter 2:

In this chapter, we introduce algebra-geometry dictionary and the geometric object of
our study: Irreducible Smooth cubic.

Chapter 3:

This chapter sets up the stage for the thesis’ enumerative goal by focusing on notions such
as blowup of P? at 6 points, space of smooth cubics and the geometry of Grassmanian
Gr(2,4) of lines on P3.

Chapter 4:

Here, we enumerate lines on smooth cubic in two ways: though combinatorics of lines
on smooth cubic or through the analysis of the preimage, through the blowup map

Bl : BlgP? --» X,

of lines on the smooth cubic X.



2.1

Preliminaries

This chapter is a quick basic overview based on [SKKT20], [GethA02] and [Sha13] of the
subject: Algebraic Geometry. This is intended to set up notation as well as introduce the
object study, smooth cubic in P2. We will occasionally remind ourselves some Commu-
tative Algebra or refer the reader to [AM69].

What is Algebraic Geometry?

Let k be an algebraically closed field of characteristic 0.

Definition 2.1.1. [Projective Space] For a positive integer n, an affine n-space A" is the
coordinate space V = k" without a vector space structure. Projective n-space is the quotient

P PR =k {0} /K

with a point p = [xo : X1 1 ... : X] = {(Axg, Ax1,...,Ax,) € KFIN\{0} : A € k*} inP" is the
equivalence class of the nonzero vector (x;) € k""!. If we are not in doubt of the identity of
the underlying field, we would write P" for IP}..

The projective n-space can be considered as the parameter space of lines through the
origin in affine n+ 1 space or the affine n-spaces with it’s n — 1 compactifying hyperplanes
at infinity. That is, on the j-th affine chart {x; # 0} for example,

—1
PZXQ,X],...,X,,> = {xJ % O} U {x] = 0} = An Xg X1 ?J\ Xn UPT: ey ey e i|
<§’Z”E’C XQIX]tee Xl Xy

Therefore, each chart {x; # 0} for j =0,...,n gives an embedding
TZ{X]'#O}:A"‘—HPM

(05 2 =115 dn) = Vot yjmn s Ly e iyl

2.1.1 Affine and Projective Algebraic Varieties

Proposition 2.1.2. Let R = k[xy,...,X,] be the polynomial ring in finite variable x; over
algebraically closed field k and S a finitely generated k-algebra. Then

S~R/I



for an ideal I <R.

Proof. Letsy,...,s, €S be k-algebra generators of S. The ring homomorphism
¢:R—S

defined by ¢(x;) = s; surjective since s; generate S. By considering I = ker ¢ <R, the
result follows from The First Isomorphism Theorem of Rings. O]

Definition 2.1.3. A subset X C A} is an affine variety if X = V(I) for some ideal I of
R =kl[xy,...,x,] where the vanishing set V(I) of I is defined as

V() ={(a1,...,ay) =a € Al : f(a) =0 forall f € <R = k[x1,...,x,]} C AL

Example 2.1.4. [Some Basic Vanishing Sets]

1. For the Zero ideal, V(0) = AJ.
2. For the ideal (1) =R, V(R) = 0.

3. For a nonconstant polynomial f € R\ k generating a principle ideal (f) <R, we get the
hypersurface

Vi =V((f) ={(a1,....an) =a € A : f(a) = 0} C A}
defined by zeros of f.

4. Let (ay,...,a,) = a € A} be a point in k" and define
my, = (X1 —di,..., Xy —an) <R = kfx1,. .., X,].

We can realize m, as the kernel m, = kerev, of the evaluation-at-'a’ map ev, : R — k
defined by f — f(a). By the Proposition 2.1.2 above, we have that R/m, = k so that m,
is a maximal ideal of R corresponding to points of Aj.

Theorem 2.1.5. [Week Nullstellensatz]
Assume k is algebraically closed. Then every maximal ideal of R = k[xy,...,x,] is of the
formmg, = (x; —ay,...,x, —ap) <R for some (ay,...,a,) =a € A}

Example 2.1.6. Let k = R which is not algebraically closed. The principle ideal I = (x* +

1) =ker (evi : R[] EiadiON (C) <aR[x]. SinceR[x|/I = C is a field, we have that I is maximal

so that not all maximal ideals of R[x] are of the form proposed in Theorem 2.1.5 .



Lemma 2.1.7. [Hilbert Basis Theorem]
The polynomial ring R = k[x1,...,x,| is a Noetherian Ring. That is

(i) Every ideal I of R is finitely generated. That is

m
I={f1,....fm) = {Z”ifi : ri € R and finitely many generators f; € R}
i=1

(ii) Ascending Chain Condition on Ideals (ACC): Every Ascending chain of ideals Iy C I, C
... terminates. That is, eventually Iy = Iy+1 = ...

That R = k[xy,...,x,] is Noetherian is very convenient for us since consequently

« every quotient R/I is Noetherian where I <R is an ideal of R, hence every finitely
generated k-algebra is Noetherian and

« every ideal /<R is contained in a maximal ideal thanks to ACC condition on ideals of
R.

2.1.2 The Zariski Topology on Affine Varieties

Proposition 2.1.8. [Basic Properties of Vanishing Sets]
It is easy to show that

(i) V is inclusion reversing. That is, for ideals C J = V(I) D V(J).

(ii) Finite union of varieties is a variety. That is,
V(HUVJ)=V{I.J)=V(INJ)

and by induction on n that

(v :v(ﬁl,).
i=1

i=1

(iii) Arbitrary Intersection of varieties is a variety. That is, let {I5|ot € Q} C R be an arbi-
trary collection of ideals then

e =((4) =+ (5)



(v) VIOHNVIJ)=V({IUJ)) =V(1+J) =0 <= I and J are coprime I +J = (1).

Lemma 2.1.9. Zariski Topology on A} is defined by setting the affine varieties V(I) C A}l
as its closed sets.

Proof . Thisis a consequence of Proposition 2.1.8 . O

We note that the open sets of this topology look like this:

Ur=kK'\V(I)
=K'\(V(fi)N...NV(fn)); Theorem 2.1.7 and Proposition 2.1.8 (iii)
= K"\ (V(f1))U...UK"\ (V(fn)); De Morgan set law
=DjU...UDy,,

where
Dy=k'"\(V(f)={(ar,...,an) =a €k": f(a) # 0}
is a (very large) basic open set.

We formally define affine n-space as the topological space A} := (k", Zariski Topology)
whereas an affine variety X = V(I) — A7 is equipped with Zariski topology induced from
A}. The closed subsets V(J) =Y of X =V (I) C A corresponds to ideals J containing /.

Example 2.1.10.

1. Let k be algebraically closed field. Since k[x| is a PID, we have that the Zariski closed
subsets of A} are 0,V(f) = {m roots ay,...,am of fin=f € [x]} and A}

2. On A,% the Zariski closed subsets are 0, hypersurfaces V(f), finite set of points

\Y (ﬁ(xi—ai,yi _bi)) ={(a1,b1),...,(an,bn)}

i=1

and the union of hypersurfaces and finite points. There are no others and this is why:
Take polynomials f,g with no common factor in a PID k[x][y| (respectively in a PID
k[y|[x]). By Bezout’s Theorem followed by rescaling by ¢ € k[x] of some degree m, one
can write fp+ gq = ¢ for some p,q € kx| (respectively p,q € k|y]). We then have
thatV(f,g) C V(c) ={(a1,0),...,(am,0)} finite choice of points on x-axis (respectively
V(f,g) c V(c)={(0,b1),...,(0,b,)} finite choice of points on y-axis) of the k> plane.



2.1.3 The ldeal I -Variety V Correspondence

Definition 2.1.11. [Vanishing Ideal]
The vanishing ideal 1(X) of a subset X C A} consists of functions

I(X)={f€R:f(a)=0 forallac X}
on A} that vanish on X.

Example 2.1.12.
1. I(A}) =R.
2. I({a}) =m,.
3. I(V(x?)) = (x), hence I(V(I)) # I in general.
4. fmel(X) = fel(X) sothatl(X) is a radical ideal.

Proposition 2.1.13. [Properties of Vanishing ideals]

1. I is inclusion reversing. That is, X CY = I(X) D I(Y).
2. ICI(V()), for example (x*) C I(V((x?))).
3. V(I(V(I))) = V(I) and consequently V(I(X)) = X for any affine variety X .

Theorem 2.1.14. [Hilbert’s Nullstellensatz]
Let k be algenraically closed field. For any ideal [ <R = k[xy, ... x|, we have

V() =vVI={feR:f"el forallm>1}.

In particular, I(V(I)) = I if R/I has no nilpotents elements.

Definition 2.1.15. [Coordinate Ring k[X] of affine variety X |
Let X C A7 and R = kx1,...,x,|. Coordinate ring of X is the quotient

k[X] = R/I(X)

representing polynomial functions on A} that vanish on X.

Remark 2.1.16. Coordinate ring k[X| has the properties

1. it is finitely generated (Noetherian) reduced k-algebra.

2. it is an integral domain if and only if X is irreducible.



3. ifk is algebraically closed then k[{a}] = k and it is the only case when coordinate ring is
a field.

4. k[A}] = R/1(0) = R whereas k[V(f)] =R/(f) = (1, f,..., foe/=1).

Definition 2.1.17. [Irreducibility]

An affine variety X is said to be reducible if X = X, U X for proper closed subsets X; C X.
Otherwise, X is irreducible in which case

« I(X) <R is a prime ideal on condition that X # 0.

any nonempty open subset U # 0 of X is dense.
« any two nonempty open subsets U,V C X intersect U NV # 0.

« it is necessary and sufficient that k[X| is an integral domain.

Example 2.1.18.

1. X =V(xy) = V(x) UV(y) C A} is reducible as it can be expressed as union of two coor-
dinate axes in k>.

Figure 1. The reducible variety X = V(xy).

2. X = V(< xy,xz>) =V(x) UV(y,z) is reducible as it can be expressed as union of yz-
plane and x-axes. We know that R/(y,z) = k|x] is an integral domain hence V(y,z) is
irreducible.

V(x) yz—plane

V(y,z) x axis

Figure 2. The reducible variety X = V(xy,xz).



Corollary 2.1.19. [Thel -V Correspondence]
There are order-reversing bijections between ideals I <R and affine varieties X. That is
{varieties} <— {radical ideals}
{irreducible varieties} <— {prime ideals p <k[X|} = Spec(R)
{points} «— {maximal ideals m,<k[X]|} = Specm(R)
X — I(X)
V(I) 1.

2.1.4 Nonsingularity of Algebraic Varieties

Definition 2.1.20. Let g be a point in a projective variety X then the tangent space to X
at q is the projective variety

- N V<Z ax; 1 )

felv

When f is homogeneous polynomial of degree d — 1 then each f will be either 0 of an
homogeneous of degree d — 1.
Taking a different representation of g as (bqq : ... : bg,) will scale each term of

v Of
(;) axi(Q)- 1)

by a constant term b?~! that is it will scale

by a constant and hence not affecting it is zero set.

Example 2.1.21. A projective line( is it is own tangent space at any point of {, for a change of
coordinates ,any ¢ € P" is simply a variety cut out by the (n— 1) polynomials (x3,...,x,) that
isl:=V(xp,...,x,) :=V((x2,...,x,)),here the last quantity denote the variety associated
to the ideal generated by (x2,...,X,)

Observe that1(¢) :=1(V((x2,...,X,)) := (x2,...,X,) by homogeneous Nullstellensatz hence

Tl = ﬂ A% (Z 8x, ) : ﬂ V(xj):=V(x,...,x,) =4

fG(XQ, 7xn) j:2
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Definition 2.1.22. The tangent plane T)X, of X =V (fi,..., fin) CP" at q is given by
dfi dfi

T.X=V|=—|,.. 6 =— .
4 <3x0 q’ " ox, q>

The points q is called smooth when the tangent plane at q is defined while the points is called

A fm

’.-.,_
q ox,

fm
W

)
q
is singular when the tangent plane at q is not defined.

Neatly and alternatively, we have the following definition.

Definition 2.1.23. A pointq € X :=V(f1,...,fm) C P" is nonsingular if the Jacobian

M‘ Ifi
dxglg ' dxylg
J(X)p = ’
9fm 9 fm
9x0|q T dalg mx (n+1)

of X at q if the rank of J(X), := m. Otherwise q is singular. X is nonsingular (smooth) if it
has no singular points.

An isolated singularity is a singularity for which there exists a small real number & such
that there are no other singularity within a neighborhood of radius d centered about the
singularity also known as conic double points.

The simple singularities is the ordinary double point where double point occurs at the
point ¢ = (0,0, 1) on quadratic cone X given by the equation f(x,y,z) = x> +y* —z%. The
union of all generating lines meeting in the singular point g is quadratic cone. The surface
becomes cylinder by taking a blow up of X at g with disjoint union of lines of X as it is
underlying set hence ¢ is blown up to a circle on the cylinder which is exceptional divisor
of the blow up.

Example 2.1.24.

i. Fermat cubic X3 := V(xg —|—x? —I—x% —|—x§) C P3 is nonsingular.
ii. Nodal cubic X3 = V(x> + x> —y?) C A? is singular at (0,0).

iii. The double cone V(x*> +y* —z%) C A® is singular point at (0,0,0), a point where the
tangent plane is not defined.



Blowup of Algbraic Varieties at Points

Definition 2.2.1. The blowup of B = BlyA" at the origin0 = (0,...,0) € A" of A" is a the
variety defined by

B={(p,0)|pe} CA"xP"!

together with the projection
w:B— A"

which is one-to-one over A"\ {0}. In coordinates, we have that

xl...x
B = ((xh...,xn);[yl’...7yn]) mk n Sl
yl...yn

. Xl . '.Xn
=V | 2 X 2 minors of

y]yn

=V({xiy;j—xjyili<i<j<n})C A?x,») X IP’”U?]1

Remark 2.2.2. The projection map 7 is a birational map,that is to say T is rational

map with a rational inverse

A" s BC A" x P!

ii. The blowup B is the graph of the rational map

P :An NN Pnfl

(X1, ooy Xn) — [X1 1.0 2.

We then have, from the composition
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BX A"

Py pn-t

of projection to A" with the graph, that intuitively; the blowup B = BlyA" is like A"
except at the origin O where in B, the origin 0 is replace by the set of all directions

approaching the origin.

Proposition 2.2.3. B is a smooth (irreducible) variety of the dimension n.

Proof. We have

BCA"xP" 1 D (A"xU;),

where

U;, = An_l
is a standard affine chart. It suffices to check that each

Bﬂ(An X Ui)

is smooth.

For simplicity, we do the case i =n

Proposition 2.2.4. BN (A" x A"~ 1) = A"

Sketch Proof. Observe that

BN (A" x A”’l) ={(x1, -+, x0); [V

:{(xl,...7xn);[§_i;...,

We have an isomorphism

Dot Yalvn # 0,xiy = xjyi}

yn—1

. 1]
Yn

Vi

Yn

Xj =X

)}

p:BNU — A"

defined by

yl'c.- 1

s ,yn_
Yn

Yn

((xlw‘ ,xn);{

with inverse

|

p A" — BNU

defined by

((l‘ntl,-" ,l‘ntn_ll‘n,tn);[ﬁ IR S 1] — (l‘],’“

—1
)H()ﬂyn :Xn>
Yn Yn

7tn—l;tn)~
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Definition 2.2.5. Blowup of a variety X C A" at a point p € X is the the closure of the
inverse image of X \ {p} under the projection 1 : B{,A" --» A" with projective dimension
n— 1 exceptional locus E,(X) = n~!(p) C B{,A".

Example 2.2.6. We consider the blowup a point

pi=(0,0,00eX =V(2+y* ~2)cC}

ﬂ_l(X\{p}) = {(X = (x,5,2),4) € C%x,y,z) X IED[214zvzw}

Xeé,x2+y2—z2:0}

Using projective coordinates [u : v : w| and blowing up along the chart w # 0 We obtain
2W? +v* —1) =02 22(x> +y> — 1) = 0 thus the closure T=1(X \ {p}) C BloC? given by
V(x?+y*—1) is a circle.

..........
|+ .}

112

..........
e .

St x P! Bly(X) X

Figure 3. Blowup of a double cone at the origin is a cylinder
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3.1

The Geometry of Lines on Smooth Cubics in P3

The Grassmannian Gr(2,4) of lines in P> and Some Useful
Enumerative Lemmas

Definition 3.1.1. As a set, the Grassmannian of d— planes in K" is

Gr(d,n) = {d — dimensional vector spaces U C K"}

Example 3.1.2.

1. Gr(l,n) =P(k") = pr—1
2. Gr(n—1,n) =P((k")*) = P!

3. Projective duality more generally says

Gr(d,n) = Gr(n—d,n)

The above examples suggest that the Grassmannian Gr(d,n) may always have the struc-
ture of a projective variety. We will shortly demonstrate this and work out some equa-
tions, at least in the simple case Gr(2,4).

Proposition 3.1.3. There is a one-to-one correspondence

Gr(d,n) «— Max(d,n)/GL(d)
where Max(d,n) C My(d,n) is the subset of matrices of maximal rand d.
Example 3.1.4. Whend = 1, this says

Gr(1,n) «— Max(1,n)/GL(1).
Here Max(1,n) is row vectors except the zero vector so

Max(1,n) =k"\0.
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Also
GL(1) =k".

We recover
P (K"\0) /K"

3.1.1 The Pliicker embedding

Theorem 3.1.5. Associating to a subspace U the collection d x d minors of its representing
matrix Ay gives a closed embedding

Gr(d,n) — ]P’Cll)*l,

whose image is a projective subvariety of]P’(Z)_l. In particular, Gr(d,n) is projective.

We will not discuss the general proof. Instead, we will look at the simplest nontrivial
example.

If n <3, all Grassmannian are either points or projective spaces. So the first interesting
case whenn =4 and d =2.

Example 3.1.6. Letd =2, n = 4. The Pliicker map is Gr(2,4) — P> given in matrix form
by

a b c d
— laf —be:ag—ce:ah—de:bg—cf:bh—df:ch—dg]
e f g h
Lemma 3.1.7. The pliicker map is an embedding
Gr(2,4) < P>

with image
V(yoys — y1ya +y2y3) C P°.

Proof. It is easy to check that the image of the plucker map satisfy this quadratic
relation, the Plicker relation. To complete the proof, we consider affine charts.

The Pltcker map of Gr(2,4) has image contained in

V(yoys — y1y4+y2y3) C P°.
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Let us consider the affine open set.

Gr(2,4)0 C V(yoys —yiya+y2y3) N {yo # 0} C {yo #0} = A> C P°.

In the matrix coordinates used before, this means af — be # 0. So for the correspond-
ing 2-dimensional subspace U C k*, the first two columns of the matrix Ay are linear
independent. This means that we can pre-multiply the matrix Ay by a unique change
of basis matrix P so that the first two columns become the standard basis vectors of a
2-dimensional vector space.

We get an equivalence of matrices

a b c d 1 0 C D
e f g h 01 G H

For U € Gr(2,4)0, we have the representing matrix,

1 0 C D
01 G H

we can then read off the affine Plucker coordinates of this subspace U as

U+—s (G,H,—C,—D,CH — DG).

We deduce the following

1. The affine plticker relation

VY5 —y1y4a+y2y3 =0
indeed holds.

2. There are no further equations involving the pliicker coordinates.

3. In this open set, we recover the subspace U uniquely from its plticker image.



Considering all such affine charts, we deduce that over the whole Grassmannian Gr(2,4),
the plicker map is an embedding, and its image equals

V(yoys — y1y4 +y2y3) C P°.

3.1.2  Irreducibility

Theorem 3.1.8. The Grassmannian Gr(d,n) is an irreducible variety.

We need a lemma.

Lemma 3.1.9. Let GL, (k) C A" be the space of invertible linear matrices inside the affine
space of all (n x n) matrices over k. Then GL, (k) is an irreducible affine variety.

Proof. Let A € k[A”z] be the determinant polynomial on the space of matrices. Then
GL,(k) = D,

the principal open subset defined by the non-vanishing of A. The first statement is then
a general instance of the phenomenon that a basic open set is an affine variety is affine.

Also GL,(k) = Da C A" i dense, as affine space A" is irreducible. A dense subset of
an irreducible variety must itself be irreducible. This concludes the proof. O

Proof . (Proof of theorem 3.1.8) We define a surjective polynomial

p : GL,(k) — Gr(d,n).
A surjective image of an irreducible variety must be irreducible, so the existence of the
map p proves the irreducibility of Gr(d,n).

Inside the vector space k" with fixed basis {ey, - ,e,}. Let W = (e}, -+ ,e4) be a reference
d—dimensional subspace.

Suppose that V C k" is an arbitrary d —dimension linear subspace. Choose abasis {vy,- -+, vy}
for it, and complete to a basis {vy,---,v,} of k.
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Then A € GL, (k) with column v; will map W to V. This defines the surjective polynomial
map p. This concludes the proof.

]

Lemma 3.1.10. Let{y, /> be two distinct lines in P> then they intersect at a unique point.And
if 1 is a projective plane such that ¢ ¢ I1 then ¢ intersects I1 at a unique point.

Proof. We suppose that the projective plane IT is P> by change of coordinates and
since ¢] # {5, by another change of coordinates we let /; = V(x;) and ¢, = V(xy).

Therefore we get the unique point in #; N ¢, tobe (1:0:0). On the other hand consider,/
IT then by suitable change of coordinates we take IT := V(x3) and ¢ = V(x1,x,), thus
(1:0:0:0) is a unique point on ¢ NI O

Lemma 3.1.11. Consider a quadratic form f in K|x,y, z,t| passing through quadratic surface
Q € IP? then there exist a matrix N = N7 in Ny(K) such that f(x) = X" NX for eachx € K*.
And Q is singular whenever N is singular.

Proof. Let
f(x,y,2,t) = Ax* 4+ By? + Cz* + Dt* + Exy + Fxz + Gxt + Hyz + Iyt + Jzt.

Then any matrix (a;;) € N4(K), (x,y,2,¢) € K* we have

apy arx a3 apg| [x apx apy apzz apgl

az ax ax ax| |yl az1x axy a3z at
X,y Z, t — X Y I t

azy azy azz az| (2 asz1x azy aszzz asgl

| a41 a4 Q43 aa4| |1 ] | A41X a4y Q437 A44l |

‘=x(anx+appy+apz+aiat) + y(axx+axpy+ a3z + aat)
+z(az1x+ azy +azzz+ azat) +t(as x + aspy + aszz+ agat).

Rearranging them we get,
= a1x” +ay’ +apd +at’ + (ann +az)xy+ (a3 + a3 )xz.

+(a14+aar )xt + (a3 + az)yz+ (aza + aan)yt + (azs4 +auz )zt

Observe that
ayy =A,ax = B,az3 =C,a44 = D.
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Also

E

ap =day = 55
F

a3z = dasz = 5,
G

ajg =aq) = 5
H
‘123:“32:57
1

axy =ag = 3
27

J

azq = a43 — <.
3 3 )

Thus giving us a symmetric matrix by taking N = (@;;) hence f(x) = X” NX. Finally, Q is
singular whenever x1,y;,2;,#; € K are not all zero such that,

P)
X1,)1,21,11)

X1,Y1,21,0
t

1L L HE

|
© o o ©

)
)
)

(
(
(xX1,51,21,1
(

X1,Y1,21,01

Q|

t

and only happens when there exist (x1,y1,21,#1) € K not all zeros such that

2(ar1x1 +aizyr +azz +aaty

2(az1x1 +azy) +azzz) +asaty

( )]
2(az1x1 +axny1 +axzi +axt)

( )

( )]

o O o O

2(as1x1 +asny1 + as3z1 + daaty 0]
implying that there are some trivial vector(xy, y1,z1,#1) € K* such that 2N (x1,y1,21,1)7 =
0 indicating that N has nullity atleat 1 and hence it is singular.

Therefore we conclude that Q singular whenever N is singular. [

Corollary 3.1.12. Let f € K|x,y,z,t| be homogeneous polynomial of degree 2 and let Q =
V(f) where Q is a quadratic surface in P> and let { € P3 be a line then { € Q and £ C Q if
and only if N Q contains three points of P3.

Lemma 3.1.13. Let {; € P3,i = 1,2,3 be lines which are pairwise disjoint. Then there exist
nonsingular quadratic surface Q subset of P> which contains ¢;,i = 1,2, 3.
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Proof. Suppose the three distinct points on ¢; are g;, ¢}, ¢! fori € {1,2,3} then,
q91,92:93,41: 92,9341+ 92+ 93

are 9 distinct points. since ¢1,¢,, {3 are disjoint
writing these points as,

(x1 Y ZZ],Z‘]),...,(Xg YS! ZZ9,t9)

then we say that there exist 9 quadratic surface surface consisting of these points and
since by the fact that quadratic surface are defined f € K|x,y,z,1] of these form

f(x,y,2,t) = Ax* + By* + CZ* + Dt* + Exy + Fxz + Gxt + Hyz + Iyt + Jzt.

Therefore there is a quadratic surface containing all these 9 points if and only if there are
some coefficients A,B,C,...,J not all zero in such a way that all the 9 equations below

hold,

Ax% —|—By% —I-CZ% +Dl‘]2 —|—Ex1y1 + Fx1z1 + Gx1y -I-Hylzl —I-Iyltl +Jz1t1 = 0
Ax% +By% —|—Cz% +Dt§ + Exoy1 + Fxpz1 + Gxoty + Hyrzo + Iyoty +Jz20tp =0

Ax3 4 By} + Cz3 + D12 + Exgyg + Fxozg + Gxotg + Hyozg + Iyotg + Jzotg = 0.

This shows that there is nontrivial solution to this system of 9 homogeneous linear equa-
tions where A,B,C,...,J are not all zero and hence there is a quadratic surface Q consist-
ing of 9 points.

Now Q contain the the three lines ¢1,¢;, {3 fori = {1,2,3} having that Q contain 3 distinct
points of /; and implies /; C Q by 3.1.12. Consequently,we note that Q cannot contain any
projective plane and thus it is irreducible.

Suppose by contradiction that Q contains a plane Il then we observe that f factors into
two possibly equal linear planes in P3, I1; and IT, . without loss of generality assume that
either /1,0, C I1} and ¢3 C II, or ¢1,4,¢3 C II; sice ¢1,¢>,¢3 C Q and we find a projec-
tive plane containing at least two of the lines /1, />, /3 in either case but these lines are
pairwise disjoint implying that we found a projective plane containing two disjoint lines,
a contradiction.

Finally to show that Q is nonsingular by contradiction, we now suppose that Q is singu-
lar then there exist a matrix N € N4(K) such that for each x € K* we have f(x) = X Nx
by 3.1.11 that is there exist y # 0 € K* such that Ny = 0 then y" N = 0 since N is sym-
metric and hence for each x € K* we have x’ Ny = yT Nx = 0 note that there must exist
i ={1,2,3} such that y ¢ ¢; because ¢, /,, {3 are disjoint.
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3.2

3.3

Now assume y ¢ /; then for each x € K* whose corresponding point in A3 is ¢; and for
each u,v # 0 € K we have

flux+vy) = (ux +vy) ' N(ux+vy) = ux? Nux+ ux? Nvy + vy Nux + vy’ Nvy.

flux+vy) =0 = f(ux).

Because any scalar multiple of x satisfy f since the corresponding point in P? of x is
in /1 and the remaining terms are zero hence by suitable change of coordinates we see
that the set of all corresponding point in P? of the form ux + vy is a unique projective
plane containing y and ¢; implying that f is zero hence a contradiction and therefore Q
is singular. [

Smooth Cubic is birational to P! x P! or to P?

Proposition 3.2.1. Any smooth cubic surface is birational to P>

Proof. Consider two disjoint lines /1, ¢, C X. The following mutually inverse rational
map X --» ¢] X {5 and ¢ X {, --» X show that X is a birational to /| x ¢, = P! x P! and
hence P?.

X --+ {1 x { for every point a not on {1 and ¢; there is a unique line ¢ in P3 through /1, (>
and a.

Take the rational map from X to ¢; x ¢, sending a to (a;,a;) := (¢, N{€,¢,N{), which is
obviously well defined away from ¢; U ¢,

On the other hand /| x ¢, --+ X map any pair of points (aj,as) € ¢1 X ¢, to the third
intersection point of X with the line ¢ through a; and a,. This is well defined whenever ¢
is not contained in X . ]

Remark 3.2.2. There are two disjoint lines on X such that there are exactly 10 lines on X
meeting any given one and exactly 5 lines on X meeting any two disjoint given onces,whereas
in P2 any two curves intersect hence X is birational to P* and that is infact isomorphic to
blowup of P? at 6 points.

Blowup of P? at 6 Points in General Position

Proposition 3.3.1. Any smooth cubic surface is isomorphic to P> blown up in 6(suitable
chosen) points.

Proof. We only sketch the proof. Let X be a smooth cubic surface and consider a
rational map f: X --» £1 x £, = P! x P!, First of all we claim that f is actually a morphism.
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To see this, note that there is a different description for f. If a € X \ ¢, let it be the unique
plane in P3 that contains £; and a and set f>(a) = H N¥,. If one defines fi(a) analogously,
then f(a) = (fi(a), f2(a)). Now if the point a lies on ¢}, let H be the tangent plane to X
at a and again set f»(a) = HN/¢,. Extending f; similarly, one can show that this extends
f:=(f1,/>) to a well defined morphism X — P! x P! on all of X.

Now let us investigate the inverse map P! x P! --» X is not well defined. As already
mentioned in the proof of 3.2.1 this is the case if the point (aj,az) € ¢; X ¢, is chosen so
that aja, C X. In this case the whole line aja, will be mapped to (aj,az) by f, and it can
be checked that f is actually locally the blow up of this point. By remark 3.2.2 there are
exactly 5 such lines aja, on X. Hence X is the blow up of P! x P! in 5 points i.e the blow
up of P2 in 6 suitable chosen points. ]
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The 17+10 or the 6+15+6 Lines on Smooth Cubic

Definition 4.0.1. [Smooth cubic surface]

Let X C P3 be a cubic surface.Then X is said to be smooth cubic when it has no singulari-
ties.This means that there will be no point g = (x:y: z:t) for which all the first order partial
derivatives are zero at the point q that is no point q such that

(5h0=F 0= =5 w=0).

Proposition 4.0.2. Let ¢ be a line and q be a point of X then the number of lines contained
in X and contain q is 3. Also T,X is a plane containing the three lines

Proof. Let ¢ C X and we know that £ = T,/ by 2.1.21 then [(X) C I(¢) thus,

Tyl = ﬂv(Zaxl ) N V(Za)ﬁ ) =T, X

g€l() Felx)
by homogeneous Nullstellensatz we have [(X) := (f) since X := V(f) :=V((f)) that is
3 af
I, X =V =—(q)-xi
q (;) axi (q) xl)

towrap up £ C T, ¢ C T, Xl is the line line through ¢ C T, X . Also / C X so that ¢ C T, X NX
meaning any line £ through g and contained in X must be contained in 7,X N X. and hence
there are 3 lines through g which are contained in X. [

We will henceforth demonstrate that there are exactly 27 lines on any smooth cubic sur-
face X C IP3 which contains at least one line.

Theorem 4.0.3. Let X be a smooth cubic surface in P3 then X contains exactly 27 lines.

The following is a proof by Reids [AM69].

Proposition 4.0.4. Through any point g € X there exist atmost 3 lines of X and coplanar
if there are 2 or 3 as shown below.
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4

4l
Figure 4. The pictures of lines through the point g.

Proof. Letgbeapoint, then at most three lines of X go through the point g and every
intersection between the plane and the surface X will not give a multiple lines.

Consider a line £ C X on X through the point g then the tangent plane at the point ¢
denoted as 7, X will contain line /. Since X is cubic 7,X NX will consist of at most 3 lines
giving maximum of 3 lines through the point g. The intersection of the plane IT and X
will give a double line and will be singular. ]

Proposition 4.0.5. Let IT € P? be a plane. Then TINX in one of the following,

1. An irreducible cubic curve
2. an irreducible conic and a line

3. three distinct lines

Proof. Assume that ITis the plane Z(¢) under the change of coordinates, and let g be
a homogeneous polynomial of degree 3 then X is cut out from P* therefore X N1 is a
cubic plane with defining polynomial & € k[x,y, z] which is either irreducible or factors as
a product of an irreducible quadratic form and a linear form or it factors as a product of
three linear forms.

We want to show that & € k[x,y, z| factors into three distinct linear forms.

For consider ¢ € X NI1, then we show that the linear form in k[x,y, z] defining ¢ factor out
of the cube & only once.

Take ¢ := V(z,t) to be another change of coordinates such that linear form defining ¢ in
ITis z
by contradiction assume that,

h(x,y,z,t) = 2.a (x,v,2)
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where a is a linear form and by reversing the process from which we got / from g, then
we see that g can be expressed as,

g(x7y7z7t) = Z2‘p ('x7y7z7t) +t'r<x?y7z7t) *

Also p is a linear form and r is a quadratic form. Now by finding partial derivatives of g

we see that, 5
—i (ZZ.p(x,y,z,t) +t.r(x,y,z7,)) = Ppotin
d
a_i (Zz'p(xLy?Zat)+t'r(x,y,z,l) = Zzpy+try
ag g t)+t t) =2 2 "
a_(z 'p('x7y7Z7 )+ J’(x,y,z, ) = sz+Z pZ+ rz

0
8_(? <Z2'p<x7y72at> —}—t.l’(x,y,z,t) = Zzp; +r+tr[

thus V(g) is singular at any point (x:y:z:¢) where z=1¢ =0 and r(x,y,z,) = 0. To
restrict to the line £ in the plane IT we substituting z =¢ = 0 in r we get a polynomial ry,
where ry is identically zero or an homogeneous quadratic in x,y.

That is any point (x : y) is a root of r| or r| has at least one root (x : y) showing that r
has some root (x:y:0:0) along ¢. Therefore V(r;) # 0 hence X has singular point, a
contradiction. O

Proposition 4.0.6. Any smooth cubic surface X contains at least one line (.

Proof. Consider any arbitrary point g on the surface X . Taking the intersection of X
and the tangent plane at the point g denoted as 7;,X ,that is

T,XNX :=C

where C is the curve with a nodal or cuspidal singularity at the point ¢ when the curve
C is irreducible or the curve C is reducible and contains a line which lie on X. Therefore
there exist a linear change of cooordinates where by ¢ := (0:0:1:0) and 7,X := (t =0).
Then the curve C := xyz = x> 4y if the point ¢ is nodal or the curve C := x>z = y> when
the point ¢ is cuspidal. They are similar cases.

Now lets consider the cuspidal case,
f=xz—y +g(x,y,2,0)t.

Where g; is homogeneous of degree two and in the coordinates (x,y,z,7). It follows that
22(0:0:1:0) # 0 by nonsingularity at the point g.

Now assume g5(0:0: 1 : 0) := 1 then every line ¢ through the point g; := (1 : 1 : 1°: 0)



on the curve C goes through the point r := (0,y,z,¢) on the plane X := 0. A line through
q), and r,q; r can be parametrized by writing out,

flag+ur):=A(yz1) +B(y,2,0) +C(yz,1) := 0.
Where g; € k(1) is homogeneous of degree i in the variables (y,z,t). Then
qrr CX < A(y,z,t) :=B(y,z,t) == C(y,z,1) :=0.

Where A is a form of degree one, B is a form of degree two and C is a form of degree three
in (y,z,t) with coefficients involving A.

Claim:
There is some resultant polynomial X»7(A) such that X»7(4) :==0 <= A,B,C have a
common zero (&,7,¢) in P2,

We now define the polar form of f as the form in two variables (x,y,z,) and (x',y’,7,t')

S (x,y,z,t :x’,y’,z’,t’) = a_fx,+8_fy,+ﬂzl+a_ft/
ox dy

as

dz ot

since for g(x,y,z,t) elements of X and ¢ # r := (x',y’,Z/,¢') an element of P? by the defi-
nition of the tangent space we have fi(g,r) := 0 if and only if the line gr is tangent to X
at a point q.

Precisely,

flag+pur):=a’f(q)+d?ufi(g.r)+oufi(rg) + 1> £(r).

So that g # r € P3.

The following four conditions are the equations for the line gr to be contained in X : (f =
0) so that f(r) := fi(r,q) := fi(q,7) := f(q)-

Geometry line gr is tangent to X at both ¢ and r, hence f|,, has double roots at the point
q and r, therefore gr € X.

The polar of f := x*z —y> 4 g2 (x,¥,2,1) ¢ is,
fi =22 =3yy' + P2+ ga(x,y, 5,01 +1g1 (% y, .14,y 2 1)

is the polar form of g shown in the same way as above, here g is quadratic, g; is symmetric
billinear form such that g1(q19) := 2g(q).

Given,

A=z-3cy+g(1,0,03,0)1
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B:= —306y2+81(1705,05370 : 07y7Z7t)t

C.= —y3+g(07)’727t)t-

And substituting g; = (1,A,A13,0),r = (0,y,z,¢) then it give rise to the equation ¢;r € S
asA=B=C=0.

Finally, we now eliminate y,z,# from the equations above considering the highest power
of a.

Therefore it shows that g(1, a, &>,0) := a® + ... = a® because g(0,0,1,0) = 1 hence a® is
a polynomial whose leading coefficient is one with degree 6.

Then A :=0
= A:=z-3a%y+g(l,0,0,0)1.

0:=z— 3a2y+a6t.

Therefore
7= Sazy —a%t.

Also by substituting z in B and then using the bilinearity of g, we get
B:= 30y’ +g(1,a,a>,0;0,1,30%y — ab, 1)t

= b0y2 + byt +b2t2,

where
by := -3«

by := gl(l,a,a3,0;0, 1,3062,0) =60+ ...
by :=gi(1,a,03,0,0,0,—a® 1) := —2a° + ..

And by similar process of substituting z in C and expanding the quadratic form g results
to
C:=—y>+5(0,y,30%y —ab)t

= coy’ + 1yt + coyt* + 3t

where ,
C() =—1

c1 =g(0,1,30%,0:=9a* + ...
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¢r:=g(0,1,302,0;0,0,—a® 1) := —6a® + ...
c3:=g(0,0,—a% 1) :=a'?+ ...

Hence we see that B’ and C' have common zero (1, 7) as stated by Sylvester’s determinant
formula.

Theorem 4.0.7. [Sylvester’s determinant formular]|

Letk be algebraic closed field and suppose given a quadratic and cubic formU,V as,b(U,V) :
boU? +b UV +byV?, c(U,V) := coU? +c1U?V +c,UV? +¢3V3. Then b and ¢ have com-
mon zero (N, 7) € P if and only if,

ap ap az
ap ap az

det ay a; ar |:=0.

bo b1 by b3
bo by by b3

Therefore from our result we have that B’ and C’ have common zero (1, 7) if and only if,

by b1 b
bo b1 b

det by by by |:=0

o €1 €2 C3

o €1 €2 (3

which shows that the determinant is a polynomial in @ and it is easy to see the leading
terms is coming from taking leading terms in the each entry of the determinant and hence

by := —3a,b; := 6a’,by := —2a°

co:=—1,c1:= 9614,02 = —6a8,63 =a'?.
Therefore,
—3a 6a’ —20° 3 6 -2
—3a 60’ —20° 3 6 -2
30 6a° —20a° |:=a" .det 3 6 —2|=a”.
-1 9a* —6a® al? -1 9 -6 1
—1  9a* —6a% a'? -1 9 -6 1
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4.1

Then there are atmost 27 roots if the roots are unique therefore giving a maximum of 27
lines on a smooth cubic surface. O

17+10 Lines on a Smooth Cubic in P3

Proposition 4.1.1. Let ¢ be a line on X. Then there exist exactly five pairs of lines (¢;,(})
such that every pair of lines (;, £;) is coplanar with the line £ and (¢; U€;) N (£;UL,) = OVi # j

Proof. Consider the given line ¢ on X and the plane IT such that ¢ C I1. Then the
intersection IINX is a conic and a line. If [INX the intersection is singular, then it consist
of 3 lines as shown,

Figure 6. Intersection of three straight
line.

Figure 5. Intersection of a conic and a
straight line.

In order to show that there are exactly 5 distinct planes ¢ C I for a singular case we
suppose that £ := (z =t = 0) this is two linear equations z = 0 and ¢ = 0. This defines two
planes so when i set both to 0.

That is the intersection of planes equal to a £ and so i get this line ¢ by change of coordi-
nates.

Therefore, the equation for the plane containing ¢ only contains z and #,(this is an homo-
geneous equation in two variables) and they have to be of the form I1: uz := At, when

u:=0.

Now suppose i # 0 and assume p := 1. Then it implies that z := Ar. By expressing it in
terms of homogeneous coordinates (x,y,7) on the plane I, and rewriting the equation

F(x,y,2,8) = A(z,0)x* + B(z,0)xy + C(z,0)y* + D(z,1)x + E(z,t)y + F(z,1). (1)
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Where A, B,C are linear forms in (z,¢), D, E are quadratic in (z,7) and F is cubic form in

(z,1).

Replacing z with At we get;
A(At,t) =tA(A,1),B(At,t) =tB(A,1),C(At,t) =tC(A,1);

D(At,1) =t?D(A,1),E(At,t) =1*E(A, 1)

And
F(At,t) =PF(A,1).

Hence we have restricted this equation to a plane Il. Substituting everything in 1 above
and dividing out by r we get an equation say g, where

g::Ax2—|—Bxy+Cy2+Dtx+Ety+Ft2. (2)

By taking this equation as the conic in x and y then it becomes singular when the discrim-
inant is zero and we will get the rest of intersection which is now exact the conic which
degenerate into two lines when the conic is not smooth.

Therefore, we check degeneracy by checking the smoothness g,,gy and g;;

gx 2A° B D| |x
g| =B 2C E| |y
Z D E 2F| |t

The discriminant denoted by A is a polynomial g of degree 5 in (z,7),

A(z,t) := 4ACF + BDE — AE* —B*F —CD* := 0 3)
It has zero exactly 5 times with multiplicity.

To prove the claim, it suffices to show that this has simple roots. Thus every such root A
will give the plane IT; through the line ¢ such that [Ty N X consist of three lines.

By the simpleness of the roots of g, 5 such planes exist and hence every line £ on X intersect
with exactly 10 lines. [l

Proposition 4.1.2. There are atleat 5 disjoint pairs of lines (¢;, ;) which intersects with the
line ¢ and any other linen C X will meet exactly one of ¢; and (. fori:=1,2,3,4,5. A linen
will intersect the plane IT in P3, I1; N X := (U ¥; UL} showing that n intersect one of the lines
and it cannot intersect all since the lines which intersect ¢ are found, therefore n intersect ¢;
or ¢} and it cannot intersect both because it will lie on the plane I1; and the intersection of I1;

and X will give four lines.
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Proposition 4.1.3. Ifthere are4 disjoint lines (1, 0>, 3,04 inP> then they lie on the quadratic
and have an infinite number of lines intersecting all lines or they do not lie on a quadric and

have one or two.

Proof. Let/y,{,, {3 be disjoint lines then through them there always passes a smooth
quadric Q. The quadric has two set of lines Ji,J;, since ¢, ¢5,¢3 are disjoint they belong
to one set of lines J; and every line which intersects all the three lines on Q and belong
to J, hence /4 is disjoint and lie on Q and it belongs to J; and the infinite family of lines
Jo> will all intersect the four lines. When ¢4 does not lie on Q then the line /4 intersects
the Q in one or two points and the lines from J, passing through these points intersect all

the four lines.

Finally, let £ and m be two disjoint lines on X then every pair (¢;,¢}),i=1,2,3,4,5 which
intersects ¢ and one of them intersects m. Now let ¢; intersect both ¢ and m then m inter-
sects with the pairs (¢;,¢!),l = 1,2,3,4,5. Thus gives 17 lines on X that is ¢,m, the 5 lines
intersecting both, 5 lines which intersect only / and 5 lines which intersect only m of the

pair as shown below,

/ T / 05
4 /
/|
\
N N

\E’l’ m \ vl

Figure 7. Configuration of lines on X; C IP3.

0

/|
\

Any line £ € X not included in the 17 lines as above will intersect 3 of the lines 1,42, (3,04, (5.

Here, there are no 4 of the lines that will lie on a quadric because then X would be re-
ducible.

Line n cannot meet more than 3 of the lines ¢; since it will be ¢ or m by proposition 4.1.3.

If it intersect with less than 3 of the lines ¢; then it will intersect with 3 or more of /;.
Therefore,it means either 05, 40}, U or {1,050}, (5 but then £ and ¢] intersect these four
and through the same argument in proposition 4.1.3, n can not intersect all four lines.

Therefore n intersect 3 of lines.

The combination of all the tree lines of ¢; gives a line not contained in the 17 found lines.
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There are 10 lines intersecting ¢; by proposition 4.1.3, Only four lines ¢, ¢/, ¢] ,m are found
showing that there are 6 more by above, each one of them will intersect 2 lines ¢, ¢3, ¢4, (5.

Hence there are only 6 possibilities therefore they all occur.

Now by adding all the lines found it gives line ¢ and line m the 15 lines ¢;,¢., ¢! for
i=1,2,3,4,5 and G) := 10 of the intersecting ¢;,{;,/; lines where i # j # k where
i,j,k=1,2,3,4,5. Thus gives 27 lines of a maximum 27 and hence all the lines are found.

6+15+6 Lines on a Smooth Cubic in P

In this section, we give an alternative enumeration of the 27 lines on a smooth cubic
surface by counting strict transforms in the blow-up map

. o) >
Bﬁ{pl7”'7p6} : Bg{p177p6}]P) —-——> IP) .

Proposition 4.2.1. The space of smooth cubics surfaces in P*is a dense open U C P'°.

Sketch Proof. The vector subspace

3 _ 7.3 3 3 3 2 2 2 2 2 2 2 2 2 2 2 2
C |:]P)[xi]i|3 —< 0> xl, XZ, X3, xOx1, xox2, xOX3, xoxl, )C()XZ, XOX3, x1x2, xl)C3, XIXZ, X]X3, XZX3, .XZX3, X0X1X2,

~ 20
X0X1X3, XoXx2x3, x1x2x3) = Cpppy

is spanned by 20 degree 3 monomials in C [PFX .]] = Clxo,x1,x2,x3]. Now the projective
space of the vector subspace

3 _ 3 * ~mol9 _ 19 18
p(C|B},] 3> =C |}, L M0H/C =P, = C(@ o )Y Pt i)
up ug T ug
By setting U = C!2 , the result follows from the embedding U — P[llz}. ]

up g
<“0’Mo""’ U )
Remark 4.2.2. Let U be as in Proposition 4.2.1 and a subset M C U x G(2,4) consisting of

pairs (X, £) of a smooth cubic X and a Line { on it. We would like to understand the incidence
correspondence from the projection

(X,0)—¢
—

T:M U

The goal of the thesis is equivalent to counting the number of inverse images of T, that is,
showing that 7 is a 27 : 1 map, 27-sheeted covering map.

Theorem 4.2.3. There are 27 lines on a smooth complex cubic surface.
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Proof . Itisinteresting to see the lines on a cubic surface X in a picture of 3.3.1. In which
we think of X as a blow up of P? in 6 points. It turns out that the 27 lines correspond to
the following curves that we already (and that are all isomorphic to P!).

« the 6 exceptional hypersurfaces.

« the strict transforms of the := 15 lines through two of the blown up points.
2
, 6 , ,
« the strict transforms of the := 6 conics through five of the blown up points.
2

In fact; it is easy to check by the above explicit description of the isomorphism of X with
the blow up of P? that these curves on the blow-up actually correspond to lines on the
cubic surface.

It is also interesting to see again in this picture that every such line meets 10 of the other
lines as mentioned in Remark 3.2.2.

Every exceptional hypersurface intersects the 5 lines and the 5 conics that pass through
this blown-up point.

Every line through two of the blown-up points meet.

« the 2 exceptional hypersurface of the blown up points.

4
« the := 6 lines through two of the four remaining points.

2

« the 2 conics through the four remaining points and one of the blown up points.

Every conic through five of the blown up points meet the 5 exceptional hypersurface at
these points, as well as the 5 lines through one of these five points and the remaining
point. [
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