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Abstract

The concept of finite mixture has contributed immensely in search of more flexible dis-
tributions that are in a position to capture data heterogeneity. One parameter Lindley
distribution as the first case of a finite mixed gamma distribution has been generalized
up to five parameters and goodness of fit measures done. Based on the available litera-
ture, Lindley and its generalizations has been extensively applied in modeling of lifetime
data. Generalized cases of Lindley distribution prove to be more flexible than one param-
eter Lindley in modeling lifetime data. However, Lindley and its generalizations have not
been extensively compared to other finite gamma mixtures. In this project, the goal is
to study finite gamma mixtures and their applications to lifetime data. Similarly, finite
gamma mixtures have been constructed up to three component and their statistical prop-
erties studied.

Selected constructed finite gammamixtures were fitted to a lifetime data regarding carbon
fiber breaking stress recorded by Nichols and Padget (2006). The model parameters were
estimated using method of moments (MOM) and maximum likelihood (MLE) techniques.
The results of one parameter selected distributions proved that Suja, Rama, Aradhana, Su-
jatha, Akash and Shanker were better fit than Lindley distribution. Based on the selected
distributions two parameter, it was established that QSD, AG2PAD, QAD, AG2PSD were
more flexible than AG2PLD while G2PSD performed worse than AG2PLD. Based on the
selected three parameter distributions fitted, AG3PLD was a better fit than AG3PAD and
AG3PSD.
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1 GENERAL INTRODUCTION

1.1 Background Information

A finite mixed distribution is a convex combination of two or
more density functions of different random variables. Com-
bining two ormore probability density functions enhance flex-
ibility of the mixed distribution in analyzing complex data.
Mixed distributions have wide application in statistical anal-
ysis such as survival analysis, classification, modeling among
others. The concept of finite mixed distributions was first en-
countered in modeling of outliers through combining obser-
vations primarily to have the best outcome (Newcomp, 1886).
The second incidence of finite mixed model is the combina-
tion of two univariate Gaussian distributions (Pearson, 1894).
MOMEwas applied in the estimation of the newly constructed
distribution.

Vardi et al. (1985) applied finite Poisson mixtures on Positron
emission tomography (PET) to study occurrence of emissions
in a single line in photon detectors. The estimation meth-
ods in photon detectors were maximum likelihood estimation,
least square estimation and method of moment estimation.
Another case of finite mixed distribution is a finite mixture
of multivariate Poisson distribution introduced by Karlis and
Meligkotsidou (2007) as an alternative model to fit count data.
The proposed model was flexible to allow estimation of pa-
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rameters in over-dispersed data.

The first incidence of finite gamma mixture in search of flexi-
ble probability distributions to fit a lifetime data was encoun-
tered by Lindley (1958) one parameter Lindley distribution.
One parameter Lindley distribution is derived from a combi-
nation of Gamma (1,θ ) and Gamma (2,θ ) through the con-
cept of finite mixtures. Ghitany et al. (2008) further discussed
statistical properties of LD. Further it was proved that one pa-
rameter Lindley distribution was a better fit than the expo-
nential distribution. Exponential distribution has a constant
hazard function thus unable to model different shapes of haz-
ard functions (increasing, decreasing and bathtub).

The concept of finite mixture leads to development of flexible
distributions to model different shapes of hazard function. In
this research project, we shall provide a comprehensive work
on finite gamma mixtures application on lifetime data.
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1.2 Definitions, Notations and Terminologies

Definitions

Generalization : This is a concept of constructing a new dis-
tributionwithmore parameters than the original onemainly
to increase the model flexibility in order to accommodate
more data.

Finite Mixture: A k-component finite mixture is defined as;

f (x) =
k

∑
j=1

ω j f j(x|ϑ j) (1.1)

whereω j > 0 and∑
k
j=1 ω j = 1 and f j(x|ϑ j) is the jth compo-

nent pdf. Further, ω j is a vector of mixing weights or mixing
probabilities and ϑ is the parameter vector of the jth com-
ponent. There are three sets of parameters to be estimated.
To begin with, if k, ω and ϑ are unknown then they have
to be estimated. If only k is known then ω and ϑ are esti-
mated. Lastly, if k and ω are known only ϑ is estimated.
A finite mixture is also known as mixed distribution

Survival function : Survival function is denoted by S(x)which
is known as the probability of an individual to survive be-
yond say time x.

hazard function : hazard function is denoted by h(x) which
is the instantaneous rate that an event occurs.

Equilibrium distribution: This is mathematical function
that is useful in evaluating a lifetime of a random variable
say x at given period say t .
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Mean excess loss : It is denoted as m(x) that is mean of ran-
dom variable say x which represents remaining lifetime of
a given lifetime process.

Notations

1. Γα : This is a representation of an ordinary gamma func-
tion.

2. Γ(α,y): This is a representation of upper incomplete gamma
function.

3. γ(α,y): This is a representation of lower incomplete gamma
function.

4. Φ(α,y): This is a representation of lower incomplete gamma
function ratio.

5. ϑ(α,y): This is a representation of upper incomplete gamma
function ratio.

6. S(x): Is the survival probability

7. h(x): Is the hazard function

8. fl(x): Pdf of the excess loss function.

9. m(x): Mean residual lifetime (mean excess loss).

10. fe(x): Equilibrium distribution.

11. Se(x): Survival function based on the equilibrium distribu-
tion.

12. he(x): hazard function of the equilibrium distribution.

13. P(.): Probability of an event to occur.
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Terminologies

Pdf : Probability Density Function

Cdf : Cumulative Density Function

MLE : Maximum Likelihood Estimation

MOME : Method of Moment Estimation

QSD : Quasi Sujatha distribution

QLD : Quasi Lindley distribution

NQLD : NewQuasi Lindley distribution

LD : Lindley distribution

ED : Exponential distribution

AG2PAD : A generalized two parameter Aradhana distribu-
tion

QAD : Quasi Aradhana distribution

AG2PSD : A Generalized two parameter Sujatha distribution

AG2PLD :A Generalized two parameter Lindley distribution

G2PSD : Generalized two parameter Shanker distribution

AG3PLD : A generalized three parameter Lindley distribu-
tion

AG3PAD : A generalized three parameter Aradhana distribu-
tion

AG4PLD : A generalized four parameter Lindley distribution

AG5PLD : A generalized five parameter Lindley distribution
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G2PAD : Generalized two parameter Akash distribution

G3PAD : Generalized three parameter Akash distribution

G3PSD : Generalized three parameter Shanker distribution

AG2PRD : A generalized two parameter Rama distribution

AG3PRD : A generalized three parameter Rama distribution

1.3 Research Problem

Lindley (1958) introduced one parameter Lindley distribution
as a two component finite gamma mixture (k = 2). Studies
have been done on Lindley and its generalizations in terms
of goodness of fit measures . However, Lindley and its gen-
eralizations have not been compared to other finite gamma
mixtures. The problem in the study is to construct other finite
gammamixtures up to three components (k = 3) and compare
accuracy measures with Lindley and its generalizations.

1.4 Objectives of the Study

1. The broad objective of the study is to study finite gamma
mixtures and their applications.

2. To construct finite gamma mixtures and study their statis-
tical properties.

3. To estimate parameters of selected distributions from 2 above
using MOME and MLE methods.

4. To compare goodness of fit measures of the fitted distribu-
tions in 3 above.
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1.5 Methodology

In this section, we discuss mathematical tools to be employed
in the research.

Special functions: The following highlighted special functions
will be used in the research.

• A gamma function is denoted by Γ(α) is defined as;

Γ(α) =
∫

∞

0
xα−1e−xdx; α > 0 (1.2)

• An incomplete upper gamma function is denoted byΓ(α,y)
is defined as;

Γ(α,y) =
∫

∞

y
xα−1e−xdx; α > 0 (1.3)

• incomplete lower gamma function denoted by γ(α,y) is
defined as;

γ(α,y) =
∫ y

0
xα−1e−xdx; α > 0 (1.4)

• An incomplete upper gamma function ratio denoted by
Γα(y) is defined as;

ϑ(α,y) =
Γ(α,y)
Γ(α)

=
1

Γ(α)

∫
∞

y
xα−1e−xdx; α > 0

(1.5)

• An incomplete lower gamma function ratio denoted by
Φ(α,y) is defined as;

Φ(α,y) =
γ(α,y)
Γ(α)

=
1

Γ(α)

∫ y

0
xα−1e−xdx; α > 0 (1.6)
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We can note the following in special functions applied
in the research.

Γ(α,y)+ γ(α,y) = Γ(α)

ϑ(α,y)+Φ(α,y) = 1
lim
y→∞

γ(α,y) = Γ(α,0) = Γ(α)

• let g(y) be a probability density function of a general-
ized two parameter gamma distribution, then g(y) is de-
fined as;

g(y) =
β α

Γ(α)
e−βyyα−1; y > 0,β > 0,α > 0 (1.7)

Reliability analysis functions: For the reliability analysis func-
tions to be considered are survival function and hazard func-
tion.
• Survival function: Let S(x) be the probability of an individual to survive beyond time

x or the event of has not occurred by time x. Survival function S(x) given as;

S(x) = P(X > x)

= 1−P(X ≤ x)

S(x) = 1−F(x) (1.8)

• hazard function: Let h(x) be a conditional density, provided that the event that the
researcher is interested in has not yet occurred prior to time say x.hazard function h(x)
is given by;

h(x) = lim
∆x→0

P(x ≤ X ≤ x+∆x|X > x)
∆x

= lim
∆x→0

P(x ≤ X ≤ x+∆x,X > x)
∆xP(X > x)

= lim
∆x→0

P(x ≤ X ≤ x+∆x)
∆xS(x)

=
1

S(x)
lim

∆x→0

P(x ≤ X ≤ x+∆x)
∆x

moreover,

h(x) =
f (x)
S(x)

(1.9)
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Excess loss functions: The following excess loss functions
to be used in the study are:-
• Pdf of excess loss distribution

The pdf of excess loss function denoted by fl(x) is given as;

P(X > z) =
∫

∞

z
f (x)dx

1−P(X ≤ z) =
∫

∞

z
f (x)dx

1−F(z) =
∫

∞

z
f (x)dx

1 =

∫
∞

z f (x)dx
1−F(z)

fl(x) =
f (x)

1−F(z)
; x > z (1.10)

• Mean excess loss (Mean residual lifetime)
Mean excess loss of a random variable X denoted by m(x) is given as;

m(x) = E[T − x|T > x]

=
∫

∞

x
(t − x)

f (t)
1−F(x)

dt

=
1

1−F(x)

∫
∞

x
(t − x) f (t)dt

where f (t) = −dS(t)
dt and then;

=
1

1−F(x)

∫
∞

x
(t − x)

(
−dS(t)

dt

)
dt

=
−1

1−F(x)

∫
∞

x
(t − x)dS(t)

Using integration by parts technique we have the following;

u = (t − x) =⇒ du = dt

dv = dS(t) =⇒ v = S(t)

=− −1
1−F(x)

[(
(t − x)S(t)

)∞

x
−

∫
∞

x
S(t)dt

]
=

−1
1−F(x)

[
0−

∫
∞

x
S(t)dt

]
=

∫
∞

x S(t)dt
1−F(x)

=
1

1−F(x)

∫
∞

x
S(t)dt

m(x) =
1

1−F(x)

∫
∞

x
(1−F(t))dt (1.11)
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• Equilibrium distribution
By definition, the expected value of X is defined as;

E(x) =
∫

∞

0
x f (x)dx

=
∫

∞

0
x
(
−dS(x)

dx

)
dx

=−
∫

∞

0
xdS(x)

Using integration by parts technique then;

u = x =⇒ du = dx

dv = dS(x) =⇒ v = S(x)

=−
[

xS(x)|∞0 −
∫

∞

0
S(x)dx

]
=−

[
0−

∫
∞

0
S(x)dx

]
E(x) =

∫
∞

0
S(x)dx

1 =

∫
∞

0 S(x)dx
E(x)

therefore;

fe(x) =
S(x)
E(x)

; x > 0 (1.12)

• survival function of the equilibrium distribution
Se(x) of the equilibrium distribution is given by the following relation;

Se(x) =
1

E(x)

∫
∞

x
S(t)dt (1.13)

• hazard function based on the equilibrium distribution
hazard function of the equilibrium distribution is denoted by he(x) and is given as;

he(x) =
fe(x)
Se(x)

(1.14)
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Alternatively, hazard function of the equilibrium distribution is obtained as inverse of
the mean residual lifetime. From Eq.1.12 and Eq.1.13 the inverse is obtained as;

=
S(x)
E(x)

1∫
∞

x
S(t)
E(x)dt

=
S(x)∫

∞

x S(t)dt

=
1∫

∞

x
S(t)
S(x)dt

=
1∫

∞

x (1−F(t))dt
1−F(x)

=
1

1
1−F(x)

∫
∞

x (1−F(t))dt

Therefore;

he(x) =
1

m(x)
(1.15)

rth Moment technique: The rth moment is defined as;

E(X r) =
∫

∞

−∞

xr f (x)dx (1.16)

Mgf Technique: The mgf of a random variable X is defined
as;

Mx(t) = E(etx) (1.17)

Where E(x) = MI
x(0) and E(x2) = MII(0) Using mgf tech-

nique, the rth moment is defined as;

E(X r) =
dr

dtr Mx(t)|t=0

Method of Moment Estimation (MOME)

Maximum Likelihood Estimation (MLE)
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1.6 Literature Review

1.6.1 Lindley Distribution and its Generalizations

Lindley (1958) introduced one parameter Lindley distribution
as a two component mixed distribution of Gamma (1,θ ) and
Gamma (2,θ ) through finitemixture conceptwithmixing prob-
ability as ω = θ

θ+1 . Further Ghitany et al. (2008), discussed
statistical properties of one parameter Lindley distribution.
The parameter of the introduced LDwas estimated usingmax-
imum likelihood estimation method. The proposed one pa-
rameter LD was applied on both simulated data (N = 10,000
times) and real time data on waiting times of 100 bank cus-
tomers. LD proved to be a better fit than exponential distribu-
tion (Gamma (1,θ )). Therefore, One parameter Lindley distri-
bution was more flexible than exponential distribution.

A generalized three parameter Lindley distribution (Case 1)
was introduced by Zakerzadeh and Dolati (2009) as a two-
component finitemixed distribution ofGamma (α,θ ) andGamma
(α +1,θ ) with mixing weight as ω = θ

θ+γ
. Statistical proper-

ties such as order statistics and random variable generation
were discussed. The parameters of the distribution were es-
timated using maximum likelihood estimation. The distribu-
tion was fitted to two data sets on failure rates of 15 electronic
components and 25 100-centimeters yarn specimens. The gen-
eralized three parameter Lindley distribution was established
to be best fit among log-normal, weibull and Gamma (α,θ )
distributions.
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Deniz and Ojeda (2011) proposed a discrete LD through repa-
rameterization. Properties such as reversed hazard rate, fisher’s
information about λ , moments and related measures (skew-
ness and kurtosis) among others of a discrete LD were dis-
cussed. The discrete Lindley distribution was estimated using
MLE technique and it proved to be a better fit than poison dis-
tribution.

AG2PLDwas proposed and introduced by Shanker et al.(2013c)
as a mixed distribution of Gamma (1,θ ) and Gamma (2,θ )
through finite mixture concept withmixing proportion as ω =

θ

θ+α
. Statistical properties such as stochastic ordering, mo-

ments, kurtosis, skewness, hazard function and mean resid-
ual lifetime (MRL) were discussed. Parameter estimation was
done usingMLE technique. A generalized two-parameter Lind-
ley distribution (AG2PLD) proved to be a better fit than LD
when applied on both lifetime data.

Shanker andMishra (2013 a) proposed and introduced a quasi
Lindley distribution (QLD) as a two component finite gamma
mixed distribution of Gamma (1,θ ) and Gamma (2,θ ) with
mixing proportion as ω = α

α+1 . Statistical properties such as
stochastic orderings, failure rate, mean residual lifetime and
moments were discussed. The model was fitted to two sets of
data. The data sets were on survival times of 72 guinea pigs
that were exposed to virulent tubercle bacterial and grouped
mortality data of blackbird species. QLD was a better fit than
LD.
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Similarly, another form of QLD was proposed by Shanker and
Amanuel (2013) as a two component mixed distribution of
Gamma (1,θ ) and Gamma (2,θ ) with mixing weight as ω =

α

θ 2+α
. The properties stochastic orderings, moments, kurto-

sis, skewness failure rate, mean deviations, Lorenz curve and
mean residual lifetime were discussed. New QLD was fitted
to survival data in days of 72 guinea pigs, waiting times of
100 bank customers and grouped mortality data. The study
proved that new QLD is a better fit than QLD for modeling
both survival and waiting times data.

Another case of a generalized two parameter Lindley distri-
bution was introduced by Shanker and Mishra (2013 b). The
two parameter Lindley distribution is two component finite
gammamixed distribution of Gamma (1,θ ) and Gamma (2,θ )
withmixing weight as ω = αθ

αθ+1 . Statistical properties such as
stochastic orderings, moments, failure rate and mean residual
lifetime were discussed. The distribution was fitted to both
survival and waiting times data sets with estimation tech-
nique as maximum likelihood and method of moments. Evi-
dently, the two parameter Lindley distribution wasmore flexi-
ble than LD in modeling both survival and waiting times data.

Al-Babtain et el. (2015) introduced two cases of a generalized
four parameter Lindley distribution as special cases of a gener-
alized five parameter Lindley distribution. Case 1 version of a
generalized Lindley distribution was introduced as a two com-
ponent finitemixed distribution of Gamma (α,θ ) andGamma
(β ,θ ) withmixing proportion asω = θ

θ+k . Similarly, case 2 ver-
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sion of a generalized four parameter Lindley distribution was
introduced as a finite mixed distribution of Gamma (α,θ ) and
Gamma (β ,θ ) with mixing weight as ω = θ

θ+η
. Both statisti-

cal properties and estimation were discussed.

A generalized five parameter Lindley distribution was intro-
duced as a two component finitemixed distribution ofGamma
(α,θ ) and Gamma (β ,θ ) with mixing proportion as ω = kθ

η+kθ

( Al-Babtain et el. 2015). Statistical properties such as sur-
vival function, kurtosis, skewness, hazard rate, reversed haz-
ard rate, lorenz and Bonferroni curves, moments among oth-
erswere discussed. The parameterswere estimated using both
MLE and MOME. The distribution was fitted to lifetime data
on stress breaking of carbon fibers. A generalized five param-
eter Lindley distribution was best fitted among exponential,
LD and AG3PLD.

Another generalized three parameter Lindley distribution (Case
2) was introduced by Shanker et al. (2017) as a two component
finite mixed distribution of Gamma (1,θ ) and Gamma (2,θ )
with mixing proportion as ω = αθ

αθ+1 . Some of the statisti-
cal properties discussed are stochastic orderings, mean devi-
ations, failure rate, mean residual lifetime among others. The
distribution was fitted on survival data in days of 72 guinea
pigs using maximum likelihood estimation technique. Case
2 version of a generalized three parameter Lindley distribu-
tion proved to be a better fit than case 1 version of a general-
ized three parameter Lindley distribution by Zakerzadeh and
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Dolati (2009).

1.6.2 Other two-Component Finite Gamma Mixtures

Akash Distribution and its Generalizations

Shanker (2015a) introduced one parameter Akash distribution
as a two component finite mixed distribution of Gamma (1,θ )
and Gamma (3,θ ) with mixing weight as ω = θ 2

θ 2+2 . Both sta-
tistical andmathematical properties such as moments, Lorenz
curve, mean deviations, stochastic orderings, mean residual
lifetime among others were discussed. Estimation technique
was MLE and MOME. The distribution was fitted to two life-
time data sets. One parameter Akash distribution was well
fitted than LD and exponential distribution.
Another case of one parameter Akash distribution introduced
in discrete Akash (Abebe and Shanker (2018)). properties of
the distribution were estimated using MLE technique and fit-
ted to a lifetime data. Discrete Akash distribution was found
to be of better fit than other discrete distributions such as dis-
crete Lindley , discrete Shanker among others.
Shanker et el. (2018) introduced Aksh distribution with two
parameters as a finite mixed distribution of Gamma (1,θ ) and
Gamma (2,θ ) with mixing probability as ω = αθ 2

αθ 2+2 . Statis-
tical and mathematical properties such as moments, stress-
strength analysis, mean residual lifetime, hazard rate among
others. The distribution was fitted on a failure times of 15
electric components. A generalized two parameter Akash dis-
tribution was found to be best fitted distribution than expo-
nential, one parameter Akash and log-normal distributions.
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Shanker Distribution and its Generalizations

Shanker (2015b) introduced one parameter Shanker distribu-
tion as a finitemixed distribution ofGamma (1,θ ) andGamma
(2,θ ) with mixing probability as ω = θ 2

θ 2+1 . Statistical and
mathematical properties such as Lorenz curve,. order statis-
tics, Renyi Entropy, stochastic orderings, failure rate, mean
residual lifetime among others were discussed. The distribu-
tion was fitted to three types of lifetime data. The lifetime
data are waiting times of 100 bank customers, relief times of
20 patients in minutes and glass strength data of aircraft win-
dow. One parameter Shanker distribution was a better fit than
LD and exponential distribution.

Rama Distribution and its Generalizations

A two component finite mixed distribution of Gamma (1,θ )
and Gamma (4,θ ) with mixing proportion as ω = θ 3

θ 3+6 known
as Rama distribution (Shanker, 2017a). Statistical properties
such as Lorenz curve, failure rate, moments and related mea-
sures, mean deviations, stochastic orderings, stress- strength
analysis and Bonferroni curve. One parameter Rama distri-
bution was fitted to a glass strength data of aircraft window.
The estimation methods were both MOME and MLE. It was
found that one parameter Rama distribution gave a better fit
than other one parameter distributions such as exponential,
LD, Sujatha, Amarendra, Akash, Shanker and Aradhana.
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A generalized two parameter Rama distribution is introduced
as a finite mixed distribution of Gamma (1,θ ) and Gamma
(4,θ ) with mixing probability as ω = αθ 3

αθ 3+6 (Edith et al., 2019).
Mathematical and statistical properties such as Lorenz curve,
mean deviations, moments, skewness, kurtosis, failure rate,
survival function, mean residual lifetime and stochastic order-
ings were constructed. The generalized two parameter Rama
distribution was fitted to a lifetime data of 200 patients that
were diagnosed with hepatitis B during their second hospital
visit to a general hospital located in Eastern Nigeria. The pa-
rameters were estimated using both MLE and MOME. It was
found that a generalized two parameter Rama distribution
provided a better fit than exponential, LD, Shanker, Akash,
two-parameter Akash and Ishita.

Suja Distribution and its Generalizations

A two-component finite mixed distribution of Gamma (1,θ )
and Gamma (5,θ ) with mixing weight as ω = θ 4

θ 4+24 . The dis-
tribution would be called Suja distribution (Shanker, 2017b).
Both statistical andmathematical properties such asmoments
and related measures, Bonferroni and Lorenz curves, failure
rate, mean residual lifetime among others have been discussed.
The introduced distributionwas fitted to a lifetime data (strength
data of aircraft window). Estimation method was MOME and
MLE techniques. The proposed distribution was well fitted
than Akash, Sujatha, Shanker, Devya, Amarendra, LD, expo-
nential and Aradhana distributions.
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Ageneralized two parameter Suja distribution known as "Power
Length-Biased Suja distribution" was introduced (Al-Omari et
al., 2019). Statistical properties were studied. The distribution
was fitted to a lifetime data (failure times of 84 windshield
of an aircraft). The model parameters were estimated using
MLE technique. The power Length-Biased Suja Distribution
(PLBSD) was a better fit than Garima, Rama, Ishita, Sushila,
Suja and length-biased Suja distributions.

1.6.3 Three-Component Finite Gamma Mixtures

Sujatha Distribution and its Generalizations

A three component finite mixture of Gamma (1,θ ), Gamma
(2,θ ) and Gamma (3,θ ) with mixing proportions ω1 =

θ 2

θ 2+θ+2
and ω2 = θ

θ 2+θ+2 known as Sujatha distribution was intro-
duced (Shanker,2016a). Statistical and mathematical proper-
ties such as shapes of the pdf and cdf, moments and related
measures, stochastic orderings, among others were discussed.
The proposed distribution was fitted to three lifetime data sets
(relief data of 20 patients,glass strength data of aircraft win-
dow and tensile strength of 69 carbon fibers recorded in GPa).
The model parameter was estimated using both MOME and
MLE estimation techniques. Sujatha distribution provided a
better fit than exponential, LD, Shanker and Akash distribu-
tions.

Shanker (2016b) introduced a generalized two parameter Su-
jatha distribution as a three component finitemixture ofGamma
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(1,θ ) , Gamma (2,θ ) and Gamma (3,θ ) with mixing probabil-
ities as ω = αθ

αθ+θ+2 and ω2 =
θ

αθ+θ+2 . The generalized two
parameter Sujatha distribution is referred to asQuasi Sujatha
distribution (QSD). Some of the statistical properties derived
are mean deviations, Lorenz and Bonferroni curves, moments
and failure rate. The proposed distribution was fitted to a life-
time data on failure times on 15 electric components using
both MOME and MLE techniques. QSD was found to be a
better fit than WLD, weibull, log-normal, Sujatha, LD, expo-
nential and Gamma distribution.

Another form of a generalized two parameter Sujatha distri-
bution (AG2PSD) was introduced a three component finite
mixture of Gamma (1,θ ), Gamma (2,θ ) and Gamma (3,θ )
with mixing probability as ω1 =

θ 2

θ 2+θ+2α
and ω2 =

θ

θ 2+θ+2α

(Shanker et al., 2017c). The properties of the distribution were
discussed. The two parameter distribution was fitted to a life-
time data sets using both MOME and MLE estimation tech-
niques. AG2PSD provided a better fit than LD, Sujatha, Arad-
hana and Exponential distributions.

Similarly, another form of a generalized two parameter Su-
jatha distribution was introduced as three component finite
mixture of Gamma (1,θ ) , Gamma (2,θ ) and Gamma (3,θ )
with mixing proportions as ω1 =

θ 3

θ 3+αθ+2α
and ω2 =

αθ

θ 3+αθ+2α

(Shanker, 2020). The generalized two parameter Sujatha dis-
tribution is known asNewQuasi Sujatha distribution (NQSD).
Statistical properties derived were mean deviations, kurtosis,
stochastic orderings, skewness, Lorenz and Bonferroni curves,
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moments among others were discussed. The distribution was
fitted to a lifetime data (on tensile strength of 69 carbon fibers)
using MLE and MOME techniques. NQSD provided a bet-
ter fit than QSD, exponential, LD and Sujatha distribution in
modeling lifetime data.

Aradhana Distribution and its Generalizations

A three component finite mixed distribution of Gamma (1,θ ),
Gamma (2,θ ) and Gamma (3,θ ) with mixing probabilities as
ω1 =

θ 2

θ 2+2θ+2 and ω2 =
2θ

θ 2+2θ+2 (Shanker, 2016c). Properties
such as mean deviations, skewness, index of dispersion, Bon-
ferroni and Lorenz curves, stochastic orderings, order statis-
tics, stress-strength analysis were discussed. The introduced
distribution was fitted to lifetime data sets using both MOME
and MLE estimation techniques. One parameter Aradhana
distribution was found to be a better fit than exponential, LD,
Akash and Shanker distributions.

Weldon and Shanker (2018) introduced a generalized two pa-
rameter Aradhana distribution (AG2PAD) as a finite mixed
distribution of Gamma (1,θ ), Gamma (2,θ ) andGamma (3,θ )
withmixing proportions asω1 =

θ 2

θ 2+2αθ+2α
andω2 =

2αθ

θ 2+2αθ+2α
.

Mathematical and statistical andmathematical propertieswere
discussed. AG2PAD was fitted to a lifetime data using MLE as
the main estimation method. AG2PAD was a better fit than
QSD, Aradhana, LD and exponential distributions.
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Similarly, another form of generalized two parameter distribu-
tion was introduced as a three component finite finite mixture
of Gamma (1,θ ), Gamma (2,θ ) andGamma (3,θ ) withmixing
proportions as ω1 =

θ 2

θ 2+2αθ+2α
and ω2 =

2αθ

θ 2+2αθ+2α
. The dis-

tribution is known asQuasi Aradhana distribution (Shanker et
al.,2018). Vital statistical and mathematical properties such
as CDF and PDF shapes of varying parameters, Lorenz and
Bonferroni curves, moments and related measures, stochastic
orderings, reliability measures and mean deviations were de-
rived and discussed. QAD was fitted to a lifetime data on fail-
ure times of 15 electronic components using both MOME and
MLE estimation techniques. QAD provided a better fit than
exponential, LD, Weibull, Aradhana, Gamma, log-normal and
exponentiated exponential distribution.

1.7 Significance of the Study

1. There are data that do not fit to the already known dis-
tributions. As such, finite gamma mixed distributions are
applied to fit such data.

2. Finite gamma mixtures have been used as mixing distribu-
tions to come up with more flexible distributions.

3. Generalizing a finite gamma mixed distribution increases
flexibility of the distribution. A flexible model capable in
capturing heterogeneity in the data.

4. Finite gamma mixtures play a significant role in reliability
analysis in engineering to understand failure rate of a ma-
chine.

5. Finite gamma mixtures can be used to study frequency of
insurance claims within a given period.
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2 TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Lindley Distribution)

2.1 Introduction

A two component finite gamma mixture a case of Lindley dis-
tribution and its generalizations is considered in this chapter.
We shall construct and derive statistical properties of Lindley
distribution and its generalizations. The mixed distribution is
expressed in terms of pdf and Cdf. Reliability measures such
as hazard function, survival function, mean residual function
(MRL), equilibrium distribution and pdf of excess loss function
have been derived for Lindley distribution and its generaliza-
tions. The moments both about mean and centralized ones
are derived.

2.2 One parameter Lindley distribution

2.2.1 Construction of one parameter Lindley distribution

Proposition 2.2.1. One parameter Lindley distribution is a fi-
nite mixed distribution of Gamma(1,θ ) and Gamma(2,θ ) with
weighing probability asω = θ

θ+1 . The pdf f (x;θ) and CdfF(x;θ)

of one parameter LD are;

f (x;θ) =
θ 2

θ +1
(1+ x)e−θx; (θ +1)> 0,x > 0,θ > 0 (2.1)

F(x;θ) = 1− (θ +θx+1)e−θx

1+θ
; (θ +1)> 0,x > 0,θ > 0

(2.2)
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Proof. Using Eq.1.1, the pdf of LD is obtained as;

f (x;θ) =
θ

θ +1
(θe−θx)+

1
θ +1

(θ 2e−θxx)

=
θ 2

θ +1
e−θx +

θ 2x
θ +1

e−θx

=
θ 2

θ +1
(1+ x)e−θx; (θ +1)> 0,x > 0,θ > 0

The pdf is a shown in Eq.2.1 above.
The Cdf of LD in Eq.2.1 is obtained as shown below;

F(x;θ) =
∫

∞

0
f (x)dx

=
∫

∞

0

θ 2

θ +1
(1+ x)e−θxdx

=
θ 2

θ +1
I1

I1 =
∫

∞

0
(1+ x)e−θx

u = (1+ x) =⇒ du = dx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+ x)
e−θx

θ
− 1

θ

∫
∞

0
−e−θxdx

I1 =−(1+ x)
e−θx

θ
− 1

θ
I2

I2 =
∫

∞

0
−e−θxdx

Let u =−e−θx =⇒ du =−θdx =⇒ du
−θ

= dx
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I2 =
∫

∞

0
−eu du

−θ

I2 =
1
θ

∫
∞

0
eudu

I2 =
1
θ

e−θx

Combining I1 and I2 we have the following

=
θ 2

θ +1

∫
∞

0
(1+ x)e−θxdx

=
θ 2

θ +1
[
−(1+ x)e−θx

θ
− e−θx

θ 2 ]

=
−θ(1+ x)e−θx

1+θ
− e−θx

1+θ

=
−(θ +θx+1)e−θx

1+θ

F(x;θ) = 1− (θ +θx+1)e−θx

1+θ
; (θ +1)> 0,x > 0,θ > 0

The Cdf of LD is as shown in Eq. 2.2.

2.2.2 Reliability Analysis

Proposition 2.2.2. The survival function denoted by S(x,θ)
and hazard function denoted by h(x;θ) of one parameter Lindley
distribution Eq. 2.1 are:

S(x;θ) =
(θ +θx+1)e−θx

1+θ
; (θ +1)> 0,x > 0,θ > 0 (2.3)

h(x;θ) =
θ 2(1+ x)

θ +θx+1
; x > 0,θ > 0 (2.4)
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Proof. Using Eq.1.8, the survival function of LD is obtained
as;

S(x;θ) = 1− (1− (θ +θx+1)e−θx

1+θ
)

=
(θ +θx+1)e−θx

1+θ
; (θ +1)> 0,x > 0,θ > 0

By definition of hazard function Eq.1.9, the hazard function
denoted by h(x;θ) of LD Eq.2.1 is obtained as;

h(x;θ) =
θ 2

θ +1
(1+ x)e−θx (1+θ)

(θ +θx+1)e−θx

=
θ 2(1+ x)

θ +θx+1
; x > 0,θ > 0

2.2.3 Moments and related measures

Proposition 2.2.3. The rth moments of LD about the origin are
obtained using both moment generating technique and methods
of moments are:

µ
1
r ∗=

r!(θ + r+1)
θ r(θ +1)

; r = 1,2,3, · · · (2.5)

Proof. By definition ofmethod ofmoments Eq.1.16, themo-
ment of LD are obtained as;

=
∫

∞

0
xr θ 2

θ +1
(1+ x)e−θxdx

=
θ 2

θ +1

[∫
∞

0
xre−θxdx+

∫
∞

0
xr+1e−θxdx

]
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Using the relation Γα

θ α =
∫

∞

0 tα−1e−θ tdt

∫
∞

0
xre−θxdx =

Γ(r+1)
θ r+1∫

∞

0
xr+1e−θxdx =

Γ(r+2)
θ r+2

=
θ 2

1+θ

[
Γ(r+1)

θ r+1 +
Γ(r+2)

θ r+2

]
=

θ 2

1+θ

[
rΓr
θ r+1 +

(r+1)rΓr
θ r+2

]
=

rΓr(θ + r+1)
θ r(θ +1)

E(X r) =
r!(θ + r+1)

θ r(θ +1)
; r = 1,2,3, · · ·

Similarly, by definition of mgf Eq.1.17, moments about the ori-
gin of LD are obtained as;

Mx(t) =
∫

∞

0
etx θ 2

θ +1
(1+ x)e−θxdx

=
θ 2

θ +1

∫
∞

0
e−(θ−t)x(1+ x)dx

=
θ 2

θ +1

[
1

θ − t
+

1
(θ − t)2

]
=

θ 2

θ +1

[
1
θ

∞

∑
k=0

(
t
θ
)k +

1
θ 2

∞

∑
k=0

(
k+1

k

)
(

t
θ
)k
]

Mx(t) =
∞

∑
k=0

(θ +(k+1))
θ +1

( t
θ

)k

The rth moments of a one parameter Lindley distribution are
obtained as a coefficient of tr

r! of the moment generating func-
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tion mx(t) as;

µ
1
r =

r!(θ + r+1)
θ r(θ +1)

; r = 1,2,3, · · ·

setting r = 1,2,3 and 4 in Eq.2.5 we obtain themoments about
the origin for one parameter Lindley distribution are as:

µ
1
1 =

θ +2
θ(θ +1)

, µ
1
2 =

2(θ +3)
θ 2(θ +1)

µ
1
3 =

6(θ +4)
θ 3(θ +1)

, µ
1
4 =

24(θ +5)
θ 4(θ +1)
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The centralized moments of LD are derived as;

µ1 = µ
1
1

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
2(θ +3)

θ 2(θ +1)
+

(θ +2)2

θ 2(θ +1)2

µ2 =
2(θ +3)(θ +1)− (θ +2)2

θ 2(θ +1)2

µ2 =
θ 2+4θ +2
θ 2(θ +1)2 =⇒ σ

2

µ3 = u1
3−3u1

2u1
1+2(u1

1)
3

µ3 =
6(θ +4)

θ 3(θ +1)
−3(

2(θ +3)
θ 2(θ +1)

θ +2
θ(θ +1)

)+2(
θ +2

θ(θ +1)
)3

=
6(θ +4)(θ +1)2− (θ +1)(6θ 2+30θ +36)+(2θ 3+12θ 2+24θ +16)

θ 3(1+θ)3

µ3 =
2θ 3+12θ 2+12θ +4

θ 3(1+θ)3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

=
24(θ +5)
θ 4(θ +1)

−24(
(θ +4)

θ 3(θ +1)
(θ +2)

θ(θ +1)
)+12(

(θ +2)
θ(θ +1)

(θ +3)
θ 2(θ +1)

)−3(
θ +2

θ(θ +1)
)2

µ4 =
9θ 4+72θ 3+132θ 2+96θ +24

θ 4(θ +1)4

µ4 =
3
(
3θ 4+24θ 3+44θ 2+32θ +8

)
θ 4(θ +1)4

Proposition 2.2.4. Other relatedmeasures such as variation co-
efficient (c.v), skewness (υ1),kurtosis (υ2) and dispersion index
(υ3) of a one parameter Lindley distribution Eq.2.1 are derived
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as:

C.v =

√
θ 2+4θ +2
(θ +2)

(2.6)

υ1 =
2θ 3+12θ 2+12θ +4

(θ 2+4θ +2)
3
2

(2.7)

υ2 =
9θ 4+72θ 3+132θ 2+96θ +24

(θ 2+4θ +2)2 (2.8)

υ3 =
θ 2+4θ +2

θ 3+3θ 2+2θ
(2.9)

The variation coefficient of LD Eq.2.1 is obtained as;

Proof.

C.v =
σ

µ1

=

√
θ 2+4θ +2
θ(θ +1)

θ(θ +1)
θ +2

=⇒
√

θ 2+4θ +2
θ +2

Skewness value Eq.2.7is given as;

υ1 =
µ3

(σ 2)
3
2

=
2θ 3+12θ 2+12θ +4

θ 3(1+θ)3

( θ 2(θ +1)2

θ 2+4θ +2
)3

2 =⇒ 2θ 3+12θ 2+12θ +4

(θ 2+4θ +2)
3
2
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Kurtosis value denoted by υ2 in Eq.2.8is obtained as;

υ2 =
µ4

(µ2)2

=
3
(
3θ 4+24θ 3+44θ 2+32θ +8

)
θ 4(θ +1)4 (

θ 2(θ +1)2

θ 2+4θ +2
)2 =⇒ 3(3θ 4+24θ 3+44θ 2+32θ +8)

(θ 2+4θ +2)2

Dispersion index denoted by υ3 of LD Eq.2.1 is obtained as;

υ3 =
σ 2

µ1
1

=
(θ 2+4θ +2)

θ 2(θ +1)2

(θ(θ +1))
θ +2

=⇒ θ 2+4θ +2
θ(θ +1)(θ +2)

=⇒ θ 2+4θ +2
θ 3+3θ 2+2θ

2.2.4 Excess loss distribution

Proposition 2.2.5. The probability density function of excess
loss distribution fe(x;θ), mean residual lifetime (m(x)), survival
function based on equilibrium distribution Se(x;θ) and hazard
function based on the equilibrium distribution he(x;θ) for one
parameter Lindley distribution Eq.2.1 are:

fl(x;θ) =
θ 2(1+ x)
θ +θz+1

e−(x−z)θ ; x > z (2.10)

m(x) =
θ +θx+2

θ(θ +θx+1)
(2.11)

fe(x,θ) =
θ(θ +θx+1)e−θx

(θ +2)
(2.12)

Se(x;θ) =
1

θ +2
(θ +θx+2)e−θx

(2.13)

he(x;θ) =
θ(θ +θx+1)

θx+θ +2
(2.14)
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Using the relation in Eq.1.10, pdf of excess of LD Eq.2.1 is ob-
tained as;

Proof.

fl(x) =
f (x)
S(z)

; x > z

=
θ 2

θ+1(1+ x)e−θx

θ+θz+1
θ+1 e−θz

=
θ 2(1+ x)e−θx

(θ +θz+1)e−θz

=
θ 2(1+ x)
θ +θz+1

e−(x−z)θ ; x > z

As shown in Eq.2.10.
Applying the relation in Eq.1.11, mean excess loss of LD Eq.2.1
is obtained as;

m(x) =
1+θ

(θ +θx+1)e−θx

∫
∞

x
[
θ +θ t +1

1+θ
]e−θ tdt

=
1

(θ +θx+1)e−θx

∫
∞

x
[θ +θ t +1]e−θ tdt
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Taking the part
∫

∞

x [θ +θ t+1]e−θ tdt and integrating using in-
tegration by parts technique we have;

u = θ +θ t +1 =⇒ du = θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−(θ +θ t +1)
e−θ t

θ
+θ

∫
∞

x

e−θ t

θ
dt

=
e−θx(θ +θx+2)

θ

=
θ +θx+2

θ(θ +θx+1)

As shown in Eq.2.11.

Using the relation Eq.1.12, equilibriumdistribution of LDEq.2.1
is obtained as;

fe(x;θ) =
(θ +θx+1)e−θx

(1+θ)

θ(θ +1)
(θ +2)

=
θ(θ +θx+1)e−θx

(θ +2)

By definition Eq.1.13, survival function based on the equilib-
rium distribution denoted by Se(x;θ) of LD Eq.2.1 is obtained
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as;

Se(x;θ) =

∫
∞

x S(t)dt
E(x)

, x > 0

=

∫
∞

x
(θ+θ t+1)
(1+θ) e−θ t

θ+2
θ(θ+1)

dt

=
θ

θ +2

∫
∞

x
(θ +θ t +1)e−θ tdt

Using integration by parts technique we have:

u = (θ +θ t +1) =⇒ du = θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=
−e−θ t

θ
(θ +θ t +1)+

∫
∞

x

e−θ t

θ
θdt

=

[
−e−θ t

θ
(θ +θ t +1)− e−θ t

θ

]∞

x

=
e−θx

θ
(θ +θx+2)

=
θ

θ +2
e−θx

θ
(θ +θx+2)

Se(x;θ) =
1

θ +2
(θ +θx+2)e−θx

As shown in Eq.2.13 above.
Using the relation Eq.1.14, equilibriumdistribution hazard func-
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tion of LD Eq.2.1 is obtained as;

he(x;θ) =
θ(θ +θx+1)e−θx

(θ +2)
(θ +2)

(θ +θx+2)e−θx =⇒
θ(θ +θx+1)

θx+θ +2

2.3 Two Parameter Lindley Distribution

2.3.1 Construction of Two Parameter Lindley Distribution

Proposition 2.3.1. AG2PLD is a two component finite mixed
distribution of Gamma (1, θ) and Gamma (2, θ) with weighing
proportion ω = θ

θ+β
, pdf and Cdf of AG2PLD are;

f (x;β ,θ) =
θ 2

θ +β
(1+βx)e−θx,θ > 0,β > 0;(θ +β )> 0,x > 0

(2.15)

F(x;β ,θ) = 1−
[

1+
θβx

(θ +β )

]
e−θx,θ > 0,β > 0;(θ +β )> 0,x > 0

(2.16)

The pdf of AG2PLD Eq.2.15 is obtained through the concept
of finite mixture defined in Eq.1.1 as shown below;

Proof.

f (x;β ,θ) =
θ

θ +β
[θe−θx]+

β

θ +β
(θ 2e−θxx)

=
θ 2

θ +β
e−θx +

βθ 2

θ +β
xe−θx

=
θ 2

θ +β
(1+βx)e−θx;θ > 0,β > 0(θ +β )> 0,x > 0



36

As shown in Eq. 2.16.
Remark 2.3.2. AG2PLD is nested with two distributions that
are one parameter LD and exponential distribution at different
values of β .
putting β = 1, a generalized two parameter Lindley distribution
Eq.2.15 turns to one parameter Lindley distribution Eq.2.1 that is
a two-component finite mixed distribution of Gamma(1,θ) and
Gamma(2,θ)
Similarly, putting β = 0 a generalized two parameter Lindley
distribution Eq.2.15 reduces to an exponential distribution.

f (x;θ) = θe−θx; x > 0,θ > 0 (2.17)

This shows that a generalized two parameter Lindley distribu-
tion Eq.2.15 is more flexible than one parameter Lindley dis-
tribution Eq.2.1.

Similarly, the Cdf of AG2PLD Eq.2.15 is obtained as;

F(x,β ,θ) =
∫

∞

0

θ 2

θ +β
(1+βx)e−θxdx

=
θ 2

θ +β

∫
∞

0
(1+βx)e−θxdx

=
θ 2

θ +β
I1
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Where I1 =
∫

∞

0 (1+βx)e−θxdx

du = 1+βx =⇒ du = βdx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =
−e−θx

θ
(1+βx)−

∫
∞

0

−e−θx

θ
βdx

I1 =
−e−θx

θ
(1+βx)− I2

I2 =
β

θ

∫
∞

0
−e−θxdx

Let u =−θx then,

du =−θxdx =⇒ du
−θ

= dx

=
β

θ

∫
∞

0
−eu du

−θ
=⇒ β

θ 2

∫
∞

o
eudu

I2 =
β

θ 2e−θx
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Combining I1 and I2 we have,

I1 =−(1+βx)
e−θx

θ
− β (e−θx)

θ 2

=
θ 2

θ +β

∫
∞

0
(1+βx)e−θxdx

= 1+−θ(1+βx)e−θx

θ +β
− βe−θx

θ +β

= 1− θe−θx −θβe−θx

θ +β
− βe−θx

θ +β

= 1− [
θ +β +θβx

θ +β
]e−θx

F(x;β ,θ) = 1− [1+
θβx

θ +β
]e−θx;θ > 0,β > 0,(θ +β )> 0,x > 0

2.3.2 Reliability Analysis

Proposition 2.3.3. The survival function denoted by S(x;β ,θ)

and hazard function denoted by h(x;β ,θ) for the two parameter
Lindley distribution Eq.2.15 are:

S(x;β ,θ) = (
θ +β +θβx

θ +β
)e−θx;β > 0,θ > 0,(θ +β )> 0,x > 0

(2.18)

h(x;β ,θ) =
θ 2(1+βx)

θ +β +θβx
;β > 0,θ > 0,x > 0 (2.19)

By definition of survival function in Eq.1.8, survival function of
AG2PLD Eq.2.15 is obtained as;
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Proof.

S(x;β ,θ) = 1− [1− [1+
θβx

θ +β
]e−θx]

= 1−1+[1+
θβx

θ +β
]e−θx

= [1+
θβx

θ +β
]e−θx,θ > 0,β > 0,x > 0

As shown in Eq. 2.18. Using the relation Eq.1.9, hazard func-
tion of AG2PLD is obtained as;

h(x;β ,θ) =

θ 2

θ+β
(1+βx)e−θx

(θ+β+θβx
θ+θ

)

=
θ 2(1+βx)

θ +β +θβx
;β > 0,θ > 0,x > 0

As shown in Eq. 2.19.

2.3.3 Moments and related measures

Proposition 2.3.4. In this section, we use both moment gener-
ating function (mgf) and rth moments techniques to get moments
of a generalized two parameter Lindley distribution Eq.2.15. The
expression for the rth moments using both moment generating
function (mgf) and method of moments is given as:

µ
1
r ∗=

r!(θ +β (r+1))
θ r(θ +β )

, f or r = 1,2,3, · · · (2.20)
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Proof. By definition of moments in Eq.1.16, rth moments of
AG2PLD Eq.2.15 are obtained as;

E(X r) =
∫

∞

0
xr θ 2

θ +β
(1+βx)e−θxdx

=
θ 2

θ +β

∫
∞

0
xr(1+βx)e−θxdx

=
θ 2

θ +β

[∫
∞

0
xre−θxdx+β

∫
∞

0
xr+1e−θxdx

]
Using the relation

∫
∞

0 tr−1e−θ tdt = Γr
θ r we have;∫

∞

0
xre−θxdx =

Γ(r+1)
θ r+1

β

∫
∞

0
xr+1e−θxdx = β

Γ(r+2)
θ r+2

=
θ 2

θ +β

Γ(r+1)

θ r+1+ β (Γr+2)
θ r+2

=
θ 2

θ +β
[

rΓr
θ r+1 +

β (r+1)rΓr
θ r+2 ]

=
rΓr(θ +β (r+1))

θ r(θ +β )
; f or r = 1,2,3, · · ·

E(X r) =
r!(θ +β (r+1))

θ r(θ +β )
; r = 1,2,3, · · ·
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Using the relation in Eq.1.17, mgf of AG2PLD is obtained as;

mx(t) =
∫

∞

0
etx θ 2

θ +β
(1+βx)e−θxdx

=
θ 2

θ +β

∫
∞

0
etx(1+βx)e−θxdx

=
θ 2

θ +β
[

1
(θ − t)

+
β

(θ − t)2 ]

=
θ 2

θ +β
[(

1
θ
)

∞

∑
k=0

(
t
θ
)k +(

β

θ 2)
∞

∑
k=0

(
k+1

k

)
(

t
θ
)k]

=
∞

∑
k=0

θ +β (k+1)
θ +β

( t
θ

)k

The none centralized moments of AG2PLD.2.15 are obtained
as a coefficient of tr

r! of the moment generating function mx(t)
as shown below;

µ
1
r =

r!(θ +β (r+1))
θ r(θ +β )

; r = 1,2,3, · · ·

we now obtain the first four moments about the origin of
a generalized two parameter Lindley distribution Eq.2.15 by
putting r = 1,2,3 and 4 in Eq.2.20 as shown below:

µ
1
1 =

(θ +2β )

θ(θ +β )
, µ

1
2 =

2(θ +3β )

θ 2(θ +β )

µ
1
3 =

6(θ +4β )

θ 3(θ +β )
, µ

1
4 =

24(θ(θ +5β ))

θ 4(θ +β )
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The first four moments about the mean are calculated as;

µ1 = µ
i
1

µ2 = µ
1
2 − (µ1

1)
2

=
2(θ +3β )

θ 2(θ +β )
− (

θ +2β

θ(θ +β )
)2

µ2 =
θ 2+4βθ +2β 2

θ 2(θ +β )2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)
3

=
6θ +24β

θ 3(θ +β )
−3

(
(2θ +6β )

θ 2(θ +β )

(θ +2β )

θ(θ +β )

)
+2

(
θ +2β

θ(θ +β )2

)
µ3 =

2θ 3+12βθ 2+12β 2θ +4β 3

θ 3(θ +β )3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)

=
24(θ +5β )

θ 4(θ +β )
−4[

6(θ +4β )

θ 3(θ +β )

θ +2β

θ(θ +β )
]+6[

θ +2β

θ(θ +β )

2(θ +3θ)

θ 2(θ +β )
]−3[

θ +2β

θ(θ +β )
]2

µ4 =
9θ 4+72θ 3β +72θ 2β +60θβ 2−264θβ 3+480θβ 2+24β 4

θ 4(θ +β )4

Proposition 2.3.5. Other relatedmeasures such as variation co-
efficient (c.v), skewness (υ1), kurtosis (υ2) and index of dispersion
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(υ3) are;

C.v =

√
θ 2+4βθ +2β 2

θ +2β
(2.21)

υ1 =
2θ 3+12θ 2β +12θβ 2+4β 3

(θ 2+4βθ +2β 2)
3
2

(2.22)

υ2 =
9θ 4+72θ 3β +72θ 2β +60θβ 2−264θβ 3+480θβ 2+24β 4

(θ 2+4βθ +2β 2)2

(2.23)

υ3 =
θ 2+4βθ +2β 2

θ(θ +β )(θ +2β )
(2.24)

The C.V coefficient In 2.21 is obtained as;

Proof.

C.v =
σ

µ1
1

=

√
θ 2+4βθ +2β 2

θ(θ +β )

θ(θ +β )

θ +2β
=⇒

√
θ 2+4βθ +2β 2

θ +2β

Skewness coefficient υ1 in 2.22 is obtained as;

υ1 =
µ4

(µ2)
3
2

=
2θ 3+12θ 2β +12θβ 2+4β 3

θ 3(θ +β )3 (
θ 2(θ +β )2

θ 2+4βθ +2θ 2)
3
2

=
2θ 3+12θ 2β +12θβ 2+4β 3

(θ 2+4βθ +2β 2)
3
2
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Kurtosis coefficient υ2 in 2.23 is obtained as;

υ2 =
µ4

(µ2)2

=
9θ 4+72θ 3β +72θ 2β +60θβ 2−264θβ 3+480θβ 2+24β 4

θ 4(θ +β )4

(
θ 2(θ +β )2

θ 2+4θβ +2β 2

)2

=
9θ 4+72βθ 3+72βθ 2+60β 2θ 2−264β 3+360β 2+24β 4

(θ 2+4θβ +2β 2)2

Dispersion index υ3 in 2.24 is derived as;

υ3 =
σ 2

µ1
1

=
θ 2+4βθ +2β 2

θ 2(θ +β )2

θ(θ +β )

θ +2β
=⇒ θ 2+4βθ +2β 2

θ(θ +β )(θ +2β )
=⇒ θ 2+4βθ +2β 2

θ 3+3βθ 2+2β 2θ

2.3.4 Excess Loss and Equilibrium Distribution

Proposition 2.3.6. The pdf of excess loss distribution fl(x;β ,θ),
Mean residual lifetime (m(x)), equilibrium distribution fe(x;β ,θ),
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survival function Se(x;β ,θ) and hazard function he(x;β ,θ) are:

fl(x;β ,θ) =
θ 2(1+βx)
θ +β +θβ

e−(x−z)θ ; x > z (2.25)

m(x) =
(θ +2β +θβx)
θ(θ +β +θβx)

(2.26)

fe(x;β ,θ) =
θ(θ +β +θβx)e−θx

2β +θ
(2.27)

Se(x;β ,θ) =
(θ +2β +θβx)e−θx

θ +2θ
(2.28)

he(x;β ,θ) =
θ(θ +β +θβx)
θ +2β +θβx

(2.29)

Proof. Using the relation Eq.1.10, the excess loss pdf of AG2PLD
Eq.2.15 is obtained as;

fl(x;β ,θ) =
f (x)
S(z)

; x > z

=

θ 2

θ+β
(1+βx)e−θx

θ+β+θβ z
θ+β

e−θz
; x > z

=
θ 2(1+βx)
θ +β +θβ

e−(x−z)θ ; x > z

By definition of excess loss distribution Eq.1.11, mean residual
time of AG2PLD Eq.2.15 is obtained as;

m(x) =
θ +β

(θ +β +θβx)e−θx

∫
∞

x

(θ +β +θβ t)e−θ t

θ +β
dt

=
1

(θ +β +θβx)e−θx

∫
∞

x
(θ +β +θβ t)e−θ tdt
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Taking the part
∫

∞

x (θ +β +θβ t)e−θ tdt and using integration
by parts technique we have the following:

u = (θ +β +θβ t) =⇒ du = θβdt

dv = e−θ t =⇒ −e−θ t

θ

=−(θ +β +θβ t)
e−θ t

θ
+

∫
∞

x

e−θ t

θ
θβdt

=−(θ +β +θβ t)
e−θ t

θ
+β

∫
∞

x
e−θ tdt

=−(θ +β +θβ t)
e−θ t

θ
− βe−θ t

θ

=−e−θ t

θ
[θ +β +θβ t +β ]∞x

=
e−θx

θ
(θ +2β +θβx)

=
1

(θ +β +θβx)e−θx

e−θx

θ
(θ +2β +θβx)

=
(θ +2β +θβx)
θ(θ +β +θβx)
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As shown in 2.26. We obtain equilibriumdistribution in Eq.2.27
using the relation defined in Eq.1.12 as;

fe(x;β ,θ) =
S(x)
E(x)

=
(θ +β +θβx)e(−θx)

(θ +β )

θ(θ +β )

θ +2β

=
θ(θ +β +θβx)e−θx

2β +θ

Using the relation in Eq. 1.13, Se(x;β ,θ) in Eq.2.28 is obtained
as;

Se(x;β ,θ) =

∫
∞

x
(θ+β+θβ t)e−θ t

θ+β
dt

θ+2θ

θ(θ+β )

S(t;β ,θ) =
1

θ +β

∫
∞

x
(θ +β +βθ t)e−θ t =

e−θx(θ+2β+θβx)

θ(θ +β )

Se(x;β ,θ) =
e−θx(θ+2β+θβx)

θ(θ +β )

θ(θ +β )

θ +2β

=
(θ +2β +θβx)e−θx

θ +2θ

Applying the formula defined in Eq.1.14, hazard function based
on the equilibrium distribution of AG2PLD 2.29 is obtained as;

he(x;β ,θ) =
θ(θ +β +θβx)e−θx

2β +θ

θ +2β

(θ +2β +θβx)e−θx

=
θ(θ +β +θβx)
θ +2β +θβx

As shown in Eq.2.29.
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Remark 2.3.7. It is noted that mean residual lifetime (MRL)
and hazard function of the equilibrium distribution of AG2PLD
Eq.2.15 satisfy the following;

m(0) =
θ +2β

θ(θ +β )
= µ

1
1

h(x;β ,θ) =
1

m(x)
=

θ(θ +β +βθx)
θ +2β +βθx

2.4 Quasi Lindley Distribution

2.4.1 Construction ofQuasi Lindley distribution

Proposition 2.4.1. Quasi Lindley is a finite mixed distribution
of Gamma (1,θ ) and Gamma (2,θ ) with mixing weight as ω =

α

α+1 , pdf and Cdf of QLD are:

f (x;α,θ) =
θ

α +1
(α +θx)e−θx;α > 0,θ > 0,(α +1)> 0,x > 0

(2.30)

F(x;α,θ) = 1−
[

1+
θx

α +1

]
e−θx;α > 0,θ > 0,(α +1)> 0,x > 0

(2.31)
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Proof. Applying the concept of finite mixtures defined in
Eq.1.1, the pdf of QLD is derived as;

f (x;α,θ) =
α

α +1
(θe−θx)+

1
α +1

(θ 2e−θxx)

=
αθ

α +1
e−θx +

θ

α +1
e−θxx

=
θ

α +1

[
αe−θx + e−θx

θx
]

=
θ

α +1
(α +θx)e−θx

α > 0,θ > 0,(α +1)> 0,x > 0

As shown in Eq.2.30 above.
Remark 2.4.2. Quasi Lindley distribution Eq.2.30 is nested with
two Lindley family distributions at α = 0 and α = θ . Putting
α = θ , the Quasi Lindley Eq.2.30 reduces to a one parameter
Lindley distribution Eq.2.1.
Similarly, putting α = 0 the Quasi Lindley distribution Eq.2.30
reduces to a gamma distribution of the form;

f (x;θ) = θ
2xe−θx; x > 0,θ > 0 (2.32)

Further the Cdf of QLD Eq.2.30 is obtained as;

F(x;α,θ) =
θ

α +1

∫
∞

0
(α +θx)e−θxdx

F(x;α,θ) =
θ

α +1
I1
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Where I1 =
∫

∞

0 (α+θx)e−θxdx using integration by parts tech-
nique we have:

u = (α +θx) =⇒ du = θdx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α +θx)
e−θx

θ
−

∫
∞

0
−e−θxdx

I1 =−(α +θx)
e−θx

θ
− I2

Where I2 =
∫

∞

0 −e−θxdx let u =−θx we have;

u =−θx =⇒ du
−θ

= dx

=
∫

∞

0
−eu du

−θ
=

∫
∞

0

eu

θ
du =

1
θ

∫
∞

0
eudu

I2 =
1
θ

e−θx

Combining I1 and I2 we have ;

I1 =−(α +θx)
e−θx

θ
− e−θx

θ

F(x;α,θ) =
θ

α +1

∫
∞

0
(α +θx)e−θxdx

= 1+−(α +θx)e−θx

α +1
− e−θx

α +1

= 1+−αe−θx −θxe−θx − e−θx

α +1

= 1+−(
α +1+θx

α +1
)e−θx

F(x;α,θ) = 1−
[

1+
θx

α +1

]
e−θx;α > 0,θ > 0,(α +1)> 0,x > 0

As shown in Eq.2.31.
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2.4.2 Reliability Analysis

Proposition 2.4.3. Survival function denoted by S(x;α,θ) and
hazard function denoted by h(x;α,θ) of Quasi Lindley distribu-
tion Eq. 2.30 are;

S(x;α,θ) =

[
1+

θx
α +1

]
e−θx;θ > 0,α > 0,(α +1)> 0,x > 0

(2.33)

h(x;α,θ) =
θ(α +θx)
α +θx+1

;θ > 0,α > 0,x > 0 (2.34)

Proof. Survival function denoted by S(x;α,θ) in Eq.2.33 is
obtained using the relation Eq. 1.8 as;

S(x;α,θ) = 1−F(x)

= 1−
[

1−
[

1+
θx

α +1

]
e−θx

]
=

[
1+

θx
α +1

]
e−θx;θ > 0,α > 0,(α +1)> 0,x > 0

hazard function of QLD presented in Eq.2.34 is derived using
the relation Eq.1.9 as;

h(x;α,θ) =
θ

α+1(α +θx)e−θx[
α+1+θx

α+1

]
e−θx

=
θ(α +θx)
α +θx+1

;θ > 0,α > 0,x > 0

2.4.3 Moments and other measures
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Proposition 2.4.4. Themoments about origin of the Quasi Lind-
ley distribution Eq.2.30 are obtained using both mgf andmoment
technique. The moments are:

µ
1
r ∗=

r!(α + r+1)
θ r(α +1)

, r = 1,2,3, · · · (2.35)

Proof. Using the relation in 1.16, themoments of QLDEq.2.30
are obtained as;

=
θ

α +1

∫
∞

0
xr(α +θx)e−θxdx

=
θ

α +1

[
α

∫
∞

0
xre−θxdx+θ

∫
∞

0
xr+1e−θxdx

]

Using the relation
∫

∞

0 tα−1e−θ tdt = Γ(α)
θ α we have the following;

α

∫
∞

0
xre−θxdx =

αΓ(r+1)
θ r+1

θ

∫
∞

0
xr+1e−θxdx =

θΓ(r+2)
θ r+2

=
θ

α +1

[
αΓ(r+1)

θ r+1 +
θΓ(r+2)

θ r+2

]
=

θ

α +1

[
αrΓr
θ r+1 +

θ(r+1)rΓr
θ r+2

]
=

rΓr
θ r(α +1)

(
α +(r+1)

)
E(X r) =

r!(α + r+1)
θ r(α +1)

,r = 1,2,3, · · ·
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By definition of mgf in Eq.1.17, mgf of a random variable from
QLD is derived as;

=
θ

α +1

∫
∞

0
e−(θ−t)x(α +θx)dx

=
θ

α +1

[
α

(θ − t)
+

θ

(θ − t)2

]
=

θ

α +1

[
α

θ

∞

∑
k=0

(
t
θ
)k +

1
θ

∞

∑
k=0

(
k+1

k

)
(

t
θ
)k
]

mx(t) =
∞

∑
k=0

(α +(k+1))
θ r(α +1)

(
t
θ
)k

The rth moments of Quasi Lindley distribution Eq.2.30 are ob-
tained as a coefficient of tr

r! of the moment generating function
mx(t) as shown below;

µ
1
r =

r!(α +(r+1))
θ r(α +1)

,r = 1,2,3, · · ·

The four moments of a generalizedQuasi Lindley distribution
Eq.2.30 about the origin are obtained by putting r = 1,2,3 and
4 in Eq.2.35 as:

µ
1
1 =

α +2
θ(α +1)

, µ
1
2 =

2(α +3)
θ 2(α +1)

µ
1
3 =

6(α +4)
θ 3(α +1)

, µ
1
4 =

24(α +5)
θ 4(α +1)
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The centralized moments are:

µ1 = µ
1
1 =

α +2
θ(α +1)

µ2 = µ
1
2 − (µ1

1)
2

=
2(α +3)

θ 2(α +1)
−
[

α +2
θ 2(α +1)

]2

µ2 =
α2+4α +2
(θ(α +1))2

µ3 = 2(µ1
1)

2
µ

1
1 −3µ

1
1 µ

1
2 +µ

1
3

µ3 =
2α3+12α2+12α +4

θ 3(α +1)3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

µ4 =
9α4+72α3+132α2+96α +24

θ 4(α +1)4

Proposition 2.4.5. Other relatedmeasures such as variation co-
efficient (C.v), skewness (υ1), kurtosis (υ2) and dispersion index
(υ3) of a Quasi Lindley distribution Eq.2.30 are as;

C.v =

√
(α2+4α +2)

α +2
(2.36)

υ1 =
2α3+12α2+12α +4

(α2+4α +2)
3
2

(2.37)

υ2 =
9α4+72α3+132α2+96α +24

(α2+4α +2)2 (2.38)

υ3 =
α2+4α +2

θ(α +1)(α +2)
(2.39)
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Proof. The variation coefficient 2.36 of QLD Eq.2.30 is ob-
tained as;

C.v =
σ

µ1

= (

√
α2+4α +2
θ(α +1)

)
θ(α +1)

α +2
=⇒

√
(α2+4α +2)

α +2

The skewness coefficient in Eq.2.37 is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2α3+12α2+12α +4

θ 3(α +1)3

[
θ 3(α +1)3

α2+4α +2

]3
2

=⇒ 2α3+12α2+12α +4

(α2+4α +2)
3
2

Kurtosis coefficient 2.38 is obtained as;

υ2 =
µ4

(µ2)2

υ2 =
9α4+72α3+132α2+96α +24

θ 4(α +1)4

[
θ 2(α +1)2

α2+4α +2

]2

=⇒ 9α4+72α3+132α2+96α +24
(α2+4α +2)2

Index of dispersion in Eq.2.39 is obtained as;

υ3 =
σ 2

µ1
1

υ3 =
α2+4α +2
θ 2(α +1)2 ∗ θ(α +1)

α +2

υ3 =
α2+4α +2

θ(α +1)(α +2)

2.4.4 Excess loss distribution
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Proposition 2.4.6. The probability density function of excess
loss distribution fe(x;α,θ), mean residual lifetime (m(x)), sur-
vival function based on equilibrium distribution Se(x;α,θ) and
hazard function based on the equilibrium distribution he(x;α,θ)

for of Quasi Lindley distribution 2.30 are:

fe(x;α,θ) =
θ(α +θx)e−(x−z)θ

(α +1+θz)
; x > z (2.40)

m(x) =
α +θx+2

θ(α +θx+1)
(2.41)

fe(x;α,θ) =
θ(α +θx+1)e−θx

α +2
(2.42)

Se(x;α,θ) =
(α +θx+2)e−θx

α +2
(2.43)

he(x;α,θ) =
θ(α +1)

α +θx+2
(2.44)

Proof. Using the relation in Eq.1.10 we obtain pdf of excess
loss in Eq.2.40 as;

fe(x) =
f (x)
S(z)

, x > z

=
θ

α+1(α +θx)e−θx

(α+1+θz
α+1 )e−θz

fe(x;α,θ) =
θ(α +θx)e−(x−z)θ

(α +1+θz)
; x > z
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By definition of mean residual lifetime in Eq.1.11, mean resid-
ual lifetime of QLD Eq.2.30 in Eq.2.41 is obtained as;

m(x) =
α +1

(α +θx+1)e−θx

∫
∞

x

α +θ t +1
α +1

e−θ tdt

=
α +1

(α +θx+1)e−θx

1
α +1

∫
∞

x
α +θ t +1)e−θ tdt

=
1

(αx+1)e−θx

∫
∞

x
(α +θ t +1)e−θ tdt

Taking the part
∫

∞

x (α +θ t+1)e−θ tdt and using integration by
parts then;

u = (α +θ t +1) =⇒ du = θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−
[
(α +θ t +1)

e−θ t

θ

]∞

x
+

∫
∞

x
e−θ tdt

=−−e−θ t

θ
[α +θ t +2]|∞x

=
e−θx

θ
(α +θx+2)

=
1

(α +θx+1)e−θx

e−θx

θ
(α +θx+2)

m(x) =
α +θx+2

θ(α +θx+1)
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By the definition of equilibrium distribution in Eq.1.12, equi-
librium distribution in Eq.2.42 of QLD Eq.2.30 is obtained as;

fe(x;α,θ) =
(α +θx+1)e−θx

α +1
θ(α +1)

α +2

=
θ(α +θx+1)e−θx

α +2

Equilibriumdistribution survival function in Eq.2.43 is obtained
using the relation in Eq.1.13 as;∫

∞

x
S(t;α,θ)dt =

(α +θx+2)e−θx

θ(α +1)

=
(α +θx+2)e−θx

θ(α +1)
θ(α +1)

α +2

Se(x;α,θ) =
(α +θx+2)e−θx

α +2

hazard function based on the equilibriumdistribution in Eq.2.44
is obtained using the relation Eq.1.14 as;

he(x) =
fe(x)
Se(x)

=
θ(α +θx+1)e−θx

α +2
α +2

(α +θx+2)e−θx

he(x;α,θ) =
θ(α +1)

α +θx+2
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Remark 2.4.7. It is noted that mean residual lifetime and haz-
ard function of the equilibrium distribution satisfy the following;

m(0) =
α +2

θ(α +1)
= µ

1
1

he(x;α,θ) =
1

m(x)
=

θ(α +1)
α +θx+2

2.5 Three Parameter Lindley distribution

2.5.1 Construction of three parameter Lindley distribution

Proposition 2.5.1. AG3PLD is constructed as a finite mixed dis-
tribution of Gamma(1,θ ) and Gamma(2,θ ) with weighing pro-
portion as ω = αθ

αθ+β
, Pdf and Cdf of AG3PLD Eq.2.45 are;

f (x;α,β ,θ) =
θ 2

αθ +β
(α +βx)e−θx;x > 0,β > 0,α > 0,(αθ +β )> 0

(2.45)

F(x;α,β ,θ) = 1− [1+
βθx

αθ +β
]e−θx;x > 0,β > 0,α > 0, (αθ +β )> 0

(2.46)

Proof. The pdf of AG3PLD Eq.2.45 is constructed as a two
component finite mixture using the relation Eq.1.1 as;

=
αθ 2

αθ +β
(θe−θx)+

β

αθ +β
(θ 2e−θxx)

=
θ 2αe−θx

αθ +β
+

θ 2βe−θxx
αθ +β

f (x;α,β ,θ) =
θ 2

αθ +β
(α +βx)e−θx;x > 0, β > 0,α > 0,(αθ +β )> 0
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Remark 2.5.2. A generalized three parameter Lindley distri-
bution Eq.2.45 is nested with six Lindley family distributions at
different values of β and α .
Putting β = θ , AG3PLD reduces to a QLD in Eq.2.30.
Putting β = 1, AG3PLD Eq.2.45 reduces to AG2PLD of the form;

f (x;α,θ) =
θ 2

αθ +1
[
α + x

]
e−θx; x > 0,α > 0,θ > 0,(αθ +1)> 0

(2.47)

Putting α = 1, AG3PLD reduces to AG2PLD Eq.2.15.
Similarly, putting (α = θ , β = α ) AG3PLD Eq.2.45 reduces
to a NQLD of the form;

f (x;θ ,α) =
θ 2

θ 2+α

[
θ

2+αx
]
e−θx; α > 0,θ > 0,(θ 2+α)> 0,x > 0

(2.48)

A generalized new two parameter Quasi Lindley Eq.2.48was in-
troduced by Shanker and Amanuel (2013) as two component fi-
nite mixture of x1 ∼ gamma (1,θ ) and x2 ∼ gamma (2,θ ) with
mixing proportion as ω = α

θ 2+α
.

Putting (α = β = 1) and (α = θ ,β = 0) a generalized three
parameter Lindley distribution Eq.2.45 reduces to one parameter
Lindley distribution Eq.2.1 and gamma (1,θ ) respectively.
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Further the Cdf Eq.2.46 is obtained as;

F(x;α,β ,θ) =
θ 2

αθ +β

∫
∞

0
(αθ +βx)e−θxdx

=
θ 2

αθ +β
I1

I1 =
∫

∞

0
(αθ +βx)e−θxdx

u = (α + xβ ) =⇒ du = βdx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α + xβ )
e−θx

θ
− β

θ

∫
∞

0
−e−θxdx

I1 =−(α + xβ )
e−θx

θ
− β

θ
I2

I2 =
∫

∞

0
−e−θxdx

let u =−θx =⇒ du
−θ

= dx then we have;

I2 =
∫

∞

0

−eu

θ
du

I2 =
e−θx

θ
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Combining I1 and I2 we have the following;

I1 =−(α + xβ )
e−θx

θ
− βe−θx

θ 2

=
θ 2

αθ +β

∫
∞

0
(α + xβ )e−θx

= 1− θ(α + xβ )e−θx

αθ +β
− βe−θx

αθ +β

= 1−
[αθ +β +βθx

αθ +β

]
e−θx;x > 0,β > 0,α > 0,(αθ +β )> 0

2.5.2 Reliability Analysis

Proposition 2.5.3. The survival function denoted by S(x;α,β ,θ)

and hazard function denoted by h(x;α,β ,θ) of a generalized
three parameter Lindley distribution (AG3PLD) Eq.2.45 are;

S(x;α,β ,θ) =
(αθ +β +θβx)e−θx

αθ +β
;x > 0,β > 0,α > 0,(αθ +β )> 0

(2.49)

h(x;α,β ,θ) =
θ 2(α + xβ )

αθ +β +θβx
; x > 0,β > 0,α > 0,θ > 0

(2.50)
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Proof. Using the relation defined in Eq.1.8, survival func-
tion in Eq.2.49 of AG3PLD Eq.2.45 as;

S(x;α,β ,θ) = 1− [1− [
αθ +β +βθx

αθ +β
]e−θx]

=
(
1+

βθx
αθ +β

)
e−θx

=
αθ +β +βθx

αθ +β
e−θx,x > 0,β > 0,α > 0,(αθ +β )> 0

Further hazard function in Eq.2.50 is obtained using the rela-
tion in Eq.1.9 as;

h(x;α,β ,θ) =

θ 2

αθ+β
(α + xβ )e−θx

(αθ+β+θβx)e−θx

αθ+β

=
θ 2(α + xβ )

αθ +β +θβx
, x > 0, β > 0, α > 0

2.5.3 Moments and related measures

Proposition 2.5.4. The moments about the origin for a general-
ized three parameter Lindley distribution in Eq.2.45 are obtained
usingmethod of moments andmoment generating function tech-
nique as;

µ
1
r ∗=

r!(αθ +β (r+1))
θ r(αθ +β )

; r = 1,2,3, · · · (2.51)
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Proof. Using Eq.1.16, the rth moments of AG3PLD are ob-
tained as;

E(X r) =
θ 2

αθ +β

∫
∞

0
xr(α + xβ )e−θxdx

=
θ 2

αθ +β
[α

∫
∞

0
xre−θxdx+β

∫
∞

0
xr+1e−θxdx]

Using the relation
∫

∞

0 tα−1e−θ tdt = Γ(α)
θ α we have the following;

α

∫
∞

0
xre−θxdx =

αΓ(r+1)
θ r+1

β

∫
∞

0
xr+1e−θxdx =

βΓ(r+2)
θ r+2

=
θ 2

αθ +β
[
αrΓr
θ r+1 +

β (r+1)rΓr
θ r+2 ]

=
rΓr

θ r(αθ +β )
(αθ +β (r+1))

=
r!(αθ +β (r+1))

θ r(αθ +β )
; r = 1,2,3, · · ·

Themgf of AG3PLD is obtained using Eq.1.17 as shown below;

mx(t) =
θ 2

αθ +β
[
∫

∞

0
e−(θ−t)x(α + xβ )dx]

=
θ 2

αβ +β
[

α

(θ − t)
+

β

(θ − t)2 ]

=
θ 2

αθ +β

[
α

θ

∞

∑
k=0

(
t
θ
)k +

β

θ 2

∞

∑
k=0

(
k+1

k

)
(

t
θ
)k
]
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The moment generating function of a generalized three pa-
rameter Lindley distribution Eq.2.45 is as;

mx(t) =
∞

∑
k=0

αθ +β (k+1)
θ r(αθ +β )

(
t
θ
)k

(2.52)

The rth moments about the origin for a generalized three pa-
rameter Lindley distribution in Eq.2.45 are obtained as a coef-
ficient of tr

r! in Eq.2.52 as:

µ
1
r =

r!(αθ +β (r+1))
θ r(αθ +β )

;r = 1,2,3, · · ·

The four none centralized moments are;

µ
1
1 =

αθ +2β

θ(αθ +β )
, µ

1
2 =

2(αθ +3β )

θ 2(αθ +β )

µ
1
3 =

6(αθ +4β )

θ 3(αθ +β )
, µ

1
4 =

24(αθ +5β )

θ 4(αθ +β )
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The centralized moments of a generalized three parameter
Lindley distribution are obtained as;

µ1 = µ
1
1 =

αθ +2β

θ(αθ +β )

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
α2θ 2+4αβθ +2β 2

θ 2(αθ +β )2

µ3 = 2(µ1
1)

2
µ

1
1 −3µ

1
1 µ

1
2 +µ

1
3

µ3 =
2α3θ 3+12α2βθ 2+12αβ 2θ +4β 3

θ 3(αθ +β )3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

µ4 =
9θ 4α4+72α3θ 3β +132α2β 2θ 2+96αβ 3θ +24β 4

θ 4(αθ +β )4

Proposition 2.5.5. Other related measures such as variation
coefficient (C.v),skewness (υ1), kurtosis (υ2) and dispersion in-
dex (υ3) of a generalized three parameter Lindley distribution
Eq.2.45 are obtained as:

C.v =

√
α2θ 2+4αβθ +2β 2

αθ +2β
(2.53)

υ1 =
2α3θ 3+12α2βθ 2+12αβ 2θ +4β 3

(α2θ 2+4αβθ +2β 2)
3
2

(2.54)

υ2 =
(72β 2θ +24αβ 2θ +36αβθ 2+12α2βθ 2−84β 2−12αβθ −3α2θ 2)(αβ +β )2

(α2θ 2+4αβθ +2β 2)2

(2.55)

υ3 =
α2θ 2+4αβθ +2β 2

θ(αθ +β )(αβ +2β )
(2.56)
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Proof. : Coefficient of variation 2.53 is obtained as;

C.v =
σ

µ1

=

√
α2θ 2+4αβθ +2β 2

θ(αθ +β )

θ(αθ +β )

αθ +2β

=

√
α2θ 2+4αβθ +2β 2

αθ +2β

Skewness coefficient 2.54of AG3PLD 2.45 is given as;

υ1 =
µ3

(µ2)
3
2

=
2α3θ 3+12α2βθ 2+12αβ 2θ +4β 3

θ 3(αθ +β )3

θ 3(αθ +β )3

(α2θ 2+4αβθ +2β 2)
3
2

=
2α3θ 3+12θ 2βθ 2+12αβ 2θ +4β 3

(α2θ 2+4αβθ +2β 2)
3
2

Kurtosis coefficient 2.55 is obtained as;

υ2 =
µ4

(µ2)2

=
9θ 4α4+72α3θ 3β +132α2β 2θ 2+96αβ 3θ +24β 4

θ 4(αθ +β )4

[
θ 2(αθ +β )2

α2θ 2+4αβθ +2β 2

]2

=
9θ 4α4+72α3θ 3β +132α2β 2θ 2+96αβ 3θ +24β 4(

α2θ 2+4αβθ +2β 2
)2

Dispersion index 2.56 of AG3PLD is obtained as;

υ3 =
σ 2

µ1
1

=
α2θ 2+4αβθ +2β 2

θ 2(αθ +β )2

θ(αθ +β )

αθ +2β
=⇒ α2θ 2+4αβθ +2β 2

θ(αθ +β )(αβ +2β )
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2.5.4 Excess loss distribution

Proposition 2.5.6. The probability density function of excess
loss distribution fe(x;α,β ,θ), mean residual lifetime (m(x)),
survival function based on equilibrium distribution Se(x,α,β ,θ)

and hazard function based on the equilibrium distribution he(x;α,β ,θ)

for a generalized three parameter Lindley distribution Eq.2.45
are:

fl(x,α,β ,θ) =
θ 2(α + xβ )e−(x−z)θ

αθ +β +θβ z
; x > z (2.57)

m(x) =
αθ +θβx+2β

θ(α(αθ +θβx+β ))
(2.58)

fe(x) =
θ(αθ +β +θβx)e−θx

αθ +2β
(2.59)

Se(x;α,β ,θ) =
(αθ +2β +θβx)e−θx

αθ +2β
(2.60)

he(x;α,β ,θ) =
θ(αθ +β +θβx)
αθ +2β +θβx

(2.61)

Proof. Using Eq.1.10, the pdf of excess loss Eq.2.57 is ob-
tained as;

fl(x;α,β ,θ) =

θ 2

αθ+β
(α + xβ )e−θx

(αθ+β+θβ z
αθ+β

)e−θz

=
θ 2(α + xβ )e−(x−z)θ

αθ +β +θβ z
; x > z
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Mean residual lifetime Eq.2.58 is obtained using Eq.1.11 as;

m(x) =
αθ +β

(αθ +β +θβ )e−θx

1
αθ +β

∫
∞

x
(αθ +β +θβ t)e−θ tdt

=
1

(αθ +β +θx)e−θx

∫
∞

x
(αθ +β +θβ t)e−θ tdt

Taking the part
∫

∞

x (αθ +θβ t)e−θ t and integrating using inte-
gration by parts technique we have;

u = (αθ +β +θβ t) =⇒ du = θβdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−(αθ +β +θβ t)
e−θ t

θ
+

∫
∞

x
βe−θ tdt

=−(αθ +β +θβ t)
e−θ t

θ
− β

θ
e−θ t

=−e−θ t

θ
(αθ +θβ t +2β )|∞x

=
e−θx

θ
(αθ +θβx+2β )

=
1

(αθ +β +θβx)e−θx

e−θx

θ
(αθ +θβx+2β )

=
αθ +θβx+2β

θ(αθ +θβx+β )

Using the relation Eq.1.12, equilibrium distribution Eq.2.59 is
obtained as;

fe(x;α,β ,θ) =
(αθ +β +θβx)e−θx

αθ +β

θ(αθ +β )

αθ +2β
=⇒ θ(αθ +β +θβx)e−θx

αθ +2β
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Survival function based on equilibrium distribution Eq. 2.60 is
obtained using Eq.1.13 as;∫

∞

x
S(t;α,β ,θ)dt =

e−θx(αθ +2β +θβx)
θ(αθ +β )

Se(x;α,β ,θ) =
e−θx(αθ +2β +θβx)

θ(αθ +β )

θ(αθ +β )

αθ +2β
=⇒ (αθ +2β +θβx)e−θx

αθ +2β

Using relation Eq.1.14, the hazard function based on equilib-
rium distribution Eq.2.61 is obtained as;

he(x;α,β ,θ) =
θ(αθ +β +θβx)e−θx

αθ +2β

αθ +2β

(αθ +2β +θβx)e−θx =⇒
θ(αθ +β +θβx)
αθ +2β +θβx

2.6 Four parameter Lindley distribution

2.6.1 Construction of four parameter Lindley distribution

Proposition 2.6.1. AG4PLD is a finite mixed distribution of
Gamma (α,θ ) andGamma (β ,θ ) withweighing proportionω =

θ

θ+k the pdf and Cdf of a generalized four parameter Lindley dis-
tribution are;

f (x;α,β ,θ ,k) =
θ 2

(θ + k)

[
(θx)α−1

Γα
+

k(θx)β−1

θΓβ

]
e−θx,α > 0,β > 0,θ > 0,k > 0,x > 0

(2.62)

F(x;α,β ,θ ,k) =
1

θ + k

[
θγα(θx)+ kγβ (θx)

]
,α > 0,β > 0,θ > 0,k > 0,x > 0

(2.63)
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Proof. The pdf Eq.2.62 is obtained using finitemixture Eq.1.1
concept as;

f (x;α,β ,θ ,k) =
θ

θ + k

[
θ α

Γα
e−θxxα−1

]
+

k
θ + k

[
θ β

Γβ
e−θxxβ−1]

=
θ α+1e−θxxα−1

(θ + k)Γα
+

kθ β e−θxxβ−1

(θ + k)Γβ

=
θ 2θ α−1e−θxxα−1

(θ + k)Γα
+

kθ 2θ β−1e−θxxβ−1

(θ + k)θΓβ

=
θ 2

(θ + k)

[
(θx)α−1

Γα
+

k(θx)β−1

θΓβ

]
e−θx;α > 0,β > 0,θ > 0,k > 0,x > 0

Remark 2.6.2. Putting k = 1, α = 1 and β = 2 a generalized
four parameter Lindley distribution Eq.2.62 reduces to one pa-
rameter Lindley distribution Eq.2.1. Similarly, putting α = 1,
β = 2 and k = β a generalized four parameter Lindley distri-
bution Eq.2.62 reduces to a generalized two parameter Lindley
distribution Eq.2.15.

moreover, cumulative density function Eq.2.63 as;

F(x;α,β ,θ ,k) =
θ 2

(θ + k)

∫
∞

0

[
(θx)α−1

Γα
+

k(θx)β−1

θΓβ

]
e−θxdx

=
θ 2

(θ + k)

[∫
∞

0

(θx)α−1

Γα
e−θxdx+

∫
∞

0

k(θx)β−1

θΓβ
e−θxdx

]
=

1
(θ + k)

[
θ

Γα

∫
∞

0
(θx)α−1e−θxdx+

k
Γβ

∫
∞

0
(θx)β−1e−θxdx

]
=

1
θ + k

[
θγα(θx)+ kγβ (θx)

]
;α > 0,β > 0,θ > 0,k > 0,x > 0

where γα(θx)=
1

Γα

∫
∞

0 (θx)α−1e−θxdx and γβ (θx)=
1

Γβ

∫
∞

0 (θx)β−1e−θxdx
this completes the proof.
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2.6.2 Reliability Analysis

Proposition 2.6.3. The survival function denoted by S(x;α,β ,θ ,k)
and hazard function denoted by h(x;α,β ,θ ,k) of a four param-
eter generalized Lindley distribution Eq.2.62 are;

S(x;α,β ,θ ,k) =
θ + k− (θγα(θx)+ kγβ (θx))

θ + k
;α > 0,β > 0,θ > 0,k > 0,x > 0

(2.64)

h(x;α,β ,θ ,k) =
θ 2

((θx)α−1

Γα
+ k(θx)β−1

Γβ

)
e−θx

θ + k−
[
θγα(θx)+kγβ (θx))

] ;α > 0,β > 0,θ > 0,k > 0,x > 0

(2.65)

Proof. survival function Eq.2.64 is obtained using the rela-
tion Eq.1.8 as;

S(x;α,β ,θ ,k) = 1− 1
θ + k

[
θγα(θx)+ kγβ (θx)

]
=

θ + k−
[
θγα(θx)+ kγβ (θx)

]
θ + k

;α > 0,β > 0,θ > 0,k > 0,x > 0

hazard function Eq.2.65 is obtained using the relation Eq.1.9
as;

h(x;α,β ,θ ,k) =

θ 2

(θ+k)

[
(θx)α−1

Γα
+ k(θx)β−1

θΓβ

]
e−θx

θ+k−

[
θγα(θx)+kγβ (θx)

]
θ+k

=

θ 2

(
(θx)α−1

Γα
+ k(θx)β−1

Γβ

)
e−θx

θ + k−
[

θγα(θx)+ kγβ (θx)

];α > 0,β > 0,θ > 0,k > 0,x > 0
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2.6.3 Moments and related measures

Proposition 2.6.4. The rth moments of a generalized four pa-
rameter Lindley distribution Eq.2.62 about the origin are obtained
using both moment generating technique and methods of mo-
ments as;

E(X r) =
1

θ r(θ + k)

[
θ

Γα
Γα + r+

k
Γβ

Γβ + r
]
, f or r = 1,2,3, · · ·

(2.66)

mx(t) =
1

(θ + k)

[
∞

∑
r=0

(−1)r

θ r

(
θ

(
−α

r

)
+ k

(
−β

r

))
tr
]
, where θ > t

(2.67)

Proof. By definition of moments 1.16, moments Eq.2.66 ob-
tained as;

E(X r) =
θ 2

(θ + k)

∫
∞

0
xr
[
(θx)α−1

Γα
+

k(θx)β−1

θΓβ

]
e−θxdx

=
θ 2

(θ + k)

[∫
∞

0
xr(θx)α−1

Γα
e−θxdx+

∫
∞

0

k(θx)β−1xre−θxdx
θΓβ

]
=

θ 2

(θ + k)

[
θ α−1

Γα

∫
∞

0
xα+r−1e−θxdx+

kθ β−2

Γβ

∫
∞

0
xβ+r−1e−θxdx

]
=

θ 2

(θ + k)

[
θ α−1

Γα

Γ(α + r)
θ α+r +

kθ β−1

θΓβ

Γ(β + r)
θ β+r

]
=

1
θ r(θ + k)

[
θ

Γα
Γ(α + r)+

k
Γβ

Γ(β + r)
]
, f or r = 1,2,3, · · ·



74

By definition of mgf 1.17, mgf Eq.2.67 is obtained as;

mx(t) =
θ 2

(θ + k)

[∫
∞

0
etx

[
(θx)α−1

Γα
+

k(θx)β−1

θΓβ

]
e−θxdx

]
=

θ 2

(θ + k)

[∫
∞

0

(θx)α−1e−(θ−t)x

Γα
dx+

∫
∞

0

k(θx)β−1e−(θ−t)x

θΓβ
dx
]

=
θ 2

(θ + k)

[
θ α−1

Γα

∫
∞

0
e−(θ−t)xxα−1dx+

kθ β−2

Γβ

∫
∞

0
e−(θ−t)xxβ−1dx

]
=

1
(θ + k)

[
θ α+1

Γα

∫
∞

0
e−(θ−t)xxα−1dx+

kθ β

β

∫
∞

0
e−(θ−t)xxβ−1dx

]

Using the relation Eq.1.7 we have;∫
∞

0
xα−1e−(θ−t)xdx =

Γα

(θ − t)α∫
∞

0
xβ−1e−(θ−t)xdx =

Γβ

(θ − t)β

=
1

(θ + k)

[
θ αθ

Γα

Γα

(θ − t)α
+

kθ β

Γβ

Γβ

(θ − t)β

]
=

1
(θ + k)

[
θ(

θ

θ − t
)α + k(

θ

θ − t
)β

]
=

1
(θ + k)

[
θ
(θ − t

θ

)−α
+ k

(θ − t
θ

)−β

]
=

1
(θ + k)

[
θ

(
1− t

θ

)−α

+ k
(

1− t
θ

)−β]
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Using the identity function (1− x)−d = ∑
∞

r=0(−1)r
(−d

r

)
xr we

have the following;

(1− t
θ
)−α =

∞

∑
r=0

(−1)r
(
−α

r

)
(

t
θ
)r

(1− t
θ
)−β =

∞

∑
r=0

(−1)r
(
−β

r

)
(

t
θ
)r

=
1

(θ + k)

[
θ

∞

∑
r=0

(−1)r
(
−α

r

)
(

t
θ
)r + k

∞

∑
r=0

(−1)r
(
−β

r

)
(

t
θ
)r
]

mx(t) =
1

(θ + k)

[
∞

∑
r=0

(−1)r

θ r

(
θ

(
−α

r

)
+ k

(
−β

r

))
tr
]
, where θ > t

We now use the moment generating function (mgf) Eq.2.67 to
derive the first four moments about the origin of a generalized
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four parameter Lindley distribution Eq.2.62 as:

mx(t) =
1

(θ + k)

[
θ(1− t

θ
)−α + k(1− t

θ
)−β

]
mi

x(t)
1

(θ + k)

[
−θα(1− t

θ
)−(α+1)−1

θ
+−βk(1− t

θ
)−(β+1)−1

θ

]
=

1
θ(θ + k)

[
αθ(1− t

θ
)−(α+1)+ kβ (1− t

θ
)−(β+1)

]
m1

x(0) =
1

θ(θ + k)

[
αθ +βk

]
=

αθ + kβ

θ(θ + k)
= µ

1
1

mii
x(t)

1
θ(θ + k)

[
− (α +1)αθ(1− t

θ
)−(α+2)(

−1
θ

)+−(β +1)βk(1− t
θ
)−(β+2)(

−1
θ

)

]
=

1
θ 2(θ + k)

[
(α +1)αθ(1− t

θ
)−(α+2)+(β +1)βk(1− t

θ
)−(β+2)

]
mii

x(0) =
1

θ 2(θ + k)

[
(α +1)αθ +(β +1)βk

]
= µ

1
2

miii
x (t) =

1
θ 2(θ + k)

[
− (α +1)(α +2)αθ(1− t

θ
)−(α+3)(

−1
θ

)+−(β +1)(β +2)βk(1− t
θ
)−(β+3)(

−1
θ

)

]
=

1
θ 3(θ + k)

[
(α +1)(α +2)αθ(1− t

θ
)−(α+3)+(β +1)(β +2)βk(1− t

θ
)−(β+3)

]
miii

x (0) =
1

θ 3(θ + k)

[
(α +1)(α +2)αθ +(β +1)(β +2)βk

]
= µ

1
3

miv
x (t) =

1
θ 3(θ + k)

[
− (α +1)(α +2)(α +3)(1− t

θ
)−(α+4)(

−1
θ

)+−(β +1)(β +2)(θ +3)βk(1− t
θ
)−(β+4)(

−1
θ

)

]
=

1
θ 4(θ + k)

[
(α +1)(α +2)(α +3)αθ(1− t

θ
)−(α+4)+(β +1)(β +2)(β +3)βk(1− t

θ
)−(β+4)

]
miv

x (0) =
1

θ 4(θ + k)

[
(α +1)(α +2)(α +3)αθ +(β +1)(β +2)(β +3)βk

]
= µ

1
4
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We now obtain the centralized moments of AGF4LD 2.62 as:

µ1 = µ
1
1 =⇒ αθ + kβ

θ(θ + k)

µ2 =
αθ 2+β 2θk+α2θk+αθk− (βk)2+βk2−2αβθk− (βk)2

θ 2(θ + k)2 = σ
2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)
3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

Proposition 2.6.5. Other relatedmeasures such as variation co-
efficient (C.v), skewness (υ1), kurtosis (υ2) and dispersion index
(υ3) of a generalized four parameter Lindley distribution Eq.2.62
are obtained as:

C.v =

√
αθ 2+β 2θk+α2θk+αθk− (βk)2+βk2−2αβθk− (βk)2

αθ + kβ

(2.68)

υ1 =
µ3

(µ2)
3
2

(2.69)

υ2 =
µ4

(µ2)2 (2.70)

υ3 =
αθ 2+β 2θk+α2θk+αθk− (βk)2+βk2−2αβθk− (βk)2

θ(θ + k)(αθ + kβ )
(2.71)

Proof. Coefficient of variation 2.68

C.v =
σ

µ1
1

=

√
αθ 2+β 2θk+α2θk+αθk− (βk)2+βk2−2αβθk− (βk)2

θ(θ + k)
θ(θ + k)
αθ + kβ

=

√
αθ 2+β 2θk+α2θk+αθk− (βk)2+βk2−2αβθk− (βk)2

αθ + kβ
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Skewness coefficient 2.69 is obtained as;

υ1 =
µ3

(µ2)
3
2
=⇒ µ1

3 −3µ1
2 µ1

1 +2(µ1
1)

3

(µ1
2 − (µ1

1))
3
2

Kurtosis coefficient 2.70 is obtained as;

υ2 =
µ4

(µ2)2 =⇒
µ1

4 −4µ1
3 µ1

1 +6µ1
1 µ1

2 −3(µ1
1)

2

(µ1
2 − (µ1

1)
2

Index of dispersion 2.71 is obtained as;

υ3 =
σ 2

µ1
1

=
αθ 2+β 2θk+α2θk+αθk− (βk)2+βk2−2αβθk− (βk)2

θ 2(θ + k)2 ∗ θ(θ + k)
αθ + kβ

=
αθ 2+β 2θk+α2θk+αθk− (βk)2+βk2−2αβθk− (βk)2

θ(θ + k)(αθ + kβ )

2.6.4 Excess loss distribution

Proposition 2.6.6. The pdf of excess loss distribution fl(x), mean
residual lifetime (MRL), equlibrium distribution fe(x;α,β ,θ ,k),
survival distribution based on equilibrium distribution Se(x;α,β ,θ ,k)
and hazard function based on equilibrium distribution he(x;α,β ,θ ,k)
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of a generalized four parameter Lindley distribution Eq.2.62 are;

fl(x;α,β ,θ ,k) =

[
θ α−1

Γα

(
θxα−1+(α −1)xα−2

)
+ kθ β−2

Γβ

(
θxβ−1+(β −1)xβ−2

)]
e−θx

θ + k−
[
θγα(θx)+ kγβ (θx)

]
(2.72)

m(x) =
αθΓ(α +1)(θx)+βkΓ(β +1)(θx)

θ
[
θ + k−

(
θγα(θx)+ kγβ (θx)

)] − x

(2.73)

fe(x;α,β ,θ ,k) =
θ
[
θ + k− (θγα(θx)+ kγβ (θx))

]
αθ +βk

(2.74)

Se(x;α,β ,θ ,k) =
θ

[
αθΓ(α +1)(θx)+ kβΓ(β +1)(θx)

]
− x

αθ +βk
(2.75)

he(x;α,β ,θ ,k) =
θ + k−

[
θγα(θx)+ kγβ (θx)

]
αθ 2Γ(α +1)(θx)+ kβθΓ(β +1)(θx)− x

(2.76)
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Proof. Pdf of excess distribution Eq.2.72 is obtained as;

fl(x,α,β ,θ ,k) =
∫

∞

x f (t)dt
S(x)

=

θ 2

θ+k

[∫
∞

x
(θ t)α−1

Γα
+ k(θ t)β−1

θΓβ

]
e−θ tdt

θ+k−

(
θγα(θx)+kγβ (θx)

)
θ+k

=

θ 2 ∫ ∞

x

[
(θ t)α−1

Γα
+ k(θ t)β−1

θΓβ

]
e−θ tdt

θ + k−
[

θγα(θx)+ kγβ (θx)

]

Taking the numerator part θ 2 ∫ ∞

x

[
(θ t)α−1

Γα
+ k(θ t)β−1

θΓβ

]
e−θ tdt we

have

θ
2
∫

∞

x

(θ t)α−1

Γα
e−θ tdt =

θ α+1

Γα

∫
∞

x
tα−1e−θ tdt

=
θ α−1

Γα
(θxα−1+(α −1)xα−2)e−θx

θ
2
∫

∞

x

k(θ t)β−1

θΓβ
e−θ tdt =

kθ β−2

Γβ

(
θxβ−1+(β −1)xβ−2)e−θx

=

[
θ α−1

Γα
(θxα−1+(α −1)xα−2)+ kθ β−2

Γβ
(θxβ−1+(β −1)xβ−2)

]
e−θx

θ + k−
[
θγα(θx)+ kγβ (θx)

]
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MRL Eq.2.73 is obtained using relation Eq.1.11 as;

m(x =

θ 2

θ+k

∫
∞

x t
[
(θ t)α−1

Γα
+ k(θ t)β−1

θΓβ

]
e−θ t

θ+k−
[

θγα(θx)+kγβ (θx)

]
θ+k

− x

=

θ 2 ∫ ∞

x t
[
(θ t)α−1

Γα
+ k(θ t)β−1

θΓβ

]
e−θ tdt

θ + k−
[
θγα(θx)+ kγβ (θx)

] − x

=
αθΓ(α +1)(θx)+βkΓ(β +1)(θx)

θ
[
θ + k−

(
θγα(θx)+ kγβ (θx)

)] − x

Using the relation Eq.1.12, equilibrium distribution Eq.2.74 as;

fe(x;α,β ,θ ,k) =
θ + k−

[
θγα(θx)+ kγβ (θx)

]
θ + k

θ(θ + k)
αθ +βk

=
θ
[
θ + k− (θγα(θx)+ kγβ (θx))

]
αθ +βk
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Survival function based on equilibrium distribution Eq.2.75 is
obtained using relation Eq.1.13 as;∫

∞

x
fe(x;α,β ,θ ,k)dt =

∫
∞

x
1dt −

∫
∞

x

[
1

θ + k

(
θγα(θ t)+ kγβ (θ t)

)]
dt

=−x+
θ

θ + k

∫
∞

x
γα(θ t)dt +

k
θ + k

∫
∞

x
γβ (θ t)dt

=−x+
θ

θ + k
αΓ(α +1)(θx)+

k
θ + k

βΓ(β +1)(θx)

=
1

θ + k

[
αθΓ(α +1)(θx)+ kβΓ(β +1)(θx)

]
− x

Se(x;α,β ,θ ,k) =

1
θ+k

[
αθΓ(α +1)(θx)+ kβΓ(β +1)(θx)

]
− x

αθ+βk
θ(θ+k)

=

θ

[
αθΓ(α +1)(θx)+ kβΓ(β +1)(θx)

]
− x

αθ +βk

Using the relation Eq.1.14, the hazard function based on the
equilibrium distribution is obtained as;

he(x;α,β ,θ ,k) =

θ+k−
[

θγα(θx)+kγβ (θx)

]
αθ+βk

αθ 2Γ(α+1)(θx)+kβθΓ(β+1)(θx)−x
αθ+kβ

=
θ + k−

[
θγα(θx)+ kγβ (θx)

]
αθ 2Γ(α +1)(θx)+ kβθΓ(β +1)(θx)− x

=
1

m(x)

2.7 Five parameter Lindley distribution

2.7.1 Construction of five parameter Lindley distribution
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Proposition 2.7.1. Letω = kθ

η+kθ
be amixing proportion , AG5PLD

is constructed as finite mixed distribution of Gamma (θ ,α) and
Gamma (θ ,β ). The pdf and Cdf of a generalized five parameter
Lindley (AG5PLD) are;

f (x;α,β ,θ ,k,η) =
θ 2

kθ +η

[
k(θx)α−1

Γα
+

η(θx)β−1

θΓβ

]
e−θx,α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0

(2.77)

F(x;α,β ,θ ,k,η) =
1

kθ +η

[
kθγα(θx)+ηγβ (θx)

]
,α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0

(2.78)

Proof. Using the concept of finite mixtures Eq.1.1 is ob-
tained as;

f (x;α,β ,θ ,k,η) =
kθ

η + kθ

[
θ α

Γα
e−θxxα−1

]
+

η

η + kθ

[
θ β

Γβ
e−θxxβ−1

]
=

kθ α+1e−θxxα−1

(η + kθ)Γα
+

ηθ 2θ β−1e−θxxβ−1

θ(η + kθ)Γβ

=
kθ 2θ α−1e−θxxα−1

(η + kθ)Γα
+

ηθ 2θ β−1e−θxxβ−1

θ(η + kθ)Γβ

=
θ 2

(kθ +η)

[
k(θx)α−1

Γα
+

η(θx)β−1

θΓβ

]
e−θx,α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0

Remark 2.7.2. Flexibility of a generalized five parameter Lind-
ley distribution Eq.2.77 is attested through assigning the param-
eters with particular numerical values to obtain various Lindley
distribution generalizations.
Putting β = k = 1 and η = 0, AG5PLD reduces to a two param-
eter gamma distribution of the form;

f (x;α,θ) =
θ α

Γα
e−θxxα−1; x > 0,α > 0,θ > 0 (2.79)
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Putting α = β = k = 1 and η = 0, AG5PLD reduces to exponen-
tial distribution Eq.2.17 with parameter θ .
Similarly, putting α = k = η = 1 and β = 2, AG5PLD reduces
to one parameter Lindley Eq.2.1. We can easily confirm that
AG5PLD reduces to a Quasi Lindley distribution Eq.2.30 by putting
α = 1, β = 2, η = θ and k = α .
Putting β = α +1, k = 1 and η = γ AG5PLD reduces to a gener-
alized three parameter Lindley distribution introduced by Dolati
and Zakerzadeh (2009) of the form;

f (x;α,θ ,γ) =
θ 2(θx)α−1

(
α + γx

)
e−θx

(θ + γ)Γ(α +1)
; x > 0,α > 0,θ > 0,γ > 0

(2.80)

A generalized three parameter Lindley distribution Eq.2.80 is a
two finite component mixed distribution of Gamma (α ,θ ) and
Gamma (α +1, θ ) with weight proportion as ω = θ

θ+γ
.

Putting θ = θ

α
, α = 1, β = 2 and k = 1 AG5PLD reduces to

Janardan distribution introduced by Shanker et al (2013) of the
form;

f (x;α,θ) =
θ 2

α(θ +α2)

[
1+αx

]
e−
(

θ
α

)
x; x > 0,α > 0,θ > 0

(2.81)

Janardan distribution Eq.2.81 is a two component finite mixed
distribution of Gamma (1, θ

α
) and Gamma (2, θ

α
) with weight

proportion as ω = θ

θ+α2 .
Putting η = k = 1, AGF5LD reduces to a Lindley distribution
with three parameters of the form;

f (x;α,β ,θ) =
1

θ +1

[
θ α+1xα−1

Γα
+

θ β xβ−1

Γβ

]
e−θx; x > 0,α > 0,β > 0,θ > 0

(2.82)
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AG3PLD Eq.2.82 was introduced by Elbatal et al (2013). It is a
two component finite mixed distribution of x1 ∼ Gamma(α , θ )
and x2 ∼ Gamma (β , θ ) with mixing proportion as ω = θ

θ+1 .
Putting θ = 1

2, α = v
2, β = k = 1, η = 0 AG5PLD reduces

to a chi square distribution of the form;

χ
2
(v) = 2

[(1
2

) v
2x

v
2−1

Γ(v
2)

]
e−

1
2x; x > 0,v > 0 (2.83)

Putting v, v ∈ N, β = k = 1, η = 0 AG5PLD reduces to
Erlang distribution that was introduced by Erlang (1917) of the
form;

f (x;v,θ) =
θ v

Γv
e−θxxv−1; x > 0,θ > 0,v = 1,2,3, · · · (2.84)

Putting k = 1 AG5PLD reduces to four parameter Lindley distri-
bution that was introduced by Al-Babtain (2015) of the form;

f (x;α,β ,θ ,η) =
θ 2

θ +η

[
(θx)α−1

Γα
+

η(θx)β−1

θΓβ

]
e−θx; x > 0,α > 0,β > 0,θ > 0,η > 0

(2.85)

Similarly, putting η = 1 AG5PLD reduces to a four parameter
Lindley introduced by Al-Babtain (2015) of the form;

f (x;α,β ,θ ,θ ,k) =
θ 2

kθ +1

[
k(θx)α−1

Γα
+
(θx)β−1

θΓβ

]
e−θx; x > 0,α > 0,β > 0,θ > 0,k

(2.86)

Setting α = 1, β = 2, η = 1 AG5PLD reduces to AG2PLD
introduced by Al-Babtain (2015) of the form;

f (x;θ ,k) =
θ 2

kθ +1
[
k+ x

]
e−θx; x > 0,θ > 0,k > 0 (2.87)
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Similarly, Cdf 2.63 is obtained as;

F(x;α,β ,θ ,k,η) =
θ 2

(kθ +η)

∫
∞

0

[
k(θx)α−1

Γα
+

η(θx)β−1

θΓβ

]
e−θxdx

=
1

(kθ +η)

[
θ 2k
Γα

∫
∞

0
(θx)α−1e−θxdx+

θ 2η

θΓβ

∫
∞

0
(θx)β−1e−θxdx

]
=

1
(kθ +η)

[
θk
Γα

∫
∞

0
θ(θx)α−1e−θxdx+

η

Γβ

∫
∞

0
θ(θx)β−1e−θxdx

]
=

1
(kθ +η)

[
kθγα(θx)+ηγβ (θx)

]
,α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0

2.7.2 Reliability Analysis

Proposition 2.7.3. The survival function S(x;α,β ,θ ,k,η) and
hazard function h(x;α,β ,θ ,k,η) of a generalized five parame-
ter Lindley distribution Eq.2.77 are;

S(x;α,β ,θ ,k,η) =
kθ +η −

[
kθγα(θx)+ηγβ (θx)

]
kθ +η

;α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0

(2.88)

h(x;α,β ,θ ,k,η) =

θ 2

[
k(θx)α−1

Γα
+ η(θx)β−1

θΓβ

]
e−θx

kθ +η −
[
kθγα(θx)+ηγβ (θx)

];α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0

(2.89)

Proof. survival function Eq.2.88 is obtained using Eq.1.8 as;

S(x;α,β ,θ ,k,η) = 1− 1
kθ +η

[
kθγα(θx)+ηγβ (θx)

]
=

kθ +η −
[
kθγα(θx)+ηγβ (θx)

]
kθ +η

;α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0
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hazard function Eq. 2.89 is obtained using the relation Eq.1.9
as;

h(x;α,β ,θ ,k,η) =
θ 2

kθ +η

[
k(θx)α−1

Γα
+

η(θx)β−1

θΓβ

]
e−θx ∗ kθ +η

kθ +η −
[
kγα(θx)+ηγβ (θx)

]
=

θ 2

[
k(θx)α−1

Γα
+ η(θx)β−1

θΓβ

]
e−θx

kθ +η −
[
kθγα(θx)+ηγβ (θx)

];α > 0,β > 0,θ > 0,k > 0,η > 0,x > 0

2.7.3 Moments and related measures

Proposition 2.7.4. The rth moments of a generalized five pa-
rameter Lindley distribution Eq. 2.77 about the origin are ob-
tained using both moment generating technique and methods of
moments as;

E(X r) =
1

kθ +η

[
kθ α+1Γ(α + r)

θ αΓα
+

ηθ β Γ(β + r)
θ β Γβ

]
, r = 1,2,3, · · ·

(2.90)

mx(t) =
1

kθ +η

[
kθ(1− t

θ
)−α +η(1− t

θ
)−β

]
, θ > t (2.91)
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Proof. By definition of moments Eq.1.16, moments Eq.2.90
are obtained as;

E(X r) =
θ 2

kθ +η

[∫
∞

0
xr
(
(θx)α−1

Γα
+

η(θx)β−1

θΓβ

)]
e−θxdx

=
θ 2

kθ +η

[
kθ α−1

Γα

∫
∞

0
xα+r−1e−θxdx+

ηθ β−1

θΓβ

∫
∞

0
xβ+r−1e−θxdx

]
=

θ 2

kθ +η

[
kθ α−1Γ(α + r)

Γαθ α+r +
ηθ β−2Γ(β + r)

Γβθ β+r

]
=

1
kθ +η

[
kθ α+1Γ(α + r)

Γαθ α+r +
ηθ β Γ(β + r)

Γβθ β+r

]
=

1
θ r(kθ +η)

[
kθ α+1Γ(α + r)

θ rΓα
+

ηθ β Γ(β + r)
θ β Γβ

]
, r = 1,2,3, · · ·
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Mgf Eq.2.91 is obtained by use of relation Eq.1.17 as;

mx(t) =
θ 2

kθ +η

[∫
∞

0
etx

(
k(θx)α−1

Γα
+

η(θx)β−1

θΓβ

)
e−θxdx

]
=

θ 2

kθ +η

[
kθ α−1

Γα

∫
∞

0
e−(θ−t)xxα−1dx+

ηθ β−2

Γβ

∫
∞

0
e−(θ−t)xxβ−1dx

]
=

1
kθ +η

[
kθ α−1

Γα

∫
∞

0
e−(θ−t)xxα−1dx+

ηθ β

Γβ

∫
∞

0
e−(θ−t)xxβ−1dx

]
=

1
kθ +η

[
kθ α+1Γα

Γα(θ − t)α
+

ηθ β Γβ

Γβ (θ − t)β

]
=

1
kθ +η

[
kθ αθ

(θ − t)α
+

ηθ β

(θ − t)β

]
=

1
kθ +η

[
(

θ

θ − t
)αkθ +η(

θ

θ − t
)β

]
=

1
kθ +η

[
kθ(

θ − t
θ

)−α +η(
θ − t

θ
)−β

]
mx(t) =

1
kθ +η

[
kθ(1− t

θ
)−α +η(1− t

θ
)−β

]
, θ > t

using the identity relation (1− x)−d = ∑
∞

r=0(−1)r
(−d

r

)
xr, the

moment generating function can be expressed as; mx(t)= 1
kθ+η

[
∑

∞

r=0
(−1)r

θ r

(
θk

(−α

r

)
+

η
(−β

r

))
tr

]
where

(1− t
θ
)−α =

∞

∑
r=0

(−1)r
(
−α

r

)
(

t
θ
)r

(1− t
θ
)−β =

∞

∑
r=0

(−1)r
(
−β

r

)
(

t
θ
)r
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The moment generating function (mgf) Eq.2.91 is applied to
derive the first four moments about the origin of a generalized
five parameter Lindley distribution Eq.2.77 as:

mx(t) =
1

kθ +η

[
kθ

(
1− t

θ

)−α
+η

(
1− t

θ

)−β

]
mi

x(t) =
1

kθ +η

[
−αθk(1− t

θ
)−(α+1)(−1

θ
)−βη(1− t

θ
)−(β+1)(−1

θ
)

]
mi

x(t) =
1

θ(kθ +η)

[
αθk

(
1− t

θ

)−(α+1)
+βη

(
1− t

θ

)−(β+1)
]

mi
x(0) =

1
θ(kθ +η)

[
αθk+βη

]
= µ

1
1

mii
x(t) =

1
θ(kθ +η)

[
− (α +1)αθk

(
1− t

θ

)−(α+2)
(−1

θ
)− (β +1)βη

(
1− t

θ

)−(β+2)
(
−1
θ

)

]
=

1
θ 2(kθ +η)

[
(α +1)αθk

(
1− t

θ

)−(α+2)
+(β +1)βη

(
1− t

θ

)−(β+2)
]

mii
x(0) =

1
θ 2(kθ +η)

[
(α +1)αθk+(β +1)βη

]
= µ

1
2

miii
x (t) =

1
θ 2(kθ +η)

[
− (α +1)(α +2)αθk

(
1− t

θ

)−(α+3)− (β +1)(β +2)βη
(
1− t

θ

)−(β+3)
(
−1
θ

)

]
=

1
θ 3(kθ +η)

[
(α +1)(α +2)αθk

(
1− t

θ

)−(α+3)
+(β +1)(β +2)βη

(
1− t

θ

)−(β+3)
]

miii
x (0) =

1
θ 3(kθ +η)

[
(α +1)(α +2)αθk+(β +1)(β +2)βη

]
= µ

1
3

miv
x (t)=

1
θ 3(kθ +η)

[
−(α+1)(α+2)(α+3)αθk

(
1− t

θ

)−(α+4)
(
−1
θ

)−(β +1)(β +2)(β +3)βη
(
1− t

θ

)−(β+4)
]
=

1
θ 4(kθ +η)

[
(α+1)(α+2)(α+3)αθk

(
1− t

θ

)−(α+4)
+(β +1)(β +2)(β +3)βη

(
1− t

θ

)−(β+4)]
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miv
x (0)=

1
θ 4(kθ +η)

[
(α+1)(α+2)(α+3)αθk+(β +1)(β +2)(β +3)βη

]
= µ

1
4

2.7.4 Excess loss distribution

Proposition 2.7.5. The expressions of probability density func-
tion (pdf) of excess distribution fl(x;α,β ,θ ,k,η), mean residual
lifetime (MRL), equilibrium distribution fe(x;α,β ,θ ,k,η), sur-
vival function based on equilibrium distribution Se(x;α,β ,θ ,k,η),
hazard function based on equilibrium distribution he(x;α,β ,θ ,k,η)

of a generalized five parameter Lindley distribution Eq.2.77 are
as:

fl(x;α,β ,θ ,k,η) =

[
kθ α−1

Γα

(
θxα−1+(α −1)xα−2

)
+ ηθ β−2

Γβ

(
θxβ−1+(β −1)xβ−2

)]
e−θx

η +θk−
[
θkγα(θx)+ηγβ (θx)

]
(2.92)

m(x) =
αθkΓ(α +1)(θx)+ηβΓ(β +1)(θx)− x

θ
[
η +θk−

(
θkγα(θx)+ηγβ (θx)

)]
(2.93)

fe(x;α,β ,θ ,k,η) =
η +θk−

[
kθγα(θx)+ηγβ (θx)

]
αθk+βη

(2.94)

Se(x;α,β ,θ ,k,η) =
θ
[
θkαΓ(α +1)(θx)+ηβΓ(β +1)(θx)

]
− x

αθk+βη

(2.95)

he(x;α,β ,θ ,k,η) =
η +θk−

[
kθγα(θx)+ηγβ (θx)

]
θ
[
θkαΓ(α +1)(θx)+ηβΓ(β +1)(θx)

]
− x

(2.96)
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Proof. The pdf of excess loss distribution Eq.2.92 is obtained
as;

fl(x) =
∫

∞

x f (t)dt
S(x)

=

θ 2

kθ+η

∫
∞

x

[
k(θ t)α−1

Γα
+ η(θ t)β−1

θΓβ

]
e−θ tdt

kθ+η−
[

kθγα(θx)+γβ (θx)

]
kθ+η

=

θ 2 ∫ ∞

x

[
k(θ t)α−1

Γα
+ η(θ t)β−1

θΓβ

]
e−θ tdt

kθ +η −
[
kθγα(θx)+ γβ (θx)

]
Working on the numerator we have the following;

θ
2
∫

∞

x

[k(θ t)α−1

Γα
e−θx]dt =

kθ α+1

Γα

∫
∞

x
tα−1e−θ tdt

=
kθ α+1

Γα

(
(α −1)xα−2+θxα−1

θ 2

)
e−θx

=
kθ α−1

Γα

[
θxα−1+(α −1)xα−2

]
e−θx

Similarly;

θ
2
∫

∞

x

η(θ t)β−1

θΓβ
e−θ tdt =

θ β η

Γβ

∫
∞

x
tβ−1e−θ tdt

=
ηθ β

Γβ

[θxβ−1+(β −1)xβ−2

θ 2

]
e−θx

=
ηθ β−2

Γβ

[
θxβ−1+(β −1)xβ−2

]
e−θx
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Then fl(x;α,β ,θ ,k,η) becomes;

fl(x;α,β ,θ ,k,η) =

[
kθ α−1

Γα

(
θxα−1+(α −1)xα−2

)
+ ηθ β−2

Γβ

(
θxβ−1+(β −1)xβ−2

)]
e−θx

η +θk−
[
θkγα(θx)+ηγβ (θx)

]
Mean residual lifetime Eq.2.93 is obtained as;

m(x) =
∫

∞

x t f (t)dt − xa
S(x)

,x > 0

=

θ 2

η+θk

∫
∞

x t
[

k(θ t)α−1

Γα
+ η(θ t)β−1

θΓβ

]
e−θ tdt

η+θk−
[

θkγα(θx)+ηγβ (θx)

]
η+θk

− x

=

θ 2 ∫ ∞

x t
[

k(θ t)α−1

Γα
+ η(θ t)β−1

θΓβ

]
e−θ tdt

η +θk−
[
θγα(θx)+ηγβ (θx)

] − x

=

θ α+1k
Γα

∫
∞

x tαe−θ tdt + ηθ β

Γβ

∫
∞

x tβ e−θ t

η +θk−
[
θγα(θx)+ηγβ (θx)

] − x

=
θ 2kαΓ(α +1)(θx)+ηθβΓ(β +1)(θx)

η +θk−
[
kθγα(θx)+ηγβ (θx)

] − x

=
αθkΓ(α +1)(θx)+ηβΓ(β +1)(θx)

θ
(
η +θ −

[
θkγα(θx)+ηγβ (θx)

]) − x

Using the relation 1.12, equilibrium distribution Eq.2.94 is ob-
tained as;

fe(x;α,β ,θ ,k,η) =
η +θk−

[
kθγα(θx)+ηγβ (θx)

]
kθ +η

θ(kθ +η)

αθ +βη

=

θ

[
η +θk−

(
kθγα(θx)+ηγβ (θx)

)]
αθk+βη
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Survival function based on the equilibrium distribution Eq.2.95
is obtained using relation Eq. 1.13 as;∫

∞

x
S(t;α,β ,θ ,k,η)dt =

∫
∞

x
1dt −

∫
∞

x

1
θk+η

[
θkγα(θ t)+ηγβ (θ t)

]
dt

=−x+
1

θk+η

∫
∞

x

(
θkγα(θ t)

)
dt +

1
θk+η

∫
∞

x0
ηγβ (θ t)dt

=−x+
1

θk+η

[
θkαΓ(α +1)(θx)

]
+

1
θk+η

[
ηβΓ(β +1)(θx)

]
=

1
θk+η

[
θkαΓ(α +1)(θx)+ηβΓ(β +1)(θx)

]
− x

=

1
θk+η

[
θkαΓ(α +1)+ηβΓ(β +1)

]
− x

αθk+βη

θ(θk+η)

=
θ
(
θkαΓ(α +1)(θx)+ηβΓ(β +1)(θx)

)
− x

αθk+βη

Using the relation Eq.1.14, hazard function on equilibrium dis-
tribution Eq.2.96 as;

he(x;α,β ,θ ,k,η) =

η+θk−
[

kθγα(θx)+ηγβ (θx)

]
αθk+βη

θ

[
θkαΓ(α+1)(θx)+ηγβ (θx)

]
−x

αθk+βη

=
η +θk−

[
kθγα(θx)+ηγθx

]
θ
[
θkαΓ(α +1)(θx)+ηβΓ(β +1)(θx)

]
− x



95

3 TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Akash distribution)

3.1 Introduction

The objective is to construct and derive statistical properties
of a two component finite gamma mixed distribution a case
of Akash distribution. Akash distribution is generalized up
to three parameters. The mixed distribution is expressed in
terms of pdf and Cdf. we later derive statistical properties
such as reliability measures, equilibrium distribution proper-
ties, moments both centralized and none-centralizedmoments.

3.2 One parameter Akash distribution

3.2.1 Construction of one parameter Akash distribution

Proposition 3.2.1. One parameter Akash distribution is a two
component finitemixed distribution of Gamma(1,θ ) andGamma(3,θ )
with weight proportion as ω = θ 2

θ 2+2 , the pdf and Cdf of one pa-
rameter Akash distribution are;

f (x;θ) =
θ 3

θ 2+2
[
1+ x2]e−θx;x > 0,θ > 0 (3.1)

F(x;θ) = 1−
[

1+
θx(θx+2)

θ 2+2

]
e−θx;x > 0,θ > 0 (3.2)
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Proof. Using the concept of finite mixtures Eq.1.1, the pdf
of one parameter Akash distribution is obtained as;

f (x;θ) =
θ 2

θ 2+2
[
θe−θx]+ 2

θ 2+2
[θ 3

Γ3
e−θxx2]

=
θ 3

θ 2+2
e−θx +

2θ 3

(θ 2+2)Γ3

=
θ 3e−θx

θ 2+2
+

2θ 3e−θxx2

2(θ 2+2)

=
θ 3

θ 2+2
[
1+ x2]e−θx,x > 0,θ > 0

further Cdf Eq.3.2 is obtained as;

F(x;θ) =
θ 3

θ 2+2

∫
∞

0
(1+ x2)e−θxdx

=
θ 3

θ 2+2
I1

I1 =
∫

∞

0
(1+ x2)e−θxdx

u = (1+ x2) =⇒ du = 2xdx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+ x2)
e−θx

θ
− 2

θ

∫
∞

0
−xe−θxdx

I1 =−(1+ x2)
e−θx

θ
− 2

θ
∗ I2

I2 =
∫

∞

0
−xe−θxdx

u =−x =⇒ du =−dx

dv = eθx =⇒ v =
−e−θx

θ
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I2 =
xe−θx

θ
− 1

θ

∫
∞

0
e−θxdx

I2 =
xe−θx

θ
+

e−θx

θ 2

From I1 and I2 we have;

I1 =−(1+ x2)
e−θx

θ
− 2

θ

[xe−θx

θ
+

e−θx

θ 2

]
I1 =

−(1+ x2)e−θx

θ
− 2xe−θx

θ 2 − 2e−θx

θ 3

I1 =
−(θ 2+θ 3x2+2xθ +2)e−θx

θ 3

=
θ 3

θ 2+2

∫
∞

0
(1+ x2)e−θxdx

= 1+− θ 3

θ 2+2

[
θ 2+2+θ 2x2+2xθ

θ 3

]
e−θx

= 1−
[

θ 2+2+θ 2x2+2xθ

θ 2+2

]
e−θx

= 1−
[

1+
θx(θx+2)

θ 2+2

]
e−θx;x >,θ > 0

3.2.2 Reliability analysis

Proposition 3.2.2. Survival function denoted by S(x;θ) and
hazard function denoted by h(x;θ) of one parameter Akash dis-
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tribution Eq.3.1 are;

S(x;θ) =

[
1+

θx(θx+2)
θ 2+2

]
e−θx;x > 0,θ > 0 (3.3)

h(x;θ) =
θ 3(1+ x2)

θ 2+2+θx(θx+2)
;x > 0,θ > 0 (3.4)

Proof. Applying the relation Eq.1.8, survival function S(x;θ)

Eq.3.3 is obtained as;

S(x;θ) = 1−
[

1−
[

1+
θx(θx+2)

θ 2+2

]
e−θx

]
=

[
1+

θx(θx+2)
θ 2+2

]
e−θx

hazard function h(x;θ) Eq.3.4 is obtained using Eq.1.9 as;

h(x;θ) =
θ 3

θ 2+2(1+ x2)e−θx[
θ 2+2+θx(θx+2)

θ 2+2

]
e−θx

=
θ 3(1+ x2)

θ 2+2+θx(θx+2)

3.2.3 Moments and related measures

Proposition 3.2.3. The rth moments of one parameter Akash
distribution are obtained using bothmethod ofmoments andmo-
ment generating function as shown below:

µ
1
r ∗=

r!(θ 2+(r+1)(r+2))
θ r(θ 2+2)

(3.5)
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Proof. By definition of moments Eq.1.16, moments of one
parameter Akash are obtained as;

E(X r) =
θ 3

θ 2+2

∫
∞

0
xr(1+ x2)e−θxdx

=
θ 3

θ 2+2

[∫
∞

0
xre−θxdx+

∫
∞

0
xr+2e−θxdx

]
=

θ 3

θ 2+2

[
Γ(r+1)

θ r+1 +
Γ(r+3)

θ 3

]
=

r!(θ 2+(r+1)(r+2))
θ r(θ 2+2)

;r = 1,2,3, · · ·

Applying the definition of mgf Eq.1.17, mgf of one parameter
Akash distribution is obtained as;

mx(t) =
θ 3

θ 2+2

∫
∞

0
etx(1+ x2)e−θxdx

=
θ 3

θ 2+2

∫
∞

0
e−(θ−t)x(1+ x2)dx

=
θ 3

θ 2+2

[
1

(θ − t)
+

2
(θ − t)3

]
=

θ 3

θ +2

[
1
θ

∞

∑
k=0

( t
θ

)k
+

2
θ 3

∞

∑
k=0

(
k+2

k

)( t
θ

)k
]

=
∞

∑
k=0

θ 2+(k+1)(k+2)
θ 2+2

( t
θ

)k
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The rth moments about the origin of one parameter Akash dis-
tribution Eq.3.1 are obtained as a coefficient of tr

r! in mx(t) as:

µ
1
r =

r!(θ 2+(r+1)(r+2))
θ r(θ 2+2)

;r = 1,2,3, · · ·

Setting r = 1,2,3 and 4 in Eq.3.5 the none centralized mo-
ments are:

µ
1
1 =

θ 2+6
θ(θ 2+2)

, µ
1
2 =

2(θ 2+12)
θ 2(θ 2+2)

µ
1
3 =

6(θ 2+20)
θ 3(θ 2+2)

, µ
1
4 =

24(θ 2+30)
θ 4(θ 2+2)

We now derive centralized moments as;

µ1 = µ
1
1

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
2(θ 2+12)
θ 2(θ 2+2)

−
(

θ 2+6
θ(θ 2+2)

)2

µ2 =
θ 4+16θ 2+12

θ 2(θ 2+2)2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)

=
6(θ 2+20)
θ 3(θ 2+2)

−3
(

2(θ 2+12)
θ 2(θ 2+2)

θ 2+6
θ(θ 2+2)

)
+2

(
θ 2+6

θ(θ 2+2)

)2

µ3
2θ 6+60θ 4+72θ 2+48

θ 3(θ 2+2)3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ !

1)
2

µ4 =
9θ 8+384θ 6+1224θ 4+1728θ 2+720

θ 4(θ 2+2)4

Proposition 3.2.4. Other relatedmeasures such as variation co-
efficient (C.v),skewness (υ1), kurtosis (υ2) and dispersion index
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(υ3) of a one parameter Akash distribution Eq.3.1 are:

C.v =

√
θ 4+16θ 2+12

θ 2+6
(3.6)

υ1 =
2θ 6+60θ 4+72θ 2+48

(θ 4+16θ 2+12)
3
2

(3.7)

υ2 =
9θ 8+384θ 6+1224θ 4+1728θ 2+720

(θ 4+16θ 2+12)2 (3.8)

υ3 =
θ 4+16θ 2+12
θ 5+8θ 3+12θ

(3.9)

Proof. Coefficient of variation Eq.3.6 is obtained as;

C.v =
σ

µ1
1

=

√
θ 4+16θ 2+12

θ(θ 2+2)
θ(θ 2+2)

θ 2+6
=⇒

√
θ 4+16θ 2+12

θ 2+6

Skewness coefficient in Eq.3.7 is obtained as;

υ1 =
µ3

(µ2)2

=
θ 4+16θ 2+12
θ 5+8θ 3+12θ

[
θ 2(θ 2+2)2

θ 4+16θ 2+12

]3
2

=⇒ 2θ 6+60θ 4+72θ 2+48

(θ 4+16θ 2+12)
3
2

Coefficient of kurtosis Eq.3.8 is obtained as ;

υ2 =
µ4

(µ2)2

=
9θ 8+384θ 6+1224θ 4+1728θ 2+720

θ 4(θ 2+2)4

(
θ 2(θ 2+2)2

θ 4+16θ 2+12

)
=

9θ 8+384θ 6+1224θ 4+1728θ 2+720
(θ 4+16θ 2+12)2
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Index of dispersion Eq.3.9 is obtained as;

υ3 =
σ 2

µ1
1

=
θ 4+16θ 2+12

θ 2(θ 2+2)2

θ(θ 2+6)
θ 2+6

=⇒ θ 4+16θ 2+12
θ 5+8θ 3+12θ

3.2.4 Excess Loss Distribution

Proposition 3.2.5. In this section, the pdf of excess loss distri-
bution fl(x;θ), mean residual lifetime (MRL), equilibrium distri-
bution fe(x;θ), survival function based on the equilibrium dis-
tribution Se(x;θ) and hazard function based on the equilibrium
distribution he(x;θ) of one parameter Akash distribution Eq.3.1
are stated as:

fl(x;θ) =
θ 3(1+ x2)e−(x−z)θ

θ 2+2+θz(θz+2)
;x > z (3.10)

m(x) =
θ(θ 2+2+θ 2X2+2θx)+2(θ 2+6+θ 2x+θ)+2θ

θ 2(θ 2+2+θ 2x2+2θx)
(3.11)

fe(x;θ) =
(θ 2+2+θx(θx+2))e−θx

θ 2+6
(3.12)

Se(x;θ) =
(θ 3+6θ +4θ 2x+θ 3x2)e−θx

θ(θ 2+6)
(3.13)

he(x;θ) =
θ(θ 2+2+θ 2x2+2θx)
θ 3+6θ +4θ 2x+θ 3x2 (3.14)
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Proof. Pdf of excess los distribution fl(x;θ) in Eq.3.10 is
obtained using the relation Eq.1.10 as;

fl(x;θ) =
θ 3

θ 2+2(1+ x2)e−θx

(θ 2+2+θz(θz+2))e−θz

θ 2+2

=
θ 3(1+ x2)e−(x−z)θ

θ 2+2+θz(θz+2)
;x > z

Using the relation Eq.1.11, the mean residual lifetime Eq.3.11
is obtained as;

m(x)
θ 2+2

(θ 2+2+θ 2x2+2θx)e−θx

∫
∞

x

(
θ 2+2+θ 2t2+2θ t

θ 2+2

)
e−θ tdt

1
(θ 2+2+θ 2x2+2θx)e−θx

∫
∞

x
(θ 2+2+θ

2t2+2θ t)e−θ tdt
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we nowuse integration by parts technique on the part
∫

∞

x (θ 2+

2+θ 2t2+2θ t)e−θ tdt;

I1 =
∫

∞

x
(θ 2+2+θ

2t2+2θ t)e−θ tdt

u = (θ 2+2+θ
2t2+2θ t) =⇒ du = 2θ

2t +2θ

dv = e−θ t =⇒ v =
−eθ t

θ

=−(θ 2+2+θ
2t2+2θ t)

e−θ t

θ
+

2
θ

∫
∞

x
(θ 2t +θ)e−θ tdt

I1 =−(θ 2+2+θ
2t2+2θ t)

e−θ t

θ
+

2
θ

I2

I2 =
∫

∞

x
(θ 2t +θ)e−θ tdt

u = θ
2t +θ =⇒ du = θ

2dt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(θ 2t +θ)
e−θ t

θ
+θ

∫
∞

x
e−θ tdt

I2 =−(θ 2t +θ)
e−θ t

θ
+θ I3

I3 =
∫

∞

x
e−θ tdt

I3 =
−e−θ t

θ
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From I1, I2 and I3 we have;

I1 =

[
− (θ(θ 2+2+θ

2t2+2θ t)+2(θ 2t +θ)+2θ)
e−θ t

θ

]∞

x

I1 = (θ(θ 2+2+θ
2x2+2θx)+2(θ 2x+θ)+2θ)

e−θx

θ

=
1

(θ 2+2+θ 2x2+2θx)e−θx I1

=
θ(θ 2+2+θ 2x2+2θx)+2(θ 2x+θ)+2θ

θ 2(θ 2+2+θ 2x2+2θx)

=
θ 2+6+θ 2x2+4θx

θ(θ 2+2+θ 2x2+2θx)

By definition Eq.1.12, the equilibrium distribution fe(x;θ) in
Eq.3.12 is obtained as;

fe(x;θ) =
θ 2+2+θx(θx+2)

θ 2+2
θ(θ 2+2)

θ 2+6
=⇒ θ(θ 2+2+θx(θx+2)e−θx)

θ 2+6

Using the relation Eq.1.13, survival function based on the equi-
librium distribution Eq.3.13is obtained as;∫

∞

x
s(t;θ)dt =

(θ 3+6θ +4θ 2x+θ 3x)e−θx

θ(θ 2+2)

=
(θ 2+6+4θx+θ 2x2)e−θx

θ(θ 2+6)
θ(θ 2+2)

θ 2+6

Se(x;θ) =
(θ 2+6+4θ 2+θ 2x2)e−θx

θ 2+6
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By definition in Eq.1.14, hazard function based on the equilib-
rium distribution Eq.3.14 is obtained as;

he(x;θ) =
θ(θ 2+2+θx(θx+2))e−θx

θ 2+6
θ 2+6

(θ 2+6+4θ 2x2+4θx)e−θx

=
θ(θ 2+2+θ 2x2+2θx)

θ 2+6+θ 2x2+4θx

3.3 Two parameter Akash distribution

3.3.1 construction of two parameter Akash distribution

Proposition 3.3.1. Let ω = αθ 2

αθ 2+2 be the mixing probability,
a generalized two parameter Akash distribution (G2PAD) is a
two component finite mixed distribution of Gamma (1,θ ) and
Gamma (3,θ ). The pdf and Cdf of G2PAD are stated as;

f (x;α,θ) =
θ 3

αθ 2+2
(α + x2)e−θx;x > 0,α > 0,θ > 0 (3.15)

F(x;α,θ) = 1−
[

1+
θ 2x2+2θx

αθ 2+2

]
;x > 0,α > 0,θ > 0 (3.16)

Proof. Using the concept of finitemixture defined in Eq.1.1,
the pdf of G2PAD is obtained as;

f (x;α,θ) =
αθ 2

αθ 2+2
[
θe−θx]+ 2

αθ 2+2
[θ 3e−θxx2

Γ3
]

=
αθ 3e−θx

αθ 2+2
+

θ 3e−θxx2

αθ 2+2

=
θ 3

αθ 2+2
[
α + x2]e−θx;x > 0,α > 0,θ > 0



107

Remark 3.3.2. Settingα = 1 a generalized two parameter Akash
distribution Eq.3.15 reduces to a one parameter Akash distribu-
tion Eq.3.1.

Further Cdf Eq.3.16 is obtained as;

F(x;α,θ) =
∫

∞

0
f (x;α,θ)dx

=
θ 3

αθ 2+2

∫
∞

0
(α + x2)e−θxdx

=
θ 3

αθ 2+2
I1

I1 =
∫

∞

0
(α + x2)e−θxdx

u = (α + x2) =⇒ du = 2xdx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α + x2)
e−θx

θ
− 2

θ

∫
∞

0
−xe−θxdx

I1 =−(α + x2)
e−θx

θ
− 2

θ
I2

I2 =
∫

∞

0
−xe−θxdx

u =−x =⇒ du =−dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 =
xe−θx

θ
− 1

θ

∫
∞

0
e−θxdx
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I2 =
xe−θx

θ
− 1

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=
1
−θ

eu =⇒ −e−θx

θ

From I1, I2 and I3 we have the following;

I1 =−(α + x2)
e−θx

θ
− 2

θ

[
xe−θx

θ
− 1

θ

(
e−θx

−θ

)]
I1 =−(αθ

2+ x2
θ

2+2θx+2)
e−θx

θ 3

= 1+−(αθ
2+ x2

θ
2+2θx+2)

e−θx

θ 3

θ 3

αθ 2+2

= 1−
[

1+
x2θ 2+2xθ

αθ 2+2

]
e−θx;x > 0,α > 0,θ > 0

3.3.2 Reliability Analysis

Proposition 3.3.3. In this section, we state survival function
S(x;α,θ) and hazard function h(x;α,θ) of a generalized two
parameter Akash distribution Eq.3.15 as:

S(x;α,θ) =

[
αθ 2+2+ x2θ 2+2xθ

αθ 2+2

]
e−θx;x > 0,α > 0,θ > 0

(3.17)

h(x;α,θ) =
θ 3(α + x2)

αθ 2+2+ x2θ 2+2xθ
;x > 0,α > 0,θ > 0 (3.18)
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Proof. By definition Eq.1.8, survival function S(x;α,θ)Eq.3.17
is obtained as;

S(x;α,θ) = 1−
[

1−
[

1+
x2θ 2+2xθ

αθ 2+2

]
e−θx

]
=

[
1+

x2θ 2+2xθ

αθ 2+2

]
e−θx,x > 0,α > 0,θ > 0

Using the relation Eq.1.9, hazard function h(x;αθ) in Eq.3.18
is obtained as;

h(x;α,θ) =
θ 3

αθ 2+2
(
α + x2)e−θx ∗

[
αθ 2+2

(αθ 2+2+ x2θ 2+2xθ)e−θx

]
=

θ 3(α + x2)

αθ 2+2+ x2θ 2+2xθ

3.3.3 Moments and related measures

Proposition 3.3.4. The rth moments of a generalized two pa-
rameter Akash distribution are obtained using both method of
moments and moment generating function as shown below:

µ
1
r ∗=

r!
(
αθ 2+(r+1)(r+2)

)
θ r(αθ 2+2)

;r = 1,2,3, · · · (3.19)
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Proof. By definition of moments Eq.1.16, the moments of
G2PAD are obtained as;

E(X r) =
θ 3

αθ 2+2

∫
∞

0
xr(α + x2)e−θxdx

=
θ 3

αθ 2+2

[
α

∫
∞

0
xre−θxdx+

∫
∞

0
xr+2e−θxdx

]
=

θ 3

αθ 2+2

[
αΓ(r+1)

θ r+1 +
Γ(r+3)

θ r+3

]
=

r!
(
αθ 2+(r+1)(r+2)

)
θ r(αθ 2+2)

;r = 1,2,3, · · ·

Using the relation Eq.1.17, mgf of G2PAD is obtained as;

mx(t) =
θ 3

αθ 2+2

∫
∞

0
(α + x2)e−θxetxdx

=
θ 3

αθ 2+2

∫
∞

0
e−(t−θ)x(α + x2)dx

=
θ 3

αθ 2+2

[
α

(t −θ)
+

2
(t −θ)3

]
=

θ 3

αθ 2+2

[
α

θ

∞

∑
k=0

( t
θ

)k
+

2
θ 3

∞

∑
k=0

(
k+2

k

)( t
θ

)k
]

=
∞

∑
k=0

αθ 2+(k+1)(k+2)
αθ 2+2

( t
θ

)k

The rth moments about the origin of a generalized two param-
eter Akash distribution are obtained by putting tr

r! in mx(t) as
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shown below;

µ
1
r =

r!
(
αθ 2+(r+1)(r+2)

)
θ r(αθ 2+2)

;r = 1,2,3, · · ·

The first four moments about the origin of a generalized two
parameter Akash distribution Eq.3.15 are obtained by putting
r = 1,2,3 and 4 in Eq.3.19 as;

µ
1
1 =

αθ 2+6
θ(αθ 2+2)

, µ
1
2 =

2(αθ 2+12)
θ 2(αθ 2+2)

µ
1
3 =

6(αθ 2+20)
θ 3(αθ 2+2)

, µ
1
4 =

24(αθ 2+30)
θ 4(αθ 2+2)

We now derive expression for the first four moments about
the mean of a generalized two parameter Akash distribution
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as:

µ1 = µ
1
1

µ2 = µ
1
2 − (µ1

1)
2

=
2(αθ 2+12)
θ 2(αθ 2+2)

−
( αθ 2+6

θ(αθ 2+2)
)2

µ2 =
α2θ 4+16αθ 2+12

θ 2(αθ 2+2)2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)
3

=
6(αθ 2+20)
θ 3(αθ 2+2)

−3
(

2(αθ 2+12)
θ 2(αθ 2+2)

αθ 2+6
θ(αθ 2+2)

)
+2

(
αθ 2+6

θ(αθ 2+2)

)3

µ3 =
2α3θ 6+6α2θ 4+108αθ 2+48

θ 3(αθ 2+2)3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

=
24(αθ 2+30)
θ 4(αθ 2+2)

−4
[

6(αθ 2+20)
θ 3(αθ 2+2)

αθ 2+6
θ(αθ 2+2)

]
+6

[
αθ 2+6

θ(αθ 2+2)
2(αθ 2+12)
θ 2(αθ 2+2)

]
−3

[
αθ 2+6

θ(αθ 2+2)

]
=

9α4θ 8+384α3θ 6+1224α2θ 4+1728αθ 2+720
θ 4(αθ 2+2)4

Proposition 3.3.5. Other related measures of a generalized two
parameter AKash distribution such as coefficient of variation
(C.v), coefficient of skewness (υ1), coefficient of kurtosis (υ2) and
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dispersion index (υ3) are stated as;

C.v =

√
α2θ 4+16αθ 2+12

αθ 2+6
(3.20)

υ1 =
2α3θ 6+60α2θ 4+72αθ 2+48

(α2θ 4+16αθ 2+12)
3
2

(3.21)

υ2 =
9α4θ 8+384α2θ 6+1224α2θ 4+1728αθ 2+720

(α2θ 4+16αθ 2+12)2 (3.22)

υ3 =
α2θ 4+16αθ 2+12
α2θ 5+8αθ 3+12θ

(3.23)

Coefficient of variation in Eq.3.20 is obtained as;

Proof.

C.v =
σ

µ1
1

=

√
α2θ 4+16αθ 2+12

θ(αθ 2+2)
θ(αθ 2+2)

αθ 2+6
=⇒

√
α2θ 4+16αθ 2+12

αθ 2+6

Skewness coefficient in 3.21 is obtained as;

υ1 =
µ3

(µ2)2

=
2α3θ 6+6α2θ 4+108αθ 2+48

θ 3(αθ 2+2)3

[
θ 2(αθ 2+2)2

α2θ 4+16αθ 2+12

]3
2

=
2α3θ 6+60α2θ 4+72αθ 2+48

(α2θ 4+16αθ 2+12)
3
2
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Further kurtosis coefficient Eq.3.22 is obtained as;

υ2 =
µ4

(µ2)2

=
9α4θ 8+384α3θ 6+1224α2θ 4+1728αθ 2+720

θ 4(αθ 2+2)4

[
θ 2(αθ 2+2)2

α2θ 4+16αθ 2+12

]
=

9α4θ 8+384α2θ 6+1224α2θ 4+1728αθ 2+720
(α2θ 4+16αθ 2+12)2

Index of dispersion 3.23 is obtained as;

υ3 =
σ 2

µ1
1

=
α2θ 4+16αθ 2+12

θ 2(αθ 2+2)2

θ(αθ 2+2)
αθ 2+6

=⇒ α2θ 4+16αθ 2+12
α2θ 5+8αθ 3+12θ

3.3.4 Excess Loss distribution

Proposition 3.3.6. The probability density function of excess
loss function fl(x;α,θ), Mean residual lifetime (MRL), equilib-
rium distribution fe(x;α,θ), survival function of equilibrium
distribution Se(x;α,θ) and hazard function of equilibrium dis-
tribution he(x;α,θ) of a generalized two parameter Akash dis-
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tribution Eq.3.15 are stated as;

fl(x;α,θ) =
θ 3(α + x2)e−(x−z)θ

αθ 2+2+ z2θ 2+2zθ
;x > z (3.24)

m(x) =
6+4θx+αθ 2+ x2θ 2

θ(αθ 2+2+ x2θ 2+2θx)
(3.25)

fe(x;α,θ) =
θ(αθ 2+2+ x2θ 2+2θx)e−θx

αθ 2+6
(3.26)

Se(x;α,θ) =
(6+4θx+αθ 2+θ 2x2)e−θx

αθ 2+6
(3.27)

he(x;α,θ) =
θ(αθ 2+2+θ 2x2+2θx)

6+4θx+αθ 2+θ 2x2 (3.28)

Proof. First, pdf of excess loss distribution Eq.3.24 is ob-
tained using the relation Eq.1.10 as;

fl(x;α,θ) =
θ 3

αθ 2+2
(α + x2)e−θx αθ 2+2

(αθ 2+2+θ 2z2+2θz)e−θz

=
θ 3(α + x2)e−(x−z)θ

αθ 2+2+ z2θ 2+2zθ
; x > z

secondly, mean excess loss Eq.3.25 is obtained using relation
in Eq.1.11 as;

m(x) =
αθ 2+2

(αθ 2+2+θ 2x2+2θx)e−θx

∫
∞

x

αθ 2+2+θ 2t2+2θ t
αθ 2+2

e−θ tdt

=
1

(αθ 2+2+θ 2x2+2θx)e−θx

∫
∞

x
(αθ

2+2+θ
2t2+2θ t)e−θ tdt
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Taking the part
∫

∞

x (αθ 2+2+θ 2t2+2θ t)e−θ tdt and using in-
tegration by parts technique we have the following;

u = (αθ
2+2+θ

2t2+2θ t) =⇒ du = 2θ
2t +2θ

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(αθ
2+2+θ

2t2+2θ t)
e−θ t

θ
+

2
θ
∗ I2

I2 =
∫

∞

x
(θ 2t +θ)e−θ tdt

u = θ
2t +θ =⇒ du = θ

2dt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(θ 2t +θ)
e−θ t

θ
+θ

∫
∞

x
e−θ tdt

I2 =−(θ 2t +θ)
e−θ t

θ
+θ ∗ I3

I3 =
∫

∞

x
e−θ tdt = θ

(e−θ t

θ

)
=⇒−e−θ t
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From I1,I2 I3 we have the following;

I1 =−(αθ
2+2+θ

2t2+2θ t)
e−θ t

θ
+

2
θ

[
− (θ 2t +θ)

e−θ t

θ
− e−θ t

]
=

[(−θ(αθ 2+2+θ 2t2+2θ t)−2(θ 2t +θ)−2θ
)
e−θ t

θ 2

]∞

x

=

(
6+4θx+αθ 2+θ 2x2

)
e−θx

θ

=
1

(αθ 2+2+θ 2x2+2θx)e−θx ∗
(6+4θx+αθ 2+θ 2x2)e−θx

θ

=
6+4θx+αθ 2+θ 2x2

θ(αθ 2+2+θ 2x2+2θx)

Using relation Eq.1.12, equilibrium distribution fe(x;α,θ) in
Eq.3.26 is obtained as;

fe(x;α,θ) =

[
αθ 2+2+θ 2x2+2θx

αθ 2+2

]
e−θxθ(αθ 2+2)

αθ 2+6

=
θ(αθ 2+2+ x2θ 2+2θx)e−θx

αθ 2+6

By definition Eq.1.13, survival function based on equilibrium
distribution Eq.3.27 is obtained as;∫

∞

x
S(t;α,θ)dt =

(6+4θx+αθ 2+θ 2x2)e−θx

θ(αθ 2+2)

Se(x;α,θ) =
(6+4θx+αθ 2+θ 2x2)e−θx

θ(αθ 2+2)
θ(αθ 2+2)

αθ 2+6

=
(6+4θx+αθ 2+θ 2x2)e−θx

αθ 2+6
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Using relation Eq.1.14, he(x;α,θ) in Eq.3.28 is obtained as;

he(x;α,θ) =
(6+4θx+αθ 2+θ 2x2)e−θx

αθ 2+6
αθ 2+6

(6+4θx+αθ 2+θ 2x2)e−θx

=
θ(αθ 2+2+θ 2x2+2θx)

6+4θx+αθ 2+θ 2x2

3.4 Three parameter Akash distribution

3.4.1 Construction of three parameter Akash distribution

Proposition 3.4.1. Let ω = αθ 2

αθ 2+2β
be mixing weight a gener-

alized three parameter Akash distribution is a two component fi-
nite mixed distribution of Gamma(1,θ ) and Gamma(3,θ ) . The
pdf and Cdf of G3PAD are stated as;

f (x;α,β ,θ) =
θ 3

αθ 2+2β

[
α +βx

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(3.29)

F(x;α,β ,θ) = 1−
[

1+
βθ 2x2+2βθx

αθ 2+2β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(3.30)

Proof. Using the concept of finitemixture defined in Eq.1.1,
the pdf Eq.3.29 of G2PAD is obtained as;

f (x;α,β ,θ) =
αθ 2

αθ 2+2β

[
θe−θx]+ 2β

αθ 2+2β

[θ 3

Γ3
e−θxx2]

=
αθ 2e−θx

αθ 2+2β
+

2βθ 3e−θxx2

Γ3(αθ 2+2β )

=
θ 3

αθ 2+2β

[
α +βx

]
e−θx;x > 0,α > 0,β > 0,θ > 0



119

Remark 3.4.2. Putting β = 0, α = 1 a generalized three pa-
rameter Akash distribution Eq.3.29 reduces to exponential distri-
bution 2.17.
Similarly, putting β = 1 a generalized three parameter Akash
distribution Eq.3.29 reduces to a generalized two parameter Akash
distribution Eq.3.15.
Putting α = β = 1 a generalized three parameter Akash dis-
tribution Eq.3.29 reduces to one parameter Akash distribution
Eq.3.1.

A generalized Akash distribution Eq.3.29 is modification of a
generalized two parameter Akash Eq.3.15 introduced by Shanker
et al.(2018).



120

further Cdf Eq.3.30 is obtained as;

F(x;α,β ,θ) =
θ 3

αθ 2+2β

∫
∞

0
(α +βx)e−θxdx

=
θ 3

αθ 2+2β
I1

I1 =
∫

∞

0
(α +βx)e−θxdx

u = (α +βx) =⇒ du = 2βx

dv = e−θx =⇒ v =
−e−θx

θ

=−(α +βx)
e−θx

θ
− 2β

θ

∫
∞

0
−xe−θxdx

=−(α +βx)
e−θx

θ
− 2β

θ
∗ I2

I2 =
∫

∞

0
−xe−θxdx

u =−x =⇒ du =−dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 =
xe−θx

θ
− 1

θ

∫
∞

0
e−θxdx

I2 =
xe−θx

θ
− 1

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

=
−1
θ

∫
∞

0
eudu =⇒ −1

θ
eu =⇒ −1

θ
e−θx
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From I1,I2, I3 we have the following;

=−(α +βx2)
e−θx

θ
− 2β

θ

[
xe−θ

θ
− 1

θ

(−e−θx

θ

)]
=−

[
αθ

2+2β +βθ
2x2+2βθx

]e−θx

θ 3

= 1+−
[
αθ

2+2β +βθ
2x2+2βθx

]e−θx

θ 3

θ 3

αθ 2+2β

F(x;α,β ,θ) = 1−
[

1+
βθ 2x2+2βθx

αθ 2+2β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

3.4.2 Reliability Analysis

Proposition 3.4.3. In this section, survival function denoted
by S(x;α,β ,θ) and hazard function denoted by h(x;α,β ,θ)

of a generalized three parameter Akash distribution Eq.3.29 are
stated as;

S(x;α,β ,θ) =

[
αθ 2+2β +βθ 2x2+2βθx

αθ 2+2β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(3.31)

h(x;α,β ,θ) =
θ 3(α +βx2)

αθ 2+2β +βθ 2x2+2βθx
;x > 0,α > 0,β > 0,θ > 0

(3.32)

Proof. First by definition in Eq.1.8, survival function S(x;α,β ,θ)

in Eq.3.31 is obtained as;

S(x;α,β ,θ) = 1−
[

1−
[

1+
βθ 2x2+2βθx

αθ 2+2β

]
e−θx

]
=

[
αθ 2+2β +βθ 2x2+2βθx

αθ 2+2β

]
e−θx;x > 0,α > 0,β > 0,θ > 0
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further hazard function h(x;α,β ,θ) in Eq.3.32 is obtained us-
ing the relation defined in Eq.3.32 as;

h(x;α,β ,θ) =

θ 3

αθ 2+2β

[
α +βx

]
e−θx[

αθ 2+2β+βθ 2x2+2βθx
αθ 2+2β

]
e−θx

=
θ 3(α +βx2)

αθ 2+2β +βθ 2x2+2βθx
;x > 0,α > 0,β > 0,θ > 0

3.4.3 Moments and related measures

Proposition 3.4.4. The rth moments of a generalized three pa-
rameter Akash distribution Eq.3.29 are derived using bothmethod
of moments andmoment generating function (mgf) as shown be-
low;

µ
1
r ∗=

r!
(
αθ 2+β (r+1)(r+2)

)
θ r(αθ 2+2β )

; r = 1,2,3, · · · (3.33)
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Proof. By definition in Eq.1.16, the moments of G3PAD are
obtained as;

E(X r) =
θ 3

αθ 2+2β

∫
∞

0
xr(α +βx2)e−θxdx

=
θ 3

αθ 2+2β

[
α

∫
∞

0
xre−θxdx+β

∫
∞

0
xr+2e−θxdx

]
=

θ 3

αθ 2+2β

[
αΓ(r+1)

θ r+1 +
βΓ(r+3)

θ r+3

]
=

θ 3

αθ 2+2β

[
αrΓr
θ r+1 +

β (r+2)(r+1)rΓr
θ r+3

]
=

θ 3rΓr
αθ 2+2β

[
α

θ
+

β (r+2)(r+1)
θ 3

]
=

r!
(
αθ 2+β (r+1)(r+2)

)
θ r(αθ 2+2β )

; r = 1,2,3, · · ·

Similarly, by definition in Eq.1.17 mgf of G3PAD is obtained
as;

mx(t)
θ 3

αθ 2+2β

∫
∞

0
etx(α +βx2)e−θxdx

=
θ 3

αθ 2+2β

∫
∞

0
e−(θ−t)x(α +βx)dx

=
θ 3

αθ 2+2β

[
α

(θ − t)
+

β

(θ − t)3

]
=

θ 3

αθ 2+2β

[
α

θ

∞

∑
k=0

( t
θ

)k
+

β

θ 3

∞

∑
k=0

(
k+2

k

)]
=

∞

∑
k=0

αθ 2+β (k+1)(k+2)
αθ 2+2β

( t
θ

)k

The moments about the origin of a generalized three param-
eter Akash distribution Eq.3.29 are obtained as a coefficient tr

r!
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in mx(t) as;

µ
1
r =

r!
(
αθ 2+β (r+1)(r+2)

)
θ r(αθ 2+2β )

; r = 1,2,3, · · ·

The four moments of a generalized three parameter Akash
distribution Eq.3.29 about the origin are obtained by putting
r = 1,2,3 and 4 in Eq.3.33 as shown below;

µ
1
1 =

αθ 2+6β

θ(αθ 2+2β )
, µ

1
2 =

2(αθ 2+12β )

θ 2(αθ 2+2β )

µ
1
3 =

6(αθ 2+20β )

θ 3(αθ 2+2β )
, µ

1
4 =

24(αθ 2+30β )

θ 4(αθ 2+2β )

We now derive centralized moments of a generalized Akash
distribution as;
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µ1 = µ
1
1

µ2 = µ
1
2 − (µ1

1)
2

=
2(αθ 2+12β )

θ 2(αθ 2+2β )
−
[ αθ 2+6β

θ 2(αθ 2+2β )

]2

µ2 =
α2θ 4+16αβθ 2+12β 2

θ 2(αθ 2+2β )2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)
3

=
6(αθ 2+20β )

θ 3(αθ 3+2β )
−3

[
2(αθ 2+12β )

θ 2(αθ 2+2β )

(αθ 2+6β )

θ(αθ 2+2β )

]
−2

[
αθ 2+6β

θ(αθ 2+2β )

]
µ3 =

2α3θ 6+132α2βθ 4+28α2βθ 5+72αβ 2θ 3+48β 3θ −144αβ 2θ 2−384β 3−108α2βθ 2

θ 3(αθ 2+2β )3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

Proposition 3.4.5. Other relatedmeasures of a generalized three
parameter AKash distribution Eq.3.29 such as variation coeffi-
cient (C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3)
are stated as;

C.v =

√
α2θ 4+16αβθ 2+12β 2

αθ 2+6β
(3.34)

υ1 =
2α3θ 6+132α2βθ 4+28α2βθ 5+72αβ 2θ 3+48β 3θ −144αβ 2θ 2−384β 3−108α2βθ 2

(α2θ 4+16αβθ 2+12β 2)
3
2

(3.35)

υ2 =
µ4

(µ2)2 (3.36)

υ3 =
α2θ 4+16αβθ 2+12β 2

θ(αθ 2+2β )(αθ 2+6β )
(3.37)



126

Proof. To begin with, coefficient of variation Eq.3.34 is ob-
tained as;

C.v =
σ

µ1
1

=

√
α2θ 4+16αβθ 2+12β 2

θ(αθ 2+2β )

θ(αθ 2+2β )

αθ 2+6β
=⇒

√
α2θ 4+16αβθ 2+12β 2

αθ 2+6β

Secondly, skewness Eq.3.35 is derived as;

υ1 =
µ1

3 −3µ1
2 µ1

1 +2(µ1
1)

3

(µ2)
3
2

=

2α3θ 6+132α2βθ 4+28α2βθ 5+72αβ 2θ 3+48β 3θ−144αβ 2θ 2−384β 3−108α2βθ 2

θ 3(αθ 2+2β )3[
α2θ 4+16αβθ 2+12β 2

θ 2(αθ 2+2β )2

]3
2

=
2α3θ 6+132α2βθ 4+28α2βθ 5+72αβ 2θ 3+48β 3θ −144αβ 2θ 2−384β 3−108α2βθ 2

(α2θ 4+16αβθ 2+12β 2)
3
2

kurtosis coefficient Eq.3.36 is obtained as;

υ2 =
µ1

4 −4µ1
3 µ1

1 +6µ1
1 µ1

2 −3(µ1
1)

2[
µ1

2 − (µ1
1)

2
]2

Lastly, index of dispersion Eq.3.37 is obtained as;

υ3 =
σ 2

µ1
1

=
α2θ 4+16αβθ 2+12β 2

θ 2(αθ 2+2β )2

θ(αθ 2+2β )

αθ 2+6β
=⇒ α2θ 4+16αβθ 2+12β 2

θ(αθ 2+2β )(αθ 2+6β )

3.4.4 Excess Loss Distribution
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Proposition 3.4.6. The probability density function of excess
loss function fl(x;α,β ,θ), Mean residual lifetime (MRL), equi-
librium distribution fe(x;α,β ,θ), survival function of equilib-
rium distribution Se(x;α,β ,θ) and hazard function of equilib-
rium distribution he(x;α,β ,θ) of a generalized three parameter
Akash distribution Eq.3.29 are stated as;

fl(x;α,β ,θ) =
θ 3(α +βx)e−(x−z)θ

αθ 2+2β +βθ 2z2+2βθz
; x > z (3.38)

m(x)
αθ 2+θ 2βx2+6β +4βθx

θ(αθ 2+2β +θ 2βx2+2βθx)
(3.39)

fe(x;α,β ,θ) =
θ(αθ 2+2β +θ 2βx+2βθx)e−θx

αθ 2+6β
(3.40)

Se(x;α,β ,θ) =
(αθ 2+βθ 2x2+6β +4βθx)e−θx

αθ 2+6β
(3.41)

he(x;α,β ,θ) =
αθ 2+2β +θ 2βx2+2βθx

θ(αθ 2+θ 2βx2+6β +4βθx)
(3.42)

Proof. To begin with, pdf of excess loss distribution Eq.3.38
is obtained using the relation in Eq.1.10 as;

fl(x;α,β ,θ) =

θ 3

αθ 2+2β

[
α +βx

]
e−θx[

αθ 2+2β+βθ 2z2+2βθz
αθ 2+2β

]
e−θz

=
θ 3(α +βx)e−(x−z)θ

αθ 2+2β +βθ 2z2+2βθz
; x > z
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By definition of mean excess loss in Eq.1.11, m(x) in Eq.3.39 is
derived as;

m(x) =
αθ 2+2β

(αθ 2+2β +θ 2βx+2βθx)e−θx

∫
∞

x

[αθ 2+2β +θ 2β t2+2βθ t
αθ 2+2β

]
e−θ tdt

=
1

(αθ 2+2β +θ 2βx+2βθx)e−θx

∫
∞

x
(αθ

2+2β +θ
2
β t2+2βθ t)e−θ tdt

Taking the part
∫

∞

x (αθ 2+2β +θ 2β t2+2βθ t)e−θ tdt we have;

u = (αθ
2+2β +θ

2
β t2+2βθ t) =⇒ du = (2θ

2
β t +2βθ)dt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−(αθ
2+2β +θ

2
β t2+2βθ t)

e−θ t

θ
+2β

∫
∞

x
(θ t +1)e−θ tdt
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Taking the part
∫

∞

x (θ t +1)e−θ tdt we have the following;

u = (θ t +1) =⇒ du = θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−(θ t +1)
e−θ t

θ
+

∫
∞

x
e−θ tdt

= 2β

[
− (θ t +1)

e−θ t

θ
− e−θ t

θ

]
=−(αθ

2+2β +θ
2
β t2+2βθ t)

e−θ t

θ
+2β

[
− (θ t +1)

e−θ t

θ
− e−θ t

θ

]
=−

[
(αθ 2+2β +θ 2β t +2βθ t +2β +2β )e−θ t

θ

]∞

x

=

[
(αθ 2+θ 2βx2+6β +4βθx)e−θx

θ

]
=

1
(αθ 2+2β +θ 2βx+2βθx)e−θx

[
(αθ 2+θ 2βx2+6β +4βθx)e−θx

θ

]
αθ 2+θ 2βx2+6β +4βθx

θ(αθ 2+2β +θ 2βx2+2βθx)

Using the relation in Eq.1.12, fe(x;α,β ,θ) in Eq.3.40 is ob-
tained as;

fe(x;α,β ,θ) =

[
αθ 2+2β+βθ 2x2+2βθx

αθ 2+2β

]
e−θx

αθ 2+6β

θ(αθ 2+2β )

=
θ(αθ 2+2β +θ 2βx+2βθx)e−θx

αθ 2+6β



130

By definition in Eq.1.13, survival function based on the equi-
librium distribution Se(x;α,β ,θ) in Eq.3.41 is obtained as;∫

∞

x
S(t;α,β ,θ)dt =

(αθ 2+θ 2βx2+6β +4βθx)e−θx

θ(αθ 2+2β )

=
(αθ 2+θ 2βx2+6β +4βθx)e−θx

θ(αθ 2+2β )

θ(αθ 2+2β )

αθ 2+6β

Se(x;α,β ,θ) =
(αθ 2+βθ 2x2+6β +4βθx)e−θx

αθ 2+6β

Using the relation Eq.1.14, hazard function based on equilib-
rium distribution Eq.3.42 is obtained as;

he(x;α,β ,θ) =
θ(αθ 2+2β +θ 2βx+2βθx)e−θx

αθ 2+6β

αθ 2+6β

(αθ 2+θ 2βx2+6β +4βθx)e−θx

=
αθ 2+2β +θ 2βx2+2βθx

θ(αθ 2+θ 2βx2+6β +4βθx)
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4 TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Shanker distribution)

4.1 Introduction

In this chapter, a two component finite gammamixed a case of
Shanker distribution is considered. we shall construct and de-
rive properties of Shanker distribution and its generalizations.
The mixed distribution is expressed in terms ofpdf and Cdf.
We later derive statistical properties such as reliability analy-
sis measures, equilibrium properties, moments about both the
origin and mean.

4.2 One parameter Shanker distribution

4.2.1 Construction of a one parameter Shanker distribution

Proposition 4.2.1. Let ω = θ 2

θ 2+1 be mixing probability, one
parameter Shanker distribution is a finite mixed distribution of
Gamma(1,θ ) and Gamma(2,θ ) . The pdf and Cdf of one pa-
rameter Shanker distribution are stated as;

f (x;θ) =
θ 2

θ 2+1
(θ + x)e−θx;x > 0,θ > 0 (4.1)

F(x;θ) = 1−
[

1+
θx

θ 2+1

]
e−θx;x > 0,θ > 0 (4.2)
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Proof. By the use of finite mixed concept in Eq.1.1, the pdf
Eq.4.1of one parameter Shanker distribution is obtained as;

f (x;θ) =
θ 2

θ 2+1
(
θe−θx)+ 1

θ 2+1
(θ 2

Γ2
e−θxx

)
=

θ 3

θ 2+1
e−θx +

θ 2

θ 2+1
e−θxx

=
θ 2

θ 2+1
(θ + x)e−θx;x > 0,θ > 0

further Cdf in Eq.4.2 is obtained as;

F(x;θ) =
θ 2

θ 2+1

∫
∞

0
(θ + x)e−θxdx

=
θ 2

θ 2+1
I1

I1 =
∫

∞

0
(θ + x)e−θxdx

u = (θ + x) =⇒ du = dx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(θ + x)
e−θx

θ
− 1

θ

∫
∞

0
−e−θxdx

I1 =−(θ + x)
e−θx

θ
− 1

θ
I2

I2 =
∫

∞

0
−e−θxdx

u =−θx =⇒ du =−θdx

=
∫

∞

0
−eu du

−θ
=

1
θ

∫
∞

0
eudu

I2 =
1
θ

e−θx
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From I1 and I2 we have;

I1 =−(θ + x)
e−θx

θ
− 1

θ 2e−θx

= 1+−(θ + x)
e−θx

θ

θ 2

θ 2+1
− 1

θ 2e−θx θ 2

θ 2+1

= 1+−θ(θ + x)e−θx

θ 2+1
− e−θx

θ 2+1

= 1−
[

θ 2+θx+1
θ 2+1

]
e−θx

F(x;θ) = 1−
[

1+
θx

θ 2+1

]
e−θx;x > 0,θ > 0

4.2.2 Reliability Analysis

Proposition 4.2.2. The survival function denoted by S(x;θ)

and hazard function denoted by h(x;θ) of one parameter Shanker
distribution Eq.4.1 are stated as;

S(x;θ) =

[
θ 2+1+θx

θ 2+1

]
e−θx;x > 0,θ > 0 (4.3)

h(x;θ) =
θ 2(θ + x)

θ 2+1+θx
;x > 0,θ > 0 (4.4)

By definition in Eq.1.8, survival function S(x;θ) in Eq.4.3 is
obtained as;



134

Proof.

S(x;θ) = 1−
[

1−
[

1+
θx

θ 2+1

]
e−θx

]
=

[
θ 2+1+θx

θ 2+1

]
e−θx;x > 0,θ > 0

Using the relation in Eq.1.9 , hazard function Eq.4.4 is obtained
as;

h(x;θ) =
θ 2

θ 2+1(θ + x)e−θx[
θ 2+1+θx

θ 2+1

]
e−θx

=
θ 2(θ + x)

θ 2+1+θx
;x > 0,θ > 0

4.2.3 Moments and related measures

Proposition 4.2.3. The rth moments of one parameter Shanker
distribution are derived using both moment generating function
(mgf) and methods of moments are stated as;

µ
1
r ∗=

r!
(
θ 2+(r+1)

)
θ r(θ 2+1)

;r = 1,2,3, · · · (4.5)
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Proof. By definition Eq.1.16, moments of one parameter
Shanker distribution are obtained as;

E(X r) =
θ 2

θ 2+1

[
xr(θ + x)e−θxdx

]
=

θ 2

θ 2+1

[
θ

∫
∞

0
xre−θxdx+

∫
∞

0
xr+1e−θxdx

]
=

θ 2

θ 2+1

[
θΓ(r+1)

θ r+1 +
Γ(r+2)

θ r+2

]
=

θ 2

θ r(θ 2+1)

[
rΓr+

(r+1)rΓr
θ 2

]
=

r!
(
θ 2+(r+1)

)
θ r(θ 2+1)

;r = 1,2,3, · · ·

further the mgf of Shanker distribution is obtained using the
relation Eq.1.17 as;

mx(t) =
θ 2

θ 2+1

∫
∞

0
e−(θ−t)x(θ + x)dx

=
θ 2

θ 2+1

[
θ

θ − t
+

1
(θ − t)2

]
=

θ 2

θ 2+1

[
∞

∑
k=0

( t
θ

)k
+

1
θ 2

∞

∑
k=0

(
k+1

k

)( t
θ

)k
]

=
∞

∑
k=0

(
θ 2+(k+1)

)
θ 2+1

( t
θ

)k

The moments about origin about the origin of one parameter
Shanker distribution Eq.4.1 are obtained as

µ
1
r =

r!
(
θ 2+(r+1)

)
θ r(θ 2+1)
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We obtain the four none centralized moments of one param-
eter Shanker distribution Eq.4.1 by putting r = 1,2,3 and 4 in
Eq.4.5 as;

µ
1
1 =

θ 2+2
θ(θ 2+1)

, µ
1
2 =

2(θ 2+3)
θ 2(θ 2+1)

µ
1
3 =

6(θ 2+2)
θ 3(θ 2+1)

, µ
1
4 =

24(θ 2+5)
θ 4(θ 2+1)

The centralized moments are derived as;

µ1 = µ
1
1

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
2(θ 2+3)

θ 2(θ 2+1)
−
[

θ 2+2
θ(θ 2+1)

]2

=
θ 4+4θ 2+2
θ 2(θ 2+1)2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)
3

µ3 =
6(θ 2+2)

θ 3(θ 2+1)
−3

[
2(θ 2+3)

θ 2(θ 2+1)
θ 2+2

θ(θ 2+1)

]
+2

[
θ 2+2

θ(θ 2+1)

]3

=
2θ 6+12θ 4+4

θ 3(θ 2+1)3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

=
24(θ 2+5)
θ 4(θ 2+1)

−4
[

6(θ 2+2)
θ 3(θ 2+1)

θ 2+2
θ(θ 2+1)

]
+6

[
θ 2+2

θ(θ 2+1)
2(θ 2+3)

θ 2(θ 2+1)

]
−3

[
θ 2+2

θ(θ 2+1)

]2

µ4 =
9θ 8+72θ 6+132θ 4+96θ 2+24

θ 4(θ 2+1)4

Proposition 4.2.4. Other related measures of one parameter
Shanker distribution such as variation coefficient (C.v), skewness
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(υ1), kurtosis (υ2) and dispersion index (υ3) are stated as;

C.v =

√
θ 4+4θ 2+2

θ 2+2
(4.6)

υ1 =
2θ 6+12θ 4+4

(θ 4+4θ 2+2)
3
2

(4.7)

υ2 =
9θ 8+72θ 6+132θ 4+96θ 2+24

(θ 4+4θ 2+4)2 (4.8)

υ3 =
θ 4+4θ 2+2

θ(θ 2+1)(θ 2+2)
(4.9)

Proof. To begin with, coefficient of variation Eq.4.6 is ob-
tained as;

C.v =
σ

µ1
1

=

√
θ 4+4θ 2+2
θ(θ 2+1)

θ(θ 2+1)
θ 2+2

=⇒
√

θ 4+4θ 2+2
θ 2+2

further, skewness coefficient Eq.4.7 is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2θ 6+12θ 4+4

θ 3(θ 2+1)3

[
θ 2(θ 2+1)2

θ 4+4θ 2+2

]3
2

=⇒ 2θ 6+12θ 4+4

(θ 4+4θ 2+2)
3
2

Kurtosis coefficient Eq.4.8 is obtained as;

υ2 =
µ4

(µ2)2

=
9θ 8+72θ 6+132θ 4+96θ 2+24

θ 4(θ 2+1)4

[
θ 2(θ 2+1)

θ 4+4θ 2+2

]2

=⇒ 9θ 8+72θ 6+132θ 4+96θ 2+24
(θ 4+4θ 2+4)2
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Lastly, index of dispersion Eq.4.9 is obtained as;

υ3 =
σ 2

µ1
1

=
θ 4+4θ 2+2
θ 2(θ 2+1)2

θ(θ 2+1)
θ 2+2

=⇒ θ 4+4θ 2+2
θ(θ 2+1)(θ 2+2)

4.2.4 Excess Loss Distribution

Proposition 4.2.5. In this section, we state probability density
function of excess function fl(x;θ), Mean residual lifetime (MRL),
equilibrium distribution fe(x;θ), survival function of equilib-
rium distribution Se(x;θ), hazard function of equilibrium dis-
tribution he(x;θ) of one parameter Shanker distribution Eq.4.1
as;

fl(x;θ) =
θ 2(θ + x)e−(x−z)θ

θ 2+1+θz
; x > z (4.10)

m(x) =
θ 2+θx+2

θ(θ 2+1+θx)
(4.11)

fe(x;θ) =
θ(θ 2+1+θx)e−θx

θ 2+2
(4.12)

Se(x;θ) =
(θ 2+θx+2)e−θx

θ 2+2
(4.13)

he(x;θ) =
θ(θ 2+1+θx)

θ 2+θx+2
(4.14)
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Proof. Firstly, pdf of excess loss distribution fl(x;θ) Eq.4.10
is obtained using relation Eq.1.10 as;

fl(x;θ) =
θ 2

θ 2+1(θ + x)e−θx[
θ 2+1+θz

θ 2+1

]
e−θz

=
θ 2(θ + x)e−(x−z)θ

θ 2+1+θz
; x > z

Using the relation Eq.1.11, mean residual lifetimem(x) in Eq.4.11
is obtained as;

m(x) =
θ 2+1

(θ 2+1+θx)e−θx

∫
∞

x

(θ 2+1+θ t)e−θ t

θ 2+1
dt

=
1

(θ 2+1+θx)e−θx

∫
∞

x
(θ 2+1+θ t)e−θ tdt

Taking the part
∫

∞

x (θ 2+1+θ t)e−θ tdt we have;

u = (θ 2+1+θ t) =⇒ du = θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−(θ 2+1+θ t)
−e−θ t

θ
+

∫
∞

x
e−θ tdt

=−(θ 2+1+θ t)
−e−θ t

θ
− e−θ t

θ

=−
[

e−θ t

θ

(
θ

2+2+θ t
)]∞

x
=⇒ e−θx

θ
(θ 2+2+θx)

=
1

(θ 2+1+θx)e−θx

e−θx

θ
(θ 2+2+θx) =⇒ θ 2+θx+2

θ(θ 2+1+θx)
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By definition in Eq.1.12, equilibriumdistribution fe(x;θ)Eq.4.12
is obtained as;

fe(x;θ) =

[
θ 2+1+θx

θ 2+1

]
e−θx

θ 2+2
θ(θ 2+1)

=
θ(θ 2+1+θx)e−θx

θ 2+2

further, using the relation Eq.1.13 survival function based on
equilibrium distribution Eq.4.13 is obtained as;∫

∞

x
S(t;θ)dt = (θ 2+θx+2)

e−θx

θ(θ 2+1)

S(x;θ) = (θ 2+θx+2)
e−θx

θ(θ 2+1)
θ 2+2

θ(θ 2+1)
=⇒ (θ 2+θx+2)e−θx

θ 2+2

hazard function based on equilibriumdistribution he(x;θ)Eq.4.14
is obtained using Eq.1.14 as;

he(x;θ) =
θ(θ 2+1+θx)e−θx

θ 2+2
θ 2+2

(θ 2+θx+2)e−θx =⇒
θ(θ 2+1+θx)

θ 2+θx+2

4.3 Two parameter Shanker distribution

4.3.1 Construction of a two parameter Shanker distribution

Proposition 4.3.1. Let ω = θ 2

θ 2+β
be the mixing weight, gener-

alized two parameter Shanker distribution (G2PSD) is a two com-
ponent finitemixed distribution of Gamma(1,θ ) andGamma(2,θ ).
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The pdf and Cdf of G2PSD are stated as;

f (x;β ,θ) =
θ 2

θ 2+β

[
θ +βx

]
e−θx;β > 0,θ > 0,x > 0 (4.15)

F(x;β ,θ) = 1−
[

1+
βθx

θ 2+β

]
e−θx;β > 0,θ > 0,x > 0 (4.16)

Proof. By the concept of finitemixtures Eq.1.1, the pdf Eq.4.15
is obtained as;

f (x;β ,θ) =
θ 2

θ 2+β

[
θe−θx]+ β

θ 2+β

[θ 2e−θxx
Γ2

]
=

θ 3

θ 2+β
e−θx +

βθ 2

θ 2+β
e−θxx

=
θ 2

θ 2+β

[
θ +βx

]
e−θx;β > 0,θ > 0,x > 0

Remark 4.3.2. One parameter Shanker distribution Eq.4.1 is a
particular case of a generalized two parameter Shanker distribu-
tion Eq.4.15 by putting β = 1.

G2PSD Eq.4.15 is a modification of one parameter Shanker dis-
tribution Eq.4.1 introduced by Shanker (2015b).
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further Cdf Eq.4.16 is obtained as;

F(x;β ,θ) =
θ 2

θ 2+β

∫
∞

0
(θ +βx)e−θxdx

=
θ 2

θ 2+β
I1

I1 =
∫

∞

0
(θ +βx)e−θxdx

u = (θ +βx) =⇒ du = βdx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(θ +βx)
−e−θx

θ
− β

θ

∫
∞

0
−e−θxdx

I1 =−(θ +βx)
−e−θx

θ
− β

θ
I2

I2 =
∫

∞

0
−e−θxdx

u =−θx =⇒ du =−θdx =⇒ dx =
−du

θ

=
∫

∞

0
−eu−du

θ
=⇒ 1

θ

∫
∞

0
eudu =⇒ 1

θ
e−θx
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From I1 and I2 then;

I1 =−(θ +βx)
e−θx

θ
− β

θ

(1
θ

e−θx)
=−(θ +βx)

e−θx

θ
− β

θ 2e−θx

= 1+−(θ +βx)
e−θx

θ

θ 2

θ 2+β
− β

θ 2

θ 2

θ 2+β

= 1
[

θ 2+βθx+β

θ 2+β

]
e−θx

= 1−
[

1+
βθx

θ 2+β

]
e−θx;β > 0,θ > 0,x > 0

4.3.2 Reliability Analysis

Proposition 4.3.3. Survival function denoted by S(x;β ,θ) and
hazard function denoted by h(x;β ,θ) of generalized two param-
eter Shanker distribution 4.15 are stated as;

S(x;β ,θ) =

[
1+

βθx
θ 2+β

]
e−θx;x > 0,β > 0,θ > 0 (4.17)

h(x;β ,θ) =
θ 2(θ +βx)

θ 2+β +βθx
;x > 0,β > 0,θ > 0 (4.18)

Proof. To begin with, survival function S(x;β ,θ) Eq.4.17 is
derived using the relation Eq.1.8 as;

S(x;β ,θ) = 1−
[

1−
[

1+
βθx

θ 2+β

]
e−θx

]
=

[
1+

βθx
θ 2+β

]
e−θx;x > 0,β > 0,θ > 0
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further hazard function h(x;β ,θ) Eq.4.18 is obtained using re-
lation Eq.1.9 as;

h(x;β ,θ) =

θ 2

θ 2+β

[
θ +βx

]
e−θx[

1+ βθx
θ 2+β

]
e−θx

=
θ 2(θ +βx)

θ 2+β +βθx
;x > 0,β > 0,θ > 0

4.3.3 Moments and related measures

Proposition 4.3.4. The rth moments of a generalized two pa-
rameter Shanker distribution are derived using bothmoment gen-
erating function (mgf) and methods of moments are stated as;

µ
1
r ∗=

r!
(
θ 2+β (r+1)

)
θ r(θ 2+β )

;r = 1,2,3, · · · (4.19)

Proof. By definition ofmoments Eq.1.16, moments of G2PSD
are obtained as;

E(X r) =
θ 2

θ 2+β

∫
∞

0
xr(θ +βx)e−θxdx

=
θ 2

θ 2+β

[
θ

∫
∞

0
xre−θxdx+β

∫
∞

0
xr+1e−θxdx

]
=

θ 2

θ 2+β

[
θΓ(r+1)

θ r+1 +
βΓ(r+2)

θ r+2

]
=⇒ 1

θ r(θ 2+β )

[
θ

2rΓr+β (r+1)rΓr
]

=
rΓr

θ r(θ 2+β )

(
θ

2+β (r+1)
)

=
r!
(
θ 2+β (r+1)

)
θ r(θ 2+β )

;r = 1,2,3, · · ·
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By mgf formula Eq.1.17, mgf of G2PSD is obtained as;

mx(t) =
θ 2

θ 2+β

∫
∞

0
etx(θ +βx)e−θxdx =⇒ θ 2

θ 2+β

[
e−(θ−t)x(θ+βx)dx

]
=

θ 2

θ 2+β

[
θ

θ − t
+

β

(θ − t)2

]
=

θ 2

θ 2+β

[
∞

∑
k=0

( t
θ

)k
+

β

θ 2

∞

∑
k=0

(
k+1

k

)( t
θ

)k
]

=
∞

∑
k=0

θ 2+β (k+1)
θ 2+β

( t
θ

)k

The respective moments are derived as a coefficient of tr

r! in
mx(t) above as;

µ
1
r =

r!(θ 2+β (r+1))
θ r(θ 2+β )

;r = 1,2,3, · · ·

The four none centralized moments are obtained by putting
r=1,2,3 and 4 in Eq.4.19 as shown below;

µ
1
1 =

θ 2+2β

θ(θ 2+β )
, µ

1
2 =

2(θ 2+3β )

θ 2(θ 2+β )

µ
1
3 =

6(θ 2+4β )

θ 3(θ 2+β )
, µ

1
4 =

24(θ 2+5β )

θ 4(θ 2+β )
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The centralizedmoments of a generalized two parameter Shanker
distribution are obtained as;

µ1 = µ
1
1

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
2θ 2+6β

θ 2(θ 2+β )
−
[

θ 2+2β

θ(θ 2+β )

]2

=⇒ θ 4+4βθ 2+2β 2

θ 2(θ 2+β )2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2µ

1
1

µ3 =
6(θ 2+4β )

θ 3(θ 2+β )
−3

[
2(θ 2+3β )

θ 2(θ 2+β )

θ 2+2β

θ(θ 2+β )

]
+2

[
θ 2+2β

θ(θ 2+β )

]3

=⇒ 2θ 6+12βθ 4+84β 2θ 2+4β 3

θ 3(θ 3+β )3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

=
24(θ 2+5β )

θ 4(θ 2+β )
−4

[
6(θ 2+4β )

θ 3(θ 2+β )

θ 2+2β

θ(θ 2+β )

]
+6

[
θ 2+2β

θ(θ 2+β )

2(θ 2+3β )

θ 2(θ 2+β )

]
−3

[
θ 2+2β

θ(θ 2+β )

]2

µ4 =
96βθ 6+420β 2θ 4+348β 2θ 2−72β 4+12θ 9+72β 4θ −3θ 10−18βθ 8−27β 2θ 6−36β 3θ 4−12β 3θ 6−12β 4θ 2

θ 4(θ 2+β )4

Proposition 4.3.5. Other related measures of a generalized two
parameter Shanker distribution such as variation coefficient (C.v),
skewness (υ1), kurtosis (υ2) and dispersion index (υ3) are stated
as;

C.v =

√
θ 4+4βθ 2+2β 2

θ 2+2β
(4.20)

υ1 =
2θ 6+12βθ 4+84β 2θ 2+4β 3(

θ 4+4βθ 2+2β 2
)3

2
(4.21)

υ2 =
µ4

(µ2)2 (4.22)

υ3 =
θ 4+4βθ 2+2β 2

θ(θ 2+β )(θ 2+2β )
(4.23)
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Proof. Variation coefficient Eq.4.20 is obtained as;

C.v =
σ

µ1
1

=

√
θ 4+4βθ 2+2β 2

θ(θ 2+β )

θ(θ 2+β )

θ 2+2β
=⇒

√
θ 4+4βθ 2+2β 2

θ 2+2β

Skewness coefficient Eq.4.21 is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2θ 6+12βθ 4+84β 2θ 2+4β 3

θ 3(θ 3+β )3

[
θ 2(θ 2+β )2

θ 4+4βθ 2+2β 2

]3
2

=⇒ 2θ 6+12βθ 4+84β 2θ 2+4β 3(
θ 4+4βθ 2+2β 2

)3
2

Similarly, kurtosis coefficient Eq.4.22 is obtained as;

υ2 =
µ4

(µ2)2

=
µ4

(θ 4+4βθ 2+2β 2

θ 2(θ 2+β )2 )2

Where µ4 is defined in the section centralized moments of a
generalized two parameter Shanker distribution. Index of dis-
persion

υ3 =
σ 2

µ1
1

=
θ 4+4βθ 2+2β 2

θ 2(θ 2+β )2

θ(θ 2+β )

θ 2+2β
=⇒ θ 4+4βθ 2+2β 2

θ(θ 2+β )(θ 2+2β )
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4.3.4 Excess Loss Distribution

Proposition 4.3.6. In this section, we state probability density
function of excess function fl(x;β ,θ), Mean residual lifetime
(MRL), equilibrium distribution fe(x;β ,θ), survival function of
equilibrium distribution Se(x;β ,θ), hazard function of equilib-
rium distribution he(x;β ,θ) of a generalized two parameter Shanker
distribution Eq.4.15 as;

fl(x;β ,θ) =
θ 2(θ +βx)e−(x−z)θ

θ 2+β +βθz
;x > z (4.24)

m(x) =
θ 2+2β +βθx

θ(θ 2+β +βθx)
(4.25)

fe(x;β ,θ) =
θ(θ 2+β +βθx)e−θx

θ 2+2β
(4.26)

Se(x;β ,θ =
(θ 2+2β +βθx)e−θx

θ 2+2β
(4.27)

he(x;β ,θ) =
θ(θ 2+β +βθx)
θ 2+2β +βθx

(4.28)

Proof. Using the relation Eq.1.10, fl(x;β ,θ) Eq.4.24 is ob-
tained as;

fl(x;β ,θ) =

θ 2

θ 2+β

[
θ +βx

]
e−θx[

θ 2+β+βθz
θ 2+β

]
e−θz

=
θ 2(θ +βx)e−(x−z)θ

θ 2+β +βθz
;x > z



149

By definition Eq.1.11, m(x) Eq.4.25 is obtained as;

m(x) =
θ 2+β

(θ 2+β +βθx)e−θx

∫
∞

x

(θ 2+β +βθ t)e−θ t

θ 2+β
dt

=
1

θ 2+β +βθx)e−θx

∫
∞

x

[
θ

2+β +βθ t
]
e−θ tdt

Taking the part
∫

∞

x

[
θ 2+β +βθ t

]
e−θ tdt we have;

u = (θ 2+β +βθ t) =⇒ du = βθdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−(θ 2+β +βθ t)
−e−θ t

θ
+β

∫
∞

x
e−θ tdt

=−
[

e−θ t

θ

[
θ

2+2β +βθ t
]]∞

x

=

[
e−θx

θ

[
θ

2+2β +βθx
]]

=
1

θ 2+β +βθx)e−θx

[
e−θx

θ

[
θ

2+2β +βθx
]]

=⇒ θ 2+2β +βθx
θ(θ 2+β +βθx)

Using the relation Eq.1.12, equilibrium definition Eq.4.26 is ob-
tained as;

fe(x;β ,θ) =
(θ 2+β +βθx)e−θx

θ 2+β

θ(θ 2+β )

θ 2+2β

=
θ(θ 2+β +βθx)e−θx

θ 2+2β
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By definition Eq.1.13, survival function based on equilibrium
distribution Eq.4.27 is obtained as;∫

∞

x
S(t;β ,θ)dt =

(θ 2+2β +βθx)e−θx

θ(θ 2+β )

Se(x;β ,θ) =
(θ 2+2β +βθx)e−θx

θ(θ 2+β )

θ(θ 2+β )

θ 2+2β

=
(θ 2+2β +βθx)e−θx

θ 2+2β

Further using the relation Eq.1.14, he(x;β ,θ) in Eq.4.28 is ob-
tained as;

he(x;β ,θ) =
θ(θ 2+β +βθx)e−θx

θ 2+2β

θ 2+2β

e−θx(θ 2+2β +βθx)

=
θ(θ 2+β +βθx)
θ 2+2β +βθx

4.4 Three parameter Shanker distribution

4.4.1 Construction of a three parameter Shanker distribution

Proposition 4.4.1. Let ω = αθ 2

αθ 2+β
be mixing proportion, gener-

alized three parameter Shanker distribution is a two component
finite mixed distribution of Gamma(1,θ ) and Gamma(2,θ ). The
pdf and Cdf of G3PSD are stated as;

f (x;α,β ,θ) =
θ 2

αθ 2+β

[
αθ +βx

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(4.29)

F(x;α,β ,θ) = 1−
[

1+
βθx

αθ 2+β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(4.30)
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Proof. By definition of finite mixed distribution Eq.1.1, pdf
Eq.4.29 is obtained as;

f (x;α,β ,θ) =
αθ 2

αθ 2+β

[
θe−θx]+ β

αθ 2+β

[θ 2

Γ2
e−θx]

=
αθ 3e−θx

αθ 2+β
+

βθ 2e−θxx
αθ 2+β

=
θ 2

αθ 2+β

[
αθ +βx

]
e−θx;x > 0,α > 0,β > 0,θ > 0

Remark 4.4.2. Putting α = β = 1 a generalized three param-
eter Shanker distribution reduces to a one parameter Shanker
distribution Eq.4.1.Similarly, putting α = 1, a generalized three
parameter Shanker distribution Eq.4.29 reduces to a generalized
two parameter Shanker distribution Eq.4.15.

A generalized three parameter Shanker distribution Eq.4.29 is
a modification of proposed two parameter Shanker distribu-
tion Eq.4.15.
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further Cdf Eq.4.30 is obtained as;

F(x;α,β ,θ) =
θ 2

αθ 2+β

∫
∞

0
(αθ +βx)e−θxdx

F(x;α,β ,θ) =
θ 2

αθ 2+β
I1

I1 =
∫

∞

0
(αθ +βx)e−θxdx

u = (αθ +βx) =⇒ du = βdx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(αθ +βx)
−e−θx

θ
− β

θ

∫
∞

0
e−θxdx

I1 =−(αθ +βx)
−e−θx

θ
− β

θ
I2

I2 =
∫

∞

0
e−θxdx

u =−θx =⇒ du
−θ

= dx

I2 =
∫

∞

0
−eu du

−θ
=⇒ 1

θ

∫
∞

0
eudu =⇒ 1

θ
e−θx

From I1 and I2 we have;

I1 =−(αθ +βx)
e−θx

θ
− β

θ
e−θx

= 1+− θ 2

αθ 2+β

[
αθ +βx

]e−θx

θ
− β

αθ 2+β
e−θx θ 2

αθ 2+β

= 1− θ(αθ +βx)e−θx

αθ 2+β
− βe−θx

αθ 2+β

= 1−
[

1+
βθx

αθ 2+β

]
e−θx;x > 0,α > 0,β > 0,θ > 0
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4.4.2 Reliability Analysis

Proposition 4.4.3. Survival function denoted by S(x;α,β ,θ)

and hazard function denoted by h(x;α,β ,θ) of a generalized
three parameter Shanker distribution Eq.4.29 are stated as;

S(x;α,β ,θ) =

[
1+

βθx
αθ 2+β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(4.31)

h(x;α,β ,θ) =
θ 2(αθ +βx)e−θx

αθ 2+β +βθx
;x > 0,α > 0,β > 0,θ > 0

(4.32)

Proof. Using the relation Eq.1.8, survival function Eq.4.31
is obtained as;

S(x;α,β ,θ) = 1−
[

1−
[

1+
βθx

αθ 2+β

]
e−θx

]
=

[
1+

βθx
αθ 2+β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

further using the relation Eq.1.9, hazard function Eq.4.32 is ob-
tained as;

h(x;α,β ,θ) =

θ 2

αθ 2+β

[
αθ +βx

]
e−θx[

αθ 2+β+βθx
αθ 2+β

]
e−θx

=
θ 2(αθ +βx)e−θx

αθ 2+β +βθx
;x > 0,α > 0,β > 0,θ > 0
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4.4.3 Moments and related measures

Proposition 4.4.4. The rth moments of a generalized three pa-
rameter Shanker distribution Eq.4.29 are derived using both mo-
ment generating function (mgf) and methods of moments are
stated as;

µ
1
r ∗=

r!
[
αθ 2+β (r+1)

]
θ r(αθ 2+β )

;r = 1,2,3, · · · (4.33)

Proof. By definition Eq.1.16, rth moments of G3PSD are ob-
tained as;

E(X r) =
θ 2

αθ 2+β

[∫
∞

0
xr(αθ +βx)e−θxdx

]
=

θ 2

αθ 2+β

[
αθ

∫
∞

0
xre−θxdx+β

∫
∞

0
xr+1e−θxdx

]
=

θ 2

αθ 2+β

[
αθΓ(r+1)

θ r+1 +
βΓ(r+2)

θ r+2

]
=⇒ θ 2

αθ 2+β

[
αθrΓr
θ r+1 +

β (r+1)rΓr
θ r+2

]
=

r!
[
αθ 2+β (r+1)

]
θ r(αθ 2+β )

;r = 1,2,3, · · ·

Using Eq.1.17, mgf of G3PSD is given as;

mx(t) =
θ 2

αθ 2+β

[∫
∞

0
etx(αθ +βx)e−θxdx

]
=⇒ θ 2

αθ 2+β

∫
∞

0

[
e−(θ−t)x(αθ +βx)dx

]
=

θ 2

αθ 2+β

[
αθ

(θ − t)
+

β

(θ − t)2

]
=

θ 2

αθ 2+β

[
αθ

θ

∞

∑
k=0

( t
θ

)k
+

β

θ 2

∞

∑
k=0

(
k+1

k

)( t
θ

)k
]

=
∞

∑
k=0

αθ 2+β (k+1)
αθ 2+β

( t
θ

)k
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The respective moments are derived as a coefficient of tr

r! in
mx(t) as;

µ
1
r =

r!
(
αθ 2+β (r+1)

)
θ r(αθ 2+β )

;r = 1,2,3, · · ·

4.4.4 Excess Loss Distribution

Proposition 4.4.5. In this section, we state probability density
function of excess function fl(x;α,β ,θ), Mean residual lifetime
(MRL), equilibrium distribution fe(x;α,β ,θ), survival function
of equilibrium distribution Se(x;α,β ,θ), hazard function of equi-
librium distribution he(x;α,β ,θ) of one parameter Shanker dis-
tribution Eq.4.29 as;

fl(x;α,β ,θ) =
θ 2(θ +βx)e−(x−z)θ

θ 2+β +βθz
;x > z (4.34)

m(x) =
αθ 2+2β +βθx

θ
[
αθ 2+β +βθx

] (4.35)

fe(x;α,β ,θ) =
θ(αθ 2+β +βθx)e−θx

αθ 2+2β
(4.36)

Se(x;α,β ,θ) =
(αθ 2+2β +βθx)e−θx

αθ 2+2β
(4.37)

he(x;α,β ,θ) =
θ(αθ 2+β +βθx)
αθ 2+2β +βθx

(4.38)
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Proof. Applying the formula Eq.1.10, the pdf of excess loss
distribution fl(x;α,β ,θ) Eq.4.34 is obtained as;

fl(x;α,β ,θ) =

θ 2

αθ 2+β

[
αθ +βx

]
e−θx[

θ 2+β+βθz
θ 2+β

]
e−θz

=
θ 2(θ +βx)e−(x−z)θ

θ 2+β +βθz
;x > z

further mean excess loss Eq.4.35 is is obtained using Eq.1.11
as;

m(x) =
1

(αθ 2+β +βθx)e−θx

∫
∞

x
(αθ

2+β +βθ t)e−θ tdt
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Taking the part
∫

∞

x (αθ 2+β +βθ t)e−θ tdt we have the follow-
ing;

u = (αθ
2+β +βθ t) =⇒ du = βθdt

dv = e−θ t =⇒ v =
−e−θ t

θ

=−(αθ
2+β +βθ t)

e−θ t

θ
+β

∫
∞

x
e−θ tdt

=−(αθ
2+β +βθ t)

e−θ t

θ
− β

θ
e−θ t

=−e−θ t

θ

[
αθ

2+2β +βθ t
]∞

x

=
e−θx

θ

[
αθ

2+2β +βθx
]

=
1

(αθ 2+β +βθx)e−θx ∗
e−θx

θ

[
αθ

2+2β +βθx
]

=
αθ 2+2β +βθx

θ
[
αθ 2+β +βθx

]
Using the relation Eq.1.12, equilibriumdistribution fe(x;α,β ,θ)

Eq.4.36 is given as;

fe(x;α,β ,θ) =
(αθ 2+β +βθx)e−θx

αθ 2+β

θ(αθ 2+β )

αθ 2+2β

=
θ(αθ 2+β +βθx)e−θx

αθ 2+2β
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By definition Eq.1.13, survival function based on equilibrium
distribution Se(x;α,β ,θ) Eq.1.13 is obtained as;

S(t;α,β ,θ)dt =
(αθ 2+2β +βθx)e−θx

θ(αθ 2+β )

Se(x;α,β ,θ) =
(αθ 2+2β +βθx)e−θx

θ(αθ 2+β )

θ(αθ 2+β )

αθ 2+2β

=
(αθ 2+2β +βθx)e−θx

αθ 2+2β

further hazard function based on equilibriumdistribution he(x;α,β ,θ)

Eq.4.38 is obtained using Eq.1.14 as;

he(x;α,β ,θ) =
θ(αθ 2+β +βθx)e−θx

αθ 2+2β

αθ 2+2β

(αθ 2+2β +βθx)e−θx

= ss
θ(αθ 2+β +βθx)
αθ 2+2β +βθx
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5 TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Rama distribution)

5.1 Introduction

In this chapter we consider a two component finite gamma
mixture a case of Rama distribution. We shall construct and
derive statistical properties of Rama distribution and its gen-
eralizations. The mixed distribution is expressed in terms of-
pdf and Cdf. We later derive statistical properties such as re-
liability analysis measures, equilibrium properties, moments
about both the origin and mean.

5.2 One parameter Rama distribution

5.2.1 Construction of one parameter Rama distribution

Proposition 5.2.1. One parameter Rama distribution is con-
structed as a finitemixed distribution of Gamma(1,θ) andGamma(4,θ)
with mixing proportion as ω = θ 3

θ 3+6 . The pdf and Cdf of one pa-
rameter Rama distribution are defined as;

f (x;θ) =
θ 4

θ 3+6

[
1+ x3

]
e−θx;x > 0,θ > 0 (5.1)

F(x;θ) = 1−
[

1+
θ 3x3+3θ 2x2+6θx

θ 3+6

]
e−θx;x > 0,θ > 0

(5.2)

Proof. Applying the concept of finite mixed distribution
Eq.1.1 pdf of one parameter Rama distribution is constructed
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as;

f (x;θ) =
θ 3

θ 3+6
[
θe−θx]+ 6

θ 3+6

[
θ 4e−θxx3

Γ4

]
=

θ 4e−θx

θ 3+6
+

6θ 4e−θxx3

6(θ 3+6)

=
θ 4e−θx

θ 3+6
+

θ 4e−θxx3

θ 3+6

=
θ 4

θ 3+6

[
1+ x3

]
e−θx;x > 0,θ > 0

further Cdf Eq.5.2 is obtained as;

F(x;θ) =
θ 4

θ 3+6

∫
∞

0
(1+ x3)e−θxdx

F(x;θ) =
θ 4

θ 3+6
I1

I1 =
∫

∞

0
(1+ x3)e−θxdx

u = (1+ x3) =⇒ du = 3x2

dv = e−θx =⇒ v =
−e−θx

θx

I1 =−(1+ x3)
−e−θx

θx
− 3

θ

∫
∞

0
−x2e−θxdx

=−(1+ x3)
−e−θx

θx
− 3

θ
I2

I2 =
∫

∞

0
−x2e−θxdx

u =−x2 =⇒ du =−2x
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dv = e−θx =⇒ v =
−e−θx

θ

I2 =
x2e−θx

θ
− 2

θ

∫
∞

0
xe−θxdx

I2 =
x2e−θx

θ
− 2

θ
I3

I3 =
∫

∞

0
xe−θxdx

u = x =⇒ du = dx

dv = e−θx =⇒ v =
−e−θx

θ

I3 =
−xe−θx

θ
− 1

θ

∫
∞

0
−e−θxdx

I3 =
−xe−θx

θ
− 1

θ
I4

I4 =
∫

∞

0
−e−θxdx

Let u =−θx, we have;

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I4 =
∫

∞

0
−eu du

−θ
=⇒ 1

θ

∫
∞

0
eudu =

1
θ

e−θx
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From I1, I2,I3 and I4 we have the following;

=−(1+ x3)
e−θx

θ
− 3

θ

[
x2e−θx

θ
− 2

θ

(
−xe−θx

θ
− 1

θ

(e−θx

θ

))]
I1 =−(θ 3+6+θ

3x3+3θ
2x2+6θx)

e−θx

θ

F(x;θ) = 1−
[

1+
θ 3x3+3θ 2x2+6θx

θ 3+6

]
e−θx;x > 0,θ > 0

5.2.2 Reliability Analysis Measures

Proposition 5.2.2. Survival function denoted by S(x;θ) and
hazard function denoted by h(x;θ) of one parameter Rama dis-
tribution Eq.5.1 are stated as;

S(x;θ) =

[
θ 3+6+θ 3x3+3θ 2x2+6θx

]
e−θx

θ 3+6
;x > 0,θ > 0

(5.3)

h(x;θ) =
θ 4(1+ x3)

θ 3+6+θ 3x3+3θ 2x2+6θx
;x > 0,θ > 0 (5.4)

Proof. Using the relation Eq.1.8 survival function S(x;θ)

Eq.5.3 is obtained as;

S(x;θ) = 1−
[

1−
[

1+
θ 3x3+3θ 2x2+6θx

θ 3+6

]
e−θx

]
=

[
θ 3+6+θ 3x3+3θ 2x2+6θx

]
e−θx

θ 3+6
;x > 0,θ > 0
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The hazard function h(x;θ) Eq.5.4 is obtained using Eq.1.9 as;

h(x;θ) =
θ 4

θ 3+6

[
1+ x3

]
e−θx θ 3+6[

θ 3+6+θ 3x3+3θ 2x2+6θx
]
e−θx

=
θ 4(1+ x3)

θ 3+6+θ 3x3+3θ 2x2+6θx
;x > 0,θ > 0

5.2.3 Moments and related measures

Proposition 5.2.3. The rth moments of a one parameter Rama
distribution are derived using both moment generating function
(mgf) and methods of moments are stated as;

µ
1
r ∗=

r!
[
θ 3+(r+1)(r+2)(r+3)

]
θ r(θ 3+6)

;r = 1,2,3, · · · (5.5)

Proof. By definition of rth moments Eq.1.16, moments of
one parameter Rama distribution Eq.5.1 are obtained as;

E(X r) =
θ 4

θ 3+6

[∫
∞

0
xre−θxdx+

∫
∞

0
xr+3er+3e−θxdx

]
=

θ 4

θ 3+6

[
Γ(r+1)

θ r+1 +
Γ(r+4)

θ r+4

]
=⇒ θ 4rΓr

θ r(θ 3+6)

[
1
θ
+
(r+3)(r+2)(r+1)

θ 4

]
=

r!
[
θ 3+(r+1)(r+2)(r+3)

]
θ r(θ 3+6)

;r = 1,2,3, · · ·
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mx(t) =
θ 4

θ 3+6

[∫
∞

0
e−(θ−t)x(1+ x3)dx

]
=

θ 4

θ 3+6

[
1

(θ − t)
+

6
(θ − t)4

]
=

θ 4

θ 3+6

[
1
θ

∞

∑
k=0

( t
θ

)k
+

6
θ 4

∞

∑
k=0

(
k+3

k

)( t
θ

)k
]

=
∞

∑
k=0

θ 3+(k+1)(k+2)(k+3)
θ 3+6

( t
θ

)k

The none centralized moments are derived as a coefficient of
tr

r! from mx(t) as;

µ
1
r =

r!
[
θ 3+(r+1)(r+2)(r+3)

]
θ r(θ 3+6)

;r = 1,2,3, · · ·

For r = 1,2,3 and 4 in Eq.5.5 we obtain the four moments
about the origin of one parameter Rama distribution Eq.5.1
as;

µ
1
1 =

θ 3+24
θ(θ 3+6)

, µ
1
2 =

2(θ 3+60)
θ 2(θ 3+6)

µ
1
3 =

6(θ 3+120)
θ 3(θ 3+6)

, µ
1
4 =

24(θ 3+210)
θ 4(θ 3+6)
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The centralized moments of Rama distribution Eq.5.1 are;

µ1 = µ1

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
2(θ 3+60)
θ 2(θ 3+6)

−
[

θ 3+24
θ(θ 3+6)

]2

=⇒ θ 6+84θ 3+144
θ 2(θ 3+6)2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)
3

µ3 =
6(θ 3+120)
θ 3(θ 3+6)

−3
[

2(θ 3+60)
θ 2(θ 3+6)

θ 3+24
θ(θ 3+6)

]
+2

[
θ 3+24

θ(θ 3+6)

]3

=⇒ 2θ 9+396θ 6+648θ 3+1728
θ 3(θ 3+6)3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

=
24(θ 3+210)
θ 4(θ 3+6)

−4
[

6(θ 3+120)
θ 3(θ 3+6)

θ 3+24
θ(θ 3+6)

]
+6

[
θ 3+24

θ(θ 3+6)
2(θ 3+60)
θ 2(θ 3+6)

]
−3

[
θ 3+24

θ(θ 3+6)

]2

µ4 =
9θ 12+2808θ 9+20736θ 6+93312θ 3+93312

θ 4(θ 3+6)4

Proposition 5.2.4. Other related measures of a one parame-
ter Rama distribution Eq.5.1 such as variation coefficient (C.v),
skewness (υ1), kurtosis (υ2) and dispersion index (υ3) are stated
as;

C.v =

√
θ 6+84θ 3+144

θ 3+24
(5.6)

υ1 =
2θ 9+396θ 6+648θ 3+1728

(θ 6+84θ 3+144)
3
2

(5.7)

υ2 =
9θ 12+2808θ 9+20736θ 6+93312θ 3+93312

(θ 6+84θ 3+144)2 (5.8)

υ3 =
θ 6+84θ 3+144

θ(θ 3+6)(θ 3+24)
(5.9)
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Proof. variation coefficient Eq.5.6 is obtained as;

C.v =
σ

µ1
1

=

√
θ 6+84θ 3+144

θ(θ 3+6)
∗ θ(θ 3+6)

θ 3+24
=⇒

√
θ 6+84θ 3+144

θ 3+24

Skewness coefficient Eq.5.7is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2θ 9+396θ 6+648θ 3+1728

θ 3(θ 3+6)3

[
θ 2(θ 3+6)2

θ 6+84θ 3+144

]3
2

=⇒ 2θ 9+396θ 6+648θ 3+1728

(θ 6+84θ 3+144)
3
2

further kurtosis coefficient Eq.5.8 is obtained as;

υ2 =
µ4

(µ2)2

=
9θ 12+2808θ 9+20736θ 6+93312θ 3+93312

θ 4(θ 3+6)4

[
θ 2(θ 3+6)2

θ 6+84θ 3+144

]2

=
9θ 12+2808θ 9+20736θ 6+93312θ 3+93312

(θ 6+84θ 3+144)2

Lastly, index of dispersion Eq.5.9 is obtained as;

υ3 =
σ 2

µ1
1

=
θ 6+84θ 3+144

θ 2(θ 3+6)2

θ(θ 3+6)
θ 3+24

=⇒ θ 6+84θ 3+144
θ(θ 3+6)(θ 3+24)

5.2.4 Excess Loss Distribution
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Proposition 5.2.5. In this section we state, probability density
function of excess loss function fl(x;θ), mean residual lifetime
(MRL), equilibrium distribution fe(x;θ), survival function of the
equilibrium distribution Se(x;θ) and hazard function of the equi-
librium distribution he(x;θ) of one parameter Rama distribution
Eq.5.1 as;

fl(x;θ) =
θ 4(1+ x3)e−(x−z)θ

θ 3+6+θ 3z3+3θ 2z2+6θz
y (5.10)

m(x) =
θ 3+24+18θx+6θ 2x2+θ 3x3

θ(θ 3+6+θ 3x3+3θ 2x2+6θx)
(5.11)

fe(x;θ) =
θ(θ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

θ 3+24
(5.12)

Se(x;θ) =
(θ 3+24+18θx+6θ 2x2+θ 3x3)e−θx

θ 3+24
(5.13)

he(x;θ) =
θ(θ 3+6+θ 3x3+3θ 2x2+6θx)
θ 3+24+18θx+6θ 2x2+θ 3x3 (5.14)

Proof. By definition Eq.1.10 , the pdf of excess loss distri-
bution Eq.5.10 is obtained as;

fl(x;θ) =
θ 4

θ 3+6

[
1+ x3

]
e−θx(θ

3+6+θ 3z3+3θ 2z2+6θz)e−θz

θ 3+6

=
θ 4(1+ x3)e−(x−z)θ

θ 3+6+θ 3z3+3θ 2z2+6θz
;x > z
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further applying the relation Eq.1.11 m(x) Eq.5.11 is obtained
as;

m(x) =
θ 3+6

(θ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

∫
∞

x

(θ 3+6+θ 3t3+3θ 2t2+6θ t)e−θ t

θ 3+6
dt

=
1

(θ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

∫
∞

x
(θ 3+6+θ

3t3+3θ
2t2+6θ t)e−θ tdt

I1 =
∫

∞

x
(θ 3+6+θ

3t3+3θ
2t2+6θ t)e−θ tdt

u = (θ 3+6+θ
3t3+3θ

2t2+6θ t) =⇒ du = (6θ
2t +3θ

3t2+6θ)dt

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(θ 3+6+θ
3t3+3θ

2t2+6θ t)
e−θ t

θ
+

∫
∞

x
(6θ t +3θ

2t2+6)e−θ tdt

I2 =
∫

∞

x
(6θ t +3θ

2t2+6)e−θ tdt

u = (6θ t +3θ
2t2+6) =⇒ du = 6θ +6θ

2t

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(6θ t +3θ
2t2+6)

e−θ t

θ
+

∫
∞

x
(6+6θ t)e−θ tdt

I3 =
∫

∞

x
(6+6θ t)e−θ tdt

u = (6+6θ t) =⇒ du = 6θdt

dv = e−θ t =⇒ v =
−e−θ t

θ
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I3 =−(6+6θ t)
e−θ t

θ
+6

∫
∞

x
e−θ tdt

I4 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ

From I1,I2,I3 and I4 then;

I1 =
−e−θ t

θ

[
θ

3+24+18θ t +6θ
2t2+6θ

2t2+θ
3t3

]∞

x
=⇒

[
θ

3+24+18θx+6θ
2x2+θ

3x3
]

e−θx

θ

=
1

(θ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

[
θ

3+24+18θx+6θ
2x2+θ

3x3
]

e−θx

θ

=
θ 3+24+18θx+6θ 2x2+θ 3x3

θ(θ 3+6+θ 3x3+3θ 2x2+6θx)

fe(x;θ) in Eq.5.12 is obtained as;

fe(x;θ) =

[
θ 3+6+θ 3x3+3θ 2x2+6θx

]
e−θx

θ 3+6
θ(θ 3+6)
θ 3+24

=⇒ θ(θ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

θ 3+24
By definition Eq.1.13 Se(x;θ) Eq.5.13 is obtained as;∫

∞

x
S(t;θ)dt =

(θ 3+24+18θx+6θ 2x2+θ 3x3)e−θx

θ(θ 3+6)

=
(θ 3+24+18θx+6θ 2x2+θ 3x3)e−θx

θ(θ 3+6)
θ(θ 3+6)
θ 3+24

Se(x;θ) =
(θ 3+24+18θx+6θ 2x2+θ 3x3)e−θx

θ 3+24
further hazard function based on equilibriumdistribution Eq.5.14
is given as;

he(x;θ) =
θ(θ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

θ 3+24
θ 3+24

(θ 3+24+18θx+6θ 2x2+θ 3x3)e−θx

=
θ(θ 3+6+θ 3x3+3θ 2x2+6θx)
θ 3+24+18θx+6θ 2x2+θ 3x3
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Remark 5.2.6. It can be verified that hazard function of the
equilibrium distribution Eq.5.14 of one parameter Rama distri-
bution Eq.5.1 is the inverse of mean residual lifetime Eq.5.11.

5.3 Two parameter Rama distribution

5.3.1 Construction of a two parameter Rama distribution

Proposition 5.3.1. Let ω = αθ 3

αθ 3+6 be mixing proportion, a gen-
eralized two parameter Rama distribution (AG2PRD) is a finite
mixed distribution of Gamma(1,θ) and Gamma(4,θ). The pdf
and Cdf of a generalized two parameter Rama distribution are
defined as;

f (x;α,θ) =
θ 4

αθ 3+6
[
α + x3]e−θx;x > 0,α > 0,θ > 0 (5.15)

F(x;α,θ) = 1−
[

1+
θ 3x3+3θ 2x2+6θx

αθ 3+6

]
e−θx;x > 0,α > 0,θ > 0

(5.16)

Proof. Using finitemixture concept in Eq.1.1, the pdf Eq.5.15
is obtained as;

f (x;α,θ) =
αθ 3

αθ 3+6
[
θe−θx]+ 6

αθ 3+6

[
θ 4e−θxx3

Γ4

]
=

αθ 4e−θx

αθ 3+6
+

6θ 4e−θxx3

6(αθ 3+6)

=
θ 4

αθ 3+6
[
α + x3]e−θx;x > 0,α > 0,θ > 0

Remark 5.3.2. Puttingα = 1 a generalized two parameter Rama
distribution Eq.5.15 reduces to a one parameter Rama distribu-
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tion Eq.5.1. This shows that a generalized two parameter Rama
distribution is flexible over one parameter Rama distribution.

further Cdf Eq.5.16 is obtained as;

F(x;α,θ) =
θ 4

αθ 3+6

∫
∞

0
(α + x3)e−θxdx

F(x;α,θ) =
θ 4

αθ 3+6
I1

I1 =
∫

∞

0
(α + x3)e−θxdx

u = (α + x3) =⇒ du = 3x2dx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α + x3)
e−θx

θ
− 3

θ

∫
∞

0
−x2e−θxdx

I1 =−(α + x3)
e−θx

θ
− 3

θ
I2

I2 =
∫

∞

0
−x2e−θxdx

u =−x2 =⇒ du =−2xdx

dv = e−θx =⇒ v =
−e−θx

θ

I2 =
x2e−θx

θ
− 2

θ

∫
∞

0
xe−θxdx

I2 =
x2e−θx

θ
− 2

θ
I3

I3 =
∫

∞

0
xe−θxdx

u = x =⇒ du = dx
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dv = e−θx =⇒ v =
−e−θx

θ

I3 =
−xe−θx

θ
− 1

θ

∫
∞

0
−e−θxdx

I3 =
−xe−θx

θ
− 1

θ
∗ I4

I4 =
∫

∞

0
−e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I4 =
1
θ

∫
∞

0
−eu du

−θ
=⇒ 1

θ 2

∫
∞

0
eudu =⇒ 1

θ 2eu =⇒ e−θx

θ 2

From I1,I2,I3 and I4 we have;

I1 =−(α + x3)
e−θx

θ
− 3

θ

[
x2e−θx

θ
− 2

θ

(
−xe−θx

θ
− e−θx

θ 2

)]
I1 =−

[
(α + x3)θ 3+3θ

2x2+6θx+6
]

e−θx

θ 4

= 1−
[

1+
θ 3x3+3θ 2x2+6θx

αθ 3+6

]
e−θx;x > 0,α > 0,θ > 0

5.3.2 Reliability Analysis

Proposition 5.3.3. Survival function denoted by S(x;α,θ) and
hazard function denoted by h(x;α,θ) of a generalized two pa-
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rameter Rama distribution Eq.5.15 are stated as;

S(x;α,θ) =

[
αθ 3+6+θ 3x3+6θx

αθ 3+6

]
e−θx;x > 0,α > 0,θ

(5.17)

h(x;α,θ) =
θ 4(α + x3)

αθ 3+6+θ 3x3+3θ 2x2+6θx
;x > 0,α > 0,θ

(5.18)

Proof. survival function S(x;α,θ) in Eq5.17 is obtained us-
ing relation Eq.1.8 as;

S(x;α,θ) = 1−
[

1−
[

1+
θ 3x3+3θ 2x2+6θx

αθ 3+6

]
e−θx

]
=

[
αθ 3+6+θ 3x3+6θx

αθ 3+6

]
e−θx;x > 0,α > 0,θ

moreover, hazard function h(x;α,θ) Eq.5.18 is obtained using
relation Eq.1.9 as;

h(x;α,θ) =
θ 4

αθ 3+6
[
α + x3]e−θx

[
αθ 3+6

αθ 3+6+θ 3x3+3θ 2x2+6θx

]
=

θ 4(α + x3)

αθ 3+6+θ 3x3+3θ 2x2+6θx
;x > 0,α > 0,θ

5.3.3 Moments and related measures

Proposition 5.3.4. The rth moments of a generalized two pa-
rameter Rama distribution Eq.5.15 are derived using bothmethod
of moments and moment generating function as;

µ
1
r ∗=

r!
(
αθ 3+(r+1)(r+2)(r+3)

)
θ r(αθ 3+6)

; r = 1,2,3, · · · (5.19)
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Proof. By definition of rth moments Eq.1.16, moments of
AG2PRD are given as;

E(X r) =
θ 4

αθ 3+6

[∫
∞

0
xr(α + x3)e−θxdx

]
=

θ 4

αθ 3+6

[
α

∫
∞

0
xre−θxdx+

∫
∞

0
xr+3e−θxdx

]
=

θ 4

αθ 3+6

[
αΓ(r+1)

θ r+1 +
Γ(r+4)

θ r+4

]
=

r!
(
αθ 3+(r+1)(r+2)(r+3)

)
θ r(αθ 3+6)

; r = 1,2,3, · · ·

Similarly, by definition of mgf Eq.1.17 the mgf of AG2PRD is
obtained as;

mx(t) =
θ 4

αθ 3+6

∫
∞

0
etx(α + x3)e−θxdx

=
θ 4

αθ 3+6

[∫
∞

0
e−(θ−t)x(α + x3)dx

]
=

θ 4

αθ 3+6

[
α

θ − t
+

6
(θ − t)4

]
=

θ 4

αθ 3+6

[
α

θ

∞

∑
k=0

( t
θ

)k
+

6
θ 4

∞

∑
k=0

(
k+3

k

)( t
θ

)k
]

=
∞

∑
k=0

αθ 3+(k+1)(k+2)(k+3)
αθ 3+6

( t
θ

)k

The rth moments of a generalized two parameter Rama distri-
bution are obtained as a coefficient of tr

r! of the moment gener-
ating function mx(t) as;

µ
1
r =

r!
(
αθ 3+(r+1)(r+2)(r+3)

)
θ r(αθ 3+6)

; r = 1,2,3, · · ·
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Putting r = 1,2,3 and 4 in Eq.5.19 we obtain the four none
centralized moments of a generalized two parameter Rama
distribution as;

µ
1
1 =

αθ 3+24
θ(αθ 3+6)

, µ
1
2 =

2(αθ 3+60)
θ 2(αθ 3+6)

µ
1
3 =

6(αθ 3+120)
θ 3(αθ 3+6)

, µ
1
4 =

24(αθ 3+210)
θ 4(αθ 3+6)

Moments about the mean are derived using the relationship
between moments about the origin and mean as;

µ
1
1 = µ1

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
2(αθ 3+60)
θ 2(αθ 3+6)

−
[

αθ 3+24
θ(αθ 3+6)

]2

=⇒ α2θ 6+84αθ 3+144
θ 2(αθ 3+6)2

µ3 = µ
1
3 −3µ

1
2 µ

1
1 +2(µ1

1)
3

=
6(αθ 3+120)
θ 3(αθ 3+6)

−3
[

2(αθ 3+60)
θ 2(αθ 3+6)

αθ 3+24
θ(αθ 3+6)

]
+2

[
αθ 3+24

θ(αθ 3+6)

]3

µ3 =
2α3θ 9+396α2θ 6+648αθ 3+1728

θ 3(αθ 3+6)3

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

µ4 =
9α4θ 12+2808α3θ 9+2070α2θ 6+93312αθ 3+93312

θ 4(αθ 3+6)4

Proposition 5.3.5. Other related measures of a generalized two
parameter Rama distribution Eq.5.15 such as variation coeffi-
cient (C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3)
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are stated as;

C.v =

√
α2θ 6+84αθ 3+144

αθ 3+24
(5.20)

υ1 =
2α3θ 9+396α2θ 6+648αθ 3+1728

(α2θ 6+84αθ 3+144)
3
2

(5.21)

υ2 =
9α4θ 12+2808α3θ 9+2070α2θ 6+93312αθ 3+93312

(α2θ 6+84αθ 3+144)2

(5.22)

υ3 =
α2θ 6+84αθ 3+144

θ(αθ 3+6)(αθ 3+24)
(5.23)

Proof. To begin with, variation coefficient Eq.5.20 is ob-
tained as;

C.v =
σ

µ1
1

=

√
α2θ 6+84αθ 3+144

θ(αθ 3+6)
θ(αθ 3+6)
αθ 3+24

=⇒
√

α2θ 6+84αθ 3+144
αθ 3+24

Secondly, skewness coefficient Eq.5.21 is given as;

υ1 =
µ3

(µ2)
3
2

=
2α3θ 9+396α2θ 6+648αθ 3+1728

θ 3(αθ 3+6)3

[
θ 2(αθ 3+6)2

α2θ 6+84αθ 3+144

]3
2

=
2α3θ 9+396α2θ 6+648αθ 3+1728

(α2θ 6+84αθ 3+144)
3
2
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further, kurtosis coefficient Eq.5.22 is obtained as;

υ2 =
9α4θ 12+2808α3θ 9+2070α2θ 6+93312αθ 3+93312

θ 4(αθ 3+6)4

[
θ 2(αθ 3+6)2

α2θ 6+84αθ 3+144

]2

=
9α4θ 12+2808α3θ 9+2070α2θ 6+93312αθ 3+93312

(α2θ 6+84αθ 3+144)2

lastly, index of dispersion Eq.5.23 is obtained as;

υ3 =
σ 2

µ1
1

=
α2θ 6+84αθ 3+144

θ 2(αθ 3+6)2

θ(αθ 3+6)
αθ 3+24

=⇒ α2θ 6+84αθ 3+144
θ(αθ 3+6)(αθ 3+24)

5.3.4 Excess Loss Distribution

Proposition 5.3.6. In this section we state, probability density
function of excess loss function fl(x;α,θ), mean residual life-
time (MRL), equilibrium distribution fe(x;α,θ), survival func-
tion based on the equilibrium distribution Se(x;α,θ) and haz-
ard function based on the equilibrium distribution he(x;α,θ) of
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a generalized two parameter Rama distribution Eq.5.15 as;

fl(x;α,θ) =
θ 4(α + x3)e−(x−z)θ

αθ 3+6+θ 3z3+3θ 2z2+6θz
;x > z (5.24)

m(x) =
αθ 3+24+θ 3x3+6θ 2x2+18θx
θ(αθ 3+6+θ 3x3+3θ 2x2+6θx)

(5.25)

fe(x;α,θ) =
θ(αθ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

αθ 3+24
(5.26)

Se(x;α,θ) =
(αθ 3+24+θ 3x3+6θ 2x2+18θx)e−θx

αθ 3+24
(5.27)

he(x;α,θ) =
θ(αθ 3+θ 3x3+3θ 2x2+6θx)

αθ 3+24+θ 3x3+6θ 2x2+18θx
(5.28)

Proof. By definition Eq.1.10, fl(x;α,θ) Eq.5.24 is obtained
as;

fl(x;α,θ) =
θ 4

αθ 3+6
[
α + x3]e−θx αθ 3+6

(αθ 3+6+θ 3z3+3θ 2z2+6θz)e−θz

=
θ 4(α + x3)e−(x−z)θ

αθ 3+6+θ 3z3+3θ 2z2+6θz
; x > z
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Similarly, by definition Eq.1.11 m(x) in Eq.5.25 is obtained as;

m(x) =
αθ 3+6

(αθ 3+6+θ 3x3+3θ 2x2+6θx)e−θx

∫
∞

x

(αθ 3+6+θ 3t3+3θ 2t2+6θ t)e−θ t

αθ 3+6
dt

=
1

(αθ 3+6+θ 3+3θ 2x2+6θx)e−θx

∫
∞

x
(αθ

3+6+θ
3t3+3θ

2t2+6θ t)e−θ tdt

I1 =
∫

∞

x
(αθ

3+6+θ
3t3+3θ

2t2+6θ t)e−θ tdt

u = (αθ
3+6+θ

3t3+3θ
2t2+6θ t) =⇒ du = (3θ

3t2+6θ
2t +6θ)dt

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(αθ
3+6+θ

3t3+3θ
2t2+6θ t)

e−θ t

θ
+

∫
∞

x
(3θ

2t2+6θ t +6)e−θ tdt

I1 =−(αθ
3+6+θ

3t3+3θ
2t2+6θ t)

e−θ t

θ
+ I2dt

I2 =
∫

∞

x
(3θ

2t2+6θ t +6)e−θ tdt

u = (3θ
2t2+6θ t +6) =⇒ du = 6θ

2t +6θ

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(3θ
2t2+6θ t +6)

e−θ t

θ
+

∫
∞

x
(6θ t +6)e−θ tdt
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I2 =−(3θ
2t2+6θ t +6)

e−θ t

θ
+ I3dt

I3 =
∫

∞

x
(6θ t +6)e−θ tdt

u = (6θ t +6) =⇒ du = 6θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I3 =−((6θ t +6)
e−θ t

θ
+6

∫
∞

x
e−θ tdt

I3 =−(6θ t +6)
e−θ t

θ
+6∗ I4

I4 =
∫

∞

x
e−θ tdt

I4 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ

From I1,I2,I3 and I4 we have the following;

I1 =−e−θ t

θ

[
αθ

3+24+θ
3t3+6θ

2t2+18θ t
]∞

x
=⇒

[
αθ

3+24+θ
3x3+6θ

2x2+18θx
]

e−θx

θ

=
1

(αθ 3+6+θ 3+3θ 2x2+6θx)e−θx

[
αθ

3+24+θ
3x3+6θ

2x2+18θx
]

e−θx

θ

=
αθ 3+24+θ 3x3+6θ 2x2+18θx
θ(αθ 3+6+θ 3x3+3θ 2x2+6θx)

By definition of equilibrium distribution Eq.1.12, fe(x;α,θ)

Eq.5.26 is obtained as;

fe(x;α,θ) =

[
αθ 3+6+θ 3x3+6θx

αθ 3+6

]
e−θxθ(αθ 3+6)

αθ 3+24
=⇒ (αθ 3+24+θ 3x3+6θ 2x2+18θx)e−θx

αθ 3+24
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further, Se(x;α,θ) in Eq.5.27 is obtained as;∫
∞

x
S(t;α,θ)dt =

[
(αθ 3+24+θ 3x3+6θ 2x2+18θx)e−θx

θ(αθ 3+6)

]
Se(x;α,θ) =

[
(αθ 3+24+θ 3x3+6θ 2x2+18θx)e−θx

θ(αθ 3+6)

]
θ(αθ 3+6)
αθ 3+24

=
(αθ 3+24+θ 3x3+6θ 2x2+18θx)e−θx

αθ 3+24

by definition Eq.1.14, he(x;α,θ) in Eq.5.28 is obtained as;

he(x;α,θ) =
(αθ 3+24+θ 3x3+6θ 2x2+18θx)e−θx

αθ 3+24
αθ 3+24

(αθ 3+24+θ 3x3+6θ 2x2+18θx)e−θx

=
θ(αθ 3+θ 3x3+3θ 2x2+6θx)

αθ 3+24+θ 3x3+6θ 2x2+18θx

5.4 Three parameter Rama distribution

5.4.1 Construction of a three parameter Rama distribution

Proposition 5.4.1. Let ω = αθ 3

αθ 3+6β
be mixing probability, a

generalized three parameter Rama distribution (AG3PRD) is a
finite mixture of Gamma (1,θ ) and Gamma (4,θ ). The pdf and
Cdf of AG3PRD are;

f (x;α,β ,θ) =
θ 4

αθ 3+6β

[
α +βx

]
e−θx3

; x > 0,α > 0,β > 0,θ > 0

(5.29)

F(x;α,β ,θ) = 1−
[

1+
βθ 3x3+3βθ 2x2+6βθx

αθ 3+6β

]
e−θx; x > 0,α > 0,β > 0,θ > 0

(5.30)
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Proof. By definition of a finitemixed distribution Eq.1.1 pdf
Eq.5.29 is obtained as;

f (x;α,β ,θ) =
αθ 3

αθ 3+6β

[
θe−θx]+ 6β

αθ 3+6β

[
θ 4e−θxx3

Γ4

]
=

αθ 4e−θx

αθ 3+6β
+

6βθ 4e−θxx3

(αθ 3+6β )Γ4

=
αθ 4e−θx

αθ 3+6β
+

βθ 4e−θxx3

αθ 3+6β

=
θ 4

αθ 3+6β

[
α +βx

]
e−θx; x > 0,α > 0,β > 0,θ > 0

A generalized three parameter Rama distribution Eq.5.29 is
a modification of a generalized two parameter Rama Eq.5.15
which was introduced by Umeth et al (2019).
Remark 5.4.2. Putting α = 1 and β = 0, a generalized three
parameter Rama distribution Eq.5.29 reduces to exponential dis-
tribution Eq.2.17.
Similarly, puttingα = β = 1 a generalized three parameter Rama
distributionEq.5.29 reduces to one parameter Rama distribution
Eq.5.1.
Putting β = 1 a generalized three parameter Rama reduces to a
generalized two parameter Rama distribution Eq.5.15.

A generalized three parameter Rama distribution Eq.5.29 is
a modification of a Rama distribution with two parameters
Eq.5.15 introduced by Edith et al., (2019)
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F(x;α,β ,θ) =
θ 4

αθ 3+6β

∫
∞

0
(α +βx3)e−θxdx

F(x;α,β ,θ) =
θ 4

αθ 3+6β
I1

I1 =
∫

∞

0
(α +βx3)e−θxdx

u = (α +βx) =⇒ du = 3βx2

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α +βx3)
e−θx

θ
− 3β

θ

∫
∞

0
−x2e−θxdx

I1 =−(α +βx3)
e−θx

θ
− 3β

θ
I2

I2 =
∫

∞

0
−x2e−θxdx

u =−x2 =⇒ du =−2xdx

dv = e−θx =⇒ v =
−e−θx

θ

I2 =
x2e−θx

θ
− 2

θ

∫
∞

0
xe−θxdx

I2 =
x2e−θx

θ
− 2

θ
I3

I3 =
∫

∞

0
xe−θxdx

u = x =⇒ du = dx

dv = e−θx =⇒ v =
−e−θx

θ

I3 =
−xe−θx

θ
− 1

θ

∫
∞

0
−e−θxdx

I4 =
∫

∞

0
−e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I4 =
∫

∞

0
−eu du

−θ
=⇒ 1

θ

∫
∞

0
eudu =⇒ 1

θ
e−θx
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From I1, I2, I3 and I4 we have the following;

I1 =−(α +βx)
e−θx

θ
− 3βx2e−θx

θ 2 − 6βxe−θx

θ 3 − 6βe−θx

θ 4

I1 =
−e−θx

θ 4

[
αθ

3+βθ
3x3+3βθ

2x2+6βθx+6β

]
= 1+−−e−θx

θ 4

[
αθ

3+βθ
3x3+3βθ

2x2+6βθx+6β

]
θ 4

αθ 3+6β

= 1−
[

1+
βθ 3x3+3βθ 2x2+6βθx

αθ 3+6β

]
e−θx; x > 0,α > 0,β > 0,θ > 0

5.4.2 Reliability Analysis

Proposition 5.4.3. Survival function denoted by S(x;α,β ,θ)

and hazard function denoted by h(x;α,β ,θ) of a generalized
three parameter Rama Eq.5.29 are stated as;

S(x;α,β ,θ) =

[
αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx

αθ 3+6β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(5.31)

h(x;α,β ,θ) =
θ 4(α +βx3)

αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx
;x > 0,α > 0,β > 0,θ > 0

(5.32)

Proof. survival function S(x;α,β ,θ) in Eq.5.31 is obtained
using Eq.1.8 as;

S(x;α,β ,θ) = 1−
[

1−
[

1+
βθ 3x3+3βθ 2x2+6βθx

αθ 3+6β

]
e−θx

]
=

[
αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx

αθ 3+6β

]
e−θx;x > 0,α > 0,β > 0,θ > 0



185

further, hazard function h(x;α,β ,θ) in Eq.5.32 is obtained us-
ing Eq.1.9 as;

h(x;α,β ,θ) =
θ 4

αθ 3+6β

[
α +βx

]
e−θx αθ 3+6β

(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)e−θx

=
θ 4(α +βx3)

αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx
;x > 0,α > 0,β > 0,θ > 0

5.4.3 Moments and related measures

Proposition 5.4.4. The rth moments of a generalized three pa-
rameter Rama distribution Eq.5.29 are derived using bothmethod
of moments and moment generating function as;

µ
1
r ∗=

r!
[
αθ 3+β (r+3)(r+2)(r+1)

]
θ r(αθ 3+6β )

; r = 1,2,3, · · ·

(5.33)

Proof. By definition Eq.1.16, moments of AG3PRD are ob-
tained as;

E(X r) =
θ 4

αθ 3+6β

[∫
∞

0
xr(α +βx3)e−θxdx

]
=

θ 4

αθ 3+6β

[
α

∫
∞

0
xre−θxdx+β

∫
∞

0
xr+3e−θxdx

]
=

θ 4

αθ 3+6β

[
αΓ(r+1)

θ r+1 +
βΓ(r+4)

θ r+4

]
=

θ 4

αθ 3+6β

[
αrΓr
θ r+1 +

β (r+3)(r+2)(r+1)rΓr
θ r+4

]
=

r!
[
αθ 3+β (r+3)(r+2)(r+1)

]
θ r(αθ 3+6β )

; r = 1,2,3, · · ·
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Similarly, by definition Eq.1.17, mgf of AG3PRD is obtained as;

mx(t) =
θ 4

αθ 3+6β

[∫
∞

0
etx(α +βx3)e−θxdx

]
=

θ 4

αθ 3+6β

[∫
∞

0
e−(θ−t)x(α +βx3)dx

]
=

θ 4

αθ 3+6β

[
α

θ − t
+

6β

(θ − t)4

]
=

θ 4

αθ 3+6β

[
α

θ

∞

∑
k=0

( t
θ

)k
+

6β

θ 4

∞

∑
k=0

(
k+3

k

)( t
θ

)k
]

=
∞

∑
k=0

αθ 3+β (k+1)(k+2)(k+3)
αθ 3+6β

( t
θ

)k

The moments about the origin are obtained as a coefficient of
tr

r! in the derived moment generating function mx(t) as;

µ
1
r =

r!
[
αθ 3+β (r+1)(r+2)(r+3)

]
θ r(αθ 3+6β )

; r = 1,2,3, · · ·

For r = 1,2,3 and 4 in Eq.5.33 we obtain the four moments
about the origin of a generalized three parameter Rama dis-
tribution Eq.5.29 as;

µ
1
1 =

αθ 3+24β

θ(αθ 3+6β )
, µ

1
2 =

2(αθ 3+60β )

θ 2(αθ 3+6β )

µ
1
3 =

6(αθ 3+120β )

θ 3(αθ 3+6β )
, µ

1
4 =

24(αθ 3+210β )

θ 4(αθ 3+6β )
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We now derive the centralized four moments of a generalized
three parameter Rama distribution as;

µ1 = µ
1
1 =

αθ 3+24β

θ(αθ 3+6β )

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
2(αθ 3+60β )

θ 2(αθ 3+6β )
−
[

αθ 3+24β

θ(αθ 3+6β )

]2

=⇒ α2θ 6+84αβθ 3+144β 2

θ 2(αθ 3+6β )2

µ3 = µ
1
3 −3µ

1
1 µ

1
2 +2(µ1

1)
3

µ3 =
2
[
α3θ 9+342α2βθ 6+5508αβ 2θ 3+203040β 3

]
θ 3(αθ 3+6β )3

The following relation is applied to derive the fourth central-
ized moment

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

Proposition 5.4.5. Other relatedmeasures of a generalized three
parameter Rama distribution Eq.5.29 such as variation coeffi-
cient (C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3)
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are stated as;

C.v =

√
α2θ 6+84αβθ 3+144β 2

αθ 3+24β
(5.34)

υ1 =
2
[
α3θ 9+342α2βθ 6+5508αβ 2θ 3+203040β 3

]
[

α2θ 6+84αβθ 3+144β 2

]3
2

(5.35)

υ2 =
µ1

4 −4µ1
3 µ1

1 +6µ1
1 µ1

2 −3(µ1
1)

2

(µ1
2 − (µ1

1))
2 (5.36)

υ3 =
α2θ 6+84αβθ 3+144β 2

θ(αθ 3+6β )(αθ 3+24β )
(5.37)

Proof. Coefficient of variation in Eq.5.34 is obtained as;

C.v =
σ

µ1
1

C.v =

√
α2θ 6+84αβθ 3+144β 2

θ(αθ 3+6β )

θ(αθ 3+6β )

αθ 3+24β
=⇒

√
α2θ 6+84αβθ 3+144β 2

αθ 3+24β

Similarly, skewsness in Eq.5.35 is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2
[
α3θ 9+342α2βθ 6+5508αβ 2θ 3+203040β 3

]
θ 3(αθ 3+6β )3

[
θ 2(αθ 3+6β )2

α2θ 6+84αβθ 3+144β 2

]3
2

=
2
[
α3θ 9+342α2βθ 6+5508αβ 2θ 3+203040β 3

]
[

α2θ 6+84αβθ 3+144β 2

]3
2

kurtosis presented in Eq.5.36 can be obtained using the follow-
ing relation; The following relation is applied to derive coeffi-
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cient of kurtosis of a generalized three parameter Rama distri-
bution Eq.5.29.

υ2 =
µ1

4 −4µ1
3 µ1

1 +6µ1
1 µ1

2 −3(µ1
1)

2[
µ1

2 − (µ1
1)

2
]2

further index of dispersion Eq.5.37 is obtained as;

υ3 =
σ 2

µ1
1

=
α2θ 6+84αβθ 3+144β 2

θ 2(αθ 3+6β )2

θ(αθ 3+6β )

αθ 3+24β
=⇒ α2θ 6+84αβθ 3+144β 2

θ(αθ 3+6β )(αθ 3+24β )

5.4.4 Excess Loss Distribution

Proposition 5.4.6. In this section, we state probability density
function of excess loss function fl(x;α,β ,θ), mean residual life-
time (MRL), equilibrium distribution fe(x;α,β ,θ), survival func-
tion of the equilibrium distribution Se(x;α,β ,θ) and hazard
function of the equilibrium distribution he(x;α,β ,θ) of a gen-
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eralized three parameter Rama distribution Eq.5.29 as;

fl(x;α,β ,θ) =
θ 4(α +βx3)e−(x−z)θ

αθ 3+6β +βθ 3z3+3βθ 2z2+6β z
; x > z

(5.38)

m(x) =
αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx
θ(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)

(5.39)

fe(x;α,β ,θ) =
θ(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)e−θx

αθ 3+24β

(5.40)

Se(x;α,β ,θ) =
(αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx)e−θx

αθ 3+24β

(5.41)

he(x;α,β ,θ) =
θ(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)
αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx

(5.42)

Proof. To begin with, fl(x;α,β ,θ) in Eq.5.38 is obtained
using Eq.1.10 as;

fl(x;α,β ,θ) =
θ 4

αθ 3+6β

[
α +βx3

]
e−θx αθ 3+6β

(αθ 3+6β +βθ 3z3+3βθ 2z2+6β z)e−θz

=
θ 4(α +βx3)e−(x−z)θ

αθ 3+6β +βθ 3z3+3βθ 2z2+6β z
; x > z
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Similarly, m(x) in Eq.5.39 is obtained using Eq.1.11 as;

m(x) =
αθ 3+6β

(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)e−θx

∫
∞

x

(αθ 3+6β +βθ 3t3+3βθ 2t2+6βθ t)e−θ t

αθ 3+6β

=
1

(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)e−θx

∫
∞

x
(αθ

3+6β +βθ
3t3+3βθ

2t2+6βθ t)e−θ tdt

I1 =
∫

∞

x
(αθ

3+6β +βθ
3t3+3βθ

2t2+6βθ t)e−θ tdt

u = (αθ
3+6β +βθ

3t3+3βθ
2t2+6βθ t) =⇒ 3βθ

3t2+6βθ
2t +6βθ

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(αθ
3+6β +βθ

3t3+3βθ
2t2+6βθ t)

e−θ t

θ
+

∫
∞

x
(3βθ

2t2+6βθ t +6β )e−θ tdt

I2 =
∫

∞

x
(3βθ

2t2+6βθ t +6β )e−θ tdt

u = (3βθ
2t2+6βθ t +6β ) =⇒ du = 6βθ

2t +6βθ

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(3βθ
2t2+6βθ t +6β )

e−θ t

θ
+6β

∫
∞

x
(θ t +1)e−θ tdt
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I3 =
∫

∞

x
(θ t +1)e−θ tdt

u = (θ t +1) =⇒ du = θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I3 =−(θ t +1)
e−θ t

θ
+

∫
∞

x
e−θ tdt

I4 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ

I1 =−
[

e−θ t

θ

(
αθ

3+24β +βθ
3t3+6βθ

2t2+18βθ t
)]∞

x

I1 =
e−θx

θ

(
αθ

3+24β +βθ
3x3+6βθ

2x2+18βθx
)

=
1

(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)e−θx I1

=
αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx
θ(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)

Using the relation Eq.1.12 fe(x;α,β ,θ) in Eq.5.40 is obtained
as;

fe(x;α,β ,θ) =

[
αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx

αθ 3+6β

]
e−θxθ(αθ 3+6β )

αθ 3+24β

=
θ(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)e−θx

αθ 3+24β
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survival function based on the equilibriumdistribution Se(x;α,β ,θ)

in Eq.5.41 is obtained using Eq.1.13 as;∫
∞

x
S(t;α,β ,θ)dt =

(αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx)e−θx

θ(αθ 3+6β )

=
(αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx)e−θx

θ(αθ 3+6β )

θ(αθ 3+6β )

αθ 3+24β

=
(αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx)e−θx

αθ 3+24β

Lastly, hazard function based on equilibrium distribution de-
noted by he(x;α,β ,θ) in Eq.5.42 is obtained using Eq.1.14 as;

he(x;α,β ,θ) =
θ(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)e−θx

αθ 3+24β

αθ 3+24β

(αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx)e−θx

=
θ(αθ 3+6β +βθ 3x3+3βθ 2x2+6βθx)
αθ 3+24β +βθ 3x3+6βθ 2x2+18βθx
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6 TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Suja distribution)

6.1 Introduction

A two component finite gamma mixture a case of Suja distri-
bution is considered. We shall construct and derive statisti-
cal properties of Suja distribution and its generalizations. The
mixed distribution is expressed in terms of pdf andCdf. Statis-
tical properties such as reliability analysis measures, equilib-
rium properties and moments (both centralized and non cen-
tralized).

6.2 One parameter Suja distribution

6.2.1 Construction of a one parameter Suja distribution

Proposition 6.2.1. Let ω = θ 4

θ 4+24 be a mixing proportion, one
parameter SUja distribution is a finitemixed distribution of Gamma
(1,θ ) and Gamma (5,θ ). The pdf and Cdf of one parameter Suja
distribution are stated as;

f (x;θ) =
θ 5

θ 4+24
[
1+ x4]e−θx;x > 0,θ > 0 (6.1)

F(x,θ) = 1−
[

1+
θ 4x4+4θ 3x3+12θ 2x2+24θx

θ 4+24

]
e−θx;x > 0,θ > 02

(6.2)
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Proof. By definition of finite mixture Eq.1.1, pdf Eq.6.1of
one parameter Suja distribution is constructed as;

f (x;θ =
θ 4

θ 4+24
[
θe−θx]+ 24

θ 4+24

[
θ 5x4e−θx

Γ5

]
=

θ 5e−θx

θ 4+24
+

24θ 5e−θxx4

24(θ 4+24)

=
θ 5

θ 4+24
[
1+ x4]e−θx;x > 0,θ > 0

further Cdf Eq.6.2 is obtained as;

F(x;θ) =
θ 5

θ 4+24

∫
∞

0

(
1+ x4)e−θxdx

F(x;θ) =
θ 5

θ 4+24
I1

I1 =
∫

∞

0

(
1+ x4)e−θxdx

u =
(
1+ x4)=⇒ du = 4x3dx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−
(
1+ x4)e−θx

θ
− 4

θ

∫
∞

0
−x3e−θxdx

I1 =−
(
1+ x4)e−θx

θ
− 4

θ
I2

I2 =
∫

∞

0
−x3e−θxdx

u =−x3 =⇒−3x2
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dv = e−θx =⇒ v =
−e−θx

θ

I2 =
x3e−θx

θ
− 3

θ

∫
∞

0
x2e−θxdx

I2 =
x3e−θx

θ
− 3

θ
I3

I3 =
∫

∞

0
x2e−θxdx

u = x2 =⇒ du = 2xdx

I3 =
−x2e−θx

θ
− 2

θ

∫
∞

0
−xe−θxdx

I3 =
−x2e−θx

θ
− 2

θ
I4

I4 =
∫

∞

0
−xe−θxdx

u =−x =⇒ du =−dx

dv = e−θx =⇒ v =
−e−θx

θ

I4 =
xe−θx

θ
− 1

θ

∫
∞

0
e−θx

I4 =
xe−θx

θ
− 1

θ
I5

I5 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx
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From I1,I2,I3,I4 and I5 then;

I1 =
−e−θx

θ 5

[
θ

4+24+θ
4x4+4θ

3x3+12θ
2x2+24θx

]
= 1+

−e−θx

θ 5

[
θ

4+24+θ
4x4+4θ

3x3+12θ
2x2+24θx

]
θ 5

θ 4+24

F(x;θ) = 1−
[

1+
θ 4x4+4θ 3x3+12θ 2x2+24θx

θ 4+24

]
e−θx;x > 0,θ > 0

6.2.2 Reliability Analysis

Proposition 6.2.2. In this section, survival function denoted by
S(x;θ) and hazard function denoted by h(x;θ) of a one param-
eter Suja distribution Eq.6.1 are stated as;

S(x;θ) =

[
1+

θ 4x4+4θ 3x3+12θ 2x2+24θx
θ 4+24

]
e−θx;x > 0,θ > 0

(6.3)

h(x;θ) =
θ 5(1+ x4)

θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx
;x > 0,θ > 0

(6.4)

Proof. To begin with, survival function Eq.6.3 is obtained
using Eq.1.8 as;

S(x;θ) = 1−
[

1−
[

1+
θ 4x4+4θ 3x3+12θ 2x2+24θx

θ 4+24

]
e−θx

]
=

[
1+

θ 4x4+4θ 3x3+12θ 2x2+24θx
θ 4+24

]
e−θx;x > 0,θ > 0
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using the relation Eq.1.9, hazard function Eq.6.4 as;

h(x;θ) =
θ 5

θ 4+24

[
1+ x4

]
e−θx[

θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx
θ 4+24

]
e−θx

=
θ 5(1+ x4)

θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx
;x > 0,θ > 0

6.2.3 Moments and related measures

Proposition 6.2.3. The rth moments of a one parameter Suja
distribution Eq.6.1 are derived using both method of moments
and moment generating function as;

µ
1
r ∗=

r!
(
θ 4+(r+1)(r+2)(r+3)

)
θ r(θ 4+24)

;r = 1,2,3, · · · (6.5)

Proof. By definition of moments Eq.1.16 rth moments of
EQ.6.1 are obtained as;

E(X r) =
θ 5

θ 4+24

∫
∞

0
xr(1+ x4)e−θxdx

=
θ 5

θ 4+24

[∫
∞

0
xre−θxdx+

∫
∞

0
xr+4e−θxdx

]
=

θ 5

θ 4+24

[
Γ(r+1)

θ r+1 +
Γ(r+5)

θ r+5

]

=

rΓr
[

θ 4+(r+1)(r+2)(r+3)(r+4)
]

θ r(θ 4+24)

=
r!
(
θ 4+(r+1)(r+2)(r+3)

)
θ r(θ 4+24)

;r = 1,2,3, · · ·
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moreover, by definition Eq.1.17, the mgf of 6.1 is given as;

mx(t) =
θ 5

θ 4+24

∫
∞

0
etx(1+ x4)e−θxdx

=
θ 5

θ 4+24

[∫
∞

0
e−(θ−t)x(1+ x4)dx

]
=

θ 5

θ 4+24

[
1

θ − t
+

24
(θ − t)5

]
=

θ 5

θ 4+24

[
1
θ

∞

∑
k=0

( t
θ

)k
+

24
θ 5

∞

∑
k=0

(
k+4

k

)( t
θ

)k
]

=
∞

∑
k=0

θ 4+(k+1)(k+2)(k+3)(k+4)
θ 4+24

( t
θ

)k

The moments about the origin are obtained as a coefficient of
tr

r! in the derived moment generating function mx(t) as;

µ
1
r =

r!
(
θ 4+(r+1)(r+2)(r+3)

)
θ r(θ 4+24)

;r = 1,2,3, · · ·

The four none centralized moments of a one parameter Suja
distribution Eq.6.1 are obtained by putting r = 1,2,3 and 4 in
moment generating function Eq.6.5 as;

µ
1
1 =

θ 4+120
θ(θ 4+24)

, µ
1
2 =

2(θ 4+360)
θ 2(θ 4+24)

µ
1
3 =

6(θ 4+840)
θ 3(θ 4+24)

, µ
1
4 =

24(θ 4+1680)
θ 4(θ 4+24)



200

We now derive the centralized moments of a one parameter
Suja distribution Eq.6.1 as;

µ1 = µ
1
1 =⇒ θ 4+120

θ(θ 4+24)

µ2 = µ
1
2 − (µ1

1)
2 =⇒ θ 8+528θ 4+2880

θ 2(θ 4+24)2

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
2 =⇒ 2θ 12+3024θ 8+3456θ 4+138240

θ 3(θ 4+24)3

µ4 = µ
1
4 −4µ

1
3 +6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

µ4 =
9θ 16+23904θ 12+528768θ 8+11114496θ 4+34836480

θ 4(θ 4+24)4

Proposition 6.2.4. Other related measures of a one parame-
ter Suja distribution such as variation coefficient (C.v), skewness
(υ1), kurtosis (υ2) and dispersion index (υ3) are stated as;

C.v =

√
θ 8+528θ 4+2880

θ 4+120
(6.6)

υ1 =
2θ 12+3024θ 8+3456θ 4+138240

(θ 8+528θ 4+2880)
3
2

(6.7)

υ2 =
9θ 16+23904θ 12+528768θ 8+11114496θ 4+34836480

(θ 8+528θ 4+2880)2

(6.8)

υ3 =
θ 8+528θ 4+2880

θ(θ 4+24)(θ 4+120)
(6.9)

Proof. Variation coefficient Eq.6.6 is obtained as;

C.v =
σ

µ1
1

=

√
θ 8+528θ 4+2880

θ(θ 4+24)
θ(θ 4+24)
θ 4+120

=⇒
√

θ 8+528θ 4+2880
θ 4+120
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further, skewness coefficient Eq.6.7 is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2θ 12+3024θ 8+3456θ 4+138240

θ 3(θ 4+24)3

[
θ 2(θ 4+24)2

θ 8+528θ 4+2880

]3
2

=
2θ 12+3024θ 8+3456θ 4+138240

(θ 8+528θ 4+2880)
3
2

kurtosis coefficient Eq.6.8 is obtained as;

υ2 =
µ4

(µ2)2

=
9θ 16+23904θ 12+528768θ 8+11114496θ 4+34836480

θ 4(θ 4+24)4

[
θ 2(θ 4+24)2

θ 8+528θ 4+2880

]2

=
9θ 16+23904θ 12+528768θ 8+11114496θ 4+34836480

(θ 8+528θ 4+2880)2

lastly, index of dispersion Eq.6.9 is obtained as;

υ3 =
σ 2

µ1
1

=
θ 8+528θ 4+2880

θ 2(θ 4+24)2

θ(θ 4+24)
θ 4+120

=⇒ θ 8+528θ 4+2880
θ(θ 4+24)(θ 4+120)

6.2.4 Excess loss distribution

Proposition 6.2.5. In this section, we state probability density
function of excess loss function fl(x;θ), mean residual lifetime
(MRL), equilibrium distribution fe(x;θ), survival function of the
equilibrium distribution Se(x;θ) and hazard function based on
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the equilibrium distribution he(x;θ) of a one parameter Suja dis-
tribution Eq.6.1 as;

fl(x;θ) =
θ 5(1+ x4)e−(x−z)θ

θ 4+24+θ 4z4+4θ 3z3+12θ 2z2+24θz
; x > z

(6.10)

m(x) =
θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

θ(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)
(6.11)

fe(x;θ) =
θ(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

θ +120
(6.12)

Se(x;θ) =
(θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

θ 4+120
(6.13)

he(x;θ) =
θ(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)
θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

(6.14)

Proof. By the definition Eq.1.10, fl(x;θ) in Eq.6.10 is ob-
tained as;

fl(x;θ) =
θ 5

θ 4+24

[
1+ x4

]
e−θx

(θ 4+24+θ 4z4+4θ 3z3+12θ 2z2+24θz)e−θz

θ 4+24

=
θ 5(1+ x4)e−(x−z)θ

θ 4+24+θ 4z4+4θ 3z3+12θ 2z2+24θz
; x > z
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using the relation Eq.1.11, the mean residual lifetime is ob-
tained as;

m(x) =
θ 4+24

(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

∫
∞

x

(θ 4+24+θ 4t4+4θ 3t3+12θ 2t2+24θ t)e−θ t

θ 4+24
dt

=
1

(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

∫
∞

x
(θ 4+24+θ

4t4+4θ
3t3+12θ

2t2+24θ t)e−θ tdt

I1 =
∫

∞

x
(θ 4+24+θ

4t4+4θ
3t3+12θ

2t2+24θ t)e−θ tdt

u = (θ 4+24+θ
4t4+4θ

3t3+12θ
2t2+24θ t) =⇒ du = (4θ

4t3+12θ
3t2+24θ

2t +24θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(θ 4+24+θ
4t4+4θ

3t3+12θ
2t2+24θ t)

e−θ t

θ
+ I2

I2 =
∫

∞

x
(4θ

3t3+12θ
2t2+24θ t +24)e−θ tdt

u = (4θ
3t3+12θ

2t2+24θ t +24) =⇒ du = (12θ
3t2+24θ

1tt +24θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(4θ
3t3+12θ

2t2+24θ t +24)
e−θ t

θ
+ I3

I3 =
∫

∞

x
(12θ

2t2+24θ t +24)e−θ tdt

u = (12θ
2t2+24θ t +24) =⇒ du = 24θ

2t +24θ

dv = e−θ t =⇒ v =
−e−θ t

θ

I3 =−(12θ
2t2+24θ t +24)

e−θ t

θ
+

∫
∞

x
(24θ t +24)e−θ tdt

I4 =
∫

∞

x
(24θ t +24)e−θ tdt

u = (24θ t +24) =⇒ du = 24θ

dv = e−θ t =⇒ v =
−e−θ t

θ

I4 =−(24θ t +24)
e−θ t

θ
+24

∫
∞

x
e−θ tdt

I5 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ
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From I1,I2,I3,I4 and I5 we have the following;

I1 =
−e−θ t

θ

[
θ

4+120+θ
4t4+8θ

3t3+36θ
2t2+96θ t

]∞

x

I1 =
e−θx

θ

[
θ

4+120+θ
4x4+8θ

3x3+36θ
2x2+96θx

]
=

1
(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx I1

m(x) =
θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

θ(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)

further, fe(x;θ) in Eq.6.12 is obtained using Eq.1.12 as;

fe(x;θ) =
(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

θ 4+24
∗ θ(θ 4+24)

θ 4+120

=
θ(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

θ +120

applying Eq.1.13, Se(x;θ) in Eq.6.13 is obtained as;∫
∞

x
S(t;θ)dt =

(θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

θ(θ 4+24)

=
(θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

θ(θ 4+24)
∗ θ(θ 4+24)

θ 4+120

Se(x;θ) =
(θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

θ 4+120

lastly, he(x;θ) in Eq.6.14 is obtained using Eq.1.14 as;

he(x;θ) =
θ(θ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)
θ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

=
1

m(x)
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6.3 Two parameter Suja distribution

6.3.1 Construction of a two parameter Suja distribution

Proposition 6.3.1. A generalized two parameter Suja distribu-
tion is a finite mixed distribution of Gamma (1,θ ) and Gamma
(5,θ ) with weighing proportion as ω = αθ 4

αθ 4+24 . The pdf and Cdf
of a generalized two parameter Suja distribution are defined as;

f (x;α,θ) =
θ 5

αθ 4+24

[
α + x4

]
e−θx;x > 0,α > 0,θ > 0

(6.15)

F(x;α,θ) = 1−
[

1+
θ 4x4+4θ 3x3+12θ 2x2+24θx

αθ 4+24

]
e−θx;x > 0,α > 0,θ > 0

(6.16)

Proof. By definition of a finite mixture Eq.1.1, a two param-
eter Suja distribution is constructed as;

f (x;α,θ) =
αθ 4

αθ 4+24
[
θe−θx]+ 24

αθ 4+24

[
θ 5e−θx

Γ5

]
=

αθ 5e−θx

αθ 4+24
+

24θ 5x4e−θx

24(αθ 4+24)

=
θ 5

αθ 4+24

[
α + x4

]
e−θx;x > 0,α > 0,θ > 0

Remark 6.3.2. Putting α = 1 a generalized two parameter Suja
distribution Eq.6.15 reduces to a one parameter Suja distribution
Eq.6.1. This Implies that a generalized two parameter Suja dis-
tribution is flexible over one parameter Suja distribution.
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The generalized Suja distribution to two parameter distribu-
tion Eq.6.15 is a modification of a one parameter Suja distribu-
tion Eq.6.1 introduced by Shanker (2017b).

further Cdf Eq.6.16 is obtained as;

F(x;α,θ) =
θ 5

αθ 4+24

∫
∞

0
(α + x4)e−θxdx

I1 =
∫

∞

0
(α + x4)e−θxdx

u = (α + x4) =⇒ du = 4x3

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α + x4)
e−θx

θ
− 4

θ

∫
∞

0
−x3e−θxdx

I1 =−(α + x4)
e−θx

θ
− 4

θ
I2

I2 =
∫

∞

0
−x3e−θxdx

u =−x3 =⇒ du =−3x2

dv = e−θx =⇒ v =
−e−θx

θ

I2 =
x3e−θx

θ
− 3

θ

∫
∞

0
x2e−θxdx

I2 =
x3e−θx

θ
− 3

θ
I3
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I3 =
∫

∞

0
x2e−θxdx

u = x2 =⇒ du = 2x

dv = e−θx =⇒ v =
−e−θx

θ

I3 =
−x2e−θx

θ
− 2

θ

∫
∞

0
−xe−θxdx

I3 =
−x2e−θx

θ
− 2

θ
I4

I4 =
∫

∞

0
−xe−θxdx

u =−x =⇒ du =−dx

dv = e−θx =⇒ v =
−e−θx

θ

I4 =
xe−θx

θ
− 1

θ

∫
∞

0
e−θxdx

I4 =
xe−θx

θ
− 1

θ
I5

I5 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I5 =
∫

∞

0
eu du
−θ

=⇒ −1
θ

∫
∞

0
eudu =⇒ 1

−θ
eu =⇒ e−θx

−θ
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From I1,I2,I3, I4 and I5 then;

I1 =
−e−θx

θ 5

[
αθ

4+24+θ
4x4+4θ

3x3+12θ
2x2+24θx

]
= 1+

−e−θx

θ 5

[
αθ

4+24+θ
4x4+4θ

3x3+12θ
2x2+24θx

]
θ 5

αθ 5+24

F(x;α,θ) = 1−
[

1+
θ 4x4+4θ 3x3+12θ 2x2+24θx

αθ 4+24

]
e−θx;x > 0,α > 0,θ > 0

6.3.2 Reliability Analysis

Proposition 6.3.3. We now state survival function denoted by
S(x;α,θ) and hazard function denoted by h(x;α,θ) of a gener-
alized two parameter Suja distribution Eq.6.15 as;

S(x;α,θ) =

[
1+

θ 4x4+4θ 3x3+12θ 2x2+24θx
αθ 4+24

]
e−θx;x > 0,α > 0,θ > 0

(6.17)

h(x;α,θ) =
θ 5(α + x4)

αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx
;x > 0,α > 0,θ > 0

(6.18)

Proof. To begin with, survival function Eq.6.17 is obtained
using Eq.1.8 as;

S(x;α,θ) = 1−
[

1−
[

1+
θ 4x4+4θ 3x3+12θ 2x2+24θx

αθ 4+24

]
e−θx

]
=

[
1+

θ 4x4+4θ 3x3+12θ 2x2+24θx
αθ 4+24

]
e−θx;x > 0,α > 0,θ > 0
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further hazard function Eq.6.18 is obtained using Eq.1.9 as;

h(x;α,θ) =

θ 5

αθ 4+24

[
α + x4

]
e−θx[

αθ 4+θ 4x4+4θ 3x3+12θ 2x2+24θx
αθ 4+24

]
e−θx

=
θ 5(α + x4)

αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx
;x > 0,α > 0,θ > 0

6.3.3 Moments and related measures

Proposition 6.3.4. The rth moments of a generalized two pa-
rameter Suja distribution Eq.6.15 are derived using both method
of moments and moment generating function as;

µ
1
r ∗=

r!
[

αθ 4+(r+1)(r+2)(r+3)(r+4)
]

θ r(αθ 4+24)
; r = 1,2,3, · · ·

(6.19)

Proof. By definition Eq.1.16, moments of a generalized two
parameter Suja are obtained as;

E(X r) =
θ 5

αθ 4+24

∫
∞

0
xr(α + x4)e−θxdx

=
θ 5

αθ 4+24

[
α

∫
∞

0
xre−θxdx+

∫
∞

0
xr+4e−θxdx

]
=

θ 5

αθ 4+24

[
αΓ(r+1)

θ r+1 +
Γ(r+5)

θ r+5

]

=

r!
[

αθ 4+(r+1)(r+2)(r+3)(r+4)
]

θ r(αθ 4+24)
; r = 1,2,3, · · ·
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Similarly, by definition ofmgf Eq.1.17moment generating func-
tion of Eq.6.15 is obtained as;

mx(t) =
θ 5

αθ 4+24

∫
∞

0
etx(α + x4)e−θxdx

=
θ 5

αθ 4+24

[
e−(θ−t)x(α+x4)dx

]
=

θ 5

αθ 4+24

[
α

(θ − t)
+

24
(θ − t)5

]
=

θ 5

αθ 4+24

[
α

θ

∞

∑
k=0

( t
θ

)k
+

24
θ 5

∞

∑
k=0

(
k+4

k

)( t
θ

)k
]

=
∞

∑
k=0

αθ 4+(k+1)(k+2)(k+3)(k+4)
αθ 4+24

( t
θ

)k

The rth moments of a generalized two parameter Suja distribu-
tion Eq.6.15 are obtained as a coefficient of tr

r! in the moment
generating function mx(t) as;

µ
1
r =

r!
[

αθ 4+(r+1)(r+2)(r+3)(r+4)
]

θ r(αθ 4+24)
; r = 1,2,3, · · ·

Setting r = 1,2,3 and 4 in Eq.6.19 we derive four none central-
ized moments as;

µ
1
1 =

αθ 4+120
θ(αθ 4+24)

, µ
1
2 =

2(αθ 4+360)
θ 2(αθ 4+24)

µ
1
3 =

6(αθ 4+840)
θ 3(αθ 4+24)

, µ
1
4 =

24(αθ 4+1680)
θ 4(αθ 4+24)
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The centralizedmoments of a two parameter Suja distribution
are obtained as;

µ1 = µ
1
1

µ2 = µ
1
2 − (µ1

1)
2

µ2 =
α2θ 8+528αθ 4+2880

θ 2(αθ 4+24)2

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3

µ3 =
2α3θ 12+3024α2θ 8+517536αθ 4−2972160

θ 3(αθ 4+24)3

The following relation is applied to derive the fourth central-
ized moment

µ4 = µ
1
4 −4µ

1
3 µ

1
1 +6µ

1
1 µ

1
2 −3(µ1

1)
2

Proposition 6.3.5. Other related measures of a generalized two
parameter Suja distribution Eq.6.15 such as variation coefficient
(C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3) are
stated as;

C.v =

√
α2θ 3+528αθ 4+2880

αθ 4+120
(6.20)

υ1 =
2α3θ 12+3024α2θ 8+517536αθ 4−2972160

(α2θ 8+528αθ 4+2880)
3
2

(6.21)

υ2 =
µ1

4 −4µ1
3 µ1

1 +6µ1
1 µ1

2 −3(µ1
1)

2

(µ1
2 − (µ1

1))
2 (6.22)

υ3 =
α2θ 8+528αθ 4+2880

θ(αθ 4+24)(αθ 4+120)
(6.23)
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Proof. To begin with, coefficient of variation Eq.6.20 is ob-
tained as;

C.v =
σ

µ1
1

=

√
α2θ 3+528αθ 4+2880

θ(αθ 4+24)
θ(αθ 4+24)
αθ 4+120

=⇒
√

α2θ 3+528αθ 4+2880
αθ 4+120

similarly, skewness coefficient Eq.6.21is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2α3θ 12+3024α2θ 8+517536αθ 4−2972160

θ 3(αθ 4+24)3

[
θ 2(αθ 4+24)2

α2θ 8+528αθ 4+2880

]3
2

=
2α3θ 12+3024α2θ 8+517536αθ 4−2972160

(α2θ 8+528αθ 4+2880)
3
2

The following relation is applied to derive kurtosis coefficient
of a generalized two parameter Suja distribution Eq.6.15;

υ2 =
µ1

4 −4µ1
3 µ1

1 +6µ1
1 µ1

2 −3(µ1
1)

2

(µ1
2 − (µ1

1))
2

lastly, index of dispersion Eq.6.23 is obtained as;

υ3 =
σ 2

µ1
1

=
θ 8+528θ 4+2880

θ 2(θ 4+24)2

θ(αθ 4+24)
αθ 4+120

=⇒ α2θ 8+528αθ 4+2880
θ(αθ 4+24)(αθ 4+120)

6.3.4 Excess loss Distribution
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Proposition 6.3.6. In this section, we state probability density
function of excess function fl(x;α,θ), mean residual lifetime
(MRL), equilibrium distribution fe(x;α,θ), survival function of
the equilibrium distribution Se(x;α,θ) and hazard function of
equilibrium distribution he(x;α,θ) of a generalized two param-
eter Suja distribution Eq.6.15 as;

fl(x;α,θ) =
θ 5(α + x4)e−(x−z)θ

αθ 4+24+θ 4z4+4θ 3z3+12θ 2z2+24θz
; x > z

(6.24)

m(x) =
αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

θ(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)
(6.25)

fe(x;α,θ) =
θ(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

αθ 4+120
(6.26)

Se(x;α,θ) =
(αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

αθ 4+120
(6.27)

he(x;α,θ) =
θ(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)
αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

(6.28)

Proof. By definition in Eq.1.10, the pdf of excess loss func-
tion Eq.6.24 is obtained as;

fl(x;α,θ) =
θ 5

αθ 4+24
(α + x4)e−θx αθ 4+24

(αθ 4+24+θ 4z4+4θ 3z3+12θ 2z2+24θz)e−θz

=
θ 5(α + x4)e−(x−z)θ

αθ 4+24+θ 4z4+4θ 3z3+12θ 2z2+24θz
; x > z
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Mean residual lifetime Eq.6.25 is obtained using relation Eq.1.11
as;

m(x) =
αθ 4+24

(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

∫
∞

x

(αθ 4+24+θ 4t4+4θ 3t3+12θ 2t2+24θx)e−θ t

αθ 4+24
dt

=
1

(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

∫
∞

x
(αθ

4+24+θ
4t4+4θ

3t3+12θ
2t2+24θx)e−θ tdt

I1 =
∫

∞

x
(αθ

4+24+θ
4t4+4θ

3t3+12θ
2t2+24θx)e−θ tdt

u = (αθ
4+24+θ

4t4+4θ
3t3+12θ

2t2+24θx) =⇒ du = 4θ
4t3+12θ

3t2+24θ
2t +24θ

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(αθ
4+24+θ

4t4+4θ
3t3+12θ

2t2+24θx)
e−θ t

θ
+ I2

I2 =
∫

∞

x
(4θ

3t3+12θ
2t2+24θ t +24)e−θ tdt

u = (4θ
3t3+12θ

2t2+24θ t +24) =⇒ du = (12θ
3t2+24θ

2t +24θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(4θ
3t3+12θ

2t2+24θ t +24)
e−θ t

θ
+ I3

I3 =
∫

∞

x
(12θ

2t2+24θ t +24)e−θ tdt

u = (12θ
2t2+24θ t +24) =⇒ du = (24θ

2t +24θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I3 =−(12θ
2t2+24θ t +24)

e−θ t

θ
+ I4

I4 =
∫

∞

x
(24θ t +24)e−θ tdt

u = (24θ t +24) =⇒ du = 24θ

dv = e−θ t =⇒ v =
−e−θ t

θ
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I4 =−(24θ t +24)
e−θ t

θ
+24

∫
∞

x
e−θ tdt

I5 =
∫

∞

x
e−θ tdt =

−e−θ t

θ

From I1,I2,I3,I4 and I5 we have the following;

I1 =
−e−θ t

θ

[
αθ

4+120+θ
4t4+8θ

3t3+36θ
2t2+96θ t

]∞

x

I1 =
e−θx

θ

[
αθ

4+120+θ
4x4+8θ

3x3+36θ
2x2+96θx

]
=

1
(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx I1

m(x) =
αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

θ(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)

further equilibriumdistribution Eq.6.26 is obtained using Eq.1.12
as;

fe(x;α,θ) =
(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

αθ 4+24
θ(αθ 4+24)
αθ 4+120

=
θ(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

αθ 4+120

using Eq.1.13, Se(x;α,θ) in Eq.6.27 is obtained as;∫
∞

x
S(t;α,θ)dt =

(αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

θ(αθ 4+24)

=
(αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

θ(αθ 4+24)
∗ θ(αθ 4+24)

αθ 4+120

Se(x;α,θ) =
(αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx)e−θx

αθ 4+120
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lastly, hazard function based on the equilibrium distribution
Eq.6.28 is obtained using relation Eq.1.14 as;

he(x;α,θ) =
θ(αθ 4+24+θ 4x4+4θ 3x3+12θ 2x2+24θx)
αθ 4+120+θ 4x4+8θ 3x3+36θ 2x2+96θx

6.4 Three parameter Suja distribution

6.4.1 Construction of a three parameter Suja distribution

Proposition 6.4.1. Let ω = αθ 4

αθ 4+24β
be weight probability a

generalized three parameter Suja distribution is constructed as
a finite mixture of Gamma (1,θ ) and Gamma (5,θ ). The pdf
and Cdf of a generalized three parameter Suja distribution are
stated as;

f (x;α,β ,θ) =
θ 5

αθ 4+24β

[
α +βx4

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(6.29)

F(x;α,β ,θ) = 1−
[

1+
βθ 4x4+4βθ 3x3+12βθ 2x2+24βθx

αθ 4+24β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(6.30)

Proof. By the concept of finite mixture Eq.1.1, the pdf of
a generalized three parameter Suja distribution is constructed
as;

f (x;αβ ,θ) =
αθ 4

αθ 4+24β

[
θe−θx]+ 24β

αθ 4+24β

[
θ 5e−θxx4

Γ5

]
=

αθ 5e−θx

αθ 4+24β
+

24βθ 5e−θxex

24(αθ 4+24β )

=
θ 5

αθ 4+24β

[
α +βx4

]
e−θx;x > 0,α > 0,β > 0,θ > 0
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A generalized three parameter Suja distribution Eq.6.29 is a
modification of proposed two parameter Suja distribution Eq.6.15.

further Cdf Eq.6.30 is obtained as;

F(x;α,β ,θ) =
θ 5

αθ 4+24β

∫
∞

0
(α +βx4)e−θxdx

F(x;α,β ,θ) =
θ 5

αθ 4+24β
I1

I1 =
∫

∞

0
(α +βx4)e−θxdx

u = (α +βx4) =⇒ du = 4βx3

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α +βx4)
e−θx

θ
− 4β

θ

∫
∞

0
−x3e−θxdx

I1 =−(α +βx4)
e−θx

θ
− 4β

θ
I2

I2 =
∫

∞

0
−x3e−θxdx

u =−x3 =⇒ du =−3x2

dv = e−θx =⇒ v =
−e−θx

θ

I2 =
x3e−θx

θ
− 3

θ

∫
∞

0
x2e−θxdx

I2 =
x3e−θx

θ
− 3

θ
I3
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I3 =
∫

∞

0
x2e−θxdx

u = x2 =⇒ du = 2xdx

dv = e−θx =⇒ v =
−e−θx

θ

I3 =
−x2e−θx

θ
− 2

θ

∫
∞

0
−xe−θxdx

I3 =
−x2e−θx

θ
− 2

θ
I4

I4 =
∫

∞

0
−xe−θxdx

u =−x =⇒ du =−dx

dv = e−θx =⇒ v =
−e−θx

θ

I4 =
xe−θx

θ
− 1

θ

∫
∞

0
e−θxdx

I4 =
xe−θx

θ
− 1

θ
I5

I5 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I5 =
∫

∞

0
eu du
−θ

=
−1
θ

e−θx
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From I1,I2,I3,I4 and I5 we have the following;

I1 =−(α +βx)
e−θx

θ
− 4β

θ

[
x3e−θx

θ
− 3

θ

(
−x2e−θx

θ
− 2

θ

(
xe−θx

θ
+

e−θx

θ 2

))]
I1 =

−e−θx

θ 5

[
αθ

4+24β +βθ
4x4+4βθ

3x3+12βθ
2x2+24βθx

]
= 1+

−e−θx

θ 5

[
αθ

4+24β +βθ
4x4+4βθ

3x3+12βθ
2x2+24βθx

]
θ 5

αθ 4+24β

F(x;α,β ,θ) = 1−
[

1+
βθ 4x4+4βθ 3x3+12βθ 2x2+24βθx

αθ 4+24β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

6.4.2 Reliability Analysis

Proposition 6.4.2. In this section, we state survival function
S(x;α,β ,θ) and hazard function h(x;α,β ,θ) of a generalized
three parameter Suja distribution Eq.6.29 as;

S(x;α,β ,θ) =

[
1+

β (θ 4x4+4θ 3x3+12θ 2x2+24θx)
αθ 4+24β

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(6.31)

h(x;α,β ,θ) =
θ 5(α +βx4)e−θx

αθ 4+β (24+θ 4x4+θ 3x3+12θ 2x2+24θx)
;x > 0,α > 0,β > 0,θ > 0

(6.32)

Proof. To begin with, survival function Eq.6.31 is obtained
using Eq.1.8 as;

S(x;α,β ,θ) = 1−
[

1−
[

1+
βθ 4x4+4βθ 3x3+12βθ 2x2+24βθx

αθ 4+24β

]
e−θx

]
=

[
1+

β (θ 4x4+4θ 3x3+12θ 2x2+24θx)
αθ 4+24β

]
e−θx;x > 0,α > 0,β > 0,θ > 0
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further hazard function Eq.6.32 is obtained bu use of relation
Eq.1.9 as;

h(x;α,β ,θ) =

θ 5

αθ 4+24β

[
α +βx4

]
e−θx[

1+ β (θ 4x4+4θ 3x3+12θ 2x2+24θx)
αθ 4+24β

]
e−θx

=
θ 5(α +βx4)e−θx

αθ 4+β (24+θ 4x4+θ 3x3+12θ 2x2+24θx)
;x > 0,α > 0,β > 0,θ > 0

6.4.3 Moments and related measures

Proposition 6.4.3. The rth moments of a generalized three pa-
rameter Suja distribution Eq.6.29 are derived using both method
of moments and moment generating function as;

µ
1
r ∗=

r!
[

αθ 4+β (r+1)(r+2)(r+3)(r+4)
]

θ r(αθ 4+24β )
(6.33)
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Proof. By definition Eq.1.16, moments of a generalized three
parameter is obtained as;

E(X r) =
θ 5

αθ 4+24β

∫
∞

0
xr(α +βx4)e−θxdx

=
θ 5

αθ 4+24β

[
α

∫
∞

0
xre−θxdx+β

∫
∞

0
xr+4e−θxdx

]
=

θ 5

αθ 4+24β

[
αΓ(r+1)

θ r+1 +
βΓ(r+5)

θ r+5

]

=

rΓr
[

αθ 4+β (r+1)(r+2)(r+3)(r+4)
]

θ r(αθ 4+24β )

=

r!
[

αθ 4+β (r+1)(r+2)(r+3)(r+4)
]

θ r(αθ 4+24β )

further by definition Eq.1.17, mgf of a generalized three pa-
rameter Suja distribution is obtained as;

mx(t) =
θ 5

αθ 4+24β

[∫
∞

0
etx(α +βx4)e−θxdx

]
=

θ 5

αθ 4+24β

[∫
∞

0
e−(θ−t)x(α +βx4)e−θxdx

]
=

θ 5

αθ 4+24β

[
α

(θ − t)
+

24β

(θ − t)5

]
=

θ 5

αθ 4+24β

[
α

θ

∞

∑
k=0

( t
θ

)k
+

24β

θ 5

∞

∑
k=0

(
k+4

k

)( t
θ

)k
]

=
∞

∑
k=0

αθ 4+β (k+1)(k+2)(k+3)(k+4)
αθ 4+24β

( t
θ

)k
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The rth moments of a generalized three parameter Suja distri-
bution Eq.6.29 are obtained as a coefficient of tr

r! in mx(t) as
shown below;

µ
1
r =

r!
[

αθ 4+β (r+1)(r+2)(r+3)(r+4)
]

θ r(αθ 4+24β )

For values of r as 1,2,3 and 4 in Eq.6.33 we obtain the four
none centralized moments of a generalized three parameter
Suja distribution as;

µ
1
1 =

αθ 4+120β

θ(αθ 4+24β )
, µ

1
2 =

2(αθ 4+360β )

θ 2(αθ 4+24β )

µ
1
3 =

6(αθ 4+840β )

θ 3(αθ 4+24β )
, µ

1
4 =

24(αθ 4+1680β )

θ 4(αθ 4+24β )

The centralized moments of a generalized three parameter
Suja distribution are as;

µ1 = µ
1
1

µ2 = µ
1
2 − [µ1

1 ]
2 =⇒ α2θ 8+528αβθ 4+5840β 2

θ 2(αθ 4+24β )2

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3 =⇒ 2(α3θ 12+1512α2βθ 8+1728αβ 2θ 4+69120β 3)

θ 3(αθ 4+24β )3

The following expression is applied to get the forth moments
about the mean of a generalized three parameter Suja distri-
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bution;

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

Proposition 6.4.4. Other relatedmeasures of a generalized three
parameter Suja distribution Eq.6.29 such as variation coefficient
(C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3) are
stated as;

C.v =

√
α2θ 8+528αβθ 4+5840β 2

αθ 4+120β
(6.34)

υ1 =
2(α3θ 12+1512α2βθ 8+1728αβ 2θ 4+69120β 3)

(α2θ 8+528αβθ 4+5840β 2)
3
2

(6.35)

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

(µ1
2 − (µ1

1))
2 (6.36)

υ3 =
α2θ 8+528αβθ 4+5840β 2

θ(αθ 4+24β )(αθ 4+120β )
(6.37)

Proof. To beginwith, variation coefficient Eq6.34 is obtained
as;

C.v =
σ

µ1
1

=

√
α2θ 8+528αβθ 4+5840β 2

θ(αθ 4+24β )

θ(αθ 4+24β )

αθ 4+120β
=⇒

√
α2θ 8+528αβθ 4+5840β 2

αθ 4+120β



224

further skewness coefficient Eq.6.35 is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2(α3θ 12+1512α2βθ 8+1728αβ 2θ 4+69120β 3)

θ 3(αθ 4+24β )3

[
θ 2(αθ 4+24β )2

α2θ 8+528αβθ 4+5840β 2

]3
2

=
2(α3θ 12+1512α2βθ 8+1728αβ 2θ 4+69120β 3)

(α2θ 8+528αβθ 4+5840β 2)
3
2

To get coefficient of kurtosis, the following relation is applied;

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

(µ1
2 − (µ1

1))
2

lastly, dispersion index Eq.6.37 is obtained as;

υ3 =
σ 2

µ1
1

=
α2θ 8+528αβθ 4+5840β 2

θ 2(αθ 4+24β )2

θ(αθ 4+24β )

αθ 4+120β
=⇒ α2θ 8+528αβθ 4+5840β 2

θ(αθ 4+24β )(αθ 4+120β )

6.4.4 Excess Loss Distribution

Proposition 6.4.5. In this section, we state probability density
function of excess function fl(x;α,β ,θ), mean residual lifetime
(MRL), equilibrium distribution fe(x;α,β ,θ), survival function
based on the equilibrium distribution Se(x;α,β ,θ) and hazard
function of equilibrium distribution he(x;α,β ,θ) of a general-
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ized three parameter Suja distribution Eq.6.29 as;

fl(x;α,β ,θ) =
θ 5(α +βx)e−(x−z)θ

αθ 4+β (24+θ 4z4+4θ 3z3+12θ 2z2+24θz)
; x > z

(6.38)

m(x) =
αθ 4+β (120+θ 4x4+8θ 3x3+36θ 2x2+96θx)

θ(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx))
(6.39)

fe(x;α,β ,θ) =
θ(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

αθ 4+120β

(6.40)

Se(x;α,β ,θ) =
(αθ 4+β (120+θ 4x4+4θ 3x3+12θ 2x2+24θx))e−θx

αθ 4+120β

(6.41)

he(x;α,β ,θ) =
θ(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx))
αθ 4+β (120+θ 4x4+8θ 3x3+36θ 2x2+96θx)

(6.42)

Proof. To begin with, the pdf of excess loss distribution
Eq.6.38 is obtained by use of Eq.1.10 as;

fl(x;α,β ,θ) =

θ 5

αθ 4+24β

[
α +βx4

]
e−θx

(αθ 4+β (24+θ 4z4+4θ 3z3+12θ 2z2+24θz))e−θz

αθ 4+24β

=
θ 5(α +βx)e−(x−z)θ

αθ 4+β (24+θ 4z4+4θ 3z3+12θ 2z2+24θz)
; x > z
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By definition Eq.1.11, mean residual lifetime Eq.6.39 is obtained
as;

m(x) =
αθ 4+24β

(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx))e−θx

I1

αθ 4+24β

I1 =
∫

∞

x
(αθ

4+β (24+θ
4t4+4θ

3t3+12θ
2t2+24θ t))e−θ tdt

u = (αθ
4+β (24+θ

4t4+4θ
3t3+12θ

2t2+24θ t)) =⇒ du = 4βθ
4t3+12βθ

3t2+24βθ
2t +24βθ

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(αθ
4+β (24+θ

4t4+4θ
3t3+12θ

2t2+24θ t))
e−θ t

θ
+

∫
∞

x
(4βθ

3t3+12βθ
2t2+24βθ t +24β )e−θ tdt

I1 =−(αθ
4+β (24+θ

4t4+4θ
3t3+12θ

2t2+24θ t))
e−θ t

θ
+ I2

I2 =
∫

∞

x
(4βθ

3t3+12βθ
2t2+24βθ t +24β )e−θ tdt

u = (4βθ
3t3+12βθ

2t2+24βθ t +24β ) =⇒ du = (12βθ
3t2+24βθ

2t +24βθ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(4βθ
3t3+12βθ

2t2+24βθ t +24β )
e−θ t

θ
+

∫
∞

x
(12βθ

2t2+24βθ t +24β )e−θ tdt

I2 =−(4βθ
3t3+12βθ

2t2+24βθ t +24β )
e−θ t

θ
+ I3

I3 =
∫

∞

x
(12βθ

2t2+24βθ t +24β )e−θ tdt

u = (12βθ
2t2+24βθ t +24β ) =⇒ du = 24βθ

2t +24βθ

dv = e−θ t =⇒ v =
−e−θ t

θ

I3 =−(12βθ
2t2+24βθ t +24β )

e−θ t

θ
+

∫
∞

x
(24βθ t +24β )e−θ tdt

I3 =−(12βθ
2t2+24βθ t +24β )

e−θ t

θ
+ I4

I4 =
∫

∞

x
(24βθ t +24β )e−θ tdt

u = (24βθ t +24β ) =⇒ du = 24βθ

dv = e−θ t =⇒ v =
−e−θ t

θ

I4 =−(24βθ t +24β )
e−θ t

θ
+24β

∫
∞

x
e−θ tdt

I4 =−(24βθ t +24β )
e−θ t

θ
+24β I5

I5 =
∫

∞

x
e−θ tdt
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u =−θ t =⇒ du =−θdt =⇒ du
−θ

= dt

I5 =
∫

∞

x
eu du
−θ

=⇒ −eθ t

θ

From I1,I2,I3, I4 and I5 we have the following;

I1 =

[
−e−θ t

θ

[
αθ

4+120β +βθ
4t4+8βθ

3t3+36βθ
2t2+96βθ t

]]∞

x

I1 =
e−θx

θ

[
αθ

4+120β +βθ
4x4+8βθ

3x3+36βθ
2x2+96βθx

]
= I1

1
(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx))e−θx

m(x) =
αθ 4+β (120+θ 4x4+8θ 3x3+36θ 2x2+96θx)

θ(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx))

further equilibriumdistribution Eq.6.40 is obtained using Eq.1.12
as;

fe(x;α,β ,θ) =
(αθ 4+24β +βθ 4x4+4βθ 3x3+12βθ 2x2+24βθx)e−θx

αθ 4+24β

θ(αθ 4+24β )

αθ 4+120β

=
θ(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

αθ 4+120β

the survival function based on equilibrium distribution Eq.6.41
is obtained by use of relation Eq.1.13 as;∫

∞

x
S(t;α,β ,θ)dt =

(αθ 4+120β +βθ 4x4+8βθ 3x3+36βθ 2x2+96βθx)e−θx

θ(αθ 4+24β )

=
(αθ 4+120β +βθ 4x4+8βθ 3x3+36βθ 2x2+96βθx)e−θx

θ(αθ 4+24β )

θ(αθ 4+24β )

αθ 4+120β

Se(x;α,β ,θ) =
(αθ 4+β (120+θ 4x4+4θ 3x3+12θ 2x2+24θx))e−θx

αθ 4+120β
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hazard function based on the equilibrium distribution Eq.6.42
is obtained by use of Eq.1.14 as;

he(x;α,β ,θ) =

θ(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx)e−θx

αθ 4+120β

(αθ 4+β (120+θ 4x4+4θ 3x3+12θ 2x2+24θx))e−θx

αθ 4+120β

=
θ(αθ 4+β (24+θ 4x4+4θ 3x3+12θ 2x2+24θx))
αθ 4+β (120+θ 4x4+8θ 3x3+36θ 2x2+96θx)
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7 THREE COMPONENT FINITE GAMMA MIXTURE
(Case of Sujatha distribution)

7.1 Introduction

A three component finite gamma mixture a case of Sujatha
distribution is considered in this chapter. We shall construct
and derive statistical properties of Sujatha distribution and its
generalizations. The mixed distribution is expressed in terms
of pdf and Cdf. Statistical properties such as reliability analy-
sismeasures, equilibriumdistribution properties andmoments
(both centralized and none centralized) are studied for this
distribution.

7.2 One parameter Sujatha distribution

7.2.1 Construction of a one parameter Sujatha distribution

Proposition 7.2.1. Letω1 =
θ 2

θ 2+θ+2 andω2 =
θ

θ 2+θ+2 be weight
proportions, one parameter Sujatha distribution is constructed
as a three component finite mixed distribution of Gamma (1,θ ),
Gamma (2,θ ) and Gamma (3,θ ). The pdf and Cdf of a one
parameter Sujatha distribution are stated as;

f (x;θ) =
θ 3

θ 2+θ +2

[
1+ x+ x2

]
e−θx;x > 0,θ > 0 (7.1)

F(x;θ) = 1−
[

1+
θx(θ +θx+2)

θ 2+θ +2

]
e−θx;x > 0,θ > 0 (7.2)
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Proof. To beginwith, by definition of a finitemixture Eq.1.1
the pdf Eq.7.1 is constructed as;

f (x;θ) =
θ 2

θ 2+θ +2
[
θe−θx]+ θ

θ 2+θ +2

[
θ 2e−θxx

Γ2

]
+

2
θ 2+θ +2

[
θ 3e−θxx2

Γ3

]
=

θ 3e−θx

θ 2+θ +2
+

θ 3e−θxx
θ 2+θ +2

+
2θ 3e−θxx2

(θ 2+θ +2)Γ3

=
θ 3

θ 2+θ +2

[
1+ x+ x2

]
e−θx;x > 0,θ > 0

Figure 1. Shapes f (x) of one parameter Sujatha distribution with varying values of θ
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further Cdf Eq.7.2 is obtained as;

F(x;θ) =
θ 3

θ 2+θ +2

∫
∞

0
(1+ x+ x2)e−θxdx

F(x;θ) =
θ 3

θ 2+θ +2
I1

I1 =
∫

∞

0
(1+ x+ x2)e−θxdx

u = (1+ x+ x2) =⇒ du = (1+2x)

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+ x+ x2)
e−θx

θ
− 1

θ

∫
∞

0
−(1+2x)e−θxdx

I1 =−(1+ x+ x2)
e−θx

θ
− 1

θ
I2

I2 =
∫

∞

0
−(1+2x)e−θxdx

u =−(1+2x) =⇒ du =−2dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (1+2x)
e−θx

θ
− 2

θ

∫
∞

0
e−θxdx

I2 = (1+2x)
e−θx

θ
− 2

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=⇒ 1
−θ

∫
∞

0
eudu

I3 =
−e−θx

θ
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From I1, I2, I3 we have the following;

I1 =−(1+ x+ x2)
e−θx

θ
− 1

θ

[
(1+2x)

e−θx

θ
− 2

θ

(−1
θ

e−θx)]
I1 =

−e−θx

θ 3

[
θ

2+θ +2+θ
2x+θ

2x2+2θx
]

F(x;θ) = 1−
[

1+
θx(θ +θx+2)

θ 2+θ +2

]
e−θx;x > 0,θ > 0

Figure 2. Shapes of CDF of one parameter Sujatha distribution with varying values of θ

7.2.2 Reliability Analysis

Proposition 7.2.2. In this section, we state the survival function
denoted by S(x;θ) and hazard function denoted by h(x;θ) of a
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one parameter Sujatha distribution Eq.7.1 as;

S(x;θ) =

[
1+

θx(θ +θx+2)
θ 2+θ +2

]
e−θx;x > 0,θ > 0 (7.3)

h(x;θ) =
θ 3(1+ x+ x2)

θ 2+θ +2+θx(θ +θx+2)
;x > 0,θ > 0 (7.4)

Proof. To begin with, survival function Eq.7.3 is obtained
by use of relation Eq.1.8 as;

S(x;θ) = 1−
[

1−
[

1+
θx(θ +θx+2)

θ 2+θ +2

]
e−θx

]
=

[
1+

θx(θ +θx+2)
θ 2+θ +2

]
e−θx;x > 0,θ > 0

Figure 3. Shapes of S(x) of one parameter Sujatha distribution with varying values of θ
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further hazard function Eq.7.4 is obtained using the relation
Eq.1.9

h(x;θ) =

θ 3

θ 2+θ+2

[
1+ x+ x2

]
e−θx[

θ 2+θ+2+θx(θ+θx+2)
θ 2+θ+2

]
e−θx

=
θ 3(1+ x+ x2)

θ 2+θ +2+θx(θ +θx+2)
;x > 0,θ > 0

Figure 4. Shapes of h(x) of Sujatha distribution with different values of θ

7.2.3 Moments and related measures

Proposition 7.2.3. The rth moments of a one parameter Sujatha
distribution Eq.7.1 are derived using both method of moments
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and moment generating function as;

µ
1
r ∗=

r!
[

θ 2+θ(r+1)+(r+1)(r+2)
]

θ r(θ 2+θ +2)
; r = 1,2,3, · · ·

(7.5)

Proof. By definition Eq.1.16, moments of one parameter
Sujatha distribution are obtained as;

E(X r) =
θ 3

θ 2+θ +2

∫
∞

0
xr(1+ x+ x2)e−θxdx

=
θ 3

θ 2+θ +2

[∫
∞

0
xre−θxdx+

∫
∞

0
xr+1e−θxdx+

∫
∞

0
xr+2e−θxdx

]
=

θ 3

θ 2+θ +2

[
Γ(r+1)

θ r+1 +
Γ(r+2)

θ r+2 +
Γ(r+3)

θ r+3

]

=

rΓr
[

θ 2+θ(r+1)+(r+1)(r+2)
]

θ r(θ 2+θ +2)

=

r!
[

θ 2+θ(r+1)+(r+1)(r+2)
]

θ r(θ 2+θ +2)
; r = 1,2,3, · · ·
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further by definition Eq.1.17, mgf of one parameter Sujatha is
obtained as;

mx(t) =
θ 3

θ 2+θ +2

∫
∞

0
etx(1+ x+ x2)e−θxdx

=
θ 3

θ 2+θ +2

∫
∞

0
e−(θ−t)x(1+ x+ x2)dx

=
θ 3

θ 2+θ +2

[
1

θ − t
+

1
(θ − t)2+ 2

(θ−t)3

]
=

θ 3

θ 2+θ +2

[(1
θ

) ∞

∑
k=0

( t
θ

)k
+
( 1

θ 2

) ∞

∑
k=0

(
k+1

k

)( t
θ

)k
+
( 2

θ 3

) ∞

∑
k=0

(
k+2

k

)( t
θ

)k
]

=
∞

∑
k=0

θ 2+θ(k+1)+(k+)(k+2)
θ 2+θ +2

( t
θ

)k

The none centralized moments of a one parameter Sujatha dis-
tribution Eq.7.1 are obtained as a coefficient tr

r! in the moment
generating function mx(t) as;

µ
1
r =

r!
[

θ 2+θ(r+1)+(r+1)(r+2)
]

θ r(θ 2+θ +2)
; r = 1,2,3, · · ·

For r values as 1,2,3 and 4 in Eq.7.5 we obtain four moments
about the origin of a one parameter Sujatha distribution as;

µ
1
1 =

θ 2+2θ +6
θ(θ 2+θ +2)

, µ
1
2 =

2(θ 2+3θ +12)
θ 2(θ 2+θ +2)

µ
1
3 =

6(θ 2+4θ +20)
θ 3(θ 2+θ +2)

, µ
1
4 =

24(θ 2+5θ +30)
θ 4(θ 2+θ +2)
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The centralized moments of a one parameter Sujatha distri-
bution are;

µ1 = µ
1
1

µ2 = µ
1
2 − [µ1

1 ]
2 =⇒ θ 4+4θ 3+18θ 2+12θ +12

θ 2(θ 2+θ +2)2

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3

µ3 =
2θ 6+12θ 5+72θ 4+88θ 3+108θ 2+72θ +48

θ 3(θ 2+θ +2)3

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

µ4 =
3(3θ 8+24θ 7+172θ 6+376θ 5+736θ 4+864θ 3+912θ 2+480θ +240)

θ 4(θ 2+θ +2)4

Proposition 7.2.4. Other related measures of a one parame-
ter Sujatha distribution Eq.7.1 such as variation coefficient (C.v),
skewness (υ1), kurtosis (υ2) and dispersion index (υ3) are stated
as;

C.v =

√
θ 4+4θ 3+18θ 2+12θ +12

θ 2+2θ +6
(7.6)

υ1 =
2θ 6+12θ 5+72θ 4+88θ 3+108θ 2+72θ +48

(θ 4+4θ 3+18θ 2+12θ +12)
3
2

(7.7)

υ2 =
3(3θ 8+24θ 7+172θ 6+376θ 5+736θ 4+864θ 3+912θ 2+480θ +240)

(θ 4+4θ 3+18θ 2+12θ +12)2

(7.8)

υ3 =
θ 4+4θ 3+18θ 2+12θ +12
θ(θ 2+θ +2)(θ 2+2θ +6)

(7.9)
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Proof. To begin with, coefficient of variation Eq.7.6 is ob-
tained as;

C.v =
σ

µ1
1

=

√
θ 4+4θ 3+18θ 2+12θ +12

θ(θ 2+θ +2)
θ(θ 2+θ +2)
θ 2+2θ +6

=⇒
√

θ 4+4θ 3+18θ 2+12θ +12
θ 2+2θ +6

Secondly, skewness coefficient Eq.7.7 is obtained as;

υ1 =
µ3

(µ2)
3
2

=
2θ 6+12θ 5+72θ 4+88θ 3+108θ 2+72θ +48

θ 3(θ 2+θ +2)3

[
θ 2(θ 2+θ +2)2

θ 4+4θ 3+18θ 2+12θ +12

]3
2

=
2θ 6+12θ 5+72θ 4+88θ 3+108θ 2+72θ +48

(θ 4+4θ 3+18θ 2+12θ +12)
3
2

Thirdly, kurtosis coefficient Eq.7.8 is obtained as;

υ2 =
µ4

(µ2)2

=
3(3θ 8+24θ 7+172θ 6+376θ 5+736θ 4+864θ 3+912θ 2+480θ +240)

θ 4(θ 2+θ +2)4

[
θ 2(θ 2+θ +2)2

θ 4+4θ 3+18θ 2+12

]2

=
3(3θ 8+24θ 7+172θ 6+376θ 5+736θ 4+864θ 3+912θ 2+480θ +240)

(θ 4+4θ 3+18θ 2+12θ +12)2

lastly, index of dispersion Eq.7.9is obtained as;

υ3 =
σ 2

µ1
1

=
θ 4+4θ 3+18θ 2+12θ +12

θ 2(θ 2+θ +2)2

θ(θ 2+θ +2)
θ 2+2θ +6

=⇒ θ 4+4θ 3+18θ 2+12θ +12
θ(θ 2+θ +2)(θ 2+2θ +6)
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7.2.4 Excess Loss Distribution

Proposition 7.2.5. In this section, we state probability density
function of excess function fl(x;θ), mean residual lifetime (MRL),
equilibrium distribution fe(x;θ), survival function based on the
equilibrium distribution Se(x;θ) and hazard function based on
the equilibrium distribution he(x;θ) of one parameter Sujatha
distribution Eq.7.1 as;

fe(x;θ) =
θ 3(1+ x+ x2)e−(x−z)θ

θ 2+θ +2+θz(θ +θz+2)
; x > z (7.10)

m(x) =
θ 2+2θ +θ 2x2+θ 2x+4θx+6
θ(θ 2+θ +2+θx(θx+θ +2))

(7.11)

fe(x;θ) =
θ(θ 2+θ +2+θ 2x+θ 2x2+2θx)e−θx

θ 2+2θ +6
(7.12)

Se(x;θ) =
(θ 2+2θ +θ 2x2+θ 2x+4θx+6)e−θx

θ 2+2θ +6
(7.13)

he(x;θ) =
θ(θ 2+θ +2+θ 2x+θ 2x2+2θx)
θ 2+2θ +θ 2x2+θ 2x+4θx+6

(7.14)

Proof. To begin with, pdf of excess loss distribution Eq.7.10
is obtained by use of Eq.1.10 as;

fe(x;θ) =

θ 3

θ 2+θ+2

[
1+ x+ x2

]
e−θx[

θ 2+θ+2+θz(θ+θz+2)
θ 2+θ+2

]
e−θz

=
θ 3(1+ x+ x2)e−(x−z)θ

θ 2+θ +2+θz(θ +θz+2)
; x > z
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Secondly, the mean residual lifetime Eq.7.11 is obtained by the
use of Eq.1.11 as;

m(x) =
θ 2+θ +2

[θ 2+θ +2+θx(θx+θ +2)]e−θx

∫
∞

x

[θ 2+θ +2+θ t(θ t +θ +2)]e−θ t

θ 2+θ +2
dt

=
1

[θ 2+θ +2+θx(θx+θ +2)]e−θx

∫
∞

x
[θ 2+θ +2+θ t(θ t +θ +2)]e−θ tdt

Taking the part I1 =
∫

∞

x [θ 2+θ +2+θ t(θ t+θ +2)]e−θ tdt and
using integration by parts technique we have the following;

u = θ
2+θ +2+θ t(θ t +θ +2) =⇒ du = (2θ

2t +θ
2t +2θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(θ 2+θ +2+θ t(θ t +θ +2))
e−θ t

θ
+

∫
∞

x
(2θ t +θ +2)e−θ tdt

I1 =−(θ 2+θ +2+θ t(θ t +θ +2))
e−θ t

θ
+ I2

I2 =
∫

∞

x
(2θ t +θ +2)e−θ tdt

u = (2θ t +θ +2) =⇒ du = 2θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(2θ t +θ +2)
−eθ t

θ
+2

∫
∞

x
e−θ tdt

I2 =−(2θ t +θ +2)
−eθ t

θ
+2I3

I3 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ
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From I1, I2 and I3 we have the following;

I1 =

[
−eθ t

θ

[
θ

2+2θ +θ
2t2+θ

2t +4θ t +6
]]∞

x

I1 =
e−θx

θ

[
θ

2+2θ +θ
2x2+θ

2x+4θx+6
]

=
1

[θ 2+θ +2+θx(θx+θ +2)]e−θx ∗
e−θx

θ

[
θ

2+2θ +θ
2x2+θ

2x+4θx+6
]

m(x) =
θ 2+2θ +θ 2x2+θ 2x+4θx+6
θ(θ 2+θ +2+θx(θx+θ +2))

by definition of equilibrium distribution Eq.1.12, fe(x;θ) is ob-
tained as;

fe(x;θ) =
(θ 2+θ +2+θ 2x+θ 2x2+2θx)e−θx

θ 2+2θ +2
θ(θ 2+θ +2)
θ 2+2θ +6

=
θ(θ 2+θ +2+θ 2x+θ 2x2+2θx)e−θx

θ 2+2θ +6

further by definition Eq.1.13, Se(x;θ) in Eq.7.13 is obtained as;∫
∞

x
S(t;θ)dt =

[θ 2+2θ +θ 2x2+θ 2x+4θx+6]e−θx

θ(θ 2+θ +2)

=
[θ 2+2θ +θ 2x2+θ 2x+4θx+6]e−θx

θ(θ 2+θ +2)
θ(θ 2+θ +2)
θ 2+2θ +6

Se(x;θ) =
(θ 2+2θ +θ 2x2+θ 2x+4θx+6)e−θx

θ 2+2θ +6
lastly, hazard function based on equilibriumdistribution Eq.7.14
is obtained by use of the relation Eq.1.14 as;

he(x;θ) =
θ(θ 2+θ +2+θ 2x+θ 2x2+2θx)e−θx

θ 2+2θ +6
θ 2+2θ +6

(θ 2+2θ +θ 2x2+θ 2x+4θx+6)e−θx

=
θ(θ 2+θ +2+θ 2x+θ 2x2+2θx)
θ 2+2θ +θ 2x2+θ 2x+4θx+6
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7.2.5 Estimation of one parameter Sujatha distribution

In this section, we shall discuss two modes of estimation that
are MOME and MLE.

MLE technique

Let x1,x2,x3, · · ·n denote a random sample drawn of size n
from a One Parameter Sujatha Distribution Eq.7.1, the L func-
tion is obtained as:

L(x;θ) =
n

∏
i=1

f (x;θ)

=
n

∏
i=1

[
θ 3

θ 2+θ +2
(1+ xi+ x2

i )e
−θxi

]
L(x;θ) =

[
θ 3

θ 2+θ +2

]n n

∏
i=1

(1+ xi+ x2
i )e

−θ ∑
n
i=1 xi

lnL = nln
(

θ 3

θ 2+θ +2

)
+

n

∑
i=1

ln(1+ xi+ x2
i )−θ

n

∑
i=1

xi

= n[3lnθ − ln(θ 2+θ +2)]+
n

∑
i=1

ln(1+ xi+ x2
i )−nθ x̄

∂ lnL
∂θ

=
3n
θ

− n(2θ +1)
θ 2+θ +2

−nx̄ = 0

The value x̄ is themean of the sample. We obtain theMLE of θ̂

of θ of a One parameter Sujatha distribution Eq.7.1 by equat-
ing ∂ lnL

∂θ
= 0, which is obtained as a solution of the polynomial
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of degree three in θ .

−x̄θ
3− (x̄−1)θ 2−2(x̄−1)θ +6 = 0 (7.15)

Method of Moments (MOME)

The population mean of a one parameter Sujatha distribution
Eq.7.1 is equated with the mean of the sample to give MOME
of θ̂ of θ which is equal to the solution of Eq.7.15.

7.2.6 Application

We shall apply lifetime data regarding carbon fiber breaking
stress presented in table 1 that was recorded in GPa (Nichols
and Padgett, 2006). For illustrative purposes, one parameter
distributions Aradhana, Sujatha, Akash, Shanker, Lindley and
Exponential are fitted and the best fitted distribution is se-
lected based on accuracy measures.

Table 1. Stress breaking data of 66 carbon fibers measured in GPa

3.70 2.74 2.73 2.50 3.60 3.11 3.27 2.87 1.47 3.11 3.56

4.42 2.41 3.19 3.22 1.69 3.28 3.09 1.87 3.15 4.90 1.57

2.67 2.93 3.22 3.39 2.81 4.20 3.33 2.55 3.31 3.31 2.85

1.25 4.38 1.84 0.39 3.68 2.48 0.85 1.61 2.79 4.70 2.03

1.89 2.88 2.82 2.05 3.65 3.75 2.43 2.95 2.97 3.39 2.96

2.35 2.55 2.59 2.03 1.61 2.12 3.15 1.08 2.56 1.80 2.53

Table 2. Descriptive Summary of the data

Min 1 st Qu. Median Mean 3 rd Qu. Max Var

0.390 2.178 2.835 2.760 3.277 4.900 0.7938
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Illustration in table 2 displays descriptive summary statistics
of the lifetime data. The mean value is greater than the vari-
ance hence, the lifetime data is over-dispersed.
The goodness of fit measures like -2lnL, AIC, BIC and AICC
have been used to select the best fitted distribution. The good-
ness of fit measures are calculated as;

AIC =−2lnL+2p

AICC =
2p(p+1)
n− p−1

+AIC

BIC =−2lnL+ pln(n)

Where p and n are the parameter number included in the dis-
tribution and size of the sample respectively.

Table 3. MLE estimates, -2lnL, AIC, AICC and BIC of the fitted one parameter distributions

Model Estimate -2lnL AIC AICC BIC

Suja θ̂=1.5378 207.9748 209.9748 210.0373 212.1645

Rama θ̂=1.2043 218.23 220.230 220.2925 222.4197

Aradhana θ̂= 0.8332 228.8408 228.8408 230.9033 233.0305

Sujatha θ̂=0.8533 229.5849 231.5849 231.6474 233.7446

Akash θ̂=0.8835 230.6726 232.6726 232.7351 234.8623

Shanker θ̂=0.6028 239.4447 241.4447 241.5072 243.6344

Lindley θ̂=0.5902 244.7740 246.7740 246.8365 248.9637

Exponential θ̂=0.3623 266.0032 268.0032 268.0657 270.1929

Distribution with lower values of -2lnL, BIC, AIC and AICC is
the best fitted one. Suja distribution is best fitted among the
estimated distributions. In figure 5 below, the density of One
Parameter Suja Distribution has the highest curve than other
fits. Therefore, One Parameter Suja is the best fitted model.
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Figure 5. Estimated Densities of fitted One Parameter Distributions

7.3 Two parameter Sujatha distribution

7.3.1 Construction of a two parameter Sujatha distribution

Proposition 7.3.1. Let ω1 =
θ 2

θ 2+αθ+2α
and ω2 =

αθ

θ 2+αθ+2α
be

the mixing weights , AG2PSD is a three component finite mixed
distribution of Gamma (1,θ ) Gamma (2,θ ) and Gamma (3,θ ).
The pdf and Cdf of AG2PSD are stated as;

f (x;α,θ) =
θ 3

θ 2+αθ +2α

[
1+αx+αx2

]
e−θx;x > 0,α > 0,θ > 0

(7.16)

F(x;α,θ) = 1−
[

1+
αθ 2x+αθ 2x2+2αθx

θ 2+αθ +2α

]
e−θx;x > 0,α > 0,θ > 0

(7.17)
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Proof. By definition of finite mixture Eq.1.1, pdf Eq.7.16 is
constructed as;

f (x;α,θ) =
θ 2

θ 2+αθ +2α

[
θe−θx

]
+

αθ

θ 2+αθ +2α

[
θ 2e−θxx

Γ2

]
+

2α

θ 2+αθ +2α

[
θ 3e−θxx2

Γ3

]
=

θ 3e−θx

θ 2+αθ +2α
+

αθ 3xe−θx

θ 2+αθ +2α
+

2αθ 3e−θxx2

2(θ 2+αθ +2α)

=
θ 3

θ 2+αθ +2α

[
1+αx+αx2

]
e−θx;x > 0,α > 0,θ > 0

Remark 7.3.2. A generalized two parameter Sujatha distribu-
tion Eq.7.16 is nested with two distributions. Puttingα = 1, turns
to one parameter Sujatha distribution Eq.7.1. Similarly, putting
α = 0, turns to exponential distribution Eq.2.17.

AG2PSD is a modification of Sujatha by Shanker et al., 2017c.

Figure 6. Shapes of f (x) of two parameter Sujatha distribution with varying values of α and
constant θ
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further Cdf Eq.7.17 is obtained as;

F(x;α,θ) =
θ 3

θ 2+αθ +2α

∫
∞

0
(1+αx+αx2)e−θxdx

F(x;α,θ) =
θ 3

θ 2+αθ +2α
I1

I1 =
∫

∞

0
(1+αx+αx2)e−θxdx

u = (1+αx+αx2) =⇒ du = (α +2αx)

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+αx+αx2)
e−θx

θ
− α

θ

∫
∞

0
−(1+2x)e−θxdx

I1 =−(1+αx+αx2)
e−θx

θ
− α

θ
I2

I2 =
∫

∞

0
−(1+2x)e−θxdx

u =−(1+2x) =⇒ du =−2dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (1+2x)
e−θx

θ
− 2

θ

∫
∞

0
e−θxdx

I2 = (1+2x)
e−θx

θ
− 2

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=
1
−θ

∫
∞

0
eudu =

e−θx

−θ
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From I1, I2 and I3 we have the following;

I1 =−(1+αx+αx2)
e−θx

θ
− α

θ

[
(1+2x)

e−θx

θ
− 2

θ
(

1
−θ

)e−θx
]

I1 =
−e−θx

θ 3

[
2α +αθ +θ

2+αθ
2x+αθ

2x2+2αθx
]

F(x;α,θ) = 1− θ 3

θ 2+αθ +2α

−e−θx

θ 3

[
2α +αθ +θ

2+αθ
2x+αθ

2x2+2αθx
]

= 1−
[

1+
αθ 2x+αθ 2x2+2αθx

θ 2+αθ +2α

]
e−θx;x > 0,α > 0,θ > 0

Figure 7. Shapes of F(x) of two parameter Sujatha distribution with varying values of α and
constant θ

7.3.2 Reliability Analysis

Proposition 7.3.3. In this section, we state survival function
denoted by S(x;α,θ) and hazard function denoted by h(x;α,θ)
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of a generalized two parameter Sujatha distribution Eq.7.16 as;

S(x;α,θ) =

[
1+

α(θ 2x+θ 2x2+2θx)
θ 2+αθ +2α

]
e−θx;x > 0,α > 0,θ > 0

(7.18)

h(x;α,θ) =
θ 3(1+α(x+ x2))

θ 2+α(θ +2+θ 2x+θ 2x2+2θx)
;x > 0,α > 0,θ > 0

(7.19)

Proof. To begin with, survival function Eq.7.18 is obtained
by the use of relation Eq.1.8 as;

S(x;α,θ) = 1−
[

1−
[

1+
αθ 2x+αθ 2x2+2αθx

θ 2+αθ +2α

]
e−θx

]
=

[
1+

α(θ 2x+θ 2x2+2θx)
θ 2+αθ +2α

]
e−θx;x > 0,α > 0,θ > 0

Figure 8. Shapes of S(x) of AG2PSD with varying values of α and constant θ
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Similarly, by definition Eq.1.9 the hazard function Eq.7.19 is
obtained as;

h(x;α,θ) =

θ 3

θ 2+αθ+2α

[
1+αx+αx2

]
e−θx[

θ 2+α(θ+2+θ 2x+θ 2x2+2θx)
θ 2+αθ+2α

]
e−θx

=
θ 3(1+α(x+ x2))

θ 2+α(θ +2+θ 2x+θ 2x2+2θx)
;x > 0,α > 0,θ > 0

Figure 9. Shapes of h(x) of two parameter Sujatha distribution with varying values of α and
constant θ

7.3.3 Moments and related measures

Proposition 7.3.4. The rth moments of a generalized two pa-
rameter Sujatha distribution Eq.7.16 are derived using method
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of moments and moment generating function (mgf) as;

µ
1
r ∗=

r!
[

θ 2+αθ(r+1)+α(r+1)(r+2)
]

θ r(θ 2+αθ +2α)
; r = 1,2,3, · · ·

(7.20)

Proof. By definition Eq.1.16, moments of AG2PSD are ob-
tained as;

E(X r) =
θ 3

θ 2+αθ +2α

∫
∞

0
(1+α(x+ x2))e−θxdx

=
θ 3

θ 2+αθ +2α

[∫
∞

0
xr(1+α(x+ x2))e−θxdx

]
=

θ 3

θ 2+αθ +2α

[∫
∞

0
xre−θxdx+α

∫
∞

0
xr+1e−θxdx+α

∫
∞

0
xr+2e−θxdx

]
=

θ 3

θ 2+αθ +2α

[
Γ(r+1)

θ r+1 +
αΓ(r+2)

θ r+2 +
αΓ(r+3)

θ r+3

]

=

rΓr
[

θ 2+αθ(r+1)+α(r+1)(r+2)
]

θ r(θ 2+αθ +2α)

=

r!
[

θ 2+αθ(r+1)+α(r+1)(r+2)
]

θ r(θ 2+αθ +2α)
; r = 1,2,3, · · ·
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further by definition Eq.1.17, mgf of AG2PSD is given as;

mx(t) =
∫

∞

0
etx θ 3

θ 2+αθ +2α
(1+αx+αx2)e−θxdx

=
θ 3

θ 2+αθ +2α

∫
∞

0
e−(θ−t)x(1+αx+αx2)dx

=
θ 3

θ 2+αθ +2α

[
1

(θ − t)
+

α

(θ − t)2 +
2α

(θ − t)3

]
=

θ 3

θ 2+αθ +2α

[(1
θ

) ∞

∑
k=0

( t
θ

)k
+
( α

θ 2

)k
∞

∑
k=0

(
k+1

k

)( α

θ 2

)k
+

2α

θ 3

∞

∑
k=0

(
k+2

k

)( α

θ 2

)k
]

=
∞

∑
k=0

θ 2+αθ(k+1)+α(k+1)(k+2)
θ 2+αθ +2α

( t
θ

)k

The rth moments of AG2PSD Eq.7.16 are obtained as a coeffi-
cient of tr

r! as;

µ
1
r =

r!
[

θ 2+αθ(r+1)+α(r+1)(r+2)
]

θ r(θ 2+αθ +2α)
; r = 1,2,3, · · ·

For the values of r as 1,2,3 and 4 in Eq.7.20 the none centralized
moments are obtained as;

µ
1
1 =

θ 2+2αθ +6α

θ(θ 2+αθ +2α)
, µ

1
2 =

2(θ 2+3αθ +12α)

θ 2(θ 2+αθ +2α)

µ
1
3 =

3(θ 2+4αθ +20α)

θ 3(θ 2+αθ +2α)
, µ

1
4 =

4(θ 2+5αθ +30α)

θ 4(θ 2+αθ +2α)
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The centralized moments of AG2PSD are obtained as;

µ1 = µ
1
1

µ2 = µ
1
2 − [µ1

1 ]
2 =⇒ 2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2

θ 2(θ 2+αθ +2α)2

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3

µ3 =
2(2α3θ 3+6α2θ 4+6αθ 5+θ 6+18α3θ 2+42α2θ 3+30αθ 4+36α2θ 2+24α3)

θ 3(θ 2+αθ +2α)2

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

Proposition 7.3.5. Other related measures of a generalized two
parameter Sujatha distribution Eq.7.16 such as variation coeffi-
cient (C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3)
are stated as;

C.v =

√
2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2

θ 2+2αθ +6α
(7.21)

υ1 =
2(2α3θ 3+6α2θ 4+6αθ 5+θ 6+18α3θ 2+42α2θ 3+30αθ 4+36α2θ 2+24α3)

(2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2)
3
2

(7.22)

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

[µ1
2 − [µ1

1 ]
2]2

(7.23)

υ3 =
2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2

θ(θ 2+αθ +2α)(θ 2+2αθ +6α)
(7.24)



254

Proof. To begin with, variation coefficient Eq.7.21 is ob-
tained as;

C.v =
σ

µ1
1

=

√
2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2

θ(θ 2+αθ +2α)
∗ θ(θ 2+αθ +2α)

θ 2+2αθ +6α

=

√
2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2

θ 2+2αθ +6α

Secondly, skewness value Eq.7.22 is obtained as;

υ1 =
µ3

(µ2)
3
2

=

2(2α3θ 3+6α2θ 4+6αθ 5+θ 6+18α3θ 2+42α2θ 3+30αθ 4+36α2θ 2+24α3)

θ 3(θ 2+αθ+2α)2[
2α2θ 2+4αθ 3+12α2θ+16αθ 2+12α2

θ 2(θ 2+αθ+2α)2

]3
2

=
2(2α3θ 3+6α2θ 4+6αθ 5+θ 6+18α3θ 2+42α2θ 3+30αθ 4+36α2θ 2+24α3)

(2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2)
3
2

The following expression is applied to derive coefficient of
kurtosis of a generalized two parameter Sujatha distribution
Eq.7.16.

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

[µ1
2 − [µ1

1 ]
2]2
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lastly, index of dispersion Eq.7.24 is obtained as;

υ3 =
σ 2

µ1
1

=
2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2

θ 2(θ 2+αθ +2α)2

θ(θ 2+αθ +2α)

θ 2+2αθ +6α

=
2α2θ 2+4αθ 3+12α2θ +16αθ 2+12α2

θ(θ 2+αθ +2α)(θ 2+2αθ +6α)

7.3.4 Excess Loss Distribution

Proposition 7.3.6. The probability density function of excess
loss function fl(x;α,θ) , mean residual lifetime (MRL), equi-
librium distribution fe(x;α,θ), survival function of the equilib-
rium distribution Se(x;α,θ) and hazard function of equilibrium
distribution he(x;α,θ) of a generalized two parameter Sujatha
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distribution Eq.7.16 are stated as;

fl(x;α,θ) =
θ 3(1+αx+αx2)e−(x−z)θ

θ 2+αθ +2α +αθ 2z+αθ 2z2+2αθz
; x > z

(7.25)

m(x) =
θ 2+2αθ +6ααθ 2x+αθ 2x2+4αθx

θ(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)
(7.26)

fe(x;α,θ) =
θ(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)e−θx

θ 2+2αθ +6α

(7.27)

Se(x;α,θ) =
(θ 2+2αθ +6α +αθ 2x+αθ 2x2+4αθx)e−θx

θ 2+2αθ +6α

(7.28)

he(x;α,θ) =
θ(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)
θ 2+2αθ +6α +αθ 2x+αθ 2x2+4αθx

(7.29)

Proof. To begin with, pdf of excess loss distribution Eq.7.25
is obtained by use of relation Eq.1.10 as;

fl(x;α,θ) =

θ 3

θ 2+αθ+2α

[
1+αx+αx2

]
e−θx[

θ 2+αθ+2α+αθ 2z+αθ 2z2+2αθz
θ 2+αθ+2α

]
e−θz

=
θ 3(1+αx+αx2)e−(x−z)θ

θ 2+αθ +2α +αθ 2z+αθ 2z2+2αθz
; x > z
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Secondly, mean excess loss Eq.7.26 is obtained by use of the
relation Eq.1.11 as;

m(x) =
θ 2+αθ +2α

(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)e−θx

∫
∞

x

(θ 2+αθ +2α +αθ 2t +αθ 2t2+2αθ t)e−θ t

θ 2+αθ +2α

=
1

(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)e−θx

∫
∞

x
(θ 2+αθ +2α +αθ

2t +αθ
2t2+2αθ t)e−θ tdt

I1 =
∫

∞

x
(θ 2+αθ +2α +αθ

2t +αθ
2t2+2αθ t)e−θ tdt

u = (θ 2+αθ +2α +αθ
2t +αθ

2t2+2αθ t) =⇒ du = 2αθ
2t +2αθ +αθ

2

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(θ 2+αθ +2α +αθ
2t +αθ

2t2+2αθ t)
e−θ t

θ
+

αθ

θ

∫
∞

x
(2θ t +2+θ)e−θ tdt

I1 =−(θ 2+αθ +2α +αθ
2t +αθ

2t2+2αθ t)
e−θ t

θ
+αI2

I2 =
∫

∞

x
(2θ t +2+θ)e−θ tdt

u = (2θ t +2+θ) =⇒ du = 2θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(2θ t +2+θ)
e−θ t

θ
+2

∫
∞

x
e−θ tdt

I2 =−(2θ t +2+θ)
e−θ t

θ
+2I3

I3 =
∫

∞

x
e−θ tdt =

−e−θ t

θ
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From I1, I2 and I3 we have the following;

I1 =−(θ 2+αθ +2α +αθ
2t +αθ

2t2+2αθ t)
e−θ t

θ
+α

[
− (2θ t +2+θ)

e−θ t

θ
−−2e−θ t

θ

]
I1 =

[
−e−θ t

θ

(
θ

2+2αθ +6α +αθ
2t +αθ

2t2+4αθ t
)]∞

x

I1 =
e−θx

θ

(
θ

2+2αθ +6α +αθ
2x+αθ

2x2+4αθx
)

= I1
1

(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)e−θx

m(x) =
θ 2+2αθ +6ααθ 2x+αθ 2x2+4αθx

θ(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)

by definition Eq.1.12, equilibrium distribution Eq.7.27 is ob-
tained as;

fe(x;α,θ) =
(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)e−θx

θ 2+αθ +2α

θ(θ 2+αθ +2α)

θ 2+2αθ +6α

=
θ(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)e−θx

θ 2+2αθ +6α

Similarly, by definition Eq.1.13, Se(x;α,θ) in Eq.7.28 is given
as;∫

∞

x
S(t;α,θ)dt =

(θ 2+2αθ +6α +αθ 2x+αθ 2x2+4αθx)e−θx

θ(θ 2+αθ +2α)

=
(θ 2+2αθ +6α +αθ 2x+αθ 2x2+4αθx)e−θx

θ(θ 2+αθ +2α)

θ(θ 2+αθ +2α)

θ 2+2αθ +6α

Se(x;α,θ) =
(θ 2+2αθ +6α +αθ 2x+αθ 2x2+4αθx)e−θx

θ 2+2αθ +6α
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lastly, by definition Eq.1.14 he(x;α,θ) in Eq.7.29 is obtained
as;

he(x;α,θ) =

θ(θ 2+αθ+2α+αθ 2x+αθ 2x2+2αθx)e−θx

θ 2+2αθ+6α[
(θ 2+2αθ+6α+αθ 2x+αθ 2x2+4αθx)

θ 2+2αθ+6α

]
e−θx

=
θ(θ 2+αθ +2α +αθ 2x+αθ 2x2+2αθx)
θ 2+2αθ +6α +αθ 2x+αθ 2x2+4αθx

7.3.5 Estimation of Two Parameter Sujatha Distribution

In this section, we discuss two methods of estimation that are
MOME and MLE.

Method of Moment (MOME)

In this section, we shall apply the first two moments about
the origin of a generalized two parameter Sujatha distribution
Eq.7.16 to derive MOME of α and θ . The value µ1

1 is equated
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to the mean of the sample as;

x̄ =
θ 2+2αθ +6α

θ(θ 2+αθ +2α)

x̄ =
θ 2+αθ +2α

θ(θ 2+αθ +2α)
+

αθ +4α

θ(θ 2+αθ +2α)

x̄ =
1
θ
+

αθ +4α

θ(θ 2+αθ +2α)

x̄− 1
θ
=

αθ +4α

θ(θ 2+αθ +2α)

(θ 2+αθ +2α) =
α(θ +4)

θ x̄−1
(7.30)

The second population mean is equated with the second mo-
ment of the sample as;

m1
2 =

2(θ 2+3αθ +12α)

θ 2(θ 2+αθ +2α)

m1
2 =

2(θ 2+αθ +2α)

θ 2(θ 2+αθ +2α)
+

4αθ +20α

θ 2(θ 2+αθ +2α)

m1
2 =

2
θ 2 +

4αθ +20α

θ 2(θ 2+αθ +2α)

m1
2−

2
θ 2 =

4αθ +20α

θ 2(θ 2+αθ +2α)

θ 2m1
2−2

θ 2 =
4αθ +20α

θ 2(θ 2+αθ +2α)

(θ 2+αθ +2α) =
4αθ +20α

θ 2m1
2−2

(7.31)
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Equating Eq.7.30 and Eq. 7.31, we obtain a polynomial of de-
gree three in θ as;

−m1
2αθ

3+4α(x̄−m1
2)θ

2+2α(10x̄−1)θ −12α = 0 (7.32)

Equation 7.32 can be solved using an iterative technique such
as Bisection method to obtain MOME of θ as θ̂ . The method
of moment of α̂ of the parameter α is obtained by putting the
value of θ̂ in equation Eq.7.30 as;

α̂ =
(1− θ̂ x̄)(θ̂)2

−(θ̂)2x̄− θ̂ −2(x̄−1)(θ̂)+6
(7.33)

Maximum Likelihood Estimation

Let (x1,x2,x3 · · · n) be a random sample of size n drawn from
AG2PSD Eq.7.16, the L function is derived as;

n

∏
i=1

f (x;α,θ) =
n

∏
i=1

[
θ 3

θ 2+αθ +2α
(1+αxi+αx2

i )e
−θxi

]
L =

(
θ 3

θ 2+αθ +2α

)n n

∏
i=1

(1+αxi+αx2
i )e

−θ ∑
n
i=1 xi

lnL = n[3lnθ − ln(θ 2+αθ +2α)]+
n

∑
i=1

ln(1+αxi+αx2
i )−nθ x̄

The MLEs of the estimates (α̂, θ̂ ) of the parameters (α,θ ) are
obtained by solving the following two equations;

∂ lnL
∂θ

=
3n
θ

− n(2θ +α)

θ 2+αθ +2α
−nx̄ = 0 (7.34)

lnL
∂α

=
−n(θ +2)

θ 2+αθ +2α
+

n

∑
i=1

(1+ xi)xi

(1+αxi+αx2
i )

= 0 (7.35)
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The value x̄ is the population mean of a generalized two pa-
rameter Sujatha Eq.7.16

Equations 7.34 and 7.35 can not be solved directly. However,
fisher scoring technique is applied on the following equations;

∂ 2lnL
∂θ 2 =

−3n
θ 2 +

2n
θ 2+αθ +2α

+
nα(4θ −α)

(θ 2+αθ +2α)2

∂ 2lnL
∂θ∂α

=
n(θ 2+4θ)

(θ 2+αθ +2α)2

∂ 2lnL
∂α2 =

n(θ +2)2

(θ 2+αθ +2α)2 −
n

∑
i=1

(xi+ x2
i )

2

(1+αxi+αx2
i )

2

To getMLEs of the parametersα and θ of a two parameter Su-
jatha distribution Eq.7.16 are obtained as θ̂ and α̂ by solving
the following set of equations. ∂ 2lnL

∂θ 2
∂ 2lnL
∂θ∂α

∂ 2lnL
∂θ∂α

∂ 2lnL
∂α2


θ̂ = θ0

α̂ = α0

 θ̂ −θ0

α̂ −α0

=

∂ lnL
∂θ

∂ lnL
∂α


θ̂ = θ0

α̂ = α0

The values θ0 and α0 are initials of the parameters θ and α re-
spectively. The equations are solved using iterative technique
till maximized values are obtained for θ̂ and α̂ .

7.3.6 Application

We shall apply data on carbon fiber breaking stress presented
in table 1 to fit two parameter distributions. Two parameter
distributions fitted areQuasi Sujatha, Aradhana, Quasi Arad-
hana, Sujatha, Lindley and Shanker distributions.
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Table 4. MLE estimates, -2lnL, AIC, AICC and BIC values of fitted Two Parameter Distributions

Model Estimates -2lnL AIC AICC BIC

QSD α̂=-0.5504
θ̂=1.1031

201.5952 205.5952 205.7857 209.9745

AG2PAD α̂=44.6250
θ̂=1.0801

205.0829 209.0829 210.1650 213.4622

QAD α̂=41.7732
θ̂=1.0798

205.1277 209.1277 209.3182 213.5070

AG2PSD α̂=54.2032
θ̂=0.9637

213.8446 217.8446 218.0351 222.2239

AG2PLD β̂=64.7808
θ̂=0.7224

224.5887 228.5887 228.7792 232.9680

G2PSD β̂=54.6149
θ̂=0.7173

224.5061 228.5061 228.6966 232.8854

Best fitted distribution has lower values of -2lnL, AIC, AICC
and BIC measures. Based on the estimated distributions in
table 4, Quasi Sujatha distribution is a better among the six
fitted distributions. In figure 10 below, fitted density of QSD
has the highest curve than the other fits.
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Figure 10. Estimated densities of fitted two parameter distributions

7.3.7 Quasi Sujatha distribution

7.3.8 Construction of aQuasi Sujatha distribution

Proposition 7.3.7. Let ω1 =
αθ

αθ+θ+2 and ω2 =
θ

αθ+θ+2 be mix-
ing proportions, Quasi Sujatha distribution (QSD) is a finitemixed
distribution of Gamma (1,θ ) , Gamma (2,θ ) and Gamma (3,θ ).
The pdf and Cdf of QSD are defined as;

f (x;α,θ) =
θ 2

αθ +θ +2

[
α +θx+θx2

]
e−θx;x > 0,α > 0,θ > 0

(7.36)

F(x;α,θ) = 1−
[

1+
θx(θ +θx+2)

αθ +θ +2

]
e−θx;x > 0,α > 0,θ > 0

(7.37)
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Proof. By definition of a finitemixture in Eq.1.1, pdf Eq.7.36
is obtained as;

f (x;α,θ) =
αθ

αθ +θ +2

[
θe−θx

]
+

θ

αθ +θ +2

[
θ 2e−θxx

Γ2

]
+

2
αθ +θ +2

[
θ 3e−θxx2

Γ3

]
=

αθ 2e−θx

αθ +θ +2
+

θ 3e−θxx
αθ +θ +2

+
2θ 3e−θxx2

2(αθ +θ +2)

=
θ 2

αθ +θ +2

[
α +θx+θx2

]
e−θx;x > 0,α > 0,θ > 0

Remark 7.3.8. It is noted that a generalized two parameter Quasi
Sujatha distribution Eq.7.36 is nested with two distributions.
Putting α = θ ; the Quasi Sujatha distribution turns to be one
parameter Sujatha Eq.7.1
Putting α = 0; the Quasi Sujatha distribution turns to be a one
parameter size-biased Lindley distribution (SBLD) given as;

f (x;θ) =
θ 3

θ +2
x
[

1+ x
]

e−θx;x > 0,θ > 0 (7.38)

Figure 11. Shapes of f (x) of aQuasi Sujatha distribution with varying values of both α and θ
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further Cdf Eq.7.37 is obtained as;

F(x;α,θ) =
θ 2

αθ +θ +2

∫
∞

0
(α +θx+θx2)e−θxdx

F(x;α,θ) =
θ 2

αθ +θ +2
I1

I1 =
∫

∞

0
(α +θx+θx2)e−θxdx

u = (α +θx+θx2) =⇒ du = (θ +2θx)

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α +θx+θx2)
e−θx

θ
−

∫
∞

0
−(1+2x)e−θxdx

I1 =−(α +θx+θx2)
e−θx

θ
− I2

I2 =
∫

∞

0
−(1+2x)e−θxdx

u =−(1+2x) =⇒ du =−2dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (1+2x)
e−θx

θ
− 2

θ

∫
∞

0
e−θxdx

I2 = (1+2x)
e−θx

θ
− 2

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=⇒ 1
−θ

∫
∞

0
eudu

I3 =
e−θx

−θ
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From I1, I2 and I3 we have the following;

I1 =−(α +θx+θx2)
e−θx

θ
−
[
(1+2x)

e−θx

θ
− 2

θ

(
e−θx

−θ

)]
I1 =

−e−θx

θ 2

[
αθ +θ

2x+θ
2x2+θ +2θx+2

]
= 1+

−e−θx

θ 2

[
αθ +θ

2x+θ
2x2+θ +2θx+2

]
θ 2

αθ +θ +2

F(x;α,θ) = 1−
[

1+
θx(θ +θx+2)

αθ +θ +2

]
e−θx;x > 0,α > 0,θ > 0

Figure 12. Shapes of F(x) of aQuasi Sujatha distribution with varying values of both α and θ

7.3.9 Reliability Analysis

Proposition 7.3.9. In this section we state survival function de-
noted by S(x;α,θ) and hazard function denoted by h(x;α,θ) of
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a generalized two parameter Quasi Sujatha distribution Eq.7.36
as;

S(x;α,θ) =

[
1+

θx(θ +θx+2)
αθ +θ +2

]
e−θx;x > 0,α > 0,θ > 0

(7.39)

h(x;α,θ) =
θ 2(α +θx+θx2)

αθ +θ +2+θx(θ +θx+2)
;x > 0,α > 0,θ > 0

(7.40)

Proof. Using the relation Eq.1.8, survival function Eq.7.39
is obtained as;

S(x;α,θ) = 1−
[

1−
[

1+
θx(θ +θx+2)

αθ +θ +2

]
e−θx

]
=

[
1+

θx(θ +θx+2)
αθ +θ +2

]
e−θx;x > 0,α > 0,θ > 0

Figure 13. Shapes of S(x) of aQuasi Sujatha distribution with varying values of both α and θ
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further hazard function Eq.7.40 is obtained by use of Eq.1.9 as;

h(x;α,θ) =

θ 2

αθ+θ+2

[
α +θx+θx2

]
e−θx[

αθ+θ+2+θx(θ+θx+2)
αθ+θ+2

]
e−θx

=
θ 2(α +θx+θx2)

αθ +θ +2+θx(θ +θx+2)
;x > 0,α > 0,θ > 0

Figure 14. Shapes of h(x) of a QSD with varying values of both α and θ

7.3.10 Moments and related measures

Proposition 7.3.10. The rth moments of a generalized two pa-
rameter Quasi Sujatha distribution Eq.7.36 are derived usingmethod
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of moments and moment generating function as;

µ
1
r ∗=

r!
(

αθ +θ(r+1)+(r+1)(r+2)
)

θ r(αθ +θ +2)
; r = 1,2,3, · · ·

(7.41)

Proof. To begin with, by the definition Eq.1.16 rth moments
of Quasi Sujatha distribution are given as;

E(X r) =
θ 2

αθ +θ +2

∫
∞

0
xr(α +θx+θx2)e−θxdx

=
θ 2

αθ +θ +2

[
α

∫
∞

0
xre−θxdx+θ

∫
∞

0
xr+1e−θxdx+θ

∫
∞

0
xr+2e−θxdx

]
=

θ 2

αθ +θ +2

[
αΓ(r+1)

θ r+1 +
θΓ(r+2)

θ (r+2) +
θΓ(r+3)

θ r+3

]
=

θ 2

θ r(αθ +θ +2)

[
αrΓr

θ
+

θ(r+1)rΓr
θ 2 +

θ(r+2)(r+1)rΓr
θ 3

]

=

r!
(

αθ +θ(r+1)+(r+1)(r+2)
)

θ r(αθ +θ +2)
; r = 1,2,3, · · ·
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further by definition Eq.1.17, mgf of a Quasi Sujatha is given
as;

mx(t) =
θ 2

αθ +θ +2

∫
∞

0
etx(α +θx+θx2)e−θxdx

=
θ 2

αθ +θ +2

[∫
∞

0
e−(θ−t)x(α +θx+θx2)dx

]
=

θ 2

αθ +θ +2

[
α

(θ − t)
+

θ

(θ − t)2 +
2θ

(θ − t)3

]
=

θ 2

αθ +θ +2

[
α

θ

∞

∑
k=0

(
t
θ

)k

+
1
θ

∞

∑
k=0

(
k+1

k

)(
t
θ

)k

+
2

θ 2

∞

∑
k=0

(
k+2

k

)(
t
θ

)k]
=

∞

∑
k=0

αθ +θ(k+1)+(k+1)(k+2)
αθ +θ +2

(
t
θ

)k

The rth moments about the origin of a generalized two param-
eter Quasi Sujatha Eq.7.36 are obtained as a coefficient of tr

r! of
the moment generating function mx(t) as shown below;

µ
1
r =

r!
(

αθ +θ(r+1)+(r+1)(r+2)
)

θ r(αθ +θ +2)
; r = 1,2,3, · · ·

For the values of r as 1,2,3 and 4 in Eq.7.41 we get the first four
none centralized moments of QSD Eq.7.36 as;

µ
1
1 =

αθ +2θ +6
θ(αθ +θ +2)

, µ
1
2 =

2(αθ +3θ +12)
θ 2(αθ +θ +2)

µ
1
3 =

6(αθ +4θ +20)
θ 3(αθ +θ +2)

, µ
1
4 =

24(αθ +5θ +30)
θ 4(αθ +θ +2)
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The first four centralizedmoments (moments about themean)
are obtained as;

µ1 = µ
1
1

µ2 = µ
1
2 − [µ1

1 ]
2 =⇒ θ 2(α2+4α +2)+16αθ +12(θ +1)

θ 2(αθ +θ +2)2

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3

µ3 =
2
[
θ 3(α3+6α2+6α +2)+6θ 2(5α2+7α +3)+36αθ +12(3θ +2)

]
θ 3(αθ +θ +2)3

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

Proposition 7.3.11. We now define Other related measures of
a generalized two parameter Quasi Sujatha distribution Eq.7.36
such as variation coefficient (C.v), skewness (υ1), kurtosis (υ2)
and dispersion index (υ3) are stated as;

C.v =

√
θ 2(α2+4α +2)+16αθ +12(θ +1)

αθ +2θ +6
(7.42)

υ1 =
2
[
θ 3(α3+6α2+6α +2)+6θ 2(5α2+7α +3)+36αθ +12(3θ +2)

]
[

θ 2(α2+4α +2)+16αθ +12(θ +1)
]3

2

(7.43)

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

[µ1
2 − [µ1

1 ]
2]2

(7.44)

υ3 =
θ 2(α2+4α +2)+16αθ +12(θ +1)

θ(αθ +θ +2)(αθ +2θ +6)
(7.45)
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Proof. To begin with, variation coefficient Eq.7.42 is ob-
tained as;

C.v =
σ

µ1
1

=

√
θ 2(α2+4α +2)+16αθ +12(θ +1)

θ(αθ +θ +2)
θ(αθ +θ +2)
αθ +2θ +6

=

√
θ 2(α2+4α +2)+16αθ +12(θ +1)

αθ +2θ +6

Secondly, skewness coefficient Eq.7.43 is given as;

υ1 =
µ3

[µ2]
3
2

=

2
[

θ 3(α3+6α2+6α+2)+6θ 2(5α2+7α+3)+36αθ+12(3θ+2)
]

θ 3(αθ+θ+2)3[
θ 2(α2+4α+2)+16αθ+12(θ+1)

θ 2(αθ+θ+2)2

]3
2

=
2
[
θ 3(α3+6α2+6α +2)+6θ 2(5α2+7α +3)+36αθ +12(3θ +2)

]
[

θ 2(α2+4α +2)+16αθ +12(θ +1)
]3

2

the following relation is applied to derive coefficient of kurto-
sis expression of a generalized two parameter Quasi Sujatha
distribution Eq.7.36.

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

[µ1
2 − [µ1

1 ]
2]2
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lastly, index of dispersion coefficient Eq.7.45 is obtained as;

υ3 =
σ 2

µ1
1

=
θ 2(α2+4α +2)+16αθ +12(θ +1)

θ 2(αθ +θ +2)2

θ(αθ +θ +2)
αθ +2θ +6

=
θ 2(α2+4α +2)+16αθ +12(θ +1)

θ(αθ +θ +2)(αθ +2θ +6)

7.3.11 Excess loss Distribution

Proposition 7.3.12. In this section we state probability density
function of excess loss distribution fl(x;α,θ), mean residual life-
time (MRL), equilibrium distribution fe(x;α,θ), survival func-
tion based on the equilibrium distribution Se(x,α,θ) and hazard
function of the equilibrium distribution he(x;α,θ) of a Quasi
Sujatha distribution Eq.7.36 as;

fl(x;α,θ) =
θ 2(α +θx+θx2)e−(x−z)θ

αθ +θ +2+θz(θ +θz+2)
; x > z (7.46)

m(x) =
αθ +2θ +2θ 2x+θ 2x2+4θx+6
θ(αθ +θ +2+θ 2x+θ 2x2+2θx)

(7.47)

fe(x;α,θ) =
θ(αθ +θ +2+θ 2x+θ 2x2+2θx)e−θx

αθ +2θ +6
(7.48)

Se(x,α,θ) =
(αθ +2θ +2θ 2x+θ 2x2+4θx+6)e−θx

αθ +2θ +6
(7.49)

he(x;α,θ) =
θ(αθ +θ +2+θ 2x+θ 2x2+2θx)
αθ +2θ +2θ 2x+θ 2x2+4θx+6

(7.50)
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Proof. By definition Eq.1.10, the pdf of excess loss distribu-
tion Eq.7.46 is obtained as;

fl(x;α,θ) =

θ 2

αθ+θ+2

[
α +θx+θx2

]
e−θx[

αθ+θ+2+θz(θ+θz+2)
αθ+θ+2

]
e−θz

=
θ 2(α +θx+θx2)e−(x−z)θ

αθ +θ +2+θz(θ +θz+2)
; x > z

further, by definition Eq.1.12 mean residual lifetime Eq.7.47 is
obtained as;

m(x) =
αθ +θ +2

(αθ +θ +2+θ 2x+θ 2x2+2θx)e−θx

∫
∞

x

(αθ +θ +2+θ 2t +θ 2t2+2θ t)e−θ t

αθ +θ +2
dt

=
1

(αθ +θ +2+θ 2x+θ 2x2+2θx)e−θx

∫
∞

x
(αθ +θ +2+θ

2t +θ
2t2+2θ t)e−θ tdt

=
1

(αθ +θ +2+θ 2x+θ 2x2+2θx)e−θx I1

I1 =
∫

∞

x
(αθ +θ +2+θ

2t +θ
2t2+2θ t)e−θ tdt

u = (αθ +θ +2+θ
2t +θ

2t2+2θ t) =⇒ du = (θ 2+2θ
2t +2θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(αθ +θ +2+θ
2t +θ

2t2+2θ t)
e−θ t

θ
+

∫
∞

x
(θ +2θ t +2)e−θ tdt

I1 =−(αθ +θ +2+θ
2t +θ

2t2+2θ t)
e−θ t

θ
+ I2
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I2 =
∫

∞

x
(θ +2θ t +2)e−θ tdt

u = (θ +2θ t +2) =⇒ du = 2θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(θ +2θ t +2)
e−θ t

θ
+2

∫
∞

x
e−θ tdt

I2 =−(θ +2θ t +2)
e−θ t

θ
+2∗ I3

I3 =
∫

∞

x
e−θ tdt =

−e[−θ t]
θ

Combining I1, I2 and I3 then;

I1 =−(αθ +θ +2+θ
2t +θ

2t2+2θ t)
e−θ t

θ
− (θ +2θ t +2)

e−θ t

θ
− 2e−θ t

θ

I1 =

[
−e−θ t

θ

[
αθ +2θ +2θ

2t +θ
2t2+4θ t +6

]]∞

x

I1 =
e−θx

θ

[
αθ +2θ +2θ

2x+θ
2x2+4θx+6

]
=

1
(αθ +θ +2+θ 2x+θ 2x2+2θx)e−θx

e−θx

θ

[
αθ +2θ +2θ

2x+θ
2x2+4θx+6

]
m(x) =

αθ +2θ +2θ 2x+θ 2x2+4θx+6
θ(αθ +θ +2+θ 2x+θ 2x2+2θx)

equilibrium distribution defined in Eq.7.48 is obtained by use
of relation Eq.1.12 as;

fe(x;α,θ) =
(αθ +θ +2+θ 2x+θ 2x2+2θx)e−θx

αθ +θ +2
θ(αθ +θ +2)
αθ +2θ +6

=
θ(αθ +θ +2+θ 2x+θ 2x2+2θx)e−θx

αθ +2θ +6
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further survival function based on the equilibrium distribution
Eq.7.49 is obtained by use relation Eq.1.13 as;∫

∞

x
S(t;α,θ)dt =

(αθ +2θ +2θ 2x+θ 2x2+4θ +6)e−θx

θ(αθ +θ +2)

=
(αθ +2θ +2θ 2x+θ 2x2+4θ +6)e−θx

θ(αθ +θ +2)
θ(αθ +θ +2)
αθ +2θ +6

Se(x,α,θ) =
(αθ +2θ +2θ 2x+θ 2x2+4θx+6)e−θx

αθ +2θ +6

lastly, by definition Eq.1.14 the hazard function based on equi-
librium distribution Eq.7.50 is given as;

he(x;α,θ) =

θ(αθ+θ+2+θ 2x+θ 2x2+2θx)e−θx

αθ+2θ+6[
(αθ+2θ+2θ 2x+θ 2x2+4θx+6)e−θx

αθ+2θ+6

]
=

θ(αθ +θ +2+θ 2x+θ 2x2+2θx)
αθ +2θ +2θ 2x+θ 2x2+4θx+6

7.4 Three parameter Sujatha distribution

7.4.1 Construction of a three parameter Sujatha distribution

Proposition 7.4.1. A generalized three parameter Sujatha dis-
tribution (AG2PSD) is a three component finite mixed distribu-
tion of Gamma (1,θ ), Gamma (2,θ ) and Gamma (3,θ ) with
mixing proportions as ω1 =

θ 2

θ 2+αβθ+2αβ
and ω2 =

αβθ

θ 2+αβθ+2αβ
.
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The pdf and Cdf of AG3PSD are stated as;

f (x;α,β ,θ) =
θ 3

θ 2+αβθ +2αβ

[
1+αβx+αβx2

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(7.51)

F(x;α,β ,θ) = 1−
[

1+
αβ (θ 2x+θ 2x2+2θx)

θ 2+αβθ +2αβ

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(7.52)

By the definition of a finite mixture Eq.1.1, the pdf Eq.7.51 is
constructed as;

Proof.

f (x;α,β ,θ) =
θ 2

θ 2+αβθ +2αβ

[
θe−θx

]
+

αβθ

θ 2+αβθ +2αβ

[
θ 2e−θxx

Γ2

]
+

2αβ

θ 2+αβθ +2αβ

[
θ 3e−θxx2

Γ3

]
=

θ 3e−θx

θ 2+αβθ +2αβ
+

αβe−θxx
θ 2+αβθ +2αβ

+
2αβθ 3e−θxx2

2(θ 2+αβθ +2αβ )

=
θ 3

θ 2+αβθ +2αβ

[
1+αβx+αβx2

]
e−θx;x > 0,α > 0,β > 0,θ > 0

Remark 7.4.2. The proposed generalized three parameter Su-
jatha distribution Eq.7.51 is nested with three distributions. To
begin with, putting α = β = 0, a generalized three parame-
ter Sujatha distribution reduces to exponential distribution in
Eq.2.17. Putting α = β = 1, a generalized three parameter Su-
jatha distribution reduces to a one parameter Sujatha distribu-
tion in Eq.7.1. Similarly, putting β = 1, AG3PSD reduces to
AG2PSD in Eq.7.16.

AG3PSDEq.4.29 is amodification of proposedAG2PSDEq.4.15.
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Figure 15. Shapes of f (x) of a generalized three parameter Sujatha distribution with varying
values of α , β and a constant θ
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further Cdf Eq.7.52 is given as;

F(x;α,β ,θ) =
θ 3

θ 2+αβθ +2αβ

∫
∞

0
(1+αβx+αβx2)e−θxdx

F(x;α,β ,θ) =
θ 3

θ 2+αβθ +2αβ
I1

I1 =
∫

∞

0
(1+αβx+αβx2)e−θxdx

u = (1+αβx+αβx2) =⇒ du = (αβ +2αβx)

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+αβx+αβx2)
e−θx

θ
− 1

θ

∫
∞

0
−(αβ +2αβx)e−θxdx

I1 =−(1+αβx+αβx2)
e−θx

θ
− 1

θ
I2

I2 =
∫

∞

0
−(αβ +2αβx)e−θxdx

u =−(αβ +2αβx) =⇒ du =−2αβ

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (αβ +2αβx)
e−θx

θ
− 2αβ

θ

∫
∞

0
e−θxdx

I2 = (αβ +2αβx)
e−θx

θ
− 2αβ

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=⇒ 1
−θ

∫
∞

0
eudu =⇒ e−θx

θ
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From I1,I2 and I3 we have the following;

I1 =−(1+αβx+αβx2)
e−θx

θ
− 1

θ

[
(αβ +2αβx)

e−θx

θ
− 2αβ

θ

(
e−θx

θ

)]
I1 =−

[
θ

2(1+αβx+αβx2)+θ(αβ +2αβx)+2αβ

]
e−θx

θ 3

= 1+−
[

θ 2(1+αβx+αβx2)+θ(αβ +2αβx)+2αβ

θ 2+αβθ +2αβ

]
e−θx

F(x;α,β ,θ) = 1−
[

1+
αβ (θ 2x+θ 2x2+2θx)

θ 2+αβθ +2αβ

]
e−θx;x > 0,α > 0,β > 0,θ > 0

Figure 16. Shapes of F(x) of a generalized three parameter Sujatha distribution with varying
values of α , β and constant θ

7.4.2 Reliability Analysis

Proposition 7.4.3. We now state the survival function denoted
by S(x;α,β ,θ) and hazard function denoted by h(x;α,β ,θ) of
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a generalized three parameter Sujatha distribution Eq.7.51 as;

S(x;α,β ,θ) =

[
1+

αβ (θ 2x+θ 2x2+2θx)
θ 2+αβθ +2αβ

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(7.53)

h(x;α,β ,θ) =
θ 3(1+αβ (x+ x2))

θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx)
;x > 0,α > 0,β > 0,θ > 0

(7.54)

Proof. To begin with, survival function Eq.7.53 is obtained
by use of relation Eq.1.8 as;

S(x;α,β ,θ) = 1−
[

1−
[

1+
αβ (θ 2x+θ 2x2+2θx)

θ 2+αβθ +2αβ

]
e−θx

]
=

[
1+

αβ (θ 2x+θ 2x2+2θx)
θ 2+αβθ +2αβ

]
e−θx;x > 0,α > 0,β > 0,θ > 0

Figure 17. Shapes of S(x) of a generalized three parameter Sujatha distribution with varying
values of α , β and constant θ
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further be definition Eq.1.9 , the hazard function Eq.7.53 is ob-
tained as;

h(x;α,β ,θ) =

θ 3

θ 2+αβθ+2αβ

[
1+αβx+αβx2

]
e−θx[

θ 2+αβ (θ+2+θ 2x+θ 2x2+2θx)
θ 2+αβθ+2αβ

]
e−θx

=
θ 3(1+αβ (x+ x2))

θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx)
;x > 0,α > 0,β > 0,θ > 0

Figure 18. Shapes of h(x) of a generalized three parameter Sujatha distribution with varying
values of α , β and constant θ

7.4.3 Moments and related measures

Proposition 7.4.4. The rth moments of a generalized three pa-
rameter Sujatha distribution Eq.7.51 are derived using method of
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moments and moment generating function as;

µ
1
r ∗=

r!
[

θ 2+αβθ(r+1)+αβ (r+1)(r+2)
]

θ r(θ 2+αβθ +2αβ )
; r = 1,2,3, · · ·

(7.55)

Proof. By definition Eq.1.16, rth moments of AG3PSD are
given as;

E(X r) =
θ 3

θ 2+αβθ +2αβ

∫
∞

0
xr(1+αβx+αβx2)e−θxdx

=
θ 3

θ 2+αβθ +2αβ

[∫
∞

0
xre−θxdx+αβ

∫
∞

0
xr+1e−θxdx+αβ

∫
∞

0
xr+2e−θxdx

]
=

θ 3

θ 2+αβθ +2αβ

[
Γ(r+1)

θ r+1 +
αβΓ(r+2)

θ r+2 +
αβΓr+3

θ r+3

]
=

θ 3

θ 2+αβθ +2αβ

[
rΓr
θ r+1 +

αβ (r+1)rΓr
θ r+2 +

αβ (r+2)(r+1)rΓr
θ r+3

]
=

θ 3rΓr
θ 2+αβθ +2αβ

[
1
θ
+

αβ (r+1)
θ 2 +

αβ (r+2)(r+1)
θ 3

]

=

r!
[

θ 2+αβθ(r+1)+αβ (r+1)(r+2)
]

θ r(θ 2+αβθ +2αβ )
; r = 1,2,3, · · ·
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further by definition Eq.1.17, the mgf is given as;

mx(t) =
θ 3

θ 2+αβθ +2αβ

∫
∞

0
etx(1+αβx+αβx2)dx

=
θ 3

θ 2+αβθ +2αβ

[
1

θ − t
+

αβ

(θ − t)2 +
2αβ

(θ − t)3

]
=

θ 3

θ 2+αβθ +2αβ

[
1
θ

∞

∑
k=0

( t
θ

)k
+

αβ

θ 2

∞

∑
k=0

(
k+1

k

)( t
θ

)k
+

αβ

θ 3

∞

∑
k=0

(
k+2

k

)( t
θ

)k
]

=
∞

∑
k=0

θ 2+αθ(k+1)+αβ (k+1)(k+2)
θ 2+αβθ +2αβ

( t
θ

)k

The rth moments of a generalized three parameter Sujatha dis-
tribution Eq.7.51 are obtained as a coefficient of tr

r! of the mo-
ment generating function mx(t) as shown below;

µ
1
r =

r!
[

θ 2+αβθ(r+1)+αβ (r+1)(r+2)
]

θ r(θ 2+αβθ +2αβ )
; r = 1,2,3, · · ·

Weobtain the four none centralizedmoments of AG3PSDEq.7.51
by putting r = 1,2,3 and 4 in Eq.7.55 as shown below;

µ
1
1 =

θ 2+2αβθ +6αβ

θ(θ 2+αβθ +2αβ )
, µ

1
2 =

2(θ 2+3αβθ +12αβ )

θ 2(θ 2+αβθ +2αβ )

µ
1
3 =

6(θ 2+4αβθ +20αβ )

θ 3(θ 2+αβθ +2αβ )
, µ

1
4 =

24(θ 2+5αβθ +30αβ )

θ 4(θ 2+αβθ +2αβ )



286

The centralized moments of AG3PSD are derived as;

µ1 = µ
1
1

µ2 = µ
1
2 − [µ1

1 ]
2

µ2 =
θ 4+4αβθ 3+16αβθ 2+36α2β 2θ +2α2β 2θ 2+108α2β 2

θ 2(θ 2+αβθ +2αβ )2

The following relations are applied to obtain 3rd and 4th cen-
tralized moments of a proposed generalized three parameter
Sujatha distribution Eq.7.51.

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

Proposition 7.4.5. Other related measures ofAG3PSD Eq.7.51
such as variation coefficient (C.v), skewness (υ1), kurtosis (υ2)
and dispersion index (υ3) are stated as;

C.v =

√
θ 4+4αβθ 3+16αβθ 2+36α2β 2θ +2α2β 2θ 2+108α2β 2

θ 2+2αβθ +6αβ

(7.56)

υ1 =
µ1

3 −3[µ1
1 µ1

2 ]+2[µ1
1 ]

3

(µ1
2 − [µ1

1 ]
2)

3
2

(7.57)

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

(µ1
2 − [µ1

1 ]
2)2 (7.58)

υ3 =
θ 4+4αβθ 3+16αβθ 2+36α2β 2θ +2α2β 2θ 2+108α2β 2

θ(θ 2+αβθ +2αβ )(θ 2+2αβθ +6αβ )
(7.59)
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Proof. To begin with, variation coefficient Eq.7.56 is given
as;

C.v =
σ

µ1
1

=

√
θ 4+4αβθ 3+16αβθ 2+36α2β 2θ +2α2β 2θ 2+108α2β 2

θ 2(θ 2+αβθ +2αβ )2

θ(θ 2+αβθ +2αβ )

θ 2+2αβθ +6αβ

=

√
θ 4+4αβθ 3+16αβθ 2+36α2β 2θ +2α2β 2θ 2+108α2β 2

θ 2+2αβθ +6αβ

The following relation is applied to derive skewness coefficient
of AG3PSD.

υ1 =
µ3

[µ2]
3
2
=

µ1
3 −3[µ1

1 µ1
2 ]+2[µ1

1 ]
3

[µ1
2 − [µ1

1 ]
2]

3
2

The following expression is applied to derive coefficient of
kurtosis of a generalized three parameter Sujatha distribution
Eq.7.51.

υ2 =
µ4

[µ2]2
=

µ1
4 −4[µ1

3 µ1
1 ]+6[µ1

1 µ1
2 ]−3[µ1

1 ]
2

[µ1
2 − [µ1

1 ]
2]2

index of dispersion presented in Eq,7.59 is obtained as;

υ3 =
σ 2

µ1
1

=
θ 4+4αβθ 3+16αβθ 2+36α2β 2θ +2α2β 2θ 2+108α2β 2

θ 2(θ 2+αβθ +2αβ )2

θ(θ 2+αβθ +2αβ )

θ 2+2αβθ +6αβ

=
θ 4+4αβθ 3+16αβθ 2+36α2β 2θ +2α2β 2θ 2+108α2β 2

θ(θ 2+αβθ +2αβ )(θ 2+2αβθ +6αβ )
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7.4.4 Excess Loss Distribution

Proposition 7.4.6. In this section we define probability density
function of excess function fl(x;α,β ,θ), mean residual lifetime
(m(x)),equilibrium distribution fe(x;α,β ,θ), survival function
based on the equilibrium distribution Se(x;α,β ,θ) and hazard
function based on the equilibrium distribution he(x;α,β ,θ) of
a generalized three parameter Sujatha distribution Eq.7.51 as;

fl(x;α,β ,θ) =
θ 3(1+αβ (x+ x2))e−(x−z)θ

θ 2+αβ (θ +2+θ 2z+θ 2z2+2θz)
; x > z

(7.60)

m(x) =
θ 2+αβ (θ +6+θ 2x+θ 2x2+4θx)
θ(θ 2+αβ (θ +θ 2x+θ 2x2+2θx))

(7.61)

fe(x;α,β ,θ) =
θ(θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx))e−θx

θ 2+2αβθ +6αβ

(7.62)

Se(x;α,β ,θ) =
(θ 2+αβ (2θ +6+θ 2x+θ 2x2+4θx))e−θx

θ 2+2αβθ +6αβ

(7.63)

he(x;α,β ,θ) =
θ(θ 2+αβ (θ +θ 2x+θ 2x2+2θx))
θ 2+αβ (θ +6+θ 2x+θ 2x2+4θx)

(7.64)
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Proof. By definition Eq.1.10, the pdf of excess loss distribu-
tion Eq.7.60 is obtained as;

fl(x;α,β ,θ) =

θ 3

θ 2+αβθ+2αβ

[
1+αβx+αβx2

]
e−θx[

θ 2+αβ (θ+2+θ 2z+θ 2z2+2θz)
θ 2+αβθ+2αβ

]
e−θz

=
θ 3(1+αβ (x+ x2))e−(x−z)θ

θ 2+αβ (θ +2+θ 2z+θ 2z2+2θz)
; x > z
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Mean residual lifetime (MRL) further themean residual life-
time Eq.7.61 is obtained by use of the relation Eq.1.11 as;

m(x) =
θ 2+αβθ +2αβ

(θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx))e−θx

∫
∞

x

θ 2+αβ (θ +2+θ 2t +θ 2t2+2θ t)e−θ t

θ 2+αβθ +2αβ
dt

=
1

(θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx))e−θx

∫
∞

x
[θ 2+αβ (θ +θ

2t +θ
2t2+2θ t)e−θ t]dt

=
1

(θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx))e−θx I1

I1 =
∫

∞

x
[θ 2+αβ (θ +θ

2t +θ
2t2+2θ t)e−θ t]dt

u = θ
2+αβ (θ +θ

2t +θ
2t2+2θ t) =⇒ αβθ

2+2αβθ
2t +2αβθ

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(θ 2+αβ (θ +θ
2t +θ

2t2+2θ t))
−eθ t

θ
+

∫
∞

x
(αβθ +2αβθ t +2αβ )e−θ tdt

I1 =−(θ 2+αβ (θ +θ
2t +θ

2t2+2θ t))
−eθ t

θ
+ I2

I2 =
∫

∞

x
(αβθ +2αβθ t +2αβ )e−θ tdt

u = (αβθ +2αβθ t +2αβ ) =⇒ du = 2αβθ

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(αβθ +2αβθ t +2αβ )
e−θ t

θ
+2αβ

∫
∞

x
e−θ tdt

I2 =−(αβθ +2αβθ t +2αβ )
e−θ t

θ
+2αβ ∗ I3

I3 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ
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From I1, I2 and I3 we have the following;

I1 =−(θ 2+αβ (2+θ
2t +θ

2t2+2θ t))
e−θ t

θ
− (αβ (θ +2θ t +2))

e−θ t

θ
− 2αβe−θ t

θ

=

[
−e−θ t

θ

[
θ

2+αβ (2θ +6+θ
2t +θ

2t2+4θ t)
]]∞

x

I1 =
e−θx

θ

[
θ

2+αβ (2θ +6+θ
2x+θ

2x2+4θx)
]

=
1

(θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx))e−θx I1

m(x) =
θ 2+αβ (θ +6+θ 2x+θ 2x2+4θx)
θ(θ 2+αβ (θ +θ 2x+θ 2x2+2θx))

by definition Eq.1.12, equilibrium distribution Eq.7.62 is given
as;

fe(x;α,β ,θ) =
(θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx))e−θx

θ 2+αβθ +2αβ

θ(θ 2+αβθ +2αβ )

θ 2+2αβθ +6αβ

=
θ(θ 2+αβ (θ +2+θ 2x+θ 2x2+2θx))e−θx

θ 2+2αβθ +6αβ

using the relation Eq.1.13, Se(x;α,β ,θ) in Eq.7.63 is obtained
as;∫

∞

x
S(t;α,β ,θ)dt =

(θ 2+αβ (2θ +6+θ 2x+θ 2x2+4θx))e−θx

θ(θ 2+αβθ +2αβ )

=
(θ 2+αβ (2θ +6+θ 2x+θ 2x2+4θx))e−θx

θ(θ 2+αβθ +2αβ )

θ(θ 2+αβθ +2αβ )

θ 2+2αβθ +6αβ

Se(x;α,β ,θ) =
(θ 2+αβ (2θ +6+θ 2x+θ 2x2+4θx))e−θx

θ 2+2αβθ +6αβ
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lastly, hazard function based on equilibriumdistribution Eq.7.64
is obtained by use of Eq.1.14 as;

he(x;α,β ,θ) =

θ(θ 2+αβ (θ+2+θ 2x+θ 2x2+2θx))e−θx

θ 2+2αβθ+6αβ[
(θ 2+αβ (2θ+6+θ 2x+θ 2x2+4θx))e−θx

θ 2+2αβθ+6αβ

]
=

θ(θ 2+αβ (θ +θ 2x+θ 2x2+2θx))
θ 2+αβ (θ +6+θ 2x+θ 2x2+4θx)

7.4.5 Estimation of a generalized three parameter Sujatha distribution

In this section, we discuss estimationmethods such asMOME
and MLE.

MOME

MOME of α̂ , β̂ and θ̂ of α , β and θ respectively in AG3PSD
Eq.7.51 are obtained as;

µ1
2

[µ1
1 ]

2 = k(constant)

2(θ 2+3αβθ +12αβ )

θ 2(θ 2+αβθ +2αβ )

[
θ(θ 2+αβθ +2αβ )

θ 2+2αβθ +6αβ

]2

= k

2(θ 2+3αβθ +12αβ )(θ 2+αβθ +2αβ )

(θ 2+2αβθ +6αβ )2 = k

2(θ 2+3αβθ +12αβ )(θ 2+αβθ +2αβ ) = k(θ 2+2αβθ +6αβ )2

[6θ
2+24θ +24−4kθ

2−24θk−36k](αβ )2+[8θ
3+16θ

2−4θ
3k−12θ

2k](αβ )+θ
4(2−k)= 0
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The value of b is obtained by applying quadratic formula on
the following expression.

[6θ
2+24θ +24−4kθ

2−24θk−36k]b2+[8θ
3+16θ

2−4θ
3k−12θ

2k]b+θ
4(2−k)= 0

The populationmean and samplemean are replacedwith sam-
ple mean and parameter estimates respectively as;

µ
1
1 =

θ 2+2αβθ +6αβ

θ(θ 2+αβθ +2αβ )

x̄ =
θ̂ 2+2α̂β̂ θ̂ +6α̂β̂

θ̂(θ̂ 2+ α̂β̂ θ̂ +2α̂β̂ )

x̄ =
θ̂ 2

θ̂(θ̂ 2+ α̂β̂ θ̂ +2α̂β̂ )
x̄1+

α̂β̂ θ̂

θ̂(θ̂ 2+ α̂β̂ θ̂ +2α̂β̂ )
x̄2+

α̂β̂

θ̂(θ̂ 2+ α̂β̂ θ̂ +2α̂β̂ )
x̄3

The values x̄, x̄1, x̄2 and x̄3 are mean for AG3PSD, Gamma
(1,θ ), Gamma (2,θ ) and Gamma (3,θ ) respectively.

x̄=
θ̂ 2

θ̂ 2+ α̂β̂ θ̂ +2α̂β̂

(
1
θ̂

)
+

α̂β̂ θ̂

θ̂ 2+ α̂β̂ θ̂ +2α̂β̂

(
2
θ̂

)
+

α̂β̂

θ̂ 2+ α̂β̂ θ̂ +2α̂β̂

(
6

2θ̂

)
Setting b = αβ , the MOME estimates of α̂ , β̂ and θ̂ of α , β

and θ respectively are obtained as;

α̂ =
θ̂ 2− θ̂ 2x̄

(β̂ θ̂ x̄+2β̂ x̄−2β̂ θ̂ −3β̂ )

β̂ =
−θ̂ 2x̄+ θ̂ 2

α̂θ̂ x̄+2α̂ x̄− α̂θ̂ −3α̂

θ̂ =
−(bx̄−2b)∓

√
(bx̄−2b)2−4(x̄−1)(2bx̄−3b)

2(x̄−1)
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MLE

Let (x1,x2,x3, · · ·n) be a random sample of size say n drawn
from AG3PSD 7.51, the l function (L(x;α,β ,θ)) is derived as;

n

∏
i=1

f (x;α,β ,θ) =
n

∏
i=1

[
θ 3

θ 2+αβθ +2αβ
(1+αβxi+αβx2

i )e
−θxi

]
L(x;α,β ,θ) =

(
θ 3

θ 2+αβθ +2αβ

)n n

∏
i=1

(1+αβxi+αβx2
i )e

−∑
n
i=1 xi

We obtain natural log function of the l function as;

lnL= nln
[

θ 3

θ 2+αβθ +2αβ

]
+

n

∑
i=1

ln(1+αβxi+αβx2
i )−nθ x̄

where x̄ is the sample mean. The following systems of non-
linear equations are solved to obtain maximum likelihood es-
timates of the parameters α , β and θ as α̂ , β̂ and θ respec-
tively;

∂ lnL
∂α

=
−n(βθ +2β )

θ 2+αβθ +2αβ
+

n

∑
i=1

βxi(1+ xi)

1+αβxi+αβx2
i
= 0 (7.65)

∂ lnL
∂β

=
−n(αθ +2α)

θ 2+αβθ +2αβ
+

n

∑
i=1

αxi(1+ xi)

1+αβxi+αβx2
i
= 0 (7.66)

∂ lnL
∂θ

=
n(θ 2+2αβθ +6αβ )

θ(θ 2+αβθ +2αβ )
−nx̄ = 0 (7.67)

Equations 7.65, 7.66 and 7.67 can not be solved directly. Meth-
ods like fisher scoring is applied to solve the equations. The
second derivative equations are applied in fisher scoringmethod.
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The equations are;

∂ 2lnL
∂θ 2 =

−n(θ 4+2α2β 2θ 2+18α2β 2θ +20αβθ 2+12α2β 2)

θ 2(θ 2+αβθ +2αβ )2

∂ 2lnL
∂θ∂α

=
−n(βθ 4−4βθ 3)

(θ(θ 2+αβθ +2αβ ))2 =
∂ 2lnL
∂α∂θ

∂ 2lnL
∂β∂θ

=
−n(αθ 2−α2βθ +α2β 2+4αθ)

(θ 2+αβθ +2αβ )2 =
∂ 2lnL
∂θ∂β

∂ 2lnL
∂α2 =

n(βθ +2β )2

(θ 2+αβθ +2αβ )2 −
n

∑
i=1

(βxi+βx2
i )

2

(1+αβxi+αβx2
i )

2

∂ 2lnL
∂α∂β

=
−n(θ 3+2θ 2)

(θ 2+αβθ +2αβ )2 +
n

∑
i=1

xi+ x2
i +αβx2

i −αβx3
i

(1+αβxi+αβx2
i )

2 =
∂ 2lnL
∂β∂α

The maximum likelihood estimates θ̂ , α̂ and β̂ of the parame-
ters θ , α and β respectively are obtained by iteratively solving
the following systems of equations.

∂ 2lnL
∂θ 2

∂ 2lnL
∂θ∂α

∂ 2lnL
∂θ∂β

∂ 2lnL
∂α∂θ

∂ 2lnL
∂α2

∂ 2lnL
∂α∂β

∂ 2lnL
∂β∂θ

∂ 2lnL
∂β∂α

∂ 2lnL
∂β 2


θ̂ = θ0

α̂ = α0

β̂ = β0


θ̂ = θ0

α̂ = α0

β̂ = β0

=


∂ lnL
∂θ

∂ lnL
∂α

∂ lnL
∂β


θ̂ = θ0

α̂ = α0

β̂ = β0

The values θ0, α0 and β0 are initial values of the parameters
θ , α and β respectively. Iterative technique is applied to solve
the equations until sufficiently large values of the estimates
θ0, α0 and β0 are obtained.

7.4.6 Application

We shall apply the data on carbon breaking stress presented
in table 1 to fit a generalized three parameter Lindley dis-
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tribution (AG3PLD), a generalized three parameter Aradhana
distribution (AG3PAD) and a generalized three parameter Su-
jatha distribution (AG3PSD).

Table 5. MLE estimates, -2lnL, AIC, AICC and BIC values of fitted Three Parameter Distributions

Model Estimates -2lnL AIC AICC BIC

AG3PLD α̂=-0.9664
β̂=2.5903
θ̂=0.9113

204.4509 210.4509 210.8380 217.0199

AG3PAD α̂=30.0386
β̂=29.8082
θ̂=1.0866

204.4656 210.4656 210.8527 217.0346

AG3PSD α̂=27.9980
β̂=28.1557
θ̂=0.9685

213.4691 219.4691 219.8562 226.0381

Table 5 above illustrates fitted distributions. A distribution
with lower calculated values of -2lnL, BIC, AIC and AICC is
considered the most flexible model over the others. Evidently,
AG3PLD is the best fit than AG3PAD AND AG3PSD. In figure
19 below, fitted density of AG3PLD has the highest curve than
other fits.
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Figure 19. Estimated densities of fitted three parameter distributions
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8 THREE COMPONENT FINITE GAMMA MIXTURE
(A case of Aradhana distribution)

8.1 Introduction

In this chapter we consider a three component finite gamma
mixture a case of Aradhana distribution. We shall construct
and derive statistical properties of Aradhana distribution and
its generalizations. Themixed distribution is expressed in terms
of pdf and Cdf. Statistical properties such as reliability anal-
ysis, equilibrium distribution properties and moments.

8.2 One parameter Aradhana distribution

8.2.1 Construction of one parameter Aradhana distribution

Proposition 8.2.1. Let ω1 =
θ 2

θ 2+2θ+2 and ω2 =
2θ

θ 2+2θ+2 be mix-
ing proportions, one parameter Aradhana distribution is a finite
mixed distribution of Gamma (1,θ ), Gamma (2,θ ) and Gamma
(3,θ ). The pdf and Cdf of one parameter Aradhana distribution
are;

f (x;θ) =
θ 3

θ 2+2θ +2
[1+ x]2e−θx;x > 0,θ > 0 (8.1)

F(x;θ) = 1−
[

1+
θx(2θ +θx+2)

θ 2+2θ +2

]
e−θx;x > 0,θ > 0 (8.2)
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Proof. To begin with, by definition of finite mixture Eq.1.1
the pdf Eq.8.1 is obtained as;

f (x;θ) =
θ 2

θ 2+2θ +2

[
θe−θx

]
+

2θ

θ 2+2θ +2

[
θ 2e−θxx

Γ2

]
+

2
θ 2+2θ +2

[
θ 3e−θxx2

Γ3

]
=

θ 3e−θx

θ 2+2θ +2
+

2θ 3e−θxx
θ 2+2θ +2

+
2θ 3e−θxx2

2(θ 2+2θ +2)

=
θ 3e−θx

θ 2+2θ +2
+

2θ 3e−θxx
θ 2+2θ +2

+
θ 3e−θxx2

θ 2+2θ +2

=
θ 3

θ 2+2θ +2

[
1+2x+ x2

]
e−θx

=
θ 3

θ 2+2θ +2
[1+ x]2e−θx;x > 0,θ > 0

further Cdf Eq.8.2 is given as;

F(x;θ) =
θ 3

θ 2+2θ +2

∫
∞

0
(1+2x+ x2)e−θxdx

F(x;θ) =
θ 3

θ 2+2θ +2
I1

I1 =
∫

∞

0
(1+2x+ x2)e−θxdx

u = (1+2x+ x2) =⇒ du = (2+2x)dx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+2x+ x2)
e−θx

θ
− 1

θ

∫
∞

0
−(2+2x)e−θxdx
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I1 =−(1+2x+ x2)
e−θx

θ
− 1

θ
I2

I2 =
∫

∞

0
−(2+2x)e−θxdx

u =−(2+2x) =⇒ du =−2dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (2+2x)
e−θx

θ
− 2

θ

∫
∞

0
e−θxdx

I2 = (2+2x)
e−θx

θ
− 2

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=⇒ −1
θ

∫
∞

0
eudu =⇒ −e−θx

θ

From I1, I2 and I3 we have the following;

I1 =−(1+2x+ x2)
e−θx

θ
− 1

θ

[
(2+2x)

e−θx

θ
− 2

θ

(
−e−θx

θ

)]
I1 =

−e−θx

θ 3

[
θ

2+2θ +2+θx(2θ +θx+2)
]

= 1+
−e−θx

θ 3

[
θ

2+2θ +2+θx(2θ +θx+2)
]

θ 3

θ 2+2θ +2

= 1−
[

θ 2+2θ +2+θx(2θ +θx+2)
θ 2+2θ +2

]
e−θx

F(x;θ) = 1−
[

1+
θx(2θ +θx+2)

θ 2+2θ +2

]
e−θx;x > 0,θ > 0
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8.2.2 Reliability Analysis

Proposition 8.2.2. In this section, we state survival function
denoted by S(x;θ) and hazard function denoted by h(x;θ) of a
one parameter Aradhana distribution Eq.8.1 as;

S(x;θ) =

[
1+

θx(2θ +θx+2)
θ 2+2θ +2

]
e−θx;x > 0,θ > 0 (8.3)

h(x;θ) =
θ 3[1+ x]2

θ 2+2θ +2+θx(2θ +θx+2)
;x > 0,θ > 0 (8.4)

Proof. By definition Eq.1.8, survival function Eq.8.3 is ob-
tained as;

S(x;θ) = 1−
[

1−
[

1+
θx(2θ +θx+2)

θ 2+2θ +2

]
e−θx

]
=

[
1+

θx(2θ +θx+2)
θ 2+2θ +2

]
e−θx;x > 0,θ > 0

further hazard function Eq.8.4 is obtained by use of Eq.1.9 as;

h(x;θ) =
θ 3

θ 2+2θ+2[1+ x]2e−θx[
θ 2+2θ+2+θx(2θ+θx+2)

θ 2+2θ+2

]
e−θx

=
θ 3[1+ x]2

θ 2+2θ +2+θx(2θ +θx+2)
;x > 0,θ > 0

8.2.3 Moments and related measures

Proposition 8.2.3. The rth moments of a one parameter Arad-
hana distribution Eq.8.1 are derived using both method of mo-
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ments and moment generating function (mgf) as;

µ
1
r ∗=

r!
[

θ 2+2(r+1)θ +(r+1)(r+2)
]

θ r(θ 2+2θ +2)
;r = 1,2,3, · · · (8.5)

Proof. To begin with, by definition Eq.1.16 moments of one
parameter Aradhana distribution are obtained as;

E(X r) =
θ 3

θ 2+2θ +2

∫
∞

0
xr(1+2x+ x2)e−θxdx

=
θ 3

θ 2+2θ +2

[∫
∞

0
xre−θxdx+2

∫
∞

0
xr+1e−θxdx+

∫
∞

0
xr+2e−θxdx

]
=

θ 3

θ 2+2θ +2

[
Γ(r+1)

θ r+1 +
2Γr+2

θ r+2 +
Γr+3
θ r+3

]
=

θ 3rΓr
θ r(θ 2+2θ +2)

[
1
θ
+

2(r+1)
θ 2 +

(r+2)(r+1)
θ 3

]

=

rΓr
[

θ 2+2(r+1)θ +(r+1)(r+2)
]

θ r(θ 2+2θ +2)

=

r!
[

θ 2+2(r+1)θ +(r+1)(r+2)
]

θ r(θ 2+2θ +2)
;r = 1,2,3, · · ·
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further by definition Eq.1.17, mgf of one parameter Aradhana
distribution Eq.8.1 is given as;

mx(t) =
θ 3

θ 2+2θ +2

∫
∞

0
etx(1+2x+ x2)e−θxdx

=
θ 3

θ 2+2θ +2

∫
∞

0
e−(θ−t)x(1+2x+ x2)dx

=
θ 3

θ 2+2θ +2

[
1

θ − t
+

2
(θ − t)2 +

2
(θ − t)3

]
=

θ 3

θ 2+2θ +2

[
1
θ

∞

∑
k=0

(
t
θ

)k

+
2

θ 2

∞

∑
k=0

(
k+1

k

)(
t
θ

)k

+
2

θ 2

∞

∑
k=0

(
k+2

k

)(
t
θ

)k]
=

∞

∑
k=0

θ 2+2(k+1)θ +(k+1)(k+2)
θ 2+2θ +2

(
t
θ

)k

The none centralized moments of a one parameter Aradhana
distribution Eq.8.1 are obtained as a coefficient of tr

r! of the de-
rived moment generating function mx(t) as;

µ
1
r =

r!
[

θ 2+2(r+1)θ +(r+1)(r+2)
]

θ r(θ 2+2θ +2)
;r = 1,2,3, · · ·

For the values of r as 1,2,3 and 4 in Eq.8.5 we obtain the four
moments about the origin of a one parameter Aradhana dis-
tribution Eq.8.1 as;

µ
1
1 =

θ 2+4θ +6
θ(θ 2+2θ +2)

, µ
1
2 =

2(θ 2+6θ +12)
θ 2(θ 2+2θ +2)

µ
1
3 =

6(θ 2+8θ +20)
θ 3(θ 2+2θ +2)

, µ
1
4 =

24(θ 2+10θ +30)
θ 4(θ 2+2θ +2)
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The none centralized moments of a One parameter Aradhana
distribution are as;

µ1 = µ
1
1

µ2 = µ
1
2 − [µ1

1 ]
2 =⇒ θ 4+8θ 3+24θ 2+24θ +12

θ 2(θ 2+2θ +2)2

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3

µ3 =
2(θ 6+12θ 5+54θ 4+100θ 3+108θ 2+72θ +24)

θ 3(θ 2+2θ +2)3

The following relation is used to derive the expression for the
4th centralized moments of one parameter Aradhana distribu-
tion Eq.8.1.

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

Proposition 8.2.4. We now define Other related measures of
one parameter Aradhana distribution Eq.8.1 such as variation
(C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3) are
stated as;

C.v =

√
θ 4+8θ 3+24θ 2+24θ +12

θ 2+4θ +6
(8.6)

υ1 =
2(θ 6+12θ 5+54θ 4+100θ 3+108θ 2+72θ +24)

[θ 4+8θ 3+24θ 2+24θ +12]
3
2

(8.7)

υ2 =
µ1

4 −4[µ1
3 µ1

1 ]+6[µ1
1 µ1

2 ]−3[µ1
1 ]

2

(µ1
2 − [µ1

1 ]
2)2 (8.8)

υ3 =
θ 4+8θ 3+24θ 2+24θ +12
θ(θ 2+2θ +2)(θ 2+4θ +6)

(8.9)
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Proof. To beginwith, variation coefficient Eq.8.6 is obtained
as;

C.v =
σ

µ1
1

=

√
θ 4+8θ 3+24θ 2+24θ +12

θ(θ 2+2θ +2)
θ(θ 2+2θ +2)

θ 2+4θ +6
=⇒

√
θ 4+8θ 3+24θ 2+24θ +12

θ 2+4θ +6

secondly, skewness coefficient Eq.8.7 is given as;

υ1 =
µ3

[µ2]
3
2

=
2(θ 6+12θ 5+54θ 4+100θ 3+108θ 2+72θ +24)

θ 3(θ 2+2θ +2)3

[
θ 2(θ 2+2θ +2)2

θ 4+8θ 3+24θ 2+24θ +12

]3
2

=
2(θ 6+12θ 5+54θ 4+100θ 3+108θ 2+72θ +24)

[θ 4+8θ 3+24θ 2+24θ +12]
3
2

The following expression is applied to derive coefficient of
kurtosis of a one parameter Aradhana distribution Eq.8.1.

υ2 =
µ4

[µ2]2
=

µ1
4 −4[µ1

3 µ1
1 ]+6[µ1

1 µ1
2 ]−3[µ1

1 ]
2

[µ1
2 − [µ1

1 ]
2]2

lastly, index of dispersion coefficient Eq.8.9 is given as;

υ3 =
σ 2

µ1
1

=
θ 4+8θ 3+24θ 2+24θ +12

θ 2(θ 2+2θ +2)2

θ(θ 2+2θ +2)
θ 2+4θ +6

=⇒ θ 4+8θ 3+24θ 2+24θ +12
θ(θ 2+2θ +2)(θ 2+4θ +6)
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8.2.4 Excess Loss Distribution

Proposition 8.2.5. In this section we state probability density
function of the excess loss function fl(x;θ), mean residual life-
time (MRL), Equilibrium distribution fe(x;θ), survival function
of equilibrium distribution Se(x;θ) and hazard function of equi-
librium distribution he(x;θ) of a one parameter Aradhana dis-
tribution Eq.8.1 as;

fl(x;θ) =
θ 3

[
1+ x

]2e−(x−z)θ

θ 2+2θ +2+θz(2θ +θz+2)
; x > z (8.10)

m(x) =
θ 2+4θ +6+2θ 2x+θ 2x2+4θx

θ

[
(θ 2+2θ +2)+θx(2θ +θx+2)

] (8.11)

fe(x;θ) =
θ(θ 2+2θ +2+θx(2θ +θx+2))e−θx

θ 2+4θ +6
(8.12)

Se(x;θ) =
(θ 2+4θ +6+2θ 2x+θ 2x2+4θx)e−θx

θ 2+4θ +6
(8.13)

he(x;θ) =
θ(θ 2+2θ +2+θx(2θ +θx+2))

θ 2+4θ +6+2θ 2x+θ 2x24θx
(8.14)

Proof. By definition Eq.1.10, the pdf of excess loss distribu-
tion Eq.8.10 is given as;

fl(x;θ) =
θ 3

θ 2+2θ+2[1+ x]2e−θx[
θ 2+2θ+2+θz(2θ+θz+2)

θ 2+2θ+2

]
e−θz

=
θ 3

[
1+ x

]2e−(x−z)θ

θ 2+2θ +2+θz(2θ +θz+2)
; x > z
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mean residual lifetime Eq.8.11 is obtained by use of relation
Eq.1.11 as;

m(x) =
θ 2+2θ +2

[θ 2+2θ +2+θx(2θ +θx+2)]e−θx

∫
∞

x

[θ 2+2θ +2+θ t(2θ +θ t +2)]e−θ t

θ 2+2θ +2

=
1

[θ 2+2θ +2+θx(2θ +θx+2)]e−θx

∫
∞

x
[θ 2+2θ +2+θ t(2θ +θ t +2)]e−θ tdt

=
θ 2+2θ +2

[θ 2+2θ +2+θx(2θ +θx+2)]e−θx

∫
∞

x

[θ 2+2θ +2+θ t(2θ +θ t +2)]e−θ t

θ 2+2θ +2

=
1

[θ 2+2θ +2+θx(2θ +θx+2)]e−θx I1

I1 =
∫

∞

x

[θ 2+2θ +2+θ t(2θ +θ t +2)]e−θ t

θ 2+2θ +2
u = (θ 2+2θ +2+2θ

2t +θ
2t2+2θ t) =⇒ du = (2θ

2+2θ
2t +2θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(θ 2+2θ +2+2θ
2t +θ

2t2+2θ t)
−eθ t

θ
+

∫
∞

x
(2θ +2θ t +2)e−θ tdt

I1 =−(θ 2+2θ +2+2θ
2t +θ

2t2+2θ t)
−eθ t

θ
+ I2

I2 =
∫

∞

x
(2θ +2θ t +2)e−θ tdt

u = (2θ +2θ t +2) =⇒ du = 2θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(2θ +2θ t +2)
−eθ t

θ
+2

∫
∞

x
e−θ tdt

I2 =−(2θ +2θ t +2)
−eθ t

θ
+2I3

I3 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ
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From I1, I2 and I3 we have the following;

I1 =−(θ 2+2θ +2+2θ
2t +θ

2t2+2θ t)
e−θ t

θ
− (2θ +2θ t +2)

e−θ t

θ
− 2e−θ t

θ

=

[
−e−θ t

θ

(
θ

2+4θ +6+2θ
2t +θ

2t2+4θ t
)]∞

x

I1 =
e−θx

θ

[
θ

2+4θ +6+2θ
2x+θ

2x2+4θx
]

=
1

[θ 2+2θ +2+θx(2θ +θx+2)]e−θx

e−θx

θ

[
θ

2+4θ +6+2θ
2x+θ

2x2+4θx
]

m(x) =
θ 2+4θ +6+2θ 2x+θ 2x2+4θx

θ

[
(θ 2+2θ +2)+θx(2θ +θx+2)

]
similarly, by definition Eq.1.12 equilibrium distribution Eq.8.12
is obtained as;

fe(x;θ) =

[
θ 2+2θ +2+θx(2θ +θx+2)

θ 2+2θ +2

]
e−θxθ(θ 2+2θ +2)

θ 2+4θ +6

=
θ(θ 2+2θ +2+θx(2θ +θx+2))e−θx

θ 2+4θ +6

by definition Eq.1.13, Se(x;θ) in Eq.8.13 is given as;∫
∞

x
S(t;θ)dt =

e−θx(θ 2+4θ +6+2θ 2x+θ 2x2+4θx)
θ(θ 2+2θ +2)

=
e−θx(θ 2+4θ +6+2θ 2x+θ 2x2+4θx)

θ(θ 2+2θ +2)
θ(θ 2+2θ +2)

θ 2+4θ +6

Se(x;θ) =
(θ 2+4θ +6+2θ 2x+θ 2x2+4θx)e−θx

θ 2+4θ +6
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further by definition Eq.1.14, he(x;θ) in Eq.8.14 is given as;

he(x;θ) =

θ(θ 2+2θ+2+θx(2θ+θx+2))e−θx

θ 2+4θ+6
(θ 2+4θ+6+2θ 2x+θ 2x2+4θx)e−θx

θ 2+4θ+6

=
θ(θ 2+2θ +2+θx(2θ +θx+2))

θ 2+4θ +6+2θ 2x+θ 2x24θx

8.3 Two parameter Aradhana distribution

8.3.1 Construction of a two parameter Aradhana distribution

Proposition 8.3.1. Let ω1 =
θ 2

θ 2+2αθ+2α2 and ω2 =
2αθ

θ 2+2αθ+2α2

bemixing probabilities, AG2PAD is a three component finitemixed
distribution of Gamma (1,θ ), Gamma (2,θ ) and Gamma (3,θ ).
The pdf and Cdf of AG2PAD are;

f (x;α,θ) =
θ 3

θ 2+2αθ +2α2

[
1+αx

]2

e−θx;x > 0,α > 0,θ > 0

(8.15)

F(x;α,θ) = 1−
[

1+
αθx(2θ +αθx+2α)

θ 2+2αθ +2α2

]
e−θx;x > 0,α > 0,θ > 0

(8.16)
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Proof. To beginwith, by definition of a finitemixture Eq.1.1,
pdf Eq.8.15 is constructed as;

f (x;α,θ) =
θ 2

θ 2+2αθ +2α2

[
θe−θx]+ 2αθ

θ 2+2αθ +2α2

[
θ 2e−θxx

Γ2

]
+

2α2

θ 2+2αθ +2α2

[
θ 3e−θxx2

Γ3

]
=

θ 3e−θx

θ 2+2αθ +2α2 +
2αθ 3e−θxx

θ 2+2αθ +2α2 +
2α2θ 3e−θxx2

2(θ 2+2αθ +2α2)

=
θ 3

θ 2+2αθ +2α2

[
1+2αx+α

2x2
]

e−θx

Taking the part; [
1+2αx+α

2x2
]

We have the following;

= 1+αx+αx+α
2x2

= 1(1+αx)+αx(1+αx) =⇒ (1+αx)(1+αx) =⇒
[

1+αx
]2

f (x;α,θ) =
θ 3

θ 2+2αθ +2α2

[
1+αx

]2

e−θx;x > 0,α > 0,θ > 0

Remark 8.3.2. A generalized two parameter Aradhana distri-
bution Eq.8.15 is nested with two distributions. To begin with,
putting α = 0, a generalized two parameter Aradhana distribu-
tion reduces to exponential distribution Eq.2.17. Similarly, putting
α = 1 a generalized two parameter Aradhana distribution re-
duces to a one parameter Aradhana distribution Eq.8.1.
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further Cdf Eq.8.16 is obtained as;

F(x;α,θ) =
θ 3

θ 2+2αθ +2α2

∫
∞

0
(1+2αx+α

2x2)e−θxdx

F(x;α,θ) =
θ 3

θ 2+2αθ +2α2I1

I1 =
∫

∞

0
(1+2αx+α

2x2)e−θxdx

u = (1+2αx+α
2x2) =⇒ du = (2α +2α

2x2)

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+2αx+α
2x2)

e−θx

θ
− 2

θ

∫
∞

0
−(α +α

2x)e−θxdx

I1 =−(1+2αx+α
2x2)

e−θx

θ
− 2

θ
I2

I2 =
∫

∞

0
−(α +α

2x)e−θxdx

u =−(α +α
2x) =⇒ du =−α

2dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (α +α
2x)

e−θx

θ
− α2

θ

∫
∞

0
e−θxdx

I2 = (α +α
2x)

e−θx

θ
− α2

θ
I3

I3 =
∫

∞

0
e−θxdx
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Let u =−θx we have;

du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=⇒ −1
θ

∫
∞

0
eudu =⇒ −1

θ
e−θx

Combining I1, I2 and I3 we have the following;

I1 =−(1+2αx+α
2x2)

e−θx

θ
− 2

θ

[
(α +α

2x)
e−θx

θ
− α2

θ

(
−e−θx

θ

)]
I1 =

−e−θx

θ

[
θ

2+2αθ +2α
2+αθx(2θ +αθx+2α)

]
F(x;α,θ) = 1+

−e−θx

θ

[
θ

3+2αθ +2α
2+αθx(2θ +αθx+2α)

]
θ 2

θ 2+2αθ +2α2

= 1−
[

θ 2+2αθ +2α2+αθx(2θ +αθx+2α)

θ 2+2αθ +2α2

]
e−θx

= 1−
[

1+
αθx(2θ +αθx+2α)

θ 2+2αθ +2α2

]
e−θx;x > 0,α > 0,θ > 0

8.3.2 Reliability Analysis

Proposition 8.3.3. In this section, we define survival function
S(x;α,θ) and hazard function h(x;α,θ) of a generalized two
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parameter Aradhana distribution Eq.8.15 as;

S(x;α,θ) =

[
1+

αθx(2θ +αθx+2α)

θ 2+2αθ +2α2

]
e−θx;x > 0,α > 0,θ > 0

(8.17)

h(x;α,θ) =
θ 3(1+αx)2

θ 2+2αθ +2α2+αθx(2θ +αθx+2α)
;x > 0,α > 0,θ > 0

(8.18)

Proof. By definition Eq.1.8, the survival function Eq.8.17 is
obtained as;

S(x;α,θ) = 1−
[

1−
[

1+
αθx(2θ +αθx+2α)

θ 2+2αθ +2α2

]
e−θx

]
=

[
1+

αθx(2θ +αθx+2α)

θ 2+2αθ +2α2

]
e−θx;x > 0,α > 0,θ > 0

similarly, hazard function Eq.8.18 is obtained by use of the re-
lation Eq.1.9 as;

h(x;α,θ) =

θ 3

θ 2+2αθ+2α2

[
1+αx

]2

e−θx[
θ 2+2αθ+2α2+αθx(2θ+αθx+2α)

θ 2+2αθ+2α2

]
e−θx

=
θ 3(1+αx)2

θ 2+2αθ +2α2+αθx(2θ +αθx+2α)
;x > 0,α > 0,θ > 0

8.3.3 Moments and related measures

Proposition 8.3.4. The r raw moments of a generalized two
parameter Aradhana distribution Eq.8.15 are derived using both
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method of moments and moment generating function (mgf). We
define the r raw moments as;

µ
1
r ∗=

r!
[

θ 2+2αθ(r+1)+α2(r+1)(r+2)
]

θ r(θ 2+2αθ +2α2)
; r = 1,2,3, · · ·

(8.19)

Proof. By definition Eq.1.16, the moments of AG2PAD are
derived as;

E(X r) =
θ 3

θ 2+2αθ +2α2

∫
∞

0
xr(1+2αx+α

2x2)e−θxdx

=
θ 3

θ 2+2αθ +2α2

[∫
∞

0
xre−θxdx+2α

∫
∞

0
xr+1e−θxdx+α

2
∫

∞

0
xr+2e−θxdx

]
=

θ 3

θ 2+2αθ +2α2

[
Γ(r+1)

θ r+1 +
2αΓ(r+2)

θ r+2 +
α2Γr+3

θ (r+3)

]
=

θ 3rΓr
θ r(θ 2+2αθ +2α2)

[
1
θ
+

2α(r+1)
θ 2 +

α2(r+2)(r+1)
θ 3

]

=

r!
[

θ 2+2αθ(r+1)+α2(r+1)(r+2)
]

θ r(θ 2+2αθ +2α2)
; r = 1,2,3, · · ·
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similarly by definition Eq.1.17, mgf of AG2PAD is given as;

mx(t) =
θ 3

θ 2+2αθ +2α2

∫
∞

0
etx(1+2αx+α

2x2)e−θxdx

=
θ 3

θ 2+2αθ +2α2

∫
∞

0
e−(θ−t)x(1+2αx+α

2x2)dx

=
θ 3

θ 2+2αθ +2α2

[
1

(θ − t)
+

2α

(θ − t)2 +
α2

(θ − t)3

]
=

θ 3

θ 2+2αθ +2α2

[
1
θ

∞

∑
k=0

( t
θ

)k
+

2α

θ 2

∞

∑
k=0

(
k+1

k

)( t
θ

)k
+

α2

θ 3

∞

∑
k=0

(
k+2

k

)( t
θ

)k
]

=
∞

∑
k=0

θ 2+2αθ(k+1)+α2(k+1)(k+2)
θ 2+2αθ +2α2

(
t
θ

)k

The raw moments of a generalized two parameter Aradhana
distribution Eq.8.15 are obtained as a coefficient of tr

r! of the
moment generating function as;

µ
1
r =

r!
[

θ 2+2αθ(r+1)+α2(r+1)(r+2)
]

θ r(θ 2+2αθ +2α2)
; r = 1,2,3, · · ·

For the values of r as 1,2,3 and 4 in Eq.8.19 we obtain the
four moments about the origin of a generalized two param-
eter Aradhana distribution as;

µ
1
1 =

θ 2+4αθ +6α2

θ(θ 2+2αθ +2α2)
, µ

1
2 =

2(θ 2+6αθ +12α2)

θ 2(θ 2+2αθ +2α2)

µ
1
3 =

6(θ 2+8αθ +20α2)

θ 3(θ 2+2αθ +2α2)
, µ

1
4 =

24(θ 2+10αθ +30α2)

θ 4(θ 2+2αθ +2α2)
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The centralizedmoments of a generalized two parameter Arad-
hana distribution are obtained as;

µ1 = µ
1
1

µ2 =
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ 2(θ 2+2αθ +2α2)2

µ3 =
2(θ 6+12θ 5α +54θ 4α2+100α3θ 3+108α4θ 2+72α3θ +24α6)

θ 3(θ 2+2αθ +2α2)3

The following relation is used to derive the expression for the
4th centralizedmoments of a generalized two parameter Arad-
hana distribution Eq.8.15.

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

Proposition 8.3.5. We now define Other related measures of a
generalized two parameter Aradhana distribution Eq.8.15 such
as variation coefficient (C.v), skewness (υ1), kurtosis (υ2) and
dispersion index (υ3) are stated as;

C.v =

√
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ 2+4αθ +6α2 (8.20)

υ1 =
2(θ 6+12θ 5α +54θ 4α2+100α3θ 3+108α4θ 2+72α3θ +24α6)

(θ 4+8αθ 3+24α2θ 2+24α3θ +12α4)
3
2

(8.21)

υ2 =
µ4

[µ2]2
=

µ1
4 −4[µ1

3 µ1
1 ]+6[µ1

1 µ1
2 ]−3[µ1

1 ]
2

[µ1
2 − [µ1

1 ]
2]2

(8.22)

υ3 =
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ(θ 2+2αθ +2α2)(θ 2+4αθ +6α2)
(8.23)
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Proof. To begin with, coefficient of variation Eq.8.20 is ob-
tained as;

C.v =
σ

µ1
1

=

√
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ(θ 2+2αθ +2α2)

θ(θ 2+2αθ +2α2)

θ 2+4αθ +6α2

=

√
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ 2+4αθ +6α2

secondly, skewness coefficient Eq.8.21 is given as;

υ1 =
µ3

[µ2]2

=
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ(θ 2+2αθ +2α2)(θ 2+4αθ +6α2)

[
θ 2(θ 2+2αθ +2α2)2

θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

]3
2

=
2(θ 6+12θ 5α +54θ 4α2+100α3θ 3+108α4θ 2+72α3θ +24α6)

(θ 4+8αθ 3+24α2θ 2+24α3θ +12α4)
3
2

The following expression is applied to derive coefficient of
kurtosis of a generalized two parameter Aradhana distribution
Eq.8.15.

υ2 =
µ4

[µ2]2
=

µ1
4 −4[µ1

3 µ1
1 ]+6[µ1

1 µ1
2 ]−3[µ1

1 ]
2

[µ1
2 − [µ1

1 ]
2]2

lastly, index of dispersion value Eq.8.23 is given as;

υ3 =
σ 2

µ1
1

=
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ 2(θ 2+2αθ +2α2)2

θ(θ 2+2αθ +2α2)

θ 2+4αθ +6α2

=
θ 4+8αθ 3+24α2θ 2+24α3θ +12α4

θ(θ 2+2αθ +2α2)(θ 2+4αθ +6α2)
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8.3.4 Excess Loss Distribution

Proposition 8.3.6. In this section we state probability density
function of excess loss function fl(x;α,θ), mean residual life-
time (MRL), equilibrium distribution fe(x;α,θ), survival func-
tion based on the equilibrium distribution Se(x;α,θ) and hazard
function of the equilibrium distribution he(x;α,θ) as;

fl(x;α,θ) =
θ 3(1+αx)2e−(x−z)θ

θ 2+2αθ +2α2+αθz(2θ +αθz+2α)
; x > z

(8.24)

m(x) =
θ 2+4αθ +6α2+2αθ 2x+α2θ 2x2+4α2θx
θ(θ 2+2αθ +2α2+αθx(2θ +αθx+2α))

(8.25)

fe(x;α,θ) =
θ(θ 2+2αθ +2α2+αθx(2θ +αθx+2α))e−θx

θ 2+4αθ +6α2

(8.26)

Se(x;α,θ) =
e−θx(θ 2+4αθ +6α2+2αθ 2x+α2θ 2x+4α2θx)

θ 2+4αθ +6α2

(8.27)

he(x;α,θ) =
θ(θ 2+2αθ +2α2+αθx(2θ +αθx+2α))

θ 2+4αθ +6α2+2αθ 2x+α2θ 2x+4α2θx
(8.28)
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Proof. To begin with, pdf of excess loss distribution Eq.8.24
is obtained by use of Eq.1.10 as;

fl(x;α,θ) =

θ 3

θ 2+2αθ+2α2

[
1+αx

]2

e−θx[
θ 2+2αθ+2α2+αθz(2θ+αθz+2α)

θ 2+2αθ+2α2

]
e−θz

=
θ 3(1+αx)2e−(x−z)θ

θ 2+2αθ +2α2+αθz(2θ +αθz+2α)
; x > z
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further mean residual lifetime Eq.8.25 is obtained by use of
Eq.1.11 as;

m(x) =
θ 2+2αθ +2α2

θ 2+2αθ +2α2+αθx(2θ +αθx+2α)e−θx

∫
∞

x

[θ 2+2αθ +2α2+αθ t(2θ +αθ t +2α)]e−θ t

α2+2αθ +2α2 dt

=
1

θ 2+2αθ +2α2+αθx(2θ +αθx+2α)e−θx

∫
∞

x
[θ 2+2αθ +2α

2+αθ t(2θ +αθ t +2α)]e−θ tdt

=
1

θ 2+2αθ +2α2+αθx(2θ +αθx+2α)e−θx I1

I1 =
∫

∞

x
[θ 2+2αθ +2α

2+αθ t(2θ +αθ t +2α)]e−θ tdt

u = (θ 2+2αθ +2α
2+2αθ

2t +α
2
θ

2t2+2α
2
θ t) =⇒ du = (2αθ

2+2α
2
θ

2t +2α
2
θ)

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 =−(θ 2+2αθ +2α
2+2αθ

2t +α
2
θ

2t2+2α
2
θ t)

e−θ t

θ
+2

∫
∞

x
(αθ +α

2
θ t +α

2)e−θ tdt

I1 =−(θ 2+2αθ +2α
2+2αθ

2t +α
2
θ

2t2+2α
2
θ t)

e−θ t

θ
+2I2

I2 =
∫

∞

x
(αθ +α

2
θ t +α

2)e−θ tdt

u = (αθ +α
2
θ t +α

2) =⇒ du = α
2
θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(αθ +α
2
θ t +α

2)
e−θ t

θ
+α

2
∫

∞

x
e−θ tdt

I2 =−(αθ +α
2
θ t +α

2)
e−θ t

θ
+α

2I3

I3 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ
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From I1, I2 and I3 we have the following;

I1 =−(θ 2+2αθ +2α
2+2αθ

2t +α
2
θ

2t2+2α
2
θ t)

e−θ t

θ
+2

[
− (αθ +α

2
θ t +α

2)
e−θ t

θ
− α2e−θ t

θ

]
I1 =

[
−e−θ t

θ

[
θ

2+4αθ +6α
2+2αθ

2t +α
2
θ

2t2+4α
2
θ t
]]∞

x

I1 =
e−θx

θ

[
θ

2+4αθ +6α
2+2αθ

2x+α
2
θ

2x2+4α
2
θx

]
=

1
θ 2+2αθ +2α2+αθx(2θ +αθx+2α)e−θx I1

m(x) =
θ 2+4αθ +6α2+2αθ 2x+α2θ 2x2+4α2θx
θ(θ 2+2αθ +2α2+αθx(2θ +αθx+2α))

By definition Eq.1.12, equilibrium distribution Eq.8.26 is ob-
tained as;

fe(x;α,θ) =
(θ 2+2αθ +2α2+αθx(2θ +αθx+2α))e−θx

θ 2+2αθ +2α2

θ(θ 2+2αθ +2α2)

θ 2+4αθ +6α2

=
θ(θ 2+2αθ +2α2+αθx(2θ +αθx+2α))e−θx

θ 2+4αθ +6α2

further by definition Eq.1.13, Se(x;α,θ) in Eq.8.27 is given as;∫
∞

x
S(t;α,θ)dt =

e−θx(θ 2+4αθ +6α2+2αθ 2x+α2θ 2x+4α2θx)
θ(θ 2+2αθ +2α2)

=
e−θx(θ 2+4αθ +6α2+2αθ 2x+α2θ 2x+4α2θx)

θ(θ 2+2αθ +2α2)

θ(θ 2+2αθ +2α2)

θ 2+4αθ +6α2

Se(x;α,θ) =
e−θx(θ 2+4αθ +6α2+2αθ 2x+α2θ 2x+4α2θx)

θ 2+4αθ +6α2
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lastly, hazard function based on equilibriumdistribution Eq.8.28
is obtained by use of eq.1.14 as;

he(x;α,θ) =

θ(θ 2+2αθ+2α2+αθx(2θ+αθx+2α))e−θx

θ 2+4αθ+6α2[
e−θx(θ 2+4αθ+6α2+2αθ 2x+α2θ 2x+4α2θx)

θ 2+4αθ+6α2

]
=

θ(θ 2+2αθ +2α2+αθx(2θ +αθx+2α))

θ 2+4αθ +6α2+2αθ 2x+α2θ 2x+4α2θx

8.4 Quasi Aradhana distribution

8.4.1 Construction of aQuasi Aradhana distribution

Proposition 8.4.1. Letω1 =
α2

α2+2α+2 andω2 =
2α

α2+2α+2 bemix-
ing proportions, Quasi Aradhana distribution is constructed as
a three component finite mixed distribution of Gamma (1,θ ),
Gamma (2,θ ) and Gamma (3,θ ). The pdf and Cdf of a QAD
are defined as;

f (x;α,θ) =
θ

α2+2α +2

[
α +θx

]2

e−θx;x > 0,α > 0,θ > 0

(8.29)

F(x;α,θ) = 1−
[

1+
2αθx+2θx+θ 2x2

α2+2α +2

]
e−θx;x > 0,α > 0,θ > 0

(8.30)
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Proof. By definition of a finite mixed distribution Eq.1.1,
pdf Eq.8.29 is obtained as;

f (x;α,θ) =
α2

α2+2α +2

[
θe−θx

]
+

2α

α2+2α +2

[
θ 2e−θxx

Γ2

]
+

2
α2+2α +2

[
θ 3e−θxx2

Γ3

]
=

α2θe−θx

α2+2α +2
+

2αθ 2e−θxx
α2+2α +2

+
2θ 3e−θxx2

2(α2+2α +2)

=
θ

α2+2α +2

[
α

2+2αθx+θ
2x2

]
e−θx

Taking the part;

α
2+2αθx+θ

2x2

we have the following

= α
2+2αθx+θ

2x2 =⇒ (α +θx)(α +θx) =⇒ (α +θx)2

f (x;α,θ) =
θ

α2+2α +2

[
α +θx

]2

e−θx;x > 0,α > 0,θ > 0

Remark 8.4.2. Quasi Aradhana distribution Eq.8.29 is nested
with two distributions that are one parameter Aradhana distri-
bution and gamma distribution. To begin with, putting α = θ

Quasi Aradhana distribution Eq.8.29 reduces to one parameter
Aradhana distribution in Eq.8.1. Secondly, putting α = 0 Quasi
Aradhana distribution Eq.8.29 reduces to a gamma (3,θ) distri-
bution Eq8.31.

f (x;θ) =
θ 3e−θxx2

Γ3
; x > 0,θ > 0 (8.31)
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further Cdf Eq.8.30 is obtained as;

F(x;α,θ) =
θ

α2+2α +2

∫
∞

0
(α2+2αθx+θ

2x2)e−θxdx

F(x;α,θ) =
θ

α2+2α +2
I1

I1 =
∫

∞

0
(α2+2αθx+θ

2x2)e−θxdx

u = (α2+2αθx+θ
2x2) =⇒ du = (2αθ +2θ

2x)dx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(α2+2αθx+θ
2x2)

e−θx

θ
−2

∫
∞

0
−(α +θx)e−θxdx

I1 =−(α2+2αθx+θ
2x2)

e−θx

θ
−2I2

I2 =
∫

∞

0
−(α +θx)e−θxdx

u =−(α +θx) =⇒ du =−θx

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (α +θx)
e−θx

θ
−

∫
∞

0
e−θxdx

I2 = (α +θx)
e−θx

θ
− I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=⇒ −1
θ

∫
∞

0
eudu =⇒ −1

θ
e−θx
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From I1, I2 and I3 we have the following;

I1 =−(α2+2αθx+θ
2x2)

e−θx

θ
−2

[
(α +θx)

e−θx

θ
−
(
−1
θ

e−θx
)]

I1 =
−e−θx

θ

[
α

2+2α +2+2αθx+2θx+θ
2x2

]
= 1+

−e−θx

θ

[
α

2+2α +2+2αθx+2θx+θ
2x2

]
θ

α2+2α +2

F(x;α,θ) = 1−
[

1+
2αθx+2θx+θ 2x2

α2+2α +2

]
e−θx;x > 0,α > 0,θ > 0

8.4.2 Reliability Analysis

Proposition 8.4.3. In this section we state survival function de-
noted as S(x;α,θ) and hazard function denoted as h(x;α,θ) of
a Quasi Aradhana distribution Eq.8.29 as;

S(x;α,θ) =

[
1+

2αθx+2θx+θ 2x2

α2+2α +2

]
e−θx;x > 0,α > 0,θ > 0

(8.32)

h(x;α,θ) =
θ(α +θx)2

α2+2α +2+2αθx+2θx+θ 2x2 ;x > 0,α > 0,θ > 0

(8.33)

Proof. By definition Eq.1.8, S(x;α,θ) in Eq.8.32 is obtained
as;

S(x;α,θ) = 1−
[

1−
[

1+
2αθx+2θx+θ 2x2

α2+2α +2

]
e−θx

]
=

[
1+

2αθx+2θx+θ 2x2

α2+2α +2

]
e−θx;x > 0,α > 0,θ > 0
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further by definition Eq.1.9, h(x;α,θ) in Eq.8.33 is given as;

h(x;α,θ) =

θ

α2+2α+2

[
α +θx

]2

e−θx[
α2+2α+2+2αθx+2θx+θ 2x2

α2+2α+2

]
e−θx

=
θ(α +θx)2

α2+2α +2+2αθx+2θx+θ 2x2 ;x > 0,α > 0,θ > 0

8.4.3 Moments and related measures

Proposition 8.4.4. The rth moments of a Quasi Aradhana Eq.8.29
are derived using the method of moments and moment generat-
ing function technique as;

µ
1
r ∗=

r!
[

α2+2α(r+1)+(r+1)(r+2)
]

θ 2(α2+2α +2)
;r = 1,2,3, · · ·

(8.34)
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Proof. By definition Eq.1.16, rth moments of a QAD are ob-
tained as;

E(X r) =
θ

α2+2α +2

∫
∞

0
xr(α2+2αθx+θ

2x2)e−θxdx

=
θ

α2+2α +2

[
α

2
∫

∞

0
xre−θxdx+2αθ

∫
∞

0
xr+1e−θxdx+θ

2
∫

∞

0
xr+2e−θxdx

]
=

θ

α2+2α +2

[
α2Γ(r+1)

θ r+1 +
2αθΓ(r+2)

θ r+2 +
θ 3Γ(r+3)

θ r+3

]

=

rΓr
[

α2+2α(r+1)+(r+1)(r+2)
]

θ r(α2+2α +2)

=

r!
[

α2+2α(r+1)+(r+1)(r+2)
]

θ 2(α2+2α +2)
;r = 1,2,3, · · ·

similarly, by definition Eq.1.17, mgf of QAD is given as;

mx(t) =
θ

α2+2α +2

∫
∞

0
etx(α2+2αθx+θ

2x2)e−θxdx

=
θ

α2+2α +2

∫
∞

0
etxe−(θ−t)x(α2+2αθx+θ

2x2)dx

=
θ

α2+2α +2

[
α2

(θ − t)
+

2αθ

(θ − t)2 +
θ 2

(θ − t)3

]
=

θ

α2+2α +2

[
α2

θ

∞

∑
k=0

(
t
θ

)k

+
2αθ

θ 2

∞

∑
k=0

(
k+1

k

)(
t
θ

)k

+
θ 2

θ 3

∞

∑
k=0

(
k+2

k

)(
t
θ

)k]
=

∞

∑
k=0

α2+2α(k+1)+(k+1)(k+2)
α2+2α +2

(
t
θ

)k
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The rth moments of aQuasi Aradhana distribution are obtained
as;

µ
1
r =

r!
[

α2+2α(r+1)+(r+1)(r+2)
]

θ 2(α2+2α +2)
;r = 1,2,3, · · ·

For the values of r as 1,2,3 and 4 in Eq.8.34 we obtain the four
none centralized moments QAD as;

µ
1
1 =

α2+4α +6
θ(α2+2α +2)

, µ
1
2 =

2(α2+6α +12)
θ 2(α2+2α +2)

µ
1
3 =

6(α2+8α +20)
θ 3(α2+2α +2)

, µ
1
4 =

24(α2+10α +30)
θ 4(α2+2α +2)

We obtain the centralized moments of QAD as;

µ1 = µ
1
1

µ2 = µ
1
2 − [µ1

1 ]
2 =⇒ α4+8α3+24α2+24α +12

θ 2(α2+2α +2)2

µ3 =
2α6+24α5+108α4+200α3+216α2+144α +48

θ 3(α2+2α +2)3

µ4 =
9α8+144α7+912α6+2832α5+5448α4+6912α3+5760α2+2880α +720

θ 4(α2+2α +2)4

Proposition 8.4.5. We now define Other related measures of a
Quasi Aradhana distribution Eq.8.29 such as variation coefficient
(C.v), skewness (υ1), kurtosis (υ2) and dispersion index (υ3) are



329

stated as;

C.v =

√
α4+8α3+24α2+24α +12

α2+4α +6
(8.35)

υ1 =
2α6+24α5+108α4+200α3+216α2+144α +48

[α4+8α3+24α2+24α +12]
3
2

(8.36)

υ2 =
9α8+144α7+912α6+2832α5+5448α4+6912α3+5760α2+2880α +720

[α4+8α3+24α2+24α +12]2
(8.37)

υ3 =
α4+8α3+24α2+24α +12
θ(α2+2α +2)(α2+4α +6)

(8.38)

Proof. To beginwith, coefficient of variation Eq.8.35 is given
as;

C.v =
σ

µ1
1

=

√
α4+8α3+24α2+24α +12

θ(α2+2α +2)
θ(α2+2α +2)

α2+4α +6
=⇒

√
α4+8α3+24α2+24α +12

α2+4α +6

similarly, skewness value Eq.8.36 is given as;

υ1 =
µ3

[µ2]
3
2

=
2α6+24α5+108α4+200α3+216α2+144α +48

θ 3(α2+2α +2)3

[
θ 2(α2+2α +2)2

α4+8α3+24α2+24α +12

]3
2

=
2α6+24α5+108α4+200α3+216α2+144α +48

[α4+8α3+24α2+24α +12]
3
2
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also kurtosis coefficient Eq.8.37 is given as;

υ2 =
µ4

[µ2]2

=

9α8+144α7+912α6+2832α5+5448α4+6912α3+5760α2+2880α+720
θ 4(α2+2α+2)4[

α4+8α3+24α2+24α+12
θ 2(α2+2α+2)2

]2

=
9α8+144α7+912α6+2832α5+5448α4+6912α3+5760α2+2880α +720

[α4+8α3+24α2+24α +12]2

lastly, index of dispersion Eq.8.38 is given as;

υ3 =
σ 2

µ1
1

=
α4+8α3+24α2+24α +12

θ 2(α2+2α +2)2

θ(α2+2α +2)
α2+4α +6

=
α4+8α3+24α2+24α +12
θ(α2+2α +2)(α2+4α +6)

8.4.4 Excess Loss Distribution

Proposition 8.4.6. The probability density function of excess
loss function fl(x;α,θ), mean residual lifetime (MRL), equilib-
rium distribution fe(x;α,θ), survival function based on the equi-
librium distribution se(x;α,θ) and hazard function based on the
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equilibrium distribution he(x;α,θ) are defined as;

fl(x;α,θ) =
θ(α +θx)2e−θ(x−z)

α2+2α +2+2αθz+2θz+θ 2z2 ; x > z (8.39)

m(x) =
α2+4α +6+2αθx+4θx+θ 2x2

θ(α2+2α +2+2αθx+2θx+θ 2x2)
(8.40)

fe(x;α,θ) =
θ(α2+2α +2+2αθx+2θx+θ 2x2)e−θx

α2+4α +6
(8.41)

se(x;α,θ) =
θ(α2+4α +6+2αθx+4θx+θ 2x2)e−θx

α2+4α +6
(8.42)

he(x;α,θ) =
θ(α2+2α +2+2αθx+2θx+θ 2x2)

α2+4α +6+2αθx+4θx+θ 2x2 (8.43)

Proof. To begin with, using Eq.1.10 the pdf of excess loss
distribution Eq.8.39 is given as;

fl(x;α,θ) =

θ

α2+2α+2

[
α +θx

]2

e−θx[
α2+2α+2+2αθz+2θz+θ 2z2

α2+2α+2

]
e−θz

=
θ(α +θx)2e−θ(x−z)

α2+2α +2+2αθz+2θz+θ 2z2 ; x > z
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by definition Eq.1.11, mean residual lifetime Eq.8.40 is given
as;

m(x) =
α2+2α +2

(α2+2α +2+2αθx+2θx+θ 2x2)e−θx

∫
∞

x

[α2+2α +2+2θ t +2αθ t +θ 2t2]e−θ t

α2+2α +2
dt

=
1

(α2+2α +2+2αθx+2θx+θ 2x2)e−θx

∫
∞

x
[α2+2α +2+2θ t +2αθ t +θ

2t2]e−θ tdt

=
1

(α2+2α +2+2αθx+2θx+θ 2x2)e−θx I1

I1 =
∫

∞

x
[α2+2α +2+2θ t +2αθ t +θ

2t2]e−θ tdt

u = [α2+2α +2+2θ t +2αθ t +θ
2t2] =⇒ du = (2αθ +2θ +2θ

2t)dt

dv = e−θ t =⇒ v =
−e−θ t

θ

I1 = [α2+2α +2+2θ t +2αθ t +θ
2t2]

e−θ t

θ
+2

∫
∞

x
(α +1+θ t)e−θ tdt

I1 = [α2+2α +2+2θ t +2αθ t +θ
2t2]

e−θ t

θ
+2I2

I2 =
∫

∞

x
(α +1+θ t)e−θ tdt

u = (α +1+θ t) =⇒ du = θdt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(α +1+θ t)
e−θ t

θ
+

∫
∞

x
e−θ tdt

I2 =−(α +1+θ t)
e−θ t

θ
+ I3

I3 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ
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From I1, I2 and I3 we have the following;

I1 =−[α2+2α +2+2αθ t +2θ t +θ
2t2]

e−θ t

θ
+2

[
− (α +1+θ t)

e−θ t

θ
− e−θ t

θ

]
I1 =

[
−e−θ t

θ

[
α

2+4α +6+2αθ t +4θ t +θ
2t2

]]∞

x

I1 =
e−θx

θ

[
α

2+4α +6+2αθx+4θx+θ
2x2

]
m(x) =

1
(α2+2α +2+2αθx+2θx+θ 2x2)e−θx I1

=
α2+4α +6+2αθx+4θx+θ 2x2

θ(α2+2α +2+2αθx+2θx+θ 2x2)

further by definition Eq.1.12, equilibrium distribution Eq.8.41
is obtained as;

fe(x;α,θ) =
(α2+2α +2+2αθx+2θx+θ 2x2)e−θx

α2+2α +2
θ(α2+2α +2)

α2+4α +6

=
θ(α2+2α +2+2αθx+2θx+θ 2x2)e−θx

α2+4α +6

using the relation Eq.1.13, Se(x;α,θ) in Eq.8.42 is given as;∫
∞

x
S(t;α,θ)dt =

e−θx(α2+4α +6+2αθx+4θx+θ 2x2)

θ(α2+2α +2)

=
e−θx(α2+4α +6+2αθx+4θx+θ 2x2)

θ(α2+2α +2)
θ(α2+2α +2)

α2+4α +6

Se(x;α,θ) =
θ(α2+4α +6+2αθx+4θx+θ 2x2)e−θx

α2+4α +6
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lastly by definition Eq.1.14, he(x;α,θ) in Eq.8.43 is given as;

he(x;α,θ) =

θ(α2+2α+2+2αθx+2θx+θ 2x2)e−θx

α2+4α+6
θ(α2+4α+6+2αθx+4θx+θ 2x2)e−θx

α2+4α+6

=
θ(α2+2α +2+2αθx+2θx+θ 2x2)

α2+4α +6+2αθx+4θx+θ 2x2

8.5 Three parameter Aradhana distribution

8.5.1 Construction of a three parameter Aradhana distribution

Proposition 8.5.1. Letω1 =
θ 2

θ 2+2αβθ+2α2β 2 andω2 =
2αβθ

θ 2+2αβθ+2α2β 2

be mixing proportions, a generalized three parameter Aradhana
distribution is a three component finite mixed distribution of
Gamma (1,θ ), Gamma (2,θ ) and Gamma (3,θ ). The pdf and
Cdf of AG3PAD are;

f (x;α,β ,θ) =
θ 3

θ 2+2αβθ +2α2β 2

[
1+αβx

]2

e−θx;x > 0,α > 0,β > 0,θ > 0

(8.44)

F(x;α,β ,θ) = 1−
[

1+
2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

θ 2+2αβθ +2α2β 2

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(8.45)
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Proof. By the definition of a finite mixed distribution Eq.
1.1, pdf Eq.8.44 is obtained as;

f (x;α,β ,θ) =
θ 2

θ 2+2αβθ

[
θe−θx]+ 2αβθ

θ 2+2αβθ

[
θ 2e−θxx

Γ2

]
+

2α2β 2

θ 2+2αβθ

[
θ 3e−θxx2

Γ3

]
=

θ 3e−θx

θ 2+2αβθ
+

2αβθ 3e−θxx
θ 2+2αβθ +2α2β 2 +

α2β 2θ 3e−θxx2

θ 2+2αβθ +2α2β 2

=
θ 3

θ 2+2αβθ +2α2β 2

[
1+2αβx+α

2
β

2x2
]

e−θx

Taking the part
[

1+2αβx+α2β 2x2

]
we have the following;

=

[
1+2αβx+α

2
β

2x2
]

= 1+αβx+αβx+α
2
β

2x2 =⇒ 1(1+αβx)+αβx(1+αβx) =⇒
[

1+αβx
]2

=
θ 3

θ 2+2αβθ +2α2β 2

[
1+αβx

]2

e−θx;x > 0,α > 0,β > 0,θ > 0

Remark 8.5.2. The modified generalized three parameter Arad-
hana distribution Eq.8.44 is nested with three distributions. To
begin with, putting α = β = 1 the generalized three param-
eter Aradhana distribution reduces to a one parameter Arad-
hana distribution Eq.8.1. Secondly, putting β = 1 the generalized
three parameter turns to a generalized two parameter Eq.8.15.
Lastly, exponential distribution Eq.2.17 is a particular case of
a generalized three parameter Aradhana distribution Eq.8.44 at
α = β = 0.
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further Cdf Eq.8.45 is obtained as;

F(x;α,β ,θ) =
θ 3

θ 2+2αβθ +2α2β 2

∫
∞

0

[
1+2αβx+α

2
β

2x2
]

e−θxdx

F(x;α,β ,θ) =
θ 3

θ 2+2αβθ +2α2β 2I1

I1 =
∫

∞

0

[
1+2αβx+α

2
β

2x2
]

e−θxdx

u = (1+2αβx+α
2
β

2x2) =⇒ du = (2αβ +2α
2
β

2x)dx

dv = e−θx =⇒ v =
−e−θx

θ

I1 =−(1+2αβx+α
2
β

2x2)
e−θx

θ
− 2

θ

∫
∞

0
−(αβ +α

2
β

2x)e−θxdx

I1 =−(1+2αβx+α
2
β

2x2)
e−θx

θ
− 2

θ
I2

I2 =
∫

∞

0
−(αβ +α

2
β

2x)e−θxdx

u =−(αβ +α
2
β

2x) =⇒ du =−α
2
β

2dx

dv = e−θx =⇒ v =
−e−θx

θ

I2 = (αβ +α
2
β

2x)
e−θx

θ
− α2β 2

θ

∫
∞

0
e−θxdx

I2 = (αβ +α
2
β

2x)
e−θx

θ
− α2β 2

θ
I3

I3 =
∫

∞

0
e−θxdx

u =−θx =⇒ du =−θdx =⇒ du
−θ

= dx

I3 =
∫

∞

0
eu du
−θ

=⇒ −1
θ

∫
∞

0
eudu =⇒ −eu

θ
=⇒ −e−θx

θ
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From I1, I2 and I3 we have the following;

I1 =−(1+2αβx+α
2
β

2x2)
e−θx

θ
− 2

θ

[
(αβ +α

2
β

2x)
e−θx

θ
− α2β 2

θ

(
e−θx

θ

)]
I1 =

−e−θx

θ 3

[
θ

2+2αβθ +2α
2
β

2+2αβθ
2x+α

2
β

2
θ

2x2+2α
2
β

2
θx

]

= 1+
−e−θx

θ 3

[
θ

2+2αβθ +2α
2
β

2+2αβθ
2x+α

2
β

2
θ

2x2+2α
2
β

2
θx

]
θ 3

θ 2+2αβθ +2α2β 2

F(x;α,β ,θ) = 1−
[

θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx
θ 2+2αβθ +2α2β 2

]
e−θx

= 1−
[

1+
2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

θ 2+2αβθ +2α2β 2

]
e−θx;x > 0,α > 0,β > 0,θ > 0

8.5.2 Reliability Analysis

Proposition 8.5.3.Wedefine survival function denoted by S(x;α,β ,θ)

and hazard function denoted by h(x;α,β ,θ) of a generalized
three parameter Aradhana distribution Eq.8.44 as;

S(x;α,β ,θ) =

[
1+

2αβθ 2x+α2β 2θ 2x2+2α2β 2θx
θ 2+2αβθ +2α2β 2

]
e−θx;x > 0,α > 0,β > 0,θ > 0

(8.46)

h(x;α,β ,θ) =

θ 3

[
1+αβx

]2

e−θx

θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx
;x > 0,α > 0,β > 0,θ > 0

(8.47)
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Proof. To begin with, survival function Eq.8.46 is obtained
by use of Eq.1.8 as;

S(x;α,β ,θ) = 1−
[

1−
[

1+
2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

θ 2+2αβθ +2α2β 2

]
e−θx

]
=

[
1+

2αβθ 2x+α2β 2θ 2x2+2α2β 2θx
θ 2+2αβθ +2α2β 2

]
e−θx;x > 0,α > 0,β > 0,θ > 0

using the relation Eq.1.9, hazard function Eq.8.47 is obtained
as;

h(x;α,β ,θ) =

θ 3

θ 2+2αβθ+2α2β 2

[
1+αβx

]2

e−θx[
θ 2+2αβθ+2α2β 2+2αβθ 2+α2β 2θ 2x2+2α2β 2θx

θ 2+2αβθ+2α2β 2

]
e−θx

=

θ 3

[
1+αβx

]2

e−θx

θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx
;x > 0,α > 0,β > 0,θ > 0

8.5.3 Moments and related measures

Proposition 8.5.4. The rth moments of the proposed generalized
three parameter Aradhana distribution Eq.8.44 are derived using
both method of moments and moment generating function (mgf)
as;

µ
1
r ∗=

r!
[

θ 2+2αβ (r+1)θ +α2β 2(r+1)(r+2)
]

θ r(θ 2+2αβθ +2α2β 2)
;r = 1,2,3, · · ·

(8.48)
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Proof. By definition Eq.1.16, moments of AG3PAD are ob-
tained as;

E(X r) =
θ 3

θ 2+2αβθ +2α2β 2

∫
∞

0
xr(1+2αβx+α

2
β

2x2)e−θx

=
θ 3

θ 2+2αβθ +2α2β 2

[∫
∞

0
xre−θxdx+2αβ

∫
∞

0
xr+1e−θxdx+α

2
β

2
∫

∞

0
xr+2e−θxdx

]
=

θ 3

θ 2+2αβθ +2α2β 2

[
Γ(r+1)

θ r+1 +
2αβΓ(r+2)

θ r+2 +
α2β 2Γ(r+3)

θ r+3

]

=

rΓr
[

θ 2+2αβ (r+1)θ +α2β 2(r+1)(r+2)
]

θ r(θ 2+2αβθ +2α2β 2)

=

r!
[

θ 2+2αβ (r+1)θ +α2β 2(r+1)(r+2)
]

θ r(θ 2+2αβθ +2α2β 2)
;r = 1,2,3, · · ·

further by definition Eq.1.17, mgf of AG3PAD is given as;

mx(t) =
θ 3

θ 2+2αβθ +2α2β 2

∫
∞

0
etx(1+2αβx+α

2
β

2x2)e−θxdx

=
θ 3

θ 2+2αβθ +2α2β 2

∫
∞

0
e−(θ−t)x(1+2αβx+α

2
β

2x2)dx

=
θ 3

θ 2+2αβθ +2α2β 2

[
1

(θ − t)
+

2αβ

(θ − t)2 +
α2β 2

(θ − t)3

]
=

θ 3

θ 2+2αβθ +2α2β 2

[
1
θ

∞

∑
k=0

(
t
θ

)k

+
2αβ

θ 2

∞

∑
k=0

(
k+1

k

)(
t
θ

)k

+
α2β 2

θ 3

∞

∑
k=0

(
k+2

k

)(
t
θ

)k]
mx(t) =

∞

∑
k=0

θ 2+2αβ (k+1)θ +α2β 2(k+1)(k+2)
θ 2+2αβθ +2α2β 2

(
t
θ

)k
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The rth moments are obtained from the derived mx(t) as;

µ
1
r =

r!
[

θ 2+2αβ (r+1)θ +α2β 2(r+1)(r+2)
]

θ r(θ 2+2αβθ +2α2β 2)
;r = 1,2,3, · · ·

For the values of r as 1,2,3 and 4 in Eq.8.48 we get four mo-
ments about the origin of AG3PAD Eq.8.44 as;

µ
1
1 =

θ 2+4αβθ +6α2β 2

θ(θ 2+2αβθ +2α2β 2)
, µ

1
2 =

2(θ 2+6αβθ +12α2β 2)

θ 2(θ 2+2αβθ +2α2β 2)

µ
1
3 =

6(θ 2+8αβθ +20α2β 2)

θ 3(θ 2+2αβθ +2α2β 2)
, µ

1
4 =

24(θ 2+10αβθ +30α2β 2)

θ 4(θ 2+2αβθ +2α2β 2)

The centralized moments of AG3PQD are obtained as;

µ1 = µ
1
1 =

θ 2+4αβθ +6α2β 2

θ(θ 2+2αβθ +2α2β 2)

µ2 =
θ 4+8αβθ 3+24α2β 2θ 2+24α3β 3+12α4β 4

θ 2(θ 2+2αβθ +2α2β 2)

The third and forth centralizedmoments are derived using the
following relations;

µ3 = µ
1
3 −3[µ1

1 µ
1
2 ]+2[µ1

1 ]
3

µ4 = µ
1
4 −4[µ1

3 µ
1
1 ]+6[µ1

1 µ
1
2 ]−3[µ1

1 ]
2

Proposition 8.5.5. We now define Other related measures of a
generalized three parameter Aradhana distribution Eq.8.44 such
as variation coefficient (C.v), skewness (υ1), kurtosis (υ2) and
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dispersion index (υ3) are stated as;

C.v =

√
θ 4+8αβθ 3+24α2β 2θ 2+24α3β 3+12α4β 4

θ 2+4αβθ +6α2β 2 (8.49)

υ1 =
µ3

[µ2]
3
2

(8.50)

υ2 =
µ4

[µ2]2
(8.51)

υ3 =
θ 4+8αβθ 3+24α2β 2θ 2+24α3β 3+12α4β 4

θ(θ 2+2αβθ +2α2β 2)(θ 2+4αβθ +6α2β 2)
(8.52)

Proof. To begin with, coefficient of variation Eq.8.49 is ob-
tained as;

C.v =
σ

µ1
1

=

√
θ 4+8αβθ 3+24α2β 2θ 2+24α3β 3+12α4β 4

θ(θ 2+2αβθ +2α2β 2)

θ(θ 2+2αβθ +2α2β 2)

θ 2+4αβθ +6α2β 2

=

√
θ 4+8αβθ 3+24α2β 2θ 2+24α3β 3+12α4β 4

θ 2+4αβθ +6α2β 2

the following relation is applied to derive skewness value of
AG3PAD Eq.8.44.

υ1 =
µ3

[µ2]
3
2
=

µ1
3 −3[µ1

1 µ1
2 ]+2[µ1

1 ]
3

[µ1
2 − [µ1

1 ]]
3
2

the following relation is applied to derive kurtosis value of
AG3PAD Eq.8.44.

υ2 =
µ4

[µ2]2
=

µ1
4 −4[µ1

3 µ1
1 ]+6[µ1

1 µ1
2 ]−3[µ1

1 ]
2

[µ1
2 − [µ1

1 ]]
2
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υ3 =
σ 2

µ1
1

=
θ 4+8αβθ 3+24α2β 2θ 2+24α3β 3+12α4β 4

θ 2(θ 2+2αβθ +2α2β 2)

θ(θ 2+2αβθ +2α2β 2)

θ 2+4αβθ +6α2β 2

=
θ 4+8αβθ 3+24α2β 2θ 2+24α3β 3+12α4β 4

θ(θ 2+2αβθ +2α2β 2)(θ 2+4αβθ +6α2β 2)

8.5.4 Excess Loss Distribution

Proposition 8.5.6. In this section, we define probability func-
tion of the excess loss function fl(x;α,β ,θ), mean residual life-
time (MRL), equilibrium distribution fe(x;α,β ,θ), survival func-
tion based on the equilibrium distribution Se(x;α,β ,θ) and haz-
ard function based on the equilibrium distribution he(x;α,β ,θ)
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as;

fl(x;α,β ,θ) =

θ 3

[
1+αβx

]2

e−θ(x−z)

θ 2+2αβθ +2α2β 2+2αβθ 2z+α2β 2θ 2z2+2α2β 2θz
;x > z

(8.53)

m(x) =
θ 2+4αβθ +6α2β 2+2αβθ 2x+α2β 2θ 2x2+4α2β 2θx

θ(θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx)
(8.54)

fe(x;α,β ,θ) =

θ

[
θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

]
e−θx

θ 2+4αβθ +6α2β 2

(8.55)

Se(x;α,β ,θ) =

[
θ 2+4αβθ +6α2β 2+2αβ 2θ 2x+α2β 2θ 2x2+4α2β 2θx

]
e−θx

θ 2+4αβθ +6α2β 2

(8.56)

he(x;α,β ,θ) =

θ

[
θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

]
[

θ 2+4αβθ +6α2β 2+2αβ 2θ 2x+α2β 2θ 2x2+4α2β 2θx
]

(8.57)
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Proof. Using the relation Eq.1.10, the pdf of excess loss dis-
tribution Eq.8.53 is obtained as;

fl(x;α,β ,θ) =

θ 3

θ 2+2αβθ+2α2β 2

[
1+αβx

]2

e−θx[
θ 2+2αβθ+2α2β 2+2αβθ 2z+α2β 2θ 2z2+2α2β 2θz

θ 2+2αβθ+2α2β 2

]
e−θz

=

θ 3

[
1+αβx

]2

e−θ(x−z)

θ 2+2αβθ +2α2β 2+2αβθ 2z+α2β 2θ 2z2+2α2β 2θz
;x > z

further mean residual lifetime Eq.1.11 is obtained by use of
Eq.1.11 as;

m(x) =
θ 2+2αβθ +2α2β 2

(θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx)e−θx I1

I1 =
∫

∞

x

(θ 2+2αβθ +2α2β 2+2αβθ 2t +α2β 2θ 2t2+2α2β 2θ t)e−θ t

θ 2+2αβθ +2α2β 2 dt
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Taking the numerator part
∫

∞

x (θ 2+2αβθ +2α2β 2+2αβθ 2t+
α2β 2θ 2t2+2α2β 2θ t)e−θ t we have the following;

I2 =
∫

∞

x
(θ 2+2αβθ +2α

2
β

2+2αβθ
2t +α

2
β

2
θ

2t2+2α
2
β

2
θ t)e−θ tdt

u = (θ 2+2αβθ +2α
2
β

2+2αβθ
2t +α

2
β

2
θ

2t2+2α
2
β

2
θ t) =⇒ (2αβθ

2+2α
2
β

2
θ

2t +2α
2
β

2
θ)dt

dv = e−θ t =⇒ v =
−e−θ t

θ

I2 =−(θ 2+2αβθ +2α
2
β

2+2αβθ
2t +α

2
β

2
θ

2t2+2α
2
β

2
θ t)

e−θ t

θ
+2I3

I3 =
∫

∞

x
(αβθ +α

2
β

2
θ t +α

2
β

2)e−θ tdt

u = (αβθ +α
2
β

2
θ t +α

2
β

2) =⇒ du = (α2
β

2
θ)dt

dv = e−θ t =⇒ v =
−e−θ t

θ

I3 =−(αβθ +α
2
β

2
θ t +α

2
β

2)
e−θ t

θ
+α

2
β

2
∫

∞

x
e−θ tdt

I3 =−(αβθ +α
2
β

2
θ t +α

2
β

2)
e−θ t

θ
+α

2
β

2I4

I4 =
∫

∞

x
e−θ tdt =⇒ −e−θ t

θ
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From I2, I3 , I4 we have the following;

I2 =

[
−e−θ t

θ

[
θ

2+4αβθ +6α
2
β

2+2αβθ
2+αβ

2
θ

2t2+4α
2
β

2
θ t
]]∞

x

I2 =
e−θx

θ

[
θ

2+4αβθ +6α
2
β

2+2αβθ
2x+α

2
β

2
θ

2x2+4α
2
β

2
θx

]
I1 =

I2

θ 2+2αβθ +2α2β 2

=
θ 2+2αβθ +2α2β 2

(θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx)e−θx I1

m(x) =
θ 2+4αβθ +6α2β 2+2αβθ 2x+α2β 2θ 2x2+4α2β 2θx

θ(θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx)

further using relation Eq. 1.12, equilibriumdistribution Eq.8.55
is obtained as;

fe(x;α,β ,θ) =

[
θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

θ 2+2αβθ +2α2β 2

]
e−θxθ(θ 2+2αβθ +2α2β 2)

θ 2+4αβθ +6α2β 2

=

θ

[
θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

]
e−θx

θ 2+4αβθ +6α2β 2

using the relation Eq.1.13, Se(x;α,β ,θ) in Eq.8.56 is obtained
as;

∫
∞

x
S(t;α,β ,θ)dt =

[
θ 2+4αβθ +6α2β 2+2αβ 2θ 2x+α2β 2θ 2x2+4α2β 2θx

]
e−θx

θ(θ 2+2αβθ +2α2β 2)

=

[
θ 2+4αβθ +6α2β 2+2αβ 2θ 2x+α2β 2θ 2x2+4α2β 2θx

]
e−θx

θ(θ 2+2αβθ +2α2β 2)

θ(θ 2+2αβθ +2α2β 2)

θ 2+4αβθ +6α2β 2



347

Se(x;α,β ,θ) =

[
θ 2+4αβθ +6α2β 2+2αβ 2θ 2x+α2β 2θ 2x2+4α2β 2θx

]
e−θx

θ 2+4αβθ +6α2β 2

lastly, using the relation Eq.1.14 hazard function based on the
equilibrium distribution Eq.8.57 is obtained as;

he(x;α,β ,θ) =

θ

[
θ 2+2αβθ+2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

]
e−θx

θ 2+4αβθ+6α2β 2[
θ 2+4αβθ+6α2β 2+2αβ 2θ 2x+α2β 2θ 2x2+4α2β 2θx

]
e−θx

θ 2+4αβθ+6α2β 2

=

θ

[
θ 2+2αβθ +2α2β 2+2αβθ 2x+α2β 2θ 2x2+2α2β 2θx

]
[

θ 2+4αβθ +6α2β 2+2αβ 2θ 2x+α2β 2θ 2x2+4α2β 2θx
]
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9 Conclusion

In the research project we have constructed finite gammamix-
tures up to 3 components and their generalizations. We ex-
pressed the constructed distributions in terms of pdfs, Cdfs,
S(x) and h(x). Both statistical and mathematical properties
of the constructed distributions were studied. The properties
include reliability analysis, moments and excess loss distri-
bution properties. Generalization of the constructed distri-
butions enhanced model flexibility in modeling lifetime data.
The finite gamma mixed distributions were fitted to a life-
time data (breaking stress data of 66 carbon fibers in GPa).
The modes of estimation are MLE and MOME. On to the one
parameter fitted distributions, Suja provided a better fit than
Rama, Aradhana, Sujatha, Akash, Shanker, Lindley and ex-
ponential distribution. The density curve of Suja in figure 5
was highest than the rest. Hence it was best fitted distribu-
tion. Based on the fitted two parameter distributions, QSD
was a better fit than AG2PAD, QAD, AG2PSD, AG2PLD AND
G2PSD. Evidently, in figure 10 QSD demonstrated to have the
highest fitted density curve. Therefore, it was considered to
be the best fit among the two parameter distributions com-
pared. We fitted and compared goodness of fit measures of
AG3PLD, AG3PAD and AG3PSD. AG3PLD provided a better
fit that AG3PAD AND AG3PSD. Based on the density shapes
of the fitted three parameter distributions fitted in figure 19,
AG3PLDhad the highest curve. Therefore, AG3PLDwas a bet-
ter fit that other fitted three parameter distributions. We were
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able to note that model generalization improved goodness of
fit measures.

9.1 Future Research

In the context of finite gamma mixtures, we can recommend
future research work on length-Biased Weighted finite mixed
gamma distributions.
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