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Abstract

The concept of finite mixture has contributed immensely in search of more flexible dis-
tributions that are in a position to capture data heterogeneity. One parameter Lindley
distribution as the first case of a finite mixed gamma distribution has been generalized
up to five parameters and goodness of fit measures done. Based on the available litera-
ture, Lindley and its generalizations has been extensively applied in modeling of lifetime
data. Generalized cases of Lindley distribution prove to be more flexible than one param-
eter Lindley in modeling lifetime data. However, Lindley and its generalizations have not
been extensively compared to other finite gamma mixtures. In this project, the goal is
to study finite gamma mixtures and their applications to lifetime data. Similarly, finite
gamma mixtures have been constructed up to three component and their statistical prop-
erties studied.

Selected constructed finite gamma mixtures were fitted to a lifetime data regarding carbon
fiber breaking stress recorded by Nichols and Padget (2006). The model parameters were
estimated using method of moments (MOM) and maximum likelihood (MLE) techniques.
The results of one parameter selected distributions proved that Suja, Rama, Aradhana, Su-
jatha, Akash and Shanker were better fit than Lindley distribution. Based on the selected
distributions two parameter, it was established that QSD, AG2PAD, QAD, AG2PSD were
more flexible than AG2PLD while G2PSD performed worse than AG2PLD. Based on the
selected three parameter distributions fitted, AG3PLD was a better fit than AG3PAD and
AG3PSD.
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1.1

GENERAL INTRODUCTION

Background Information

A finite mixed distribution is a convex combination of two or
more density functions of different random variables. Com-
bining two or more probability density functions enhance flex-
ibility of the mixed distribution in analyzing complex data.
Mixed distributions have wide application in statistical anal-
ysis such as survival analysis, classification, modeling among
others. The concept of finite mixed distributions was first en-
countered in modeling of outliers through combining obser-
vations primarily to have the best outcome (Newcomp, 1886).
The second incidence of finite mixed model is the combina-
tion of two univariate Gaussian distributions (Pearson, 1894).
MOME was applied in the estimation of the newly constructed
distribution.

Vardi et al. (1985) applied finite Poisson mixtures on Positron
emission tomography (PET) to study occurrence of emissions
in a single line in photon detectors. The estimation meth-
ods in photon detectors were maximum likelihood estimation,
least square estimation and method of moment estimation.
Another case of finite mixed distribution is a finite mixture
of multivariate Poisson distribution introduced by Karlis and
Meligkotsidou (2007) as an alternative model to fit count data.
The proposed model was flexible to allow estimation of pa-



rameters in over-dispersed data.

The first incidence of finite gamma mixture in search of flexi-
ble probability distributions to fit a lifetime data was encoun-
tered by Lindley (1958) one parameter Lindley distribution.
One parameter Lindley distribution is derived from a combi-
nation of Gamma (1,0) and Gamma (2, 0) through the con-
cept of finite mixtures. Ghitany et al. (2008) further discussed
statistical properties of LD. Further it was proved that one pa-
rameter Lindley distribution was a better fit than the expo-
nential distribution. Exponential distribution has a constant
hazard function thus unable to model different shapes of haz-
ard functions (increasing, decreasing and bathtub).

The concept of finite mixture leads to development of flexible
distributions to model different shapes of hazard function. In
this research project, we shall provide a comprehensive work
on finite gamma mixtures application on lifetime data.



1.2 Definitions, Notations and Terminologies

Definitions

Generalization : This is a concept of constructing a new dis-
tribution with more parameters than the original one mainly
to increase the model flexibility in order to accommodate
more data.

Finite Mixture: A k-component finite mixture is defined as;
k

f(x) =) o;fx) a1
j=1

where ®; > 0 and Z’]‘-:1 ®;=1and f;(x|0;) is the j compo-
nent pdf. Further, @; is a vector of mixing weights or mixing
probabilities and ¥ is the parameter vector of the j* com-
ponent. There are three sets of parameters to be estimated.
To begin with, if £, ® and ¥ are unknown then they have
to be estimated. If only k is known then @ and ¥ are esti-
mated. Lastly, if k and @ are known only ¥ is estimated.
A finite mixture is also known as mixed distribution

Survival function : Survival function is denoted by S(x) which
is known as the probability of an individual to survive be-
yond say time x.

hazard function : hazard function is denoted by A(x) which
is the instantaneous rate that an event occurs.

Equilibrium distribution: This is mathematical function
that is useful in evaluating a lifetime of a random variable
say x at given period say t.



Mean excess loss : It is denoted as m(x) that is mean of ran-

dom variable say x which represents remaining lifetime of
a given lifetime process.

Notations

1. 'oe: This is a representation of an ordinary gamma func-
tion.

2. T'(a,y): Thisis a representation of upper incomplete gamma
function.

3. Y(a,y): Thisis a representation of lower incomplete gamma
function.

4. ®(a,y): Thisis a representation of lower incomplete gamma

10.
11.

12.
13.

function ratio.

. ¥(a,y): Thisis a representation of upper incomplete gamma

function ratio.

. 8(x): Is the survival probability

. h(x): Is the hazard function

x): Pdf of the excess loss function.

fix)
m(x)
fe(x): Equilibrium distribution.
Se(x)

tion.

: Mean residual lifetime (mean excess loss).

Survival function based on the equilibrium distribu-

h.(x): hazard function of the equilibrium distribution.

P(.): Probability of an event to occur.



Terminologies

Pdf : Probability Density Function

Cdf : Cumulative Density Function
MLE : Maximum Likelihood Estimation
MOME : Method of Moment Estimation
QSD : Quasi Sujatha distribution

QLD : Quasi Lindley distribution

NQLD : New Quasi Lindley distribution
LD : Lindley distribution

ED : Exponential distribution

AG2PAD : A generalized two parameter Aradhana distribu-
tion

QAD : Quasi Aradhana distribution

AG2PSD : A Generalized two parameter Sujatha distribution
AG2PLD :A Generalized two parameter Lindley distribution
G2PSD : Generalized two parameter Shanker distribution

AG3PLD : A generalized three parameter Lindley distribu-
tion

AG3PAD : A generalized three parameter Aradhana distribu-
tion

AGA4PLD : A generalized four parameter Lindley distribution
AGS5PLD : A generalized five parameter Lindley distribution



1.3

1.4

G2PAD : Generalized two parameter Akash distribution
G3PAD : Generalized three parameter Akash distribution
G3PSD : Generalized three parameter Shanker distribution
AG2PRD : A generalized two parameter Rama distribution

AG3PRD : A generalized three parameter Rama distribution

Research Problem

Lindley (1958) introduced one parameter Lindley distribution
as a two component finite gamma mixture (k = 2). Studies
have been done on Lindley and its generalizations in terms
of goodness of fit measures . However, Lindley and its gen-
eralizations have not been compared to other finite gamma
mixtures. The problem in the study is to construct other finite
gamma mixtures up to three components (k = 3) and compare
accuracy measures with Lindley and its generalizations.

Objectives of the Study

1. The broad objective of the study is to study finite gamma
mixtures and their applications.

2. To construct finite gamma mixtures and study their statis-
tical properties.

3. To estimate parameters of selected distributions from 2 above
using MOME and MLE methods.

4. To compare goodness of fit measures of the fitted distribu-
tions in 3 above.



1.5 Methodology

In this section, we discuss mathematical tools to be employed
in the research.

Special functions: The following highlighted special functions
will be used in the research.

« A gamma function is denoted by I'(«) is defined as;
INo) :/ x* e dx; a >0 (12)
0

« Anincomplete upper gamma function is denoted by I'(a, y)
is defined as;

INa,y) :/ x*le™dx; o>0 (1.3)
y

- incomplete lower gamma function denoted by ¥4 ) is
defined as;

y
v(a,y) :/ x* e dx; a>0 (1.4)
0
« Anincomplete upper gamma function ratio denoted by

Ta(y) is defined as;

d(a,y) = FI('?O’C)))) = F(loc) /yooxo‘_le_xdx; o >0

(1.5)

« Anincomplete lower gamma function ratio denoted by
®(a,y) is defined as;
yley) 1

y
d(a,y) = — “loXdx: a>0 a
( 7}’) F(OC) F(OC)/() X e X > (1.6)




We can note the following in special functions applied
in the research.

« let g(y) be a probability density function of a general-
ized two parameter gamma distribution, then g(y) is de-
fined as;

o
'B—e_ﬁyyo‘_l; y>0,>0,a>0 @

gy) = (o)

Reliability analysis functions: For the reliability analysis func-
tions to be considered are survival function and hazard func-
tion.

o Survival function: Let S(x) be the probability of an individual to survive beyond time
x or the event of has not occurred by time x. Survival function S(x) given as;

S(x) =P(X >x)
—1-P(X <x)

S(x)=1-F(x) (1.8)

hazard function: Let i(x) be a conditional density, provided that the event that the
researcher is interested in has not yet occurred prior to time say x.hazard function A(x)
is given by;

P(x <X <x+Ax|X >x)
Ax—0 Ax
P(x <X <x+Ax,X >x)
Av30 AP(X > x)
B P(x<X <x+Ax)
A0 AXS(X)

P(x <X <x+Ax)
S(x) A0 Ax

moreover,

h(x) = (1.9)



Excess loss functions: The following excess loss functions
to be used in the study are:-

. Pdf of excess loss distribution
The pdf of excess loss function denoted by f;(x) is given as;

P(X >z) = /me(x)dx
1—P(X<z)= /wf(x)dx

1—-F(z) :/ f(x)dx

= o f(x)dx
 1-F(z)

 fx)
1-F(2)’

filx)

x>z (1.10)

Mean excess loss (Mean residual lifetime)
Mean excess loss of a random variable X denoted by m(x) is given as;

m(x) = E[T —x|T > x]

—/xw(t—x)lfg)(x)dt
1

- —F / (t—x)f(1)dt

where f(t) = —450) and then;

dt
1 —;(x) /xm(t =) <_izsz(t)>dt
-1

-rm / (t —x)dS(7)

Using integration by parts technique we have the following;
u=(t—x)=du=dt
dv=dS(t) = v=_5(t)

= __; 5 K(t —x)S(t))j _ / MS(t)dt]

=1 __Fl(x) [o — /x wS(t)dt}
[ 8(t)dt

1—F(x)
1 oo

)= T /xw(l _F(1))dt (1.11)
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Equilibrium distribution
By definition, the expected value of X is defined as;

E(x) = /wxf(x)dx

()

= —/Omde(x)

Using integration by parts technique then;

u=x—du=dx
dv=dS(x) = v=_S(x)

__ [xS(x)|(°)° - /0 ws(x)dx}

—_ [0— /0 ) S(x)dx]

E(x) = /OwS(x)dx

| Jo S(x)dx
E(x)

therefore;

fe(x):z(();)); x>0

survival function of the equilibrium distribution
Se(x) of the equilibrium distribution is given by the following relation;

Se(x) = E(lx) /:S(t)dt

hazard function based on the equilibrium distribution

(1.12)

(1.13)

hazard function of the equilibrium distribution is denoted by A,(x) and is given as;

_ Je(x)
Se(x)

he(x)

(1.14)
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Alternatively, hazard function of the equilibrium distribution is obtained as inverse of
the mean residual lifetime. From Eq.1.12 and Eq.1.13 the inverse is obtained as;

S(x) 1

CEM e Faydt
(

Therefore;

he(x) = (1.15)

7" Moment technique: The 7" moment is defined as;

E(X7) = / Zxr Fl)dx 1)

Mgf Technique: The mgf of a random variable X is defined
as;

Mx(t) = E(etx) (1.17)

Where E(x) = M!(0) and E(x*) = M"(0) Using mgf tech-
nique, the " moment is defined as;

r dr
E(X) = oM (1)

Method of Moment Estimation (MOME)

Maximum Likelihood Estimation (MLE)
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1.6 Literature Review

1.6.1 Lindley Distribution and its Generalizations

Lindley (1958) introduced one parameter Lindley distribution
as a two component mixed distribution of Gamma (1, 0) and
Gamma (2, 0) through finite mixture concept with mixing prob-
ability as @ = OLH. Further Ghitany et al. (2008), discussed
statistical properties of one parameter Lindley distribution.
The parameter of the introduced LD was estimated using max-
imum likelihood estimation method. The proposed one pa-
rameter LD was applied on both simulated data (N = 10,000
times) and real time data on waiting times of 100 bank cus-
tomers. LD proved to be a better fit than exponential distribu-
tion (Gamma (1, 0)). Therefore, One parameter Lindley distri-

bution was more flexible than exponential distribution.

A generalized three parameter Lindley distribution (Case 1)
was introduced by Zakerzadeh and Dolati (2009) as a two-

component finite mixed distribution of Gamma (o, 8) and Gamma

(o + 1, 0) with mixing weight as @ = GLEH/’ Statistical proper-
ties such as order statistics and random variable generation
were discussed. The parameters of the distribution were es-
timated using maximum likelihood estimation. The distribu-
tion was fitted to two data sets on failure rates of 15 electronic
components and 25 100-centimeters yarn specimens. The gen-
eralized three parameter Lindley distribution was established
to be best fit among log-normal, weibull and Gamma (c, 0)
distributions.



Deniz and Ojeda (2011) proposed a discrete LD through repa-
rameterization. Properties such as reversed hazard rate, fisher’s
information about A, moments and related measures (skew-
ness and kurtosis) among others of a discrete LD were dis-
cussed. The discrete Lindley distribution was estimated using
MLE technique and it proved to be a better fit than poison dis-
tribution.

AG2PLD was proposed and introduced by Shanker et al.(2013c)
as a mixed distribution of Gamma (1,0) and Gamma (2, 0)

through finite mixture concept with mixing proportion as ® =
0

0+o”

ments, kurtosis, skewness, hazard function and mean resid-

Statistical properties such as stochastic ordering, mo-

ual lifetime (MRL) were discussed. Parameter estimation was

done using MLE technique. A generalized two-parameter Lind
ley distribution (AG2PLD) proved to be a better fit than LD
when applied on both lifetime data.

Shanker and Mishra (2013 a) proposed and introduced a quasi
Lindley distribution (QLD) as a two component finite gamma
mixed distribution of Gamma (1,60) and Gamma (2, 8) with

_o
o+1°
stochastic orderings, failure rate, mean residual lifetime and

mixing proportion as @ = Statistical properties such as
moments were discussed. The model was fitted to two sets of
data. The data sets were on survival times of 72 guinea pigs
that were exposed to virulent tubercle bacterial and grouped
mortality data of blackbird species. QLD was a better fit than
LD.
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Similarly, another form of QLD was proposed by Shanker and
Amanuel (2013) as a two component mixed distribution of

Gamma (1, 0) and Gamma (2, 0) with mixing weight as @ =
o
0%+
sis, skewness failure rate, mean deviations, Lorenz curve and

. The properties stochastic orderings, moments, kurto-

mean residual lifetime were discussed. New QLD was fitted
to survival data in days of 72 guinea pigs, waiting times of
100 bank customers and grouped mortality data. The study
proved that new QLD is a better fit than QLD for modeling
both survival and waiting times data.

Another case of a generalized two parameter Lindley distri-
bution was introduced by Shanker and Mishra (2013 b). The
two parameter Lindley distribution is two component finite

gamma mixed distribution of Gamma (1, 8) and Gamma (2, 0)

o0
af+1°

stochastic orderings, moments, failure rate and mean residual

with mixing weight as @ = Statistical properties such as
lifetime were discussed. The distribution was fitted to both
survival and waiting times data sets with estimation tech-
nique as maximum likelihood and method of moments. Evi-
dently, the two parameter Lindley distribution was more flexi-
ble than LD in modeling both survival and waiting times data.

Al-Babtain et el. (2015) introduced two cases of a generalized

four parameter Lindley distribution as special cases of a gener-

alized five parameter Lindley distribution. Case 1 version of a

generalized Lindley distribution was introduced as a two com-

ponent finite mixed distribution of Gamma (¢, 8) and Gamma
6

(B, 0) with mixing proportion as @ = 4. Similarly, case 2 ver-
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sion of a generalized four parameter Lindley distribution was
introduced as a finite mixed distribution of Gamma (&, 6) and
Gamma (B, 0) with mixing weight as @ = %. Both statisti-
cal properties and estimation were discussed.

A generalized five parameter Lindley distribution was intro-
duced as a two component finite mixed distribution of Gamma
(a, 0) and Gamma (f3, 0) with mixing proportion as ® = ni%
( Al-Babtain et el. 2015). Statistical properties such as sur-
vival function, kurtosis, skewness, hazard rate, reversed haz-
ard rate, lorenz and Bonferroni curves, moments among oth-
ers were discussed. The parameters were estimated using both
MLE and MOME. The distribution was fitted to lifetime data
on stress breaking of carbon fibers. A generalized five param-
eter Lindley distribution was best fitted among exponential,

LD and AG3PLD.

Another generalized three parameter Lindley distribution (Case
2) was introduced by Shanker et al. (2017) as a two component

finite mixed distribution of Gamma (1,0) and Gamma (2, 0)

o0
af+1°

cal properties discussed are stochastic orderings, mean devi-

Some of the statisti-

with mixing proportion as @ =

ations, failure rate, mean residual lifetime among others. The
distribution was fitted on survival data in days of 72 guinea
pigs using maximum likelihood estimation technique. Case
2 version of a generalized three parameter Lindley distribu-
tion proved to be a better fit than case 1 version of a general-
ized three parameter Lindley distribution by Zakerzadeh and
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Dolati (2009).

1.6.2 Other two-Component Finite Gamma Mixtures

Akash Distribution and its Generalizations

Shanker (2015a) introduced one parameter Akash distribution
as a two component finite mixed distribution of Gamma (1, 0)

and Gamma (3, 0) with mixing weight as @ = egiz‘ Both sta-
tistical and mathematical properties such as moments, Lorenz
curve, mean deviations, stochastic orderings, mean residual
lifetime among others were discussed. Estimation technique
was MLE and MOME. The distribution was fitted to two life-
time data sets. One parameter Akash distribution was well
fitted than LD and exponential distribution.

Another case of one parameter Akash distribution introduced
in discrete Akash (Abebe and Shanker (2018)). properties of
the distribution were estimated using MLE technique and fit-
ted to a lifetime data. Discrete Akash distribution was found
to be of better fit than other discrete distributions such as dis-
crete Lindley , discrete Shanker among others.

Shanker et el. (2018) introduced Aksh distribution with two

parameters as a finite mixed distribution of Gamma (1, 8) and

Gamma (2, 0) with mixing probability as @ = a‘é‘fiz. Statis-
tical and mathematical properties such as moments, stress-
strength analysis, mean residual lifetime, hazard rate among
others. The distribution was fitted on a failure times of 15
electric components. A generalized two parameter Akash dis-
tribution was found to be best fitted distribution than expo-

nential, one parameter Akash and log-normal distributions.
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Shanker Distribution and its Generalizations

Shanker (2015b) introduced one parameter Shanker distribu-

tion as a finite mixed distribution of Gamma (1, 8) and Gamma
92

62+1°

mathematical properties such as Lorenz curve,. order statis-

(2,0) with mixing probability as @ = Statistical and
tics, Renyi Entropy, stochastic orderings, failure rate, mean
residual lifetime among others were discussed. The distribu-
tion was fitted to three types of lifetime data. The lifetime
data are waiting times of 100 bank customers, relief times of
20 patients in minutes and glass strength data of aircraft win-
dow. One parameter Shanker distribution was a better fit than
LD and exponential distribution.

Rama Distribution and its Generalizations

A two component finite mixed distribution of Gamma (1, 0)
and Gamma (4, 0) with mixing proportion as ® = 95—; known
as Rama distribution (Shanker, 2017a). Statistical properties
such as Lorenz curve, failure rate, moments and related mea-
sures, mean deviations, stochastic orderings, stress- strength
analysis and Bonferroni curve. One parameter Rama distri-
bution was fitted to a glass strength data of aircraft window.
The estimation methods were both MOME and MLE. It was
found that one parameter Rama distribution gave a better fit
than other one parameter distributions such as exponential,

LD, Sujatha, Amarendra, Akash, Shanker and Aradhana.
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A generalized two parameter Rama distribution is introduced

as a finite mixed distribution of Gamma (1,60) and Gamma
. .. .- 0 .

(4, 0) with mixing probability as @ = a‘g)‘3+6 (Edith et al., 2019).

Mathematical and statistical properties such as Lorenz curve,

mean deviations, moments, skewness, kurtosis, failure rate,
survival function, mean residual lifetime and stochastic order-
ings were constructed. The generalized two parameter Rama
distribution was fitted to a lifetime data of 200 patients that
were diagnosed with hepatitis B during their second hospital
visit to a general hospital located in Eastern Nigeria. The pa-
rameters were estimated using both MLE and MOME. It was
found that a generalized two parameter Rama distribution
provided a better fit than exponential, LD, Shanker, Akash,
two-parameter Akash and Ishita.

Suja Distribution and its Generalizations

A two-component finite mixed distribution of Gamma (1, 0)
and Gamma (5, 0) with mixing weight as @ = 949—:24. The dis-
tribution would be called Suja distribution (Shanker, 2017b).
Both statistical and mathematical properties such as moments

and related measures, Bonferroni and Lorenz curves, failure

rate, mean residual lifetime among others have been discussed.
The introduced distribution was fitted to a lifetime data (strength

data of aircraft window). Estimation method was MOME and
MLE techniques. The proposed distribution was well fitted
than Akash, Sujatha, Shanker, Devya, Amarendra, LD, expo-
nential and Aradhana distributions.



A generalized two parameter Suja distribution known as "Power
Length-Biased Suja distribution" was introduced (Al-Omari et
al., 2019). Statistical properties were studied. The distribution
was fitted to a lifetime data (failure times of 84 windshield
of an aircraft). The model parameters were estimated using
MLE technique. The power Length-Biased Suja Distribution
(PLBSD) was a better fit than Garima, Rama, Ishita, Sushila,
Suja and length-biased Suja distributions.

1.6.3 Three-Component Finite Gamma Mixtures

Sujatha Distribution and its Generalizations

A three component finite mixture of Gamma (1,0), Gamma
(2,0) and Gamma (3, 0) with mixing proportions @; = #{12
and @, = 92+99+2 known as Sujatha distribution was intro-
duced (Shanker,2016a). Statistical and mathematical proper-
ties such as shapes of the pdf and cdf, moments and related

measures, stochastic orderings, among others were discussed.

The proposed distribution was fitted to three lifetime data sets
(relief data of 20 patients,glass strength data of aircraft win-
dow and tensile strength of 69 carbon fibers recorded in GPa).
The model parameter was estimated using both MOME and
MLE estimation techniques. Sujatha distribution provided a
better fit than exponential, LD, Shanker and Akash distribu-
tions.

Shanker (2016b) introduced a generalized two parameter Su-
jatha distribution as a three component finite mixture of Gamma



20

(1,0), Gamma (2 0) and Gamma (3, 0) with mixing probabil-
_ 6

a6+9+2 and @, = gara0s-

parameter Sujatha distribution is referred to as Quasi Sujatha

distribution (QSD). Some of the statistical properties derived

are mean deviations, Lorenz and Bonferroni curves, moments

ities as ® = The generalized two

and failure rate. The proposed distribution was fitted to a life-
time data on failure times on 15 electric components using
both MOME and MLE techniques. QSD was found to be a
better fit than WLD, weibull, log-normal, Sujatha, LD, expo-
nential and Gamma distribution.

Another form of a generalized two parameter Sujatha distri-
bution (AG2PSD) was introduced a three component finite
mixture of Gamma (1,60), Gamma (2,60) and Gamma (3, 0)
. .. .- . 62 )
with mixing probability as @ = 55—, and @ = g,
(Shanker et al., 2017c). The properties of the distribution were

discussed. The two parameter distribution was fitted to a life-
time data sets using both MOME and MLE estimation tech-
niques. AG2PSD provided a better fit than LD, Sujatha, Arad-
hana and Exponential distributions.

Similarly, another form of a generalized two parameter Su-
jatha distribution was introduced as three component finite
mixture of Gamma (1,0) , Gamma (2 0) and Gamma (3, 0)
with mixing proportions as @; = Mm and @, = %
(Shanker, 2020). The generalized two parameter Sujatha dis-
tribution is known as New Quasi Sujatha distribution (NQSD).
Statistical properties derived were mean deviations, kurtosis,

stochastic orderings, skewness, Lorenz and Bonferroni curves,



moments among others were discussed. The distribution was
fitted to a lifetime data (on tensile strength of 69 carbon fibers)
using MLE and MOME techniques. NQSD provided a bet-
ter fit than QSD, exponential, LD and Sujatha distribution in
modeling lifetime data.

Aradhana Distribution and its Generalizations

A three component finite mixed distribution of Gamma (1, 0),
Gamma (2,0) and Gamma (3, 0) with mixing probabilities as
W = 92+9229+2 and w, = 92f299+2 (Shanker, 2016c). Properties
such as mean deviations, skewness, index of dispersion, Bon-

ferroni and Lorenz curves, stochastic orderings, order statis-
tics, stress-strength analysis were discussed. The introduced
distribution was fitted to lifetime data sets using both MOME
and MLE estimation techniques. One parameter Aradhana
distribution was found to be a better fit than exponential, LD,
Akash and Shanker distributions.

Weldon and Shanker (2018) introduced a generalized two pa-
rameter Aradhana distribution (AG2PAD) as a finite mixed
distribution of Gamma (1, 8), Gamma (2, 8) and Gamma (3, 6)
0> and @, — — 208
02+200+2 02 = 57200120
Mathematical and statistical and mathematical properties were
discussed. AG2PAD was fitted to a lifetime data using MLE as
the main estimation method. AG2PAD was a better fit than

QSD, Aradhana, LD and exponential distributions.

with mixing proportions as @; =
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1.7

Similarly, another form of generalized two parameter distribu-
tion was introduced as a three component finite finite mixture
of Gamma (1, 8), Gamma (2, 8) and Gamma (3, ) with mixing
proportions as Wy = % and @, = %. The dis-
tribution is known as Quasi Aradhana distribution (Shanker et
al.,2018). Vital statistical and mathematical properties such
as CDF and PDF shapes of varying parameters, Lorenz and
Bonferroni curves, moments and related measures, stochastic
orderings, reliability measures and mean deviations were de-
rived and discussed. QAD was fitted to a lifetime data on fail-
ure times of 15 electronic components using both MOME and
MLE estimation techniques. QAD provided a better fit than
exponential, LD, Weibull, Aradhana, Gamma, log-normal and

exponentiated exponential distribution.

Significance of the Study

1. There are data that do not fit to the already known dis-
tributions. As such, finite gamma mixed distributions are
applied to fit such data.

2. Finite gamma mixtures have been used as mixing distribu-
tions to come up with more flexible distributions.

3. Generalizing a finite gamma mixed distribution increases
flexibility of the distribution. A flexible model capable in
capturing heterogeneity in the data.

4. Finite gamma mixtures play a significant role in reliability
analysis in engineering to understand failure rate of a ma-
chine.

5. Finite gamma mixtures can be used to study frequency of
insurance claims within a given period.
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2.1

2.2

TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Lindley Distribution)

Introduction

A two component finite gamma mixture a case of Lindley dis-
tribution and its generalizations is considered in this chapter.
We shall construct and derive statistical properties of Lindley
distribution and its generalizations. The mixed distribution is
expressed in terms of pdf and Cdf. Reliability measures such
as hazard function, survival function, mean residual function
(MRL), equilibrium distribution and pdf of excess loss function
have been derived for Lindley distribution and its generaliza-
tions. The moments both about mean and centralized ones
are derived.

One parameter Lindley distribution

2.2.1 Construction of one parameter Lindley distribution

Proposition 2.2.1. One parameter Lindley distribution is a fi-
nite mixed distribution of Gamma(1,0) and Gamma(2,0) with
weighing probability as ® = °~. The pdf f(x;0) and CdfF (x;8)

0+1°
of one parameter LD are;

2
9_|_1(1+x)e_9x; (0+1)>0,x>0,06>0 ¢

(0+0x+1)e 9
F(x;0)=1— B

fx:0) =

; (06+1)>0,x>0,0>0

(2.2)
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Proof . Using Eq.1.1, the pdf of LD is obtained as;

6 1
10) = ——(0e )+ ——
J(:0) =270 )+

62 S 0°x
= ——¢€ e
6+1 6+ 1
92
:9+10+@fm;(9+U>OJ>Q9>O

(6% %)

—0Ox

The pdf is a shown in Eq.2.1 above.
The Cdf of LD in Eq.2.1 is obtained as shown below;

F@ﬁ):/‘ﬂﬂdx
0
— 1 —0x
A 9+1( +x)e dx
92
0+1
11:/ (1+x)e ™
0

u=(l+x)=— du=dx

il

0 _e—9x
d = x:> s
v=e v 0
e—Gx 1 [e%s)
L =—(1 —— —e %d
1 (14x) o o) ¢ &
e %
L =—(1 — 1
1 (1+x) 0 0"
L = —e Pdx
0
d
Letu=—e % — du=—0dx :>—u:dx
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© ,du
- /_e_
"l

L= 9

Combining /; and I, we have the following

02 [~ P

= 1 —d
6+1/0 (1+x)e X
02 —(14x)e > 9%

:9+1[ -

0 62 |
=01 +x)e ™ e
T 1+6  1+6
—(04+0x+1)e %
1+6
(0+6x+1)e
1+6 ’

The Cdf of LD is as shown in Eq. 2.2. []

F(x;0)=1-— (064+1)>0,x>0,0>0

2.2.2 Reliability Analysis

Proposition 2.2.2. The survival function denoted by S(x,0)

and hazard function denoted by h(x; 0) of one parameter Lindley
distribution Eq. 2.1 are:

(0+6x+1)e

1+6 ’
6%(1+x)
0+ 06x+1

S(X;Q)Z (9+1)>O,x>0,9>0 (2.3)

h(x 9) X > 0, 6 >0 (2.4)



26

Proof . Using Eq.1.8, the survival function of LD is obtained
as;
(0+0x+1)e %
Sx;0)=1—(1—
(0) = 1 - (1- U
0+ 0x+1)e %
_ (0+6xt e, (0+1)>0,x>0,0 >0
146

By definition of hazard function Eq.1.9, the hazard function
denoted by h(x;60) of LD Eq.2.1 is obtained as;

92 —0x (1+9)

h(x;0) = 1

(5,6) = g7 (1 +x)e (0 +6x 1t 1)e 0
02(1+x)
6ot 707

2.2.3 Moments and related measures

Proposition 2.2.3. The r'" moments of LD about the origin are
obtained using both moment generating technique and methods
of moments are:

. rli(0+r+1)
My = ;
07 (60+1)

r:1,2,3,--- (2.5)

Proof . By definition of method of moments Eq.1.16, the mo-
ment of LD are obtained as;

/ 9 e dx
[ Gxdx_|_/ xr—l—leexdx]
0
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Using the relation 45 = [ 1% ‘e~ % dr

° F(r+1)
r —0Ox .
/o xe dx = orii

/ooxr+le—9xdx _ F(F+2)
0

9r+2
6% [T(r+1) N F(r+2)]
1 + 9 I 9r+1 9F+2
0> [rIr (r+1)rLr
- 1+6 or+1 + Qr+2 ]
B rl"r(G_—l— r+1)
o 07(6+1)
r'(@+r+1)
6r(60+1) ’
Similarly, by definition of mgf Eq.1.17, moments about the ori-
gin of LD are obtained as;

E(XV): }":1,2,37...

M (t) = / e (14+x)e % dx
0 +

62 1 & (k+1\ 1t
T 0+1 _Z e_ko( k )(5>]
- (9+(k+1)) [k

The 7" moments of a one parameter Lindley distribution are
obtained as a coefficient of of the moment generating func-
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tion m,(t) as;

o rl(@+r+1)
b= oo 11) °

r=1,2,3,-
=

settingr =1,2,3 and 4 in Eq.2.5 we obtain the moments about
the origin for one parameter Lindley distribution are as:

. 0+2 1 2(6+43)
1 6(60+4) ,u1:24(6+5>
TTe3e+1) Tt e4e+1)

=
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The centralized moments of LD are derived as;

=
=y — ()
2(0+3)  (6+2)

=026 1) T o261 1)
_2(043)(60+1)—(6+2)*
0%(60+1)>
0>+460 +2 5
=gz~ °
Hs = uz — Suyu; +2(u)’
*W=gg?%—“§ﬂiaegf$”4%é?3f
_ 6(0+4)(0+1)*—(0+1)(60%+300 +36) + (20° + 1267+ 246
B 63(1+6)3
_20°+120%7+120+4
M3 = 031+ 0)

Mo = py — 45 1y + 64 1y —3(up)?
 24(6+5) (0+4) (6+2) (6+2) (6+3) , .
BCECES (93(9+1)9(9+1)> (9(9+1)92(9+1)>_‘
96 +726%+ 132602+ 966 + 24

Ha 0%(6 + 1)
 3(36%+246° +446% 4326 +8)
Ha = 64(6 + 1)

Proposition 2.2.4. Other related measures such as variation co-
efficient (c.v), skewness (V) ),kurtosis (0;) and dispersion index
(V3) of a one parameter Lindley distribution Eq.2.1 are derived
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as:

V244642

Cv= .
Vv (9 +2) (2.6)
20°+120%+120+4
V1 = 3 (2.7)
(02446 +42)2
00+ 7263 4+ 132602% +966 + 24
’1)2 p— 2.8)
(02 +40 +2)2
n 6% +46+2
> 93+3602+26 @

The variation coefficient of LD Eq.2.1 is obtained as;

Proof.

(0
Cv=—

Hi
 V02+46+20(6+1) N V602 +46 42
- 06(6+1) 642 0+2

Skewness value Eq.2.7is given as;

M3
(622
~ 26°+1260%+126 +4< 6%(6+1)* )g _ 20°+126% 4126 +4

V1 =
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Kurtosis value denoted by v, in Eq.2.8is obtained as;

Ha
Dy =
(2)?
 3(36%+246° +446% 4326 +8) : 6%(6+1)2 SR 3(360*+246°
B 04(6+1)4 02440 +2 (62-
Dispersion index denoted by v; of LD Eq.2.1 is obtained as;
62
U3 — —1
M
(02+46+2)(0(0+1)) 0% 4+40 +2 02446 +2

261172 6+2  006+1)(0+2) 651362126

[]

2.2.4 Excess loss distribution

Proposition 2.2.5. The probability density function of excess
loss distribution f,(x; 0), mean residual lifetime (m(x)), survival
function based on equilibrium distribution S.(x; 0) and hazard
function based on the equilibrium distribution h.(x;0) for one
parameter Lindley distribution Eq.2.1 are:

_ 92(1+x) e—(x—z)@.

fl(X;G) — 0+ 0z 1 . X >Z (2.10)
0+0x+2

m(x) = 9(9+9X—|— 1) (2.11)

0(0+0x+1)e %

fe(xae): ( (9+2)) (2.12)

Se(.x;e) = 6—_|_2(9—|—9X+2)€_6x (2.13)
6(6+6 1

he(x;G): ( ToxT ) (2.14)

Ox+6+2
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Using the relation in Eq.1.10, pdf of excess of LD Eq.2.1 is ob-
tained as;

Proof.

S,
fl(x)—%, x>z

B 98_+21(1 +x)e O

0+0z+1 e 0z
0+1

02(1+x)e %
(04 0z+1)e -
92(1+x) —(x—2)8.

= 9—|—9z—|—le ;X >Z

As shown in Eq.2.10.

Applying the relation in Eq.1.11, mean excess loss of LD Eq.2.1
is obtained as;

1+6 ©04+0r+1.
= dt
m(x) (9—|—9x+1)e_9x/x[ 1+6 le
|

(9+9x+1)e—9x/ [0+ 0t + 1]e %dt
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Taking the part [°[0 + 01 + 1]e~®'dt and integrating using in-
tegration by parts technique we have;

Uu=0+0t+1— du= 0dt
_e—ez

e—eez oo ,—01
=—(0+0r+1)" +9/x —di
e (0 +0x+2)
B 0
04 6x+2
- 6(0+06x+1)

dv=e9— =

As shown in Eq.2.11.

Using the relation Eq.1.12, equilibrium distribution of LD Eq.2.1
is obtained as;

(0+6x+1)e % 0(0+1)
(1+06) (6+42)

0(0+0x+1)e o
(0+2)

fe(X;G) —

By definition Eq.1.13, survival function based on the equilib-
rium distribution denoted by S,(x; ) of LD Eq.2.1 is obtained
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as;

[ S(t)dt
Se(x;0) = =F——, >0
o (04+60141) _
. fx (1+9) © i
0+2
6(0+1)

9 (')
= 0+0r+1)e %dr
9+2/x (0+0r+1)e

dt

Using integration by parts technique we have:

u=(0+0t+1) = du=0dt
o1

—e
d — —Ql:> —
A% e A% 9
__ ,—0bt oo ,—0Ot
_ 04011 / 0dr
g \OTOrTT |
b o017
— 04+0r+1)—
5 (6+06r+1) 5 ]
e—Gx
=5 (6+6x+2)
9 e—@x
- 04 0x+2
62 g (OFH0x+2)
1
S, (x;0) = 9—+2(9 +0x+2)e

As shown in Eq.2.13 above.
Using the relation Eq.1.14, equilibrium distribution hazard func-
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tion of LD Eq.2.1 is obtained as;

0(0+0x+1)e & (6+2) ::$GW+Hx+U
(60+42) (04 0x+2)e 6« Ox+6+2

he(x;0) =

[]

2.3 Two Parameter Lindley Distribution

2.3.1 Construction of Two Parameter Lindley Distribution

Proposition 2.3.1. AG2PLD is a two component finite mixed
distribution ofGamma (1, 8) and Gamma (2, 0) with weighing
proportion @ = 5 +l3 , pdf and Cdf of AG2PLD are;

f(x;B,0) = ﬁ(1+[3x) e .0>0,8>0;(0+B)>0,x>0

(2.15)

Gﬁx

(x;,0) —1—[ ] e %0>0B8>0,(0+B)>0,x>0

(2.16)

The pdf of AG2PLD Eq.2.15 is obtained through the concept
of finite mixture defined in Eq.1.1 as shown below;

Proof.
F(1:B,0) = [0 %]+ B (g% 0r)
o 0+p 0+
_ 92 —Qx ﬁQZ —Gx
_9+ﬁe 9+ﬁ
92

= (1+Bx)e ;0 >0,>0(0+B)>0,x>0
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As shown in Eq. 2.16.

Remark 2.3.2. AG2PLD is nested with two distributions that
are one parameter LD and exponential distribution at different
values of 3.

putting B = 1, a generalized two parameter Lindley distribution
Eq.2.15 turns to one parameter Lindley distribution Eq.2.1 that is
a two-component finite mixed distribution of Gamma(1,0) and
Gamma(2,0)

Similarly, putting B = 0 a generalized two parameter Lindley
distribution Eq.2.15 reduces to an exponential distribution.

f(x; 9) = Ge_ex; x>0,06>0 (2.17)

This shows that a generalized two parameter Lindley distribu-
tion Eq.2.15 is more flexible than one parameter Lindley dis-
tribution Eq.2.1.

Similarly, the Cdf of AG2PLD Eq.2.15 is obtained as;

o0 92
o 6+p
62 ° 0
= 1 —d
9+[3/0 (14 Bx)e X
92
0+p

F(x,B,0)= (1+ Bx)e *dx

I



Where I} = [;°(1+ Bx)e %%dx

du=1+Bx = du= Bdx

0 _e—Gx
d — _x:> —
v=e v 0
_e_ex 00_6—9)6
I = 1 — d
1 9 (1+Bx) /O 5 Bdx
I = i) (14 ) -
B 6
Sy *d
6 Jo *

Let u = —0Ox then,

du :—Qxdx:>d—lg—dx
B/ —e— Qﬁz ; e'du
—Gx

L= 92
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Combining /; and I, we have,

e—@x e—Gx
I =—(1+px) 0 —ﬁ(ez )

L 92 = —0x
_9"'[3/0 (1+Bx)e "*dx
_9(1 + Bx)e % B Be 0%

— 14+

0+p 0+
g ee—Gx_ Gﬁe—ﬂx Be—ex
B 0-+p 0+
_q_ [9 + B+ Qﬁx]e_ex
0+p
0B x

F(x;8,0)=1-[1+ le 0 >0,8>0,(06+)>0,x>0

0+p
[]

2.3.2 Reliability Analysis

Proposition 2.3.3. The survival function denoted by S(x;3,0)
and hazard function denoted by h(x; 3, 0) for the two parameter
Lindley distribution Eq.2.15 are:

0 0
S(x;B,0) = ( +£:Bﬁx)e9x;[3>0,9>0,(9—|—l3)>0,x>0
(2.18)
6%(1+ Bx)
h(x;p,0)= ; 0,60 >0, 0 .
(xﬁ ) 9—|—,B—|—9ﬁxﬁ> >U,x > (2.19)

By definition of survival function in Eq.1.8, survival function of
AG2PLD Eq.2.15 is obtained as;
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Proof.

S(6B.0) =1 (1= [1+ 5 gle ]
B OBx ., 4.
_1—1+u+9+ﬁk9
= [1+ 6P le .6 >0,8>0,x>0

0+ pB

As shown in Eq. 2.18. Using the relation Eq.1.9, hazard func-
tion of AG2PLD is obtained as;

2 —0Xx
eeTﬁ(l + Bx)e®

h(x;B,6) = 6+B+6px
(&ove )
6%(1+ Bx)
= ;0 >0,0>0,x>0
9+ﬁ+9ﬂxﬁ
As shown in Eq. 2.19. []

2.3.3 Moments and related measures

Proposition 2.3.4. In this section, we use both moment gener-
ating function (mgf) and r'" moments techniques to get moments
of a generalized two parameter Lindley distribution Eq.2.15. The
expression for the r'" moments using both moment generating
function (mgf) and method of moments is given as:

(6 +B(r+1))
BT e+ p)

for r=1,2,3,--- (220
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Proof . By definition of moments in Eq.1.16, 7" moments of
AG2PLD Eq.2.15 are obtained as;

r ~ r 92 —0OXx
E(X):/O X 9+ﬁ(1+ﬁx)e 9dx

6 oo
- 9+B/0 X" (14 Bx)e ®dx
_ 92 [/ooxreexdx+B/°oxr+leexdx]
0+B|Jo 0
Using the relation [;" "~ le™%dt = 3 we have;
© [(r+1)
r,—0x .. __
/0 xe Tdx= orii
> N I'(r+2)
r+1 —0x 3.
ﬁ/o X Te Mdx=L3 o2
62 ['(r+1)
G‘i‘ﬁ 91’—1—1_'_13(1—;’:;2)
A [rFr ﬁ(r+1)rfr]
0+ B ot 67+2
rTr(0+B(r+1))
— ; :172737"'
oorp) T
(6 1
E(X}"):r( +B(r+ )); r:172’3,...

67(0+p)
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Using the relation in Eq.1.17, mgf of AG2PLD is obtained as;

oo 2
m, (1) :/o elxeiﬁ(l + Bx)e %dx

:9?: ; Owe”(l—i—ﬁx)e_exdx
- 345l >+<eﬁ>]
B (L)
:ézeiﬁﬁglhé)

The none centralized moments of AG2PLD.2.15 are obtained
as a coeflicient of f,—r, of the moment generating function m,(t)
as shown below;

= r'(@+p(r+1))
’ 07 (60+p)

r=1,2,3, -
=

we now obtain the first four moments about the origin of
a generalized two parameter Lindley distribution Eq.2.15 by
putting r =1,2,3 and 4 in Eq.2.20 as shown below:

. (0+2B) 1 2(6+3P)
M=%+ "~ 620+p)
L 6(6+4B)  , 24(8(0+5B))
M= 0018 ™7~ 640 +p)
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The first four moments about the mean are calculated as;

=

o=y — ()
_2(9—|—3ﬁ)_( 0+2p )2
- 6%(0+B) 6(6+pB)
0> +4B0+2p2

BT e py

s =13 — 3y +2(y )’
_60+24B  ((20+68B) (6 +2B) 0+2p
IECEY:) 3(92(9+ﬁ)9(9+ﬁ))+2<9(9+ﬁ)2>
203+ 126602+ 12320 +4f3°

= 63(6 +B)3

Ha = [y — 45 14y + 6 1 — 3 (1)
_24(6+5B) | 6(6+4B) 6+2P

0+28 2(0+30)

BCECEY [93(9+/3)9(9+/3)] [9(9+B)92(9+ﬁ)]_ |

9607 +720°B +7260°B + 600> — 264037 4800 3>+ 24*
o 0'(0+B)"

Proposition 2.3.5. Other related measures such as variation co-
efficient (c.v), skewness (V1 ), kurtosis (0, ) and index of dispersion

O+
0(6
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(Vs3) are;

Cv:\/92+4ﬁ9+2ﬁ2 (2.21)
' 0+2p '
20° +1260°B + 1205 +4p°
V) = 3 (2.22)
(624+4B6+2p2)2
b 904 +7203B +720%B + 600 3> — 2640 3> + 480082 + 24 5*
2 (62+4B6 +2p2)?
(2.23)
02 +4B6 +2°

(2.24)

D2 =
> 0(60+B)(60+2B)
The C.V coefficient In 2.21 is obtained as;

Proof.

o}
Cv=—

u
/02 +4BO+2B20(6+P) . /624436 +22
B 0(6+pP) 6+2p 6+2pB

Skewness coefficient V; in 2.22 is obtained as;

vy = I~l4é
(U2)2
_293+1292[3+129[32+4[33( 6%(60+p)° )
B 63(0+B)3 6244536 +262
_ 20°+1206%B +120B% +4p°

(62+4B06+2p2)2
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Kurtosis coefficient 1, in 2.23 is obtained as;

Ha
(U2)?
964 +720°B + 7267 + 600 B% — 2640 8° + 480052 +24B* [ 62(6 +
B 64(0+ B)* (92+49ﬁ
90* +72B6° +72B6%+ 608262 — 2643 +3608% + 2434
(62+46B +2p2)?

V) =

Dispersion index 3 in 2.24 is derived as;

02

T
0% +4BO+2B%60(6+p) 02 +4B6 +2p> 0>+ 456 + 22
T 001 B2 60128 6(01B)0+28)  0313B6%12p2

V3

2.3.4 Excess Loss and Equilibrium Distribution

Proposition 2.3.6. The pdf of excess loss distribution f;(x;3,0),
Mean residual lifetime (m(x)), equilibrium distribution f,(x;3,0),
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survival function S,(x; B, 0) and hazard function h,(x; 3, 0) are:
o 62(1 —|—ﬁ)€) —(x—2)0.

ﬁ(X;,B,G)—9+B+9ﬁ€ ;o X>Z (2.25)
(x) = (6+2B+6px)
mx_9(9+ﬁ+9ﬁx) (2.26)
X e—@x
fe(X;,B,G) = G(Q—I—gﬁ—l—feﬁ ) (2.27)
Se(x;B,0) = (9—1—2[2——||—_g§x)e9x (2.28)
he(x;B,0) = GQ(G—I——;g——:—_gﬁﬁ;C) (2.29)

Proof . Usingtherelation Eq.1.10, the excess loss pdf of AG2PLD

Eq.2.15 is obtained as;
f()
,p,0) = ;x>

2 —0x
_ e+ B0e™

6+ﬁ+9ﬁze_gz ’
0+

_ 62(1 + [)))C) e—(x—z)@.
0+pB+6p ’

X>Z

X >2Z

By definition of excess loss distribution Eq.1.11, mean residual
time of AG2PLD Eq.2.15 is obtained as;

B 0+p (0 +B +6Br)e ™
mu%_w+ﬁ+ﬂﬁ@fmlj orp U
1

~ (04 B+ 6Px)ebx /xm(e HB+0pne s



Taking the part [°(6 + B + 6t)e~%dt and using integration
by parts technique we have the following:

u=(0+p+0pt) = du= 6Pdt
b

0

e—Bt ooe—et
——(6+B+6p1, +/ —0Bdr

e ot oo
= (040 g5 [ ¢ s

e—el‘ ﬁe—el‘
——(6 0B1)— —
—0r

= ———[6+B+0pt+BI;
—0x

——(6+2B+6px)

1 e—ex
T (0+B+6Bx)e b 6 (0425 +6px)

~ (6+2B+6Bx)
- 0(60+B+6Bx)

—0t

dv=¢ " —
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As shown in 2.26. We obtain equilibrium distribution in Eq.2.27
using the relation defined in Eq.1.12 as;

5 B0) = 3 )
_ (6+B+6Bx)e' —0x)6(6 +B)
(6+P) 0+2p
6(0+p+6Bx)e
2B+ 6

Using the relation in Eq. 1.13, S.(x; B, 0) in Eq.2.28 is obtained
as;

—0r
fxoo (9+ﬁ—giﬁt>e dt
Se(x:B,0) = 9+2[93
6(6+pB)

S(t:8,6) = ﬁ/ (0+B+BOt)e® —
. B —9x(6+2[3+9ﬁx (9 + ,B)
Se(x..0) = 0(6+B) 6O6+2pB

~ (0+2B+6Bx)e ™
B 0-+26

e—@x(9+2[3+9[3x)

6(6+pP)

Applying the formula defined in Eq.1.14, hazard function based
on the equilibrium distribution of AG2PLD 2.29 is obtained as;

. _6(6+B+60Px)e ™ 0+2p
he(X,ﬁ,e)— 2B+6 (9+2ﬁ+9[3x)€—9x
0(0+pB+6Bx)
0+2B8+06Bx

As shown in Eq.2.29. []
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24

Remark 2.3.7. It is noted that mean residual lifetime (MRL)
and hazard function of the equilibrium distribution of AG2PLD
Eq.2.15 satisfy the following;

_0+2p
"0 =50+ M
hx:B.8) = 1 6(6+pB+p6x)

m(x)  0-+2B+B6x

Quasi Lindley Distribution

2.4.1 Construction of Quasi Lindley distribution

Proposition 2.4.1. Quasi Lindley is a finite mixed distribution
of Gamma (1,0 ) and Gamma (2,0 ) with mixing weight as @ =
pdf and Cdf of QLD are:

_o
o+1

6
flx;0,0) = a—(oc+ 0x)e ;> 0,0 >0, (a+1)>0,x>0

+1
(2.30)

Ox
o+ 1

F(x;o,0)=1— [1+

(2.31)

]eex;a>0,9>0,(a+1)>0,x>0
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Proof . Applying the concept of finite mixtures defined in
Eq.1.1, the pdf of QLD is derived as;

(04 1
. 0) = 0 —0x 92 —0x
a6 —0Ox 0 —06x
= —Q X

o+ 1 a+le

= [(xeex + eGXGx]
o+ 1

6
= — (o +0x)e *a>0,0 >0, (x+1)>0,x>0
o+1

As shown in Eq.2.30 above.

Remark 2.4.2. Quasi Lindley distribution Eq.2.30 is nested with
two Lindley family distributions at o« = 0 and o = 0. Putting
ot = 0, the Quasi Lindley Eq.2.30 reduces to a one parameter
Lindley distribution Eq.2.1.

Similarly, putting &« = 0 the Quasi Lindley distribution Eq.2.30
reduces to a gamma distribution of the form;

f(x; 9) = 92xe_9x; x>0,06>0 (2.32)

Further the Cdf of QLD Eq.2.30 is obtained as;

9 oo
F(x;a,0) = Oc—+1/0 (0 + Ox)e P dx
0
o+1

F(x;oc,G): L
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Where I} = [; (0 + 0x)e~ % dx using integration by parts tech-
nique we have:

= (ot + O0x) = du = Odx
_e—Gx
dv=e "=y =

0
e—@x oo
I = —(a+ 6x) —/ —e %dx
0 0
e—@x
I = —(OC—|—9X) ) — Db
Where I, = [;” —e %*dx let u = —6x we have;
d
U= —0x = " =dx
© ,du
- S ] Ghnmg ), e
1
12 = Ee_ex
Combining /; and I, we have ;
e—@x e—@x
I =—(a+6 —
1 (o + 6x) 0 0

9 oo
F(x;a,0) = 06—4—1/0 (0t + Ox)e P dx
(ot +0x)e 9% 79

— 14— _
o+1 oa+1
e 9 — Gxe 9 — ¢ 0%
— 14—
o+ 1
oa+1+6x, _g
— 14— x
+= o+ 1 )e
Ox

Fx;00,0)=1— |1
(x ) [+a+1

]eex a>0,0>0,(¢+1)>0,x>0

As shown in Eq.2.31. []
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2.4.2 Reliability Analysis

Proposition 2.4.3. Survival function denoted by S(x; &, 0) and
hazard function denoted by h(x; &, 0) of Quasi Lindley distribu-
tion Eq. 2.30 are;

0
S(x;0,0) = [1+ a ]e"x;9>0,a>0,(a+1)>0,x>0
o+1
(2.33)
0 0
h(x;OC,Q): (OC+ x);9>0,06>0,x>0 (2.34)
oa+0x+1

Proof . Survival function denoted by S(x; @, 0) in Eq.2.33 is
obtained using the relation Eq. 1.8 as;

S(x;00,0) =1—F(x)

:1—[1—[1+ Ox ]eex
o+ 1
Ox

o+ 1

:[1+ ]e"x;9>0,a>0,(a+1)>0,x>0

hazard function of QLD presented in Eq.2.34 is derived using
the relation Eq.1.9 as;

L(Oc—i— Ox)e 0>

hix;or,0) = &4
[(X‘l‘l"—eX] e—ex
o+1
O(a+6
_ bla+ x);9>0,oc>0,x>0
oa+0x+1

2.4.3 Moments and other measures



Proposition 2.4.4. The moments about origin of the Quasi Lind-
ley distribution Eq.2.30 are obtained using both mgf and moment
technique. The moments are:

o rl(a+r+1)
My = :
O (oc+1)

r=1,2,3,--- (2.35)

Proof . Usingtherelationin 1.16, the moments of QLD Eq.2.30
are obtained as;

9 [e%s)
= —/ X (o0 + 0x)e” Pdx
oa-+1Jo

9 oo oo
= [OC/ xe Pdx 4+ 9/ xr“eexdx]
oa+1 0 0

Using the relation [ t* e~ %dr = L@ we have the following;

oo
C o oxg. ol'(r+1)
/ X e dx W
_ O (r+2)
r—|—1 Ox
0 ) e =g

6 [al'(r+1) 6I'(r+42)
:OH—I_ grl T gr+2 ]
0 [arTr O(r+1)Tr
a1 _Gr—l—l T Qr+2 ]

_rTr (
(o +1)
ri(ec+r+1)

( ) Gr(a+1) 7r Y Y ?

o+ (r+1))
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By definition of mgf in Eq.1.17, mgf of a random variable from

QLD is derived as;

= L/ e~ O~ (a4 Ox)dx
oa-+1Jo

06 o 6 ]
_OH—I( ) (6

—1)?
_ 6 i éi(kJrl) ]

a+1
(5)"

. (a+(k+1))
mr) =) 0 (a+1)

k=0

The 7" moments of Quasi Lindley distribution Eq.2.30 are ob-
tained as a coeflicient of i—r, of the moment generating function

m,(t) as shown below;

. ri(a+(r+1))
— =1,2,3,-
Hr 07 (oc+1) A

[]

The four moments of a generalized Quasi Lindley distribution
Eq.2.30 about the origin are obtained by putting r =1,2,3 and

4 in Eq.2.35 as:

L a2 L 2a+3)
M= 0+ 27 02a+ 1)
L 6(a+4) , 24(a+5)
B =5ty M7 etat)
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The centralized moments are:

o+2
O(a+1)
=y — ()
2(0+3) at+2 1°
ECEE [92<a+1>]
at+4o+2
ERRCICENE
My = 2(u) )l =30 + 1
200 + 1202 + 120 + 4
03(a+1)3
Mo = Wy — 4500 46 1 —3(1y)°
~ 9at+ 7207 + 13202 + 960+ 24
B 04(or+1)4

Hy=p =

H3 =

Ha

Proposition 2.4.5. Other related measures such as variation co-
efficient (C.v), skewness (V;), kurtosis (0,) and dispersion index
(V3) of a Quasi Lindley distribution Eq.2.30 are as;

a2 +4a+2
Cv= \/( + + ) (2.36)
o+2
200+ 1202+ 12 +-4
V) = 3 (2.37)
(a?+4a+2)2
o Ot + 7203 + 13202 + 96 + 24
2 — (062 T Aot T 2)2 (2.38)
o +40+2
V3 = (2.39)

YT o(a+1)(a+2)
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Proof . The variation coefficient 2.36 of QLD Eq.2.30 is ob-
tained as;

o}
Cv=—

M1
var+da+2 0(a+1) V(2 +4o+2)

= p—
( O(a+1) ) o+2 o—+2
The skewness coefficient in Eq.2.37 is obtained as;
vy = I~133
(H2)2
3
20° +120* + 120 +4[ 63 (o +1)° 12 200 + 120 + 120 + 4
- 3 3 2 — 3
6°(a+1) o +40+2 (a2 440 +2)2

Kurtosis coefficient 2.38 is obtained as;

Ha
Dy =
(M2)?
o 9ot + 72083 + 13202 + 960+ 24 [ 02(a+1)2 17 . 9ot + 7203 -
o 04(or+1)4 o440 +2 (o2

Index of dispersion in Eq.2.39 is obtained as;

62

U3:—1
My

. _a2+4a+2*9(a+1)
YT 0(a+1)? a+2
a’+4a+2

B(a+1)(a+2)

V3 =

2.4.4 Excess loss distribution
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Proposition 2.4.6. The probability density function of excess
loss distribution f,(x;a,0), mean residual lifetime (m(x)), sur-
vival function based on equilibrium distribution S,(x; o, 0) and
hazard function based on the equilibrium distribution h,(x; o, )
for of Quasi Lindley distribution 2.30 are:

0 (ot + Ox)e~ 20

e\ X5 79 - ; .
felx;x, 0) (@t 1+62) x>z (240)
(x) o+ 0x+2
m(x) = .
0(a+6x+1) v
0 Ox+1)e &
fe(X;OC,G) = (a—i_OC)fl——; )e (2.42)
o+ 0x+2)e
Se(x;,0) = Chs O'Cxi_z)e (243)
O(a+1)
he(x;,0) = :
(.0, 6) o+ 0x+2 @1

Proof . Using the relation in Eq.1.10 we obtain pdf of excess
loss in Eq.2.40 as;

Je(x) = %7 X>Z
aiﬂ(a—k Ox)e &
(e

00+ Ox)e~ 20
(a+146z)

fe(X;ave): ;X >z
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By definition of mean residual lifetime in Eq.1.11, mean resid-
ual lifetime of QLD Eq.2.30 in Eq.2.41 is obtained as;

a+1 /°°oc+9t+1 o

— dt
m(x) (a4 O0x+1)e0* atl ©
o—+1

1 oo
= o+ 0t+1)e ?dr
(Oc+9x+1)e—9xoc+1/x o1+ 1)e

1 oo
= (s e ), (@ 0r+ De

Taking the part [ (ot + 67 +1)e~%dt and using integration by
parts then;

u=(o+0r+1)=— du=0dt

"y
—I—/ e dr
X X
et

—e
0
e 01
0
e oo
=——3 [+ 61+ 2][;
e—@x
5 (a+6x+2)
1 e—9x
— 0x+2
(atOrti)e o g (@T0x+2)
m(x) =

dv=e %"= v=

:—[(a+9t+1)

o+ 0x+2
O(a+0x+1)




58

By the definition of equilibrium distribution in Eq.1.12, equi-
librium distribution in Eq.2.42 of QLD Eq.2.30 is obtained as;

(ot +0x+1)e % 0(a+1)
o+ 1 o+2
O(a+0x+1)e %

B o+2

fe(X;(x7 6) —

Equilibrium distribution survival function in Eq.2.43 is obtained
using the relation in Eq.1.13 as;

(0t + Ox+2)e b
O(ax+1)
(0 +6x+2)e0(a+1)
 8(a+1) a+2
(0t + Ox+2)e o
o+2

/iﬂuaﬁyh

S.(x;00,0) =

hazard function based on the equilibrium distribution in Eq.2.44
is obtained using the relation Eq.1.14 as;

he(o) = 229
Se(x)
O(a+0x+1)e %" a+2
B o+2 (a+0x+2)e 0%
O(a+1)
he(x;0,0) =
0 0) = ot 2
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Remark 2.4.7. It is noted that mean residual lifetime and haz-
ard function of the equilibrium distribution satisfy the following;

o+2 |
m(0) = mzm
1 O(a+1)

he(x;,0) =

m(x) T o+ 0x+2

2.5 Three Parameter Lindley distribution

2.5.1 Construction of three parameter Lindley distribution

Proposition 2.5.1. AG3PLD is constructed as a finite mixed dis-
tribution of Gamma(1,0) and Gamma(2,0 ) with weighing pro-
portion as ® = -9 Pdf and Cdf of AG3PLD Eq.2.45 are;

0+B’
’ 0
f(x;a,ﬁ,9)2a9+ﬁ(a+ﬁx)e *x>0,>0,a>0,(ab+p) >0
(2.45)
F(x;o,B,0)=1—[1+ pox e ®:x>0,>0,0>0, (af+p)>
T ab+p ’ ’ ’ ’

(2.46)

Proof. The pdf of AG3PLD Eq.2.45 is constructed as a two
component finite mixture using the relation Eq.1.1 as;

_ a92 —0x B —06x
—a9+ﬁ(96 o )+m(92e %)

B 92ae—9x N 62'Be—exx
- ab+B  ab+p

2
(a+Bx)e x>0, B>0,00>0,(x6+B)>

[ a,B,0)= 061 P
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Remark 2.5.2. A generalized three parameter Lindley distri-

bution Eq.2.45 is nested with six Lindley family distributions at

different values of B and c.
Putting B = 6, AG3PLD reduces to a QLD in Eq.2.30.
Putting B = 1, AG3PLD Eq.2.45 reduces to AG2PLD of the form;

92

00 +1

flx;o,0) = [a+x]e ™ x>0,a>0,0>0,(a0+1)>0

(2.47)

Putting o = 1, AG3PLD reduces to AG2PLD Eq.2.15.
Similarly, putting (¢ = 0, B = a ) AG3PLD Eq.2.45 reduces
to a NQLD of the form;

2

0%+ o

f(x;0,a) = (0> +ox]e ™ o>0,0>0,(0"+0a)>0,x>0

(2.48)

A generalized new two parameter Quasi Lindley Eq.2.48was in-
troduced by Shanker and Amanuel (2013) as two component fi-
nite mixture of x; ~ gamma (1,0 ) and x, ~ gamma (2,0) with
mixing proportion as © = g7 .

Putting (¢ = B =1) and (@ = 0,3 = 0) a generalized three
parameter Lindley distribution Eq.2.45 reduces to one parameter
Lindley distribution Eq.2.1 and gamma (1,0 ) respectively.
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Further the Cdf Eq.2.46 is obtained as;

2 oo
Fx:oB.0) = a99+[3/0 (@0 + Bx)e Odx

92
o0+
I :/ (a8 + Bx)e” "dx
0

u=(a+xp) = du=Bdx
—0x

I

—e

0

—0x [=S)
11:—(oc+xﬁ)ee —g i —e %dx

L= —(atxp) By,

¢, ¢,
12:/ —e Pdx
0

dv=e % — =

letu = —0x — i"—”é — dx then we have;
oo_eu
L = du
2 "
e—@x
L =

0
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Combining /; and I, we have the following;
e—@x ﬁe—ex
I =— —
1 ((X—|—Xﬁ) 0 92
92 = —0x
_ a9+ﬁ/0 (0t +xB)e
O(a+xBle % Be ¥
b+ b+
i [(XG—l—ﬁ—i—ﬁOx
B o6+

lex>0,8>0,a>0,(a6+p)>0
[]

2.5.2 Reliability Analysis

Proposition 2.5.3. The survival function denoted by S(x; o, 3, 0)
and hazard function denoted by h(x;c,3,0) of a generalized
three parameter Lindley distribution (AG3PLD) Eq.2.45 are;

a0+ +0Bx)e

St p,0) = “EE LI

x>0,8>0,aa>0,(a6+p)>0

(2.49)

0*(a+xB)
ab+ B+ 6Bx’

h(x;o,3,0) = x>0,>0,006>0,0>0

(2.50)
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Proof . Using the relation defined in Eq.1.8, survival func-
tion in Eq.2.49 of AG3PLD Eq.2.45 as;

a0+ +[6x
o6+
BOx

B (1+ 101, +ﬁ)e_9x

_OCQ—Fﬁ—FﬁGX —0Ox
R x>0,8>0,00>0,(a0+) >0

S<X;a7ﬁ79):1_[1_[ ]e—Gx]

Further hazard function in Eq.2.50 is obtained using the rela-
tion in Eq.1.9 as;

2 —0x
aop (O +xB)e”

(a0+B+60Bx)e 0%
06+

B 0%(a+xpB)
- ab+B+0Bx

h(x;a,3,0) =

x>0, B>0, a>0

2.5.3 Moments and related measures

Proposition 2.5.4. The moments about the origin for a general-
ized three parameter Lindley distribution in Eq.2.45 are obtained
using method of moments and moment generating function tech-
nique as;

1 i (ab+B(r+1))
B = (a0 +B)

r:1,2,3,--- (2.51)



Proof . Using Eq.1.16, the 7" moments of AG3PLD are ob-
tained as;

ry 92 oor —0OX
E(X)_Oc9+,3/o X (o +xB)e Pdx

92 o o
— a9+ﬁ[a/o xre_exdx—i—ﬁ/() Xt 0%dx]

Using the relation [; % le™%dr = o)

5o we have the following;
= r —0x - ar(r+ 1)
OC/O X e dx — W

o [ e eI
0

9r—|—2

62 [arrr N B(r+ l)rrr]

rI'r
- ef(a9+ﬁ)(a9+ﬁ(r+1))
(@6 +p(r+1))
= o(abtp) o TP

The mgf of AG3PLD is obtained using Eq.1.17 as shown below;

2 oo
m(t) = ool e e xp)a
0> o B

RCCRTAC JW‘”]
~aolo 50 e L4 )@
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The moment generating function of a generalized three pa-
rameter Lindley distribution Eq.2.45 is as;

e a0+ Bk+1) 1,
ni = £ B

(2.52)

[]

The " moments about the origin for a generalized three pa-
rameter Lindley distribution in Eq.2.45 are obtained as a coef-
ficient of & in Eq.2.52 as:

r!

= rl(a@+pB(r+1)),

r=1,2,3,--
0" (a6 +B)

The four none centralized moments are;

L ab+28 , 2(ab+3B)
M= 9oy "~ 0206 1p)
C6(a0+4B)  ,  24(a6+5B)

3T 03+ B) T 0% (ao 1 B)

u
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The centralized moments of a generalized three parameter
Lindley distribution are obtained as;

., a6+2p
Hr=H = 0(0t6+B)
o =ty — (11)°
a’0? 44050 + 22
M= 0200 1+ B)2

s = 2(11) 21 =3 s + 1y
20007+ 1202360+ 120370 + 437
B 63 (06 +B)3
_ 1 1,,1 1,,1 1\2
Ha = My — 431y + 60 1 — 3(Hy)
~90%at +720°6°B + 1320202 + 960 B30 + 24 3*
B 04(06+ B)*

H3

Ha

Proposition 2.5.5. Other related measures such as variation
coefficient (C.v),skewness (v;), kurtosis (V) and dispersion in-
dex (V3) of a generalized three parameter Lindley distribution
Eq.2.45 are obtained as:

c V0202 + 40360 423
V= (2.53)
o0+20
. 20°0° + 12a° 6%+ 120320 +4° .
1 — 2.54
(a?0%+4apo +2[32)%
o — (72260 +24aB%0 +36036%+ 12020 — 843> — 12036 — 30¢*6?)(
? (0?02 +4aB6 +2p%)>
(2.55)
a0 +4apB 6 + 232

(2.56)

%= (a1 B) (B +2B)
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Proof . : Coefficient of variation 2.53 is obtained as;

Cv= °
H1
Vo202 +4aB6+2B260(ab+fB)
B 0(a6+ ) af+2p
Vo202 +4aBo +2p2
o6 +2p
Skewness coefficient 2.540f AG3PLD 2.45 is given as;
vy = Us .
(2)>
_ 20°6°+12a%B6%*+ 1203260 + 487 03 (a6 + )3
63 (a6 +p)° (0202 + 400 +2B2)>
_ 20°6°+126%B6°+ 120370 +4p°
(202 + 4050 +2B2)3
Kurtosis coefficient 2.55 is obtained as;
Ha
Dy =
(12)?
~90%at +72a°0°B + 13202760 + 960576 + 243 0%(a6 +
B 04(ab + B)* 02+ 4o ¢
_90%at +720°6°B + 1320 B0 + 960 B30 + 24 8*
(0262 +40,80 +2p2)°

Dispersion index 2.56 of AG3PLD is obtained as;

62

i
_a*0*+4afo+2B26(ab+pB) . a’0? 4+ 4050 + 252
0% (ab+B)? ab+2p 0(a6+B)(af+2B)

V3
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2.5.4 Excess loss distribution

Proposition 2.5.6. The probability density function of excess

loss distribution f,(x;@,[,0), mean residual lifetime (m(x)),
survival function based on equilibrium distribution S, (x, o, 3, 0)

and hazard function based on the equilibrium distribution h,(x; ¢, 3, 0)
for a generalized three parameter Lindley distribution Eq.2.45

are:

0% (a +xﬁ)e‘<x—z)9.

fl(xna7ﬁ79): 069—+—ﬁ+9[3z . X>Z (2.57)
 af+0px+2p
) = B la(ad 1 0t B)) .
—0x
fe(x) = 9(069 —ch _—::ggx)e (2.59)
—0x
Se<X;OC,ﬁ, 9) = (069 +il;:|_|_§§X)e (2.60)
(a0 0
he(x;,3,0) = (Sg _:;gj__egj) (2.61)

Proof. Using Eq.1.10, the pdf of excess loss Eq.2.57 is ob-
tained as;

2 —0x
zop (0 +xPle”’

(ae;“gigﬁz)e—ﬂz

B 92(06 —l—xﬁ)e_(x_zw.
. a0+B+06Bz

fl(X;aaﬁve) —

x>z
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Mean residual lifetime Eq.2.58 is obtained using Eq.1.11 as;

o6+

1 (e
(a9+ﬁ+9[3)e—9m9+[3/x (

1

S (T Ferr= / (00 + B+ 6Bt)e " ds

a0+ B+ 0Bt)e dt

m(x) =

Taking the part ["(a6 + 0B¢)e?" and integrating using inte-
gration by parts technique we have;

u=(a0+p+6pt) = du= 0pdt

—e—0t
dv=e =1 =

— 0t o0
= —(ab+B+0Bn" +/ Be Ods

o0 E o

0 0
—0t

=~ (a0 + 0Bt +2p)[;
e—@x

5 (a6 +6Bx+2P3)
1 —Ox

= @8T57 Gﬁx)e_exee (a6 + 6Bx+2P)

o0+ 0Bx+2p
6(06+60Bx+p)

= —(ab+B+6pt1)

Using the relation Eq.1.12, equilibrium distribution Eq.2.59 is
obtained as;

(0@ + B +0Bx)e % 0(ab+ ) O(ab+ P+ 0Bx)e
a6+ B ab+28 a6+ 28

fe<X;a7B7 9) —
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2.6

Survival function based on equilibrium distribution Eq. 2.60 is
obtained using Eq.1.13 as;

e (a6 +2p + 0Bx)

/OOS(t; o, B,0)dt =

6(06+p)
. e (ab+2B+6Bx)6(ab+P) (6 +2B+6Bx
Se(x; ., p,6) = 0(06+p) a6 +2p - ab +2p

Using relation Eq.1.14, the hazard function based on equilib-
rium distribution Eq.2.61 is obtained as;

O(a6 + B + 6Px)e o ab+2p 006+ -
a6+ 2B (0 +2B +60Bx)e  ab+2B-

[]

h€<X;a7ﬁ7 9) -

Four parameter Lindley distribution

2.6.1 Construction of four parameter Lindley distribution

Proposition 2.6.1. AG4PLD is a finite mixed distribution of
Gamma (o, 0 ) and Gamma (B, 0 ) with weighing proportion @ =
9L+k the pdf and Cdf of a generalized four parameter Lindley dis-
tribution are;

6* [(ex)al k(0x)P~!

f(x;a,ﬁ,(?ak):(9+k) Y

]eex,a>0,ﬁ >0,0 >0,k >

(2.62)

,o>0,>0,0>0k>0,x>0

1
F(x;a,pB,0,k) = 01k [97’a(ex) + kY8 (6x)

(2.63)
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Proof . ThepdfEq.2.62is obtained using finite mixture Eq.1.1
concept as;

0 [0~ L
9 k Ox..a—1 —0x_p—1
fx o, B,6,k) = 9+k[rae x ]+9+k[1“/36 ]

606+1 Gx o—1 keﬁe—exxﬁ—l
O+Ta | (01KTB
B 9290{—16—9xxa—1 N k929[3—1e—6xx[3—1
CEY (61 k)6rB

92 0 a—1 k(6 p—1
:(9+k)[( )Ii)oc + (G?ﬁ ]e"x;a>0,[3>0,9>(

Remark 2.6.2. Puttingk =1, @ = 1 and B = 2 a generalized
four parameter Lindley distribution Eq.2.62 reduces to one pa-
rameter Lindley distribution Eq.2.1. Similarly, putting o@ = 1,
B =2 and k = B a generalized four parameter Lindley distri-
bution Eq.2.62 reduces to a generalized two parameter Lindley
distribution Eq.2.15.

moreover, cumulative density function Eq.2.63 as;

Fea.B.0.k) = 62 /0°° [(Gx)o‘1 +k(GX)B1]eexdx

(6 +k) To 0T
02 T oo(ex)a—l o ook(ex)ﬁ—l o
= - xd _ xd
(6+k) /o To H/o org ¢
= 1 6 " —0x k ” B—1_—6x
@ Ta, @0 v [ (007
1
9+k[9%‘ ox) + KV 9x] a>0,>0,0>0k>0,x

where Yy(gx) = Fl—a Jo (6x)* e~ %*dx and y5p,) = ﬁ 57 (0x)P~te=0dx
this completes the proof. []
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2.6.2 Reliability Analysis

Proposition 2.6.3. The survival function denoted by S(x; o, 3, 6, k)
and hazard function denoted by h(x; @, 3, 0,k) of a four param-
eter generalized Lindley distribution Eq.2.62 are;

0 +k — (6 Yu(ox) + k¥ (0x)

S(x;o, B,6.k) = a>0,8>0,0>0k>0x>0
(x;a, B, 0,k) "y B X
(2.64)
92 (10! | koY o
h(x;a,B,0,k) = (ra r5) ca>0,8>0,0>0k>0x>0

0 +k— [9’}/06(9?6)%7/3(9)())}

(2.65)

Proof. survival function Eq.2.64 is obtained using the rela-
tion Eq.1.8 as;

1
S(-X; aaBa 97k> =1- 9——|—k [GYa(ex) ‘I'k’}/ﬁ(ex)]

:9+k;[9%wm+k%wd
04k

hazard function Eq.2.65 is obtained using the relation Eq.1.9
as;

;a>0,8>0,0>0k>0,x>C

62 [wx)“l K0P ] _as
(6+k) l'a o1 B

h(x;o,3,0,k) =

0+k— [9705(996)"*—]{7/[3(6)6)

01k ]
(0)%"1 | k(6x)B1\ _ox
92( To T TP )e ?

— ;o0 >0,8>0,0>0,k>0,x>C
9+k—[9%w@+kmw@]
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2.6.3 Moments and related measures

Proposition 2.6.4. The r'" moments of a generalized four pa-
rameter Lindley distribution Eq.2.62 about the origin are obtained
using both moment generating technique and methods of mo-
ments as,

N 1 0 LS _
E(X)—Qr(9+k>[rara—|—r+rﬁrﬁ+rl, for r=1,2,3,
(2.66)
L [a (- (B,
mx(t)—(9+k)[;) or (9(r>+k(r))t], where 0 >t
(2.67)

Proof . By definition of moments 1.16, moments Eq.2.66 ob-
tained as;

EX") = il /mx’ [(Gx)al + k(ex)ﬁll e dx

(6 +k) I'o orB
02 _/‘X’ (6x)%! ~ex +/°°k(9x)ﬁ1x’eexdx
— X ——€ X
(9 —I—k) | Jo I'o
g2 [9oa-1 = wir 1 o keﬁ -2
_ r=1,=6x 4 B—H 1 Qxd
010 | Ta /0 X e X+ —5— / x]
6% [6*'T(a+r) k6P 1r([5+
- (0+k)| Ta ot OFﬁ QB+r

1 6
:er(9+k)[rar(“+) rpl Pt )], for r=1,23,--.
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By definition of mgf 1.17, mgf Eq.2.67 is obtained as;

02 [ [~ ,[(6x)*7" k(6x)P7'] 4
xt — tx — xd
) = o) /o ‘ [ Y ]e *
2 B ) o—1 —(Q—Z)X ) ,B—l —(9—1))6
_ 6 / (Bx)* e dx—l—/ k(0x)? e I
(G‘I‘k) | JO I'o 0 Qrﬁ
02 FQo—1 oo keﬁ—z oo
_ ~(0-1)x, 01 ~(0-1)x, B-14
(014 | Ta /0 e X X+ I3 e X x]
1 [e**! k0P
_ — (60— t)x o—1 —(0—t)x,B—1
= e dx—l——/ e X7 dx
(0+k)| e /o B Jo ]

Using the relation Eq.1.7 we have;

/wxa— o (00 g l'a
(0 —1)*

/ ﬁl Ot)xdx_ Fﬁ
(0 —1)P
1 [6%8 Ta keﬁ I ]
~ (0+k) [ Ta (6 —1)® Fﬁ( t)F

Bl
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Using the identity function (1 —x) ¢ = Z‘;":O(—l)r(

have the following;

-5 =L
- =L
N ) 1 _
- (6+K) |
1 [~ oo
) = | &

—d

)xr we
.

g>r+k§<-l>r(—rﬁ)<g>r]
)+k(_f>)zr], where 6

[]

We now use the moment generating function (mgf) Eq.2.67 to

derive the first four moments about the origin of a generalized
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four parameter Lindley distribution Eq.2.62 as:

) = [eu——) k(1 )]

+k) 0 0
i [ (at1) 1+ ﬁk(l_g) (B+1>%1]
- 503 ):ae(l—;) @ kB(1— 7 <ﬁ+1>]
my(0) = 9(91+k) _a9+ﬁk] - g(eeiklg =1
0 g |~ (@ a8 = ) @G+ B+ DB(1 - ) P
:92(91+k) :(a+1)a9(1—2) (02) 4 (ﬁ+1)[3k(1—5) <ﬁ+2>]
m!(0) = 92(91+k) :(a+1)a9+(ﬁ+l)/3k] = 1
0 = g |~ (@ D@+ 20001 =) I (B 1) (B
= 93(91+k) :(oc+1)(oc+2)oc9(1 —5)—<“+3>+([5+1)([3 +2)Bk(1 -
mi"(0) = 93(91+k) :(a+1)(a+2)a9+([5+1)(ﬁ +2)Bk] =
0 = grg |~ (@ D@+ 2) (@31 =) ) (B4 1
- 94(91+k) (e 1) (o 2)(@+3)ab(1 - ) “ (B4 1)(B+2
m?(0) = 64(91+k) :(oc+1)(a+2)(a+3)a9+(ﬁ+1)([3 +2)(B+3)[3k] :
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We now obtain the centralized moments of AGF4LD 2.62 as:

oyl o0+ kB
Uy =ty 9(9 k)
" a0?+ B20k+ o*0k + o0k — (Bk)* + Bk* — 2030k — (Bk)? 52
2 p— p—

02(0 + k)?

My =1y — 3 uy +2(u))°

My = iy — 4] +6ui iy —3(u))?

Proposition 2.6.5. Other related measures such as variation co-
efficient (C.v), skewness (v;), kurtosis (0,) and dispersion index

(V3) of a generalized four parameter Lindley distribution Eq.2.62
are obtained as:

_ \/ @02+ B20k + 020k + abk — (Bk)? + Bk — 2 0k — (Bk)?

Cv

o0+ kp
(2.68)
V| = Hs 3 (2.69)
(U2)?
Ha
V) = (2.70)
(M2)?
e — a6’ + B0k + o> 0k + o0k — (Bk)* + Bk*> —2a B0k — (Bk)?
T 0(60+k) (a6 +kp)

(2.71)

Proof . Coefficient of variation 2.68

(0]
Cv=—

u
a8+ P20k + o260k + bk — (Bk)> + Bk*> — 20 B0k — (Bk)? 6(
B 0(0+k) a6
A\ a0?+ P20k + a?0k+ a0k — (Bk)> + k> —2af 0k — (Bk)>
B ab +kf
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Skewness coefficient 2.69 is obtained as;

1_3 1 1+2 1\3
IJS3 _ M ﬁ‘zl«h : (3.“1)
(2)? 1y —(1y))?

Kurtosis coefficient 2.70 is obtained as;

D =

e Ha = 4600, —3(w)?
(112)? (1 = (uf)?

Index of dispersion 2.71 is obtained as;

V) =

62
U3 — —1

My

0%+ B20k + 0?0k + abk — (Bk)* + Bk* — 2B 0k — (Bk)? ) 0(0 +k)
B 62(6 + k)2 b +kp
0B + B0k + o*0k + a0k — (Bk)* + Bk* —2af 0k — (Bk)?
B 0(0+k) (o8 +kB)

O

2.6.4 Excess loss distribution

Proposition 2.6.6. The pdf of excess loss distribution f;(x), mean
residual lifetime (MRL), equlibrium distribution f,(x; o, 3, 0,k),
survival distribution based on equilibrium distribution S,(x; o, 3, 0, k)
and hazard function based on equilibrium distribution h,(x; o, B, 6, k)
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of a generalized four parameter Lindley distribution Eq.2.62 are;

o—1 . _ p-2 _
lem (Gx“ '+ (a—1)x* 2)+""Fﬁ (Gxﬁ "+ (B -

ﬁ(x;a7ﬁ797k) —
0 +k — [0%a(0x) + k¥ (ov)]
(2.72)
a0(oc+1)(0x)+ BLI(B+1)(6x)
m(x) = —X
0[6 +k — (6Ya(ox) +k¥p(0v)]
(2.73)
010 +k— (0Vy00 + kY5 (0x
fe(x;0,B,6,k) = — Ex@yjfeﬁ)k Toee ))] (2.74)
0 aOF(a+1)(9x)+kﬁF(ﬁ—I—l)(Ox)] X
Se(x;a7ﬁ797k): a6_|_ﬁk
(2.75)
0+k— [97’a<ex> +k}’ﬁ(ex)]
he(x;a7ﬁ797k) —

a62T (o + 1)(0x) + kBOT(B + 1)(6x) —x

(2.76)
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Proof . Pdf of excess distribution Eq.2.72 is obtained as;

Ji f(t)dt
a,B,0,k) ==
ﬁ(x7 7ﬁ7 Y ) S(_X)
02 | oo (00)27 1 k(0r)P1| _
9_+k[fx To oI B ]e o
0+k— (GYa(ex)+k7ﬁ(ex)>
0+k
02 (0% | k(6n)P~! —01
j; o + orp ¢ t

0+k— [9Ya(ex) +k?’ﬁ(ex>]

Taking the numerator part 6% [~ [(Gt)al + k(et)[“] e dt we

o orp
have
oo Ql o—1 9a+1 oo
92/ ( r?a e—@tdt _ = / ta—le—etdt
X Ga_l X
= To (0x* 1 4+ (ot — 1)x* 2)e &

= k(6r)P~! kOP—2

62/ %eetdt = W(Q}Cﬁ_l —+ (ﬁ — 1)XB_2>€_GX

[%(Gxa1‘|‘(a_1)xa2)+k9rﬁﬁ2(9xﬁ1‘|‘(ﬁ—1

6 +k— |0Ya(0x) + kV3(0w)]
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MRL Eq.2.73 is obtained using relation Eq.1.11 as;

02 oo | (0% | k(0P| g
o1t J t[ Ta T eip |¢
m(x = —X
0+k— [eya(ex)+k7ﬁ(6x)}
0+k

0% [t [(9?21 4 Moo 1] e~ %dt

oL p

0+k— [GYa(ex) +k?’ﬁ(9x>] N
_ 0BT (a+1)(6x) + BT (B+1)(6x)

06 +k— (0%a(ox) + k¥ (0v)]

Using the relation Eq.1.12, equilibrium distribution Eq.2.74 as;

0 +k — [0Vy(ox) +kVs(0x)] O(0 +k)
0+k 00+ Pk
004k —(0Ya(ox) +kY(0x))]
00+ Pk

fe(X;OC,ﬁ,e,k) —
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Survival function based on equilibrium distribution Eq.2.75 is
obtained using relation Eq.1.13 as;

oo oo 1
/x fe(X;oc,ﬁ,G,k)dtzfx 1dt—/x [9+k(9va<et>+k7ﬁ<et>)]df
:—x+—/ Yo ezdf+—/ Ya(ond

— _x+9—+kocl“(a+ 1)(6x) +ﬂﬁr(ﬁ +1)(6x)

=9 Jlrk [oc@l“(oc+ 1)(0x) +kBT(B + 1)(9x)] y

QL[aer(a+1)(9x)+kﬁr(ﬁ+1)(9x)] —x

o0+Bk
0(0+k)

0 [aOF(a +1)(0x) + kBT (B + 1)(9x)] —X
o0+ Bk

Se(X;OC,ﬁ, Q,k)

Using the relation Eq.1.14, the hazard function based on the
equilibrium distribution is obtained as;

0+k— |:9'}’a(9x)+k’yl3(9x)}

) - a6+Bk
he(X,OC,ﬁ, G’k) T a0 (a41)(0x)+kBOT(B+1)(0x)—x
00+kp
_ 0+k— [an(gx) —l—k’)/ﬁ(gx)} _ 1
o0’ (o +1)(0x)+kBOT(B+1)(0x)—x m(x)

2.7 Five parameter Lindley distribution

2.7.1 Construction of five parameter Lindley distribution
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Proposition 2.7.1. Let 0 = n+k9 be a mixing proportion, AG5PLD
is constructed as finite mixed distribution of Gamma (0, o) and

Gamma (0, ). The pdf and Cdf of a generalized five parameter
Lindley (AG5PLD) are;

0% [k(Ox)*! N n(6x)F-!

0.k, —6x 0 0, ¢
(2.77)
LT
F(x;a,B,0,k,n) = k9+nkmwm+nnmaka>uﬁ>ae>0k:

(2.78)

Proof . Using the concept of finite mixtures Eq.1.1 is ob-
tained as;

. _ k6 6 —60x o—1 n QB —0x . B—1
f(x,a,ﬁ,@,k,n)—n+k9 [Fae X ]+77+k9 FBe X

keoH—le—Gxxa—l n929[3—1e—6xx[3—1
+
(n+k6)'x O(n+k6)I'B

keZGa—l Bx a—1 7‘]929[3 1 —Gx [3 1

= +
(n+k6)'x O(n+k6)I'P
67 [k(6x)*! N 1n(6x)P~!
- (k6+1m)| Ta o1
Remark 2.7.2. Flexibility of a generalized five parameter Lind-
ley distribution Eq.2.77 is attested through assigning the param-
eters with particular numerical values to obtain various Lindley
distribution generalizations.
Putting B =k =1 and n = 0, AG5PLD reduces to a two param-
eter gamma distribution of the form;
G(X

flx;a,0) = Ee—%“—l; x>0,00>0,0>0 ()

]eeﬂa>Qﬁ>O
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Putting oo = =k =1 and 1 =0, AG5PLD reduces to exponen-
tial distribution Eq.2.17 with parameter 0 .

Similarly, putting o« = k=1 =1 and B = 2, AG5PLD reduces
to one parameter Lindley Eq.2.1. We can easily confirm that
AGS5PLD reduces to a Quasi Lindley distribution Eq.2.30 by putting
a=1,=2,n=0andk = .

Putting B = o+ 1,k =1 andn = y AG5PLD reduces to a gener-
alized three parameter Lindley distribution introduced by Dolati
and Zakerzadeh (2009) of the form;

02(0x)%! (OC + }/x)e_ex.
O+y)I(o+1) °

flx;o,0,7) = x>0,00>0,06>0,7>0

(2.80)

A generalized three parameter Lindley distribution Eq.2.80 is a
two finite component mixed distribution of Gamma (o,0) and
Gamma (a.+ 1, 0) with weight proportion as ® = GLEH"
Putting 0 = %, a=1, P =2andk=1 AG5PLD reduces to
Janardan distribution introduced by Shanker et al (2013) of the
form;

92

(6+o?)

SIS

f(x;a,@):a [H—ch}e_( )x; x>0,00>0,0>0

(2.81)

Janardan distribution Eq.2.81 is a two component finite mixed
distribution of Gamma (1,%) and Gamma (Z,g) with weight
proportion as @ = 5 faZ'

Putting N = k = 1, AGF5LD reduces to a Lindley distribution

with three parameters of the form;

1 GOH—let—l Gﬁxﬁ—l
o, 3,0) = 0% x>0,a>0,8>0,0>C
fwab8) =7~ Ta T T |° * &

(2.82)
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AG3PLD Eq.2.82 was introduced by Elbatal et al (2013). It is a
two component finite mixed distribution of x; ~ Gamma(o, 0)
and x, ~ Gamma (3, 0) with mixing proportion as @® = 9L+1'

Putting 6 = %, a=3, P=k=1, n=0AG5PLD reduces

to a chi square distribution of the form;

1\2.,.2-1

=) 4x2 |

X(zv) =2 [<21)—«Tv)] e 2 x> O,V >0 (2.83)
2

Puttingv, veN, B=k=1, mn =0 AG5PLD reduces to

Erlang distribution that was introduced by Erlang (1917) of the
form;

GV
flxv,0) = F—e_exxv_l; x>0,0>0v=1,273- (289
v

Putting k = 1 AG5PLD reduces to four parameter Lindley distri-
bution that was introduced by Al-Babtain (2015) of the form;

62 [(ex)al n(6x)P-1

CER

]eex; x>0,a0>0,8>
(2.85)

Similarly, putting 1 = 1 AG5PLD reduces to a four parameter
Lindley introduced by Al-Babtain (2015) of the form;

fx;o,B,0,0,k) =

6 [k(@x)o‘l N (6x)P~!

—0x
; 0,00 >0,
011| Ta 0T B ]e x>0,0>0,f

(2.86)

Setting o« =1, B =2, 1n =1 AG5PLD reduces to AG2PLD
introduced by Al-Babtain (2015) of the form;

92
kO +1

flx;0,k) = k+x]e™® x>0,0>0,k>0 s
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Similarly, Cdf 2.63 is obtained as;

Flx.c,B.0.k.n) = 9_2)/0“ [k(ex)al | n(@x)ﬁ1] o

(k6 +n o orp
1 0%k [~ 0’n [
_ 0 o—1 —Gxd i 0 B—1_—6x
o) Ty (007t it g [ (00% e
1 [0k [~ - n [ -
— 0(0 a—1 Qxd _/ 0(6 p—1 _—
(k6 +1n) _Foc/o (0" Hl“ﬁ 0 (6x)""e
| -
:m kQYa(gx)—l-n}/ﬁ(gx)],OC >0,>0,06>0,k>0

[]

2.7.2 Reliability Analysis

Proposition 2.7.3. The survival function S(x; o, 3,0,k,1n) and
hazard function h(x;a,3,0,k,n) of a generalized five parame-
ter Lindley distribution Eq.2.77 are;

k@ +n — [k97a<ex> + Wﬁ(ex)]

Sx;o,p,0,k,n) = ;o0 >0, 0,6 >0,k>0,
(x; o, B n) k01N >0,8 > > >
(2.88)
x)%—™ xﬁ_ _
ez[kwrzx |y et lle ox
h(x;o, B,0,k,n) = ;o0 >0,8>0,0>0,k>0,

kO +mn — [kGYa(ex) + WYB(GX)]

(2.89)

Proof . survival function Eq.2.88 is obtained using Eq.1.8 as;

1
S<x;a7ﬁ797k7n) =1- ke‘l‘n [ke’ya(QX) +n’}/ﬁ(9ﬁ]

_ k6 +1 — [k0Ya(ox) + NYp(6x)]
k6 +1

;a>0,>0,0>0,k>0,
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hazard function Eq. 2.89 is obtained using the relation Eq.1.9
as;

| 02 [k(6x)*! n(0x)P! ox kO

02 [kwx)“l N n(9x)’“] o Ox

o orp

_ ;05>O,B>0,9>O,k
k9+n—@ﬂ%w@+n%wd

[]

2.7.3 Moments and related measures

Proposition 2.7.4. The r'" moments of a generalized five pa-
rameter Lindley distribution Eq. 2.77 about the origin are ob-

tained using both moment generating technique and methods of
moments as;

E(X7) = 1 [k6* ' T(a+r) neﬁr(ﬁw)], 123
k0+n| 0°Ta 68T
(2.90)
ma(t) = — k9(1_i)a+n(1_i)ﬁ] 0>1 o
k0 +n | 0 0 ’
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Proof . By definition of moments Eq.1.16, moments Eq.2.90

are obtained as;

, 6% [ /= ,[/(6x)* 1 n(6x)P7I\T _,,
0 =g 7 (Cre+ orp )|
2 i a—1 poeo 1
:k99+n_k?a /Oxa+r—1e—exdx+ 9915,8/ B, Gxdx]
6% [k6* 'T(a+r) n6PT(B+r)
 kO+mn| Toabotr RO+ ]
1 [ke*"'T(a+r) n6PT(B+r)
- k6+n| Toagetr CBos+r ]
B 1 [k9“+1r(a+r) neﬁr(ﬁ+r)] Cioa
67(k6 +1) 0Ta 0fTB |’
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Mgt Eq.2.91 is obtained by use of relation Eq.1.17 as;

02 [ /=, (k(6x)* 1 n(6x)P~1\ _,
xt — X xd
milt) k9+n_/oe< ra ' erg )¢ “
0% [kO* 1 [ neﬁ—z o
— _(e_t)x OC—ld —(9—t)x ﬁ—ld
k9+n_Fa/Oe X X+ B Oe X x]
1 [ko*! neﬁ
— —(6— t)x a— ld —(6—1)x ﬁ_ld
k0+n| Ta /o *TTE ) € X x]
1 ‘k9a+1ra noefrp ]
 kO+1 ra( 1) Fﬁ( t)B
1 k60 N n6F
CkO+n | (6—-1)*  (8—1)P
1 [ 6 0
— kO _— B
|y KOG ]
1 [ 06—t 0 —1t
= kO(——) — 7B
o (gD (|
1 [ t t
(1) = kO(1——)"“ 1—=)P|, 6>¢
) = g [0 = ) “n(1 =) F

using the identity relation (1 —x)™¢ = Z‘:’:O(—l)r(_rd)x’, the

moment generating function can be expressed as; mx(t) = —keln Z;o:o (—6 1r)‘
n (_rﬁ ) ) t’”] where
t = —o\ ¢
1——)"%= —1) —\
n-g = ()@

=g =X ()

r=0
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[]

The moment generating function (mgf) Eq.2.91 is applied to
derive the first four moments about the origin of a generalized
five parameter Lindley distribution Eq.2.77 as:

RS

) = g |~ @O ) )~ (1 = ) C ()

mi{r) = 9(k91+ n) :aek(l - é>_(a+1) +Bn(1- 5)_(B+1)]

i (0) = 9(k91+n) :a9k+[3n] _

0 = g |~ (@4 DOk = 1) ) (B (1)
:92(k91+n) :(Ml)aek(lé)(m BB ) (M)]

m!(0) = 92(k91+n) :(a+1)a9k+(ﬁ+1)ﬁn] =

) = g |~ (@ D@+ 2a0k(1 - 5) = (B 1B+ 2)
= 93(k91+n) :(oc+1)(oc+2)oc9k(1 —%)_<°‘+3)+(B+1)(ﬁ +2)Bn

i (0) = 93(k61+n) (a+1)(@+2)abk+(B+1)(B+2)pn] =

(0= gicga | (@ D@+ 2) @+ 3adk(1- ) G- B+
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miv

¢ (0)= 04(k6 +n) |

(a+1)(a+2)(x+3)o0k+(B+1)(B+2)(B+3))

2.7.4 Excess loss distribution

Proposition 2.7.5. The expressions of probability density func-
tion (pdf) of excess distribution f;(x; o, B, 0,k, 1), mean residual
lifetime (MRL), equilibrium distribution f,(x;,3,0,k,n), sur-
vival function based on equilibrium distribution S,(x; o, 3,0,k, 1),
hazard function based on equilibrium distribution h,(x; o, B,0,k, M)
of a generalized five parameter Lindley distribution Eq.2.77 are

as:

G (Ox o (o= 1) 1 (0 4 (B

f[(X;OC,ﬁ,G,kan) -
N+ 0k — [0KYo(ex) + N5 (0]

(2.92)

_ a8k (a+ 1)(6x) + nBL(B +1)(6x) — x

m(x)
01+ 60k — (6kYaox) +MYp(0x)]
(2.93)
, - N+0k— [kGYa(ex) + UYﬁ(ex)]
fe(x7a7ﬁ797k7n) - aek‘l‘ﬁn (2.94)
0|0kol'(ax+1)(0x)+nBL(B+1)(6x)] —x
(2.95)

1N+ 0k — [k0Ya(0.) + N Yp(6x)]
6 [6kal (o + 1)(6x) +nBT(B +1)(6x)] —x

(2.96)

he(x;et,8,0,k,n) =
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Proof . The pdfofexcessloss distribution Eq.2.92 is obtained
as;

i flo)de
fl(x) _ S()C)
2 oo a—1 B—1 _
k99+n Jx [k(equ +n(gtr)/3 ]e Ot

k6+n— [kQ?’a(ex)H’B(GX)]
kB+n

62 [~ [k(eﬁfl 4+ n(gtr)gl] e 0t

kO +n — [kGYa(ex> - ?’B(Gx)]

Working on the numerator we have the following;

= k(61)7~! kgat! =
62/ [%e_ex]dt: o /t“‘le“”dt

o 62

ke(x—l
= Ta [9x°‘1 + (o — l)xazl e %%
Similarly;
62/ n(— —9tdt 2 tﬁ—l —9tdt
. orp ¢ /"¢
_n6’ [Oxﬁ_l +(B - 1)xﬁ—2]e_9x
I'B 62
6h 2
= nFB lexﬁl +(B—1)xP2|e O

B k9a+1 ((OC— 1)xa2_|_9x(xl)eex
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Then f;(x; o, B,60,k,1) becomes;

[kero;l (Gxoc—l + (OC o 1)xa—2> e 17%.[;2 (Gxﬁ—l + (B _

filx;o, B,0,k,n) =

N+ 60k — [0kYuy(0x) + NVp(6x)]

Mean residual lifetime Eq.2.93 is obtained as;

“tf(t)dt —
S(x)
02 (oo, | k(01)% 1 or)f-1| _
6% Jx t[ <F)oc +n<er)/3 ]e Ot

_ —X
nN+6k— [ekYa(Gx) ‘Hﬂ’ﬁ(ex)}
n+06k

ezﬁfz[“ﬂﬁfl+-”w”ﬁl]e9%h

x>0

oL p
= — X

1N+ 60k — [0Ya(ox) + N Y56
eortzlk fxmt“e_etdt+%fx°°tﬁe_ef

n+0k— [GYa(ex) + T??’ﬁ(ex)}
0%kal (ot +1)(0x) +nOBT(B +1)(0x)

1N+ 0k — [k0Ya(0.) + N Yp(6x)]
_ a8k (ar+1)(6x) + nT(B+1)(6x) _

0 (N +6 — [0kYu(ox) + M V5(6x)))

—X

Using the relation 1.12, equilibrium distribution Eq.2.94 is ob-
tained as;

1+ 6k — [k0Yu(0x) + NVB(0x)| 6(KO +1)
k6 +1n a6 +fn

6 [N+ 0k — (kOYu(ox) + N YB(6x))
abk+fBn

fe(x;a,B,0,k,n) =
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Survival function based on the equilibrium distribution Eq.2.95
is obtained using relation Eq. 1.13 as;

- - =
/)C S(f;a,ﬁﬁ,k;n)dIZ/x 1dl—/x okt 1 lekYa(et>+UYﬁ(et)]df
1

1 (o) [o)
= — 0k dt

— —x+ T [9kocF(a+ 1)(9x)] + okt [nBF(l
= ok n [6kaT (a+1)(6x)+nBL(B+1)(0x)] —x
e [Okal(a+1)+nBL(B+1)] —x
— a0k+Bn

0(0k+n)
~ 6(6kal(a+1)(6x)+nBL(B+1)(6x)) —x
- o0k+fn

Using the relation Eq.1.14, hazard function on equilibrium dis-
tribution Eq.2.96 as;

n+0k— [kG?’a(ex)+n7ﬁ(ex)]

he X,a7 79,](, — O£9k+[5n
( B n) 0 [ekar(a+1)(9x>+n7ﬁ<ex>] —*
o0k+pm

N+ 0k — [kOYu0x) + 1M Yox
~ 0[0kal(o+1)(6x) +nBT(B +1)(0x)] —x

[]
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3.1

3.2

TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Akash distribution)

Introduction

The objective is to construct and derive statistical properties
of a two component finite gamma mixed distribution a case
of Akash distribution. Akash distribution is generalized up
to three parameters. The mixed distribution is expressed in
terms of pdf and Cdf. we later derive statistical properties
such as reliability measures, equilibrium distribution proper-
ties, moments both centralized and none-centralized moments.

One parameter Akash distribution

3.2.1 Construction of one parameter Akash distribution

Proposition 3.2.1. One parameter Akash distribution is a two
component finite mixed distribution of Gamma(1,0 ) and Gamma(3,0)
2
with weight proportion as @ = 6§—+2, the pdf and Cdf of one pa-

rameter Akash distribution are;

93
f(x;0)= P [1 +x2]e_9x;x >0,06 >0 (3.1)
. Gx(9x+2) —0x.
F(x,@): —[1 92+2 ]e ,x>0,9>0 (3.2)
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Proof . Using the concept of finite mixtures Eq.1.1, the pdf
of one parameter Akash distribution is obtained as;

f( 9) 92 [9 —Qx} i 2 [93 —0x 2}
x;0) =———=|0e¢ e 'x
02 +2 62 +2'173

0° o 26°
= —Fe —|—
6242 (624+2)I3
B 936—9x N 2936_OXX2
C02+2  2(62+2)
93 271 —6x
:GZ_H[1+x]e ,x>0,0>0
further Cdf Eq.3.2 is obtained as;
0> [~ 2y ,—6
F(x;G)—e2+2 i (1+x%)e "dx
93
=———I
6242

I :/ (14+x%)e % dx
0

u=(1+x*) = du = 2xdx

0 _e—9x
d = x:> =
1% e 1% 0
—0x 2 [
11:—(1+x2)69 9/ —xe ¥dx
e %% 2
11:—(1—|—x2) 0 —5*12
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xe % 1 =
b o o/ e O%dx
xe—@x e—Gx
h=—"f""%
From I, and I, we have;
—0x —0x —0x
N 2 xe e
I} =—(1+x7) 0 _5[ 0 +62]
—(1+x?)e 9% 2xe 9% 2¢79%
h= 0 2L
/ — (02403 4+-2x0 +2)e
1 p—
03

6> [~ 2\ 6

:92+2/0 (14+x")e “dx
0% [024+2+0°x*+2x0] 4.

T2 i ‘

(0% +2+0%x*+2x07 _,,

e
6242

Ox(6x+2)

0% +2

=1— |1+

]eex;x >.0>0

3.2.2 Reliability analysis

Proposition 3.2.2. Survival function denoted by S(x;0) and
hazard function denoted by h(x; 0) of one parameter Akash dis-
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tribution Eq.3.1 are;

Ox(6x+2
S(x;@) = ll—l— xézj__; )]e_ex;x>0,9 >0 (3.3)
03 (1+x?)
h(x;0) = X 0,6 >0 .
(x.6) 0212+ 0x(6x12)" 07 .

Proof . Applying the relation Eq.1.8, survival function S(x; 0)
Eq.3.3 is obtained as;

ﬂme)zl—ll—[y+9“9”+”]ee1

02 +2

Ox(0x+2)| _,
— |1 x
[ + 0242 ]e

hazard function h(x;6) Eq.3.4 is obtained using Eq.1.9 as;

93 2\ —0x
1+x%)e
h(x;0) = 92+2( )

02+2+0x(0x+2) o—0x
62+2

B 03 (1 +x?)
0242+ 0x(0x+2)

3.2.3 Moments and related measures

Proposition 3.2.3. The " moments of one parameter Akash
distribution are obtained using both method of moments and mo-
ment generating function as shown below:

N r!(92+(r+1)(r+2))
— 3.5
Hr 67(62+2) @2
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Proof . By definition of moments Eq.1.16, moments of one
parameter Akash are obtained as;

93
EX) =912

93 [eS) oo
— PR, /0 xre_exdx—i—/o xr+ze_9xdx]

G ‘r(r+1)+r(r+3)]
624+2| o+l 93
i (0*+(r+1)(r+2))
B 67(62+2) ’

/ X (14x*)e %dx
0

r=1,2,3, -

Applying the definition of mgf Eq.1.17, mgf of one parameter
Akash distribution is obtained as;

93 oo
92+2/ e (14+x*)e %dx
93 000
T 6242 o

my(t) =

e 0% (1 4 x)dx

A 1 2
_92+2[(9—;)+(9—z)3]

03 [1 & tr 2& (k+2\ ,tx
=e+z[52<5> W,;)( ‘ ><5>]
- 92+(k+1)(k+2)(z)k

= 62 +2 0

k=0
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The ' moments about the origin of one parameter Akash dis-
tribution Eq.3.1 are obtained as a coefficient of% in my(t) as:

L 0P+ (r+1)(r+2))
Hr = 0r(62+2)

Setting r = 1,2,3 and 4 in Eq.3.5 the none centralized mo-
ments are:

=1,2,3, -

. 6°+6 . 2(6%+12)

Ui = M=
60(6%+2) 62(6%+2)

. 6(6%+20) | 24(67+30)

M= 6350212) M7 66212

We now derive centralized moments as;

=
o=ty — (y)°

C2(6%+12) 02+6 \°
T 02(62+2) (9(92+2))
6%+ 1662+ 12

62(62+2)2

My = Wy — 31y +2(1y)

~ 6(6%+20) 3(2(92+12) 62 +6 ) < 62 +6 )2

03(6°+2) 0%(62+2)6(62+2) 0(6%2+2)
20°+600* +7260% 1-48

63(6%+2)3

Mo = Wy — 4500 461 1 —3(1;)?
~ 96°+3840°+122460* + 17286+ 720
o 94(92+2)4
Proposition 3.2.4. Other related measures such as variation co-
efficient (C.v),skewness (V;), kurtosis (V) and dispersion index

%)

Uy =

M3

Ha
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(U3) of a one parameter Akash distribution Eq.3.1 are:

Coe V04 +1662+ 12 o
' 6246 |
20°+ 600" +726° + 48
V) = 3 (3.7)
(6% 41662+ 12)2

9608 +38460°+ 122460+ 172862 + 720

P (07 + 1667+ 12)? o
_ 6'4+160°+12

YT 951863+ 126 @

Proof . Coefficient of variation Eq.3.6 is obtained as;

o)
Cv=—

h
VO*+1602+126(6%+2) _ V04 +1602+12
0(6%2+2) 02+6 02+6

Skewness coefficient in Eq.3.7 is obtained as;

H3
D =
(M2)?
3
_0*+1602+12[ 6%(0°+2)* |2 . 20°+600* + 720 +48
 05+86034120|64+1602+12 (04 + 1662+ 12)3
Coefficient of kurtosis Eq.3.8 is obtained as ;
Ha
Dy =
(U2)?
~ 96°+3840°+ 12240 + 172802 +720 ( 6%(6*+2)?
B 04(62+2)* 0441662 +12

003 1+ 38460° + 1224604 + 172862 + 720
(64416024 12)2
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Index of dispersion Eq.3.9 is obtained as;

62

o
6% +160>+126(6°+06) . 0* 41662 + 12
0%(8%2+2)2  062+6 0548603 +120

U3

3.2.4 Excess Loss Distribution

Proposition 3.2.5. In this section, the pdf of excess loss distri-
bution fi(x; 0), mean residual lifetime (MRL), equilibrium distri-
bution f,(x;0), survival function based on the equilibrium dis-
tribution S,(x; 0) and hazard function based on the equilibrium
distribution h,(x;0) of one parameter Akash distribution Eq.3.1
are stated as:

93(1 +X2)€_<X_Z)9

;0) = SX > .
fl(x ) 92"‘2+92(9Z—|—2) X >Z (3.10)
) 0(6%+2+0°X*+20x)+2(6*+6+60°x+0)+26
m(x) =
02(60%2+2+ 6%x>+26x)
(3.11)
02+2+ 0x(6 2))e 0%
fe(X;e) = ( et 9)26(4—2—'_ ))e (3.12)
(0% 460 4 40%x+ 03x?)e %>
Se ;9 — .
(x;6) 0(6%+6) @19
0(6%+2+6%x2+26
he(x;e): ( o i x> (3.14)

03 +60 +40%x+ 63x2
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Proof . Pdf of excess los distribution f;(x;0) in Eq.3.10 is
obtained using the relation Eq.1.10 as;

6° (14x%)e 9"

.Q) _ 6%+2
filx:0) = (62+2+62(6z+2))e -

62+2
93(1 _|_x2)e—(x—z)9

T 0212+ 607(0z+2)

X>Z

Using the relation Eq.1.11, the mean residual lifetime Eq.3.11
is obtained as;

6%+2 = (02+24 0224201\
m(x) / e 'dt
(0242 + 62x2+260x)e 0% J, 0% +2
1

(62 +2+ 6%2x%+26x

= / (6% +2+ 6% +261)e "di
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we now use integration by parts technique on the part [ (6
2+ 022 +20t)e %dt;

I — / (6% +2 + 6% +201)e ' dr

u=(0>+2+0%"+20t) = du =26 +26
_ b
0
e—et
—(6*+2+ 67> +261) 5

—0t

dv=e9— =

2 [e3s}
+5/ (0% +08)e dt

2
+—b

(024246022 +201)°
(67 +2+ 67 +201) 5+

12:/ (0%t +0)e dr

u=0%+0— du= 06%d:

_e—Gt

dv=e%— =

(92 9tdt

92t—l—9)

I; = / etdl

3_9

0

24
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From I;, I, and I; we have;

e—Qt

L=|—(0(6*+2+0°*+261)+2(0* +0)+20) .

e—@x

0

I = (0(6*+2+6°x* +20x) +2(6%x+0) +20)
: I
(242 +62x2+20x)e 0+ '
0(0%+2+0%x>+20x) +2(0°x+0) +20
02(02+2+ 6%x% +26x)
0%+ 6+ 6%x> +40x
0(62+2+ 62x2 4 206x)

By definition Eq.1.12, the equilibrium distribution f,(x;6) in
Eq.3.12 is obtained as;

02 +2+0x(0x+2)0(6%>+2) . 0(0%+2+0x(0x+2)e?
62+2 62+6 62 +6

fe(x;0) =

Using the relation Eq.1.13, survival function based on the equi-
librium distribution Eq.3.13is obtained as;

/ws(t'e)dt _ (0% 460 4+460%x+ 83x)e 9~
x 0(62+2)
(074 6+46x+0°x*)e ¥ (6% +2)
6(62+6) 62 +6
(024 6+40%+ 0%x?)e 9
02+6

Se(x;0) =
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3.3

By definition in Eq.1.14, hazard function based on the equilib-
rium distribution Eq.3.14 is obtained as;

h(x:0) = (62 +2+ 0x(0x+2))e 62 +6
o 62+6 (024 6+402x2 + 40x)e— 0%
_ 0(6°+2+6%x*+26x)
0%+ 6+ 6°x> +46x

Two parameter Akash distribution

3.3.1 construction of two parameter Akash distribution

Proposition 3.3.1. Let 0 = a‘;‘giz be the mixing probability,

a generalized two parameter Akash distribution (G2PAD) is a
two component finite mixed distribution of Gamma (1,0) and
Gamma (3,0). The pdf and Cdf of G2PAD are stated as;

93
06242
F(x;a,0)=1— [1—1—

(@+x*)e x>0, >0,0 >0 @5
0%x> +20x
o062 +2

flxo,0) =

];X>O,OC>0,9>O (3.16)

Proof . Using the concept of finite mixture defined in Eq.1.1,
the pdf of G2PAD is obtained as;

062 2 03¢ 9%x2
0]+ —— =]
af-+2 I'3
a93e—6x N 038_9xx2
ab?+2  ab?+2
93

- a92+2[a+x2]e_ex;x>0,oc >0,0 >0
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Remark 3.3.2. Setting ot = 1 a generalized two parameter Akash

distribution Eq.3.15 reduces to a one parameter Akash distribu-
tion Eq.3.1.

Further Cdf Eq.3.16 is obtained as;

F<x;a,9):/°°f(x;a,e)dx
! 93 )
- a6?+2 0
63
0?42
I = /Ooo(oc +x*)e ¥ dx

u= (0 +x*) = du = 2xdx

(o +x*)e % dx

I

0 _e—Qx
d = _x:> =
v=e v 0
—0x 2) oo
11:—(Oc—|—x2)69 o —xe Pdx
—0x
e 2
I = —(a+x* Sl
1 (a+x7) 0 ol
12:/ —xe %dx
0
U= —x=—du=—dx
0 _e—Gx
d — X:> —
v=e v 0
GX 1 o3}
b o2 e %%dx
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15) xe_ex—lls

6 ?)
13:/ e %%dx

0
u:—Gx:>du:—9dx:>d—Z:dx
13:/006” du _ 1 euj—e_ex

o —6 —6 6

From I, I, and I5 we have the following;

5 e—@x 2 xe—@x 1 e—@x
h=—(e+)= =515 "o\ o

—0x
03
=14+ —(af*+x°6*4+20x+2)
X202 +2x0
1+
06242

I = —(00%+ 2262 +20x +2)°

e—@x 93
03 ab2+2

]ewm>Qa>Q9>O

3.3.2 Reliability Analysis

Proposition 3.3.3. In this section, we state survival function
S(x;,0) and hazard function h(x; o, 0) of a generalized two
parameter Akash distribution Eq.3.15 as:

a0>+2+x*0%+2x0|

S(x;0,0) = 06212 e Fx>0,00>0,0>0

(3.17)
B 6% (o +x%)
02 +2+x20242x6

h(x;a,0) x>0,00>0,0>0 (s



109

Proof . By definition Eq.1.8, survival function S(x; &, 6) Eq.3.17
is obtained as;

202 2
St 0) =1— [1— [1+x o+ xe]e‘”I

b2 +2
_ i x20% +2x60
- 002 +2

]eex,x>0,a>0,9>0

Using the relation Eq.1.9, hazard function A(x; a0) in Eq.3.18
is obtained as;

93 2\ —6x 0692‘|‘2
h(X,aae) — a92_|_2(a+x )6 * [(&92+2+x292+2xe)66x]
B 03 (a +x?)
 a62+2+x20%+2x6

3.3.3 Moments and related measures

Proposition 3.3.4. The r'" moments of a generalized two pa-
rameter Akash distribution are obtained using both method of
moments and moment generating function as shown below:

L (a8 (r+1)(r+2))
M = T
0" (6% +2)

=1,2,3,--- (3.19)
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Proof . By definition of moments Eq.1.16, the moments of
G2PAD are obtained as;

E(Xr)_oc92 2/ (o +x*)e P dx

93 —0x r+2 —0x
:m_a/o x'e dx—l—/ox e dx

0> [al(r+1) F(r—|—3)]

— 0692—|—2 I 9r+1 9r—|—3
(62 1 2
ri( +(r+1)(r+ ));r:1,2,3,---
07 (a6?+2)

Using the relation Eq.1.17, mgf of G2PAD is obtained as;

93 I~
my(t) = w23 ) (o0 +x*)e” Petxdx
_ 93 ooe—(t—e)x(a+x2)dx
a6?+2 )y
0 [ o« 2 ]

~ 2012 (t—9)+(t—9)3
K 2 & (k+2\ 1t

oo @ L ()@
a6+ (k+1)(k+2)

_Z 062 +2 (5)

[]

The " moments about the origin of a generalized two param-
eter Akash distribution are obtained by putting % in m,(t) as



shown below;

P rl(af*+ (r+1)(r+2))
Hr = 0"(62+2)

r=1,2,3,--

The first four moments about the origin of a generalized two
parameter Akash distribution Eq.3.15 are obtained by putting
r=1,2,3 and 4inEq.3.19 as;

L af’+6 L 2(ab?+12)
M= g@er2) M2~ 92(ae212)
| 6(a6%+20) | 24(a6?+30)
3T 93(a02+2) M T 04 aer12)

U

We now derive expression for the first four moments about
the mean of a generalized two parameter Akash distribution
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as:

W=
o=, — ()
2(ab?+12) a6*+6 |2
T 02(a02+2) <9(a92+2)>
o’0* 4+ 16007+ 12
02(062 +2)2
s =13 — 30 +2(u )’
 6(a6?+20) (2(a92+12) 6> +6 ) 2( a6>+6 )3
03 (062 +2) 0%(062+2)0(axb?+2) 0(ab?+2)
_ 20°6°+60a%6* +10806% 4-48
Hs = 03 (62 +2)3
Mo =y — 45 g + 6 1 —3(1)°
~ 24(aB8%+30) 6(a6?+20) ab>+6 a6’+6 2(a6>+
T 04(a02+2) [93(a92+2)9(a92+2)] [9(a92+2) 02(062 +
_ 9a*6® +3840°0° + 122400°6* + 1728006 + 720
B 04(62+2)*

Ho =

Proposition 3.3.5. Other related measures of a generalized two
parameter AKash distribution such as coefficient of variation
(C.v), coefficient of skewness (V;), coefficient of kurtosis (02) and
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dispersion index (V3) are stated as;

Vo204 + 16062 + 12
Cv= 00216 (3.20)
200360 + 60020 +720.0% + 48
V= 3 (3.21)
(@204 + 16062+ 12)2
o 90:'0® +38401°6° + 1224020 + 172806 + 720
2 (a?20% 416002+ 12)? 22
o o20* +16a6?%+12
3T 0205+ 8003 + 120 (29

Coefficient of variation in Eq.3.20 is obtained as;

Proof.
Cv= El
Hy
Va0t +16a62+120(a6*+2) Vo2O* + 16062+ 12

—
0(ab?+2) a0%+6 a0%+6
Skewness coefficient in 3.21 is obtained as;

M3
(U2)?

20300+ 6020* + 1080007 +48[  62(a62+2)> 1°
B 03(af2+2)3 020% + 16002 + 12
_ 20°0°+ 600?60 +72000% + 48
C (020%+ 16002+ 12)3

V1 =
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Further kurtosis coefficient Eq.3.22 is obtained as;

Ha
D =
T ()?
~ 90%0% +3840°6° + 12240207 4+ 17286% + 720 [ 6% (06> +2)*
B 04(0 02 +2)4 a20* + 160062 + 12
_ 9a*6% +384a20° + 12240 6* + 172816 + 720
B (020* + 16002 + 12)2

Index of dispersion 3.23 is obtained as;

62

T
_atOt+ 1606 +126(a6”+2) . a?0* +16006% 4 12
- 02(aB2+4-2)2 ab?+6 205480603 +120

U3

[]

3.3.4 Excess Loss distribution

Proposition 3.3.6. The probability density function of excess
loss function fi(x;c, 0), Mean residual lifetime (MRL), equilib-
rium distribution f,(x; o, 0), survival function of equilibrium
distribution S,(x; @, 0) and hazard function of equilibrium dis-
tribution h,(x; o, 0) of a generalized two parameter Akash dis-
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tribution Eq.3.15 are stated as;

03 (o + x?)e~ 20
o, 0) = JX > .
filxe.8) = et a 1207120 C (329

6+40x+ 062 + x262

") = G a6 1212267 1 26 2
(0, 0) = 9(0692%—2;—322_9*_26—% 20x)e %" 20
S.(v:0.0) = (6+40x +a0éfiz 02x%)e0* o

0(a0?+2+ 0°x*>+20x
helx; ¢, 8) = (6+4;_x++0692+—|_92x2 ) 20

Proof . First, pdf of excess loss distribution Eq.3.24 is ob-
tained using the relation Eq.1.10 as;

6° Ny 6> +2
(04
a92+2( ) (02 42+ 0272 +207)e b=
B 93(a+x2)e—(x—z)9 .
 aB2+2472024+2760°

filx;0,0) =

X>Z

secondly, mean excess loss Eq.3.25 is obtained using relation
in Eq.1.11 as;

e Odr

o0%+2 /°° 00%+2+ 0%+ 20t

m(x) = (0002 +2 + 0%2 + 20x)e 6% @62 +2
1

— waez 2+ 0% +201)e dr
(a92+2+92x2+29x)e—9x/x( T2+0%+200)e
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Taking the part [ (a0 + 2+ 6%t*> +20t)e~%dt and using in-
tegration by parts technique we have the following;

u=(0t0%+2+ 0% +20t) = du = 20% 420
—0t

—e
dv=e¢9—y=
1% e 1% 0
e 9 2
I = —(00* +2+6°t* +261) o Tgrh

L= / (0%t +0)e ?dr

u=0%+0— du= 0%

_ b

dv=e%—y=

)

L=—(6+0) 5 +9/ e Vdt
e_e )

L=—(6t+0) 5

t

—|—9>I<I3

) e—er
L :/ e %dr = 0 ( 5 ) = —e ¥
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From I},I I we have the following;

2 2.2 e ¥ 2 2 e
L =—(a0”+2+ 67t~ +26r1) 5 +5 —(0°t+0) g ¢

(= 0(ab2+2+ 0%2+261) —2(6% + 6) —20)e 0"
02
(6+46x+ 00> + 0%x*) e "
0
1 ) (6+40x+ ab? + 6%x*)e %"
(a2 +2+ 0%2x> 4 20x)e 9~ 0
6+40x+ 06>+ 6%x°
- 0(0B2+2+ 062x2 4 20x)

Using relation Eq.1.12, equilibrium distribution f,(x; @, 0) in
Eq.3.26 is obtained as;

02424 0%x* 420 0(x6? 42
£, 0) = af”+2+ 67 +26x] g, (06 +2)
062 +2 a02+6
_ 0(aB*+2+x70%+20x)e >
a6’+6

By definition Eq.1.13, survival function based on equilibrium
distribution Eq.3.27 is obtained as;

(6+40x+ a6+ 6%x*)e 9"

/ S(t;a,0)dt =

0(x62+2)
6+46 02+ 0%x*)e %" 0 (a6 +2
0(a6>+2) 0= +6

(6+40x+ B+ 0%x*)e %"
0?46
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Using relation Eq.1.14, k. (x; o, 0) in Eq.3.28 is obtained as;

ot 8) = (6+40x+ 0% + 0%x?)e 0~ 6%+ 6
T 62+ 6 (6+40x+ a2+ 62x2)e6x
_ 0(a6?+2+ 6%x* +26x)
 6+40x+ 62+ 622
]

3.4 Three parameter Akash distribution

3.4.1 Construction of three parameter Akash distribution

Proposition 3.4.1. Let ® = %
alized three parameter Akash distribution is a two component fi-
nite mixed distribution of Gamma(l,0) and Gamma(3,0) . The
pdf and Cdf of G3PAD are stated as;

3

o602 +2p

be mixing weight a gener-

flx;a,B,0) = [a+Bx]e x> 0,a>0,>0,6>0

(3.29)

BO°x*+2B60x] _,
Fx;o,,0)=1—|1 Yx>0,00>0,>0,06>0
(x;o,B,0) + 0671 2P e tix B

(3.30)

Proof . Using the concept of finite mixture defined in Eq.1.1,
the pdf Eq.3.29 of G2PAD is obtained as;

062 23 0°

0 —0x —0x,2
a92+2[3[ ¢ ]+a92+2[3 e ]
B aGZe—Gx N 2ﬁ93€_9x)€2

ab?+2B T3 (a62+2B)

93

:m[a+ﬁx]e“’x;x>o,a>0,ﬁ >0,0 >0

fxo,B,0) =
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Remark 3.4.2. Putting B =0, o =1 a generalized three pa-
rameter Akash distribution Eq.3.29 reduces to exponential distri-
bution 2.17.

Similarly, putting B = 1 a generalized three parameter Akash
distribution Eq.3.29 reduces to a generalized two parameter Akash
distribution Eq.3.15.

Putting oo = B = 1 a generalized three parameter Akash dis-
tribution Eq.3.29 reduces to one parameter Akash distribution
Eq.3.1.

A generalized Akash distribution Eq.3.29 is modification of a
generalized two parameter Akash Eq.3.15 introduced by Shanker
et al.(2018).
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further Cdf Eq.3.30 is obtained as;

0
62+
0
-7
062+28"
I :/ (ot + Bx)e Pdx
0

u=(a+px) = du=2Bx

3 o0
Flx,a,B,0) = —2[3/0 (0t + Bx)e®dx
3

0 _e—Gx
d — _x:> —
v=e V 0
—Gx 2 (%)
:—(OH—,Bx)ee —?ﬁ i xe ¥dx
e—Gx zﬁ
Eo + Bx) 0 0 * I
L= / —xe %dx
0
U=—x=—du=—dx
0 _e—Gx
d — x:} —
v=e v 0
xe Ox 1 -~
L= —— | e %d
2 9 9 0 e X
xe 0% 11
2 090 ) 3
13:/ e dx
0
du

u:—Gx:>du:—9dx:>—9:dx
—1 r= —1 —1
:7 i e”du:?e“:ve_ex
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From I},I;, Is we have the following;

e % 28 [xee 1 ,—e %

_ 2 1

=—(a+p) 55 1= 505 )
—0x

93
=1+ —[062+2B + PO +2B6x]°
BO°x>+2B0x
a6’+2p

e

= —[a6’+2B + B6°x* +2[6x]
—0x 93
03 a62+2p

F(x;a,B,0)=1— |1+ ]eex;x>0,a>0,ﬁ>0,9>0

[]

3.4.2 Reliability Analysis

Proposition 3.4.3. In this section, survival function denoted
by S(x;o, B,0) and hazard function denoted by h(x; o, 3,0)

of a generalized three parameter Akash distribution Eq.3.29 are
stated as;

0% +2 0%x*>+286
S(x;a,3,0) = oo+ i22ﬁ+2;+ pOx e % x>0,a>0,8>0,0
(3.31)
6% (a + Bx?)
hix;o,5,0) = x>0,00>0,6>0,0>0
(0P 8) = o 2p 1 porc 1 2pex > 14> 0P

(3.32)

Proof . Firstby definition in Eq.1.8, survival function S(x; o, 3, 0)
in Eq.3.31 is obtained as;

sraporsr [

 [a6*+2B + pO*x*+2B6x
B 62 +2p

]e"x;x>0,a>0,ﬁ >0,60
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further hazard function i(x; ¢, 8, 0) in Eq.3.32 is obtained us-
ing the relation defined in Eq.3.32 as;

3 —60x
OME—HB[OH—ﬁx}e 0

a024+2B+B62x2+20x o—6x
a62+2f

B 03 (o + Bx?)
002 +2B+ B0 +2B06x

h(x;o,3,0) =

;x>0,00>0,>0,0>0

[]

3.4.3 Moments and related measures

Proposition 3.4.4. The r'"" moments of a generalized three pa-
rameter Akash distribution Eq.3.29 are derived using both method

of moments and moment generating function (mgf) as shown be-
low;

L N (ae*+B(r+1)(r+2))
et = 0"(a62+2p) ’

=1,2,3,--- (3.33)
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Proof . By definition in Eq.1.16, the moments of G3PAD are
obtained as;

E(X") = X(o+ Bx?)e ¥ dx

92+2ﬁ/

93 —06x ~ r+2 —0x
:m_ /0 x'e a’x—|—ﬁ/0 x e dx]
03 [al(r+1) BF(r+3)]

0592—|—2B I or+1 Qr+3
03 [arlr B(r+2)(r+1)Tr
a6z +2B | ort grt3 ]
03 Tr [o ﬁ(r—|—2)(r+1)
0?1256 o ]
B r’(a92+[3(r+1)(r+2))
B 0"(62+2p) ’

Similarly, by definition in Eq.1.17 mgf of G3PAD is obtained
as;

=1,2,3, -

—0x
d
(1) a92+2ﬁ/ et B
6 ~ —(6—1)x
:a92+2b’ 0 € ((X‘FﬁX)

0 [ o« B
aB?2+2B (6 1) + (6 —1)3 ]

0° (ot k+2
T ab2+2p _5,;)(5 932( )]
S ab+Bk+1)(k+2) 1
_,;) ab?+2f <5>

The moments about the origin of a generalized three param-
eter Akash distribution Eq.3.29 are obtained as a coefficient i—r,
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in m,(t) as;

P r!(a@z—l—ﬁ(r—l—l)(r—l—Z)).
b = ora0?+2B)

r=1,2,3,---
]

The four moments of a generalized three parameter Akash
distribution Eq.3.29 about the origin are obtained by putting
r=1,2,3 and 4 in Eq.3.33 as shown below;

1 a6”+6p “1:2(a62+12ﬁ)

P e(a02+2B)" " 02(a62+2B)

. 6(a6%+208) . 24(a6%+308)

M= 93aez128) M7 6i(ae2 1 2B)

=

We now derive centralized moments of a generalized Akash
distribution as;



125

W=
o=, — ()
2(a6%+12P) a6’ +6B 2
T 02(ab2+2B) [92(a92+2[3)]
_a*9*+16ap0+12p7
Ha = 02(0t0%+2f3)2
s =13 — 30 +2(u )’
_ 6(a6”+20B) 3 2(a8?+12B) (6?4 6f) ] _2[ a6’ +6p8
03 (063 +28) 0%(a6?+2f3)0(a6?+28) 0(x62+2p
C 20°0°+13202B6% +28a*B6° + 720207 + 4870 — 144362 -
B 03 (002 +2f)3

U3
My = iy — 4 +6ui 1y —3(u))?

Proposition 3.4.5. Other related measures of a generalized three
parameter AKash distribution Eq.3.29 such as variation coeffi-
cient (C.v), skewness (V1), kurtosis (0,) and dispersion index (V3)
are stated as;

c V a20* + 160562 + 1232
V= .
621 6p o
. 200°0% + 13202 0* + 28’ O° + 72032603 4+ 483°0 — 14403267
1 p—
(0264 + 16362 + 1282)3
(3.35)
Ha
Dy = (3.36)
(2)?
a’0* +16aB6? + 1232
V3 = (3.37)

0(062+203)(6?+68)
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Proof . To begin with, coefficient of variation Eq.3.34 is ob-
tained as;

o}
Cv=—

u
/a0t + 160562+ 12260 (6> +2f) . V204 + 1605602+ 125
B 0(a6%+2p) 62 +60 62 +60

Secondly, skewness Eq.3.35 is derived as;

3 =3y +2(u) )’
(1)}

20360°+13202 6% +2802 B 67 +720.8203+48B30 — 1440202 —384 53 — 1082 3 62
03 (a62+2p)3

DV =

3

2

204 +16062+122
02(a62+23)>

_ 20°0°+132a°B 0% +28a*B0° + 7205267 + 4870 — 1440 326* — 384
(026% + 160862 + 1282)3

kurtosis coefficient Eq.3.36 is obtained as;

g —Aps ) 6y —3(py)?
2
[l — (u))?]

Lastly, index of dispersion Eq.3.37 is obtained as;

V) =

(72

T
_at8*+16aB6*+12B%0(a6*+2P) . a’0* + 1604 6%+ 1232
- 0%(xB2+2pB)2 @62+ 6f3 0(x62+2B)(ab2+6f3)

[]

U3

3.4.4 Excess Loss Distribution
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Proposition 3.4.6. The probability density function of excess
loss function fi(x; o, B,0), Mean residual lifetime (MRL), equi-
librium distribution f,(x; o, 3,0), survival function of equilib-
rium distribution S,(x; o, B,0) and hazard function of equilib-
rium distribution h,(x; o, B, 0) of a generalized three parameter
Akash distribution Eq.3.29 are stated as;

0% (a+ Bx)e )0

a,p,0 .
filwoB.8) = o per 1 apez T 4
a6+ 02Bx> + 6B +4B0x

m(x) (339)

0(a6?+2B + 62Bx*+2B6x)

0(ab?+2B+ 0?Bx+2B0x)e >

fe(x;a,ﬁ,e) = 062+ 60 (3.40)
. (002 + BO%x* + 6 +4B0x)e b

Se(x,a,ﬁ,e) = 0692—|—6ﬁ (3.41)

ab?+2B + 62Bx*>+206x
h.(x;o,5,0) = .
(x;a.p,0) 0 (062 + 62Bx2 + 65 + 4B 6x) 12

Proof . Tobegin with, pdf of excess loss distribution Eq.3.38
is obtained using the relation in Eq.1.10 as;

a92+2[3 o+ Bx]e™®

a62+2B+B62:2+2B6; o2
62428

B (OH—,BX) (x—2)0 ‘
- aB?+2B+B622+2B07

filtx;a,B,0) =
|

X>2Z
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By definition of mean excess loss in Eq.1.11, m(x) in Eq.3.39 is

derived as;
(x) o6” +2f /“[0692+2[3+92/3t2+2l39t]eet
B ¢
m(x ((X92—|—2ﬁ—|—92[3x_|—2[39x)e—9x (X92—|—2ﬁ
1 ” —
~ GO IF T I ), (0028 + B 2pone d

Taking the part [~ (0t0%+2 + 61>+ 26t )e ¥ dt we have;

u= (a0’ +2B + 6*Br*+2B6t) = du = (26°Br +2B06)dt
—0t

—e
7]
e—ez

= — (00> 428 + 6*Bt* +2B61) 5

dv=e "= v=

+2/3/ (0t +1)e dt
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Taking the part [”(07 + 1)e~%dt we have the following;

= (0t+1) = du = 0dt

_e—et

dv=e9%— =

— (01 + e Ydt

—Ot _
_2B[ (GF%U 5~ 9 ]
= — (00> +2B +0*Br> + 2B et)e:t

_ [(0692+2ﬁ +92ﬁt+2ﬁ9t—|—2ﬁ _I_Zﬁ)eet]w

e

128 [—(Qt—kl)eet _ et]

0 0

0
B [(0692 +02Bx*+ 68 +4f Ox)eex]
B 0
B 1 (0002 + 0%Bx* + 6 +4B0x)e 0
(002 +2B +62Bx+2B0x)e0* 0
a6+ 0%Bx>+ 65 +450x
0(a62+2B + 6%Bx*+2B6x)

Using the relation in Eq.1.12, f,(x;a,B,0) in Eq.3.40 is ob-
tained as;

X

a02+2B+B6%x>+2B6x o—6x
a62+2f

fe(x;a,B,0) = [

624603
6(a6%+2P)

0(ab?+2B+ 0*Bx+2B0x)e
06”2+ 6f
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By definition in Eq.1.13, survival function based on the equi-
librium distribution S.(x; &, B, 0) in Eq.3.41 is obtained as;

® (08> +0*Bx*+ 6B +4B6x)e ™
/x Sit:e,B, 6)dr = 0(062+2p)
_ (aB*+6?Bx*+ 6 +4B6x)e ¥ 0(a0>+2p)
0(ab%+2p) a6’ +6f
(0002 + BO%x* + 6 +4B0x)e b
06”2+ 6f

Se(x;a,B,0) =

Using the relation Eq.1.14, hazard function based on equilib-
rium distribution Eq.3.42 is obtained as;

ho(v:,B.6) 0(a6?+2B+ 0%Bx+2B0x)e > 8%+ 68
v a6%+6f (B2 + 62Bx2+6f + 4562
ab?+2B + 0?Bx*+26x
~ 0(aB62+02Bx2+6B +4B6x)
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4.1

4.2

TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Shanker distribution)

Introduction

In this chapter, a two component finite gamma mixed a case of
Shanker distribution is considered. we shall construct and de-
rive properties of Shanker distribution and its generalizations.
The mixed distribution is expressed in terms ofpdf and Cdf.
We later derive statistical properties such as reliability analy-
sis measures, equilibrium properties, moments about both the
origin and mean.

One parameter Shanker distribution

4.2.1 Construction of a one parameter Shanker distribution

Proposition 4.2.1. Let @ = egil be mixing probability, one

parameter Shanker distribution is a finite mixed distribution of
Gamma(l,0) and Gamma(2,0) . The pdf and Cdf of one pa-

rameter Shanker distribution are stated as;

92
f(x;0) = 02+1(9 +x)e x> 0,0 >0 (1)
. Ox | _op
F(X,Q)Zl— 1—|—92+1 e x>0,0>0 (4.2)
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Proof . By the use of finite mixed concept in Eq.1.1, the pdf
Eq.4.10f one parameter Shanker distribution is obtained as;

f(x‘ 9) — 9—2(96—9)6) s 1 (eze—exx)
’ 02+ 1 62+1'I2
93 —0x 92 —0x
211 "ot

92
o (0 +x)e x>0,0>0

further Cdf in Eq.4.2 is obtained as;
~ —0x
92+1/0 (0 +x)e dx
2
6% +1
L= / (0 +x)e dx
0

u=(0+x) = du=dx

X

F(x;0) =

0 _e—Gx
d — e X:> —=
1% e 1% 0
—0Ox 1 (¢S]
11:—(9+X)69 —5 A e_exdx
e 9 1
I,=—(6 ——1
1 (6+x) 0 gl

12:/ —e Pdx
0

=R R

1
Iz = —e_ex

0
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From I, and I, we have;

e—@x 1 —0x
I =—(0+x) o g2¢
—0x 92 1 92
— 1+ —(0+x)° 01

6 02+1 62 0741
0(0+x)e 9 et

— 14— _
62+ 1 62+ 1
i 6°+6x+1 e
| 6%2+1
| 0.x —0x
F(x;0)=1-— 0211/ x>0,0>0

4.2.2 Reliability Analysis

Proposition 4.2.2. The survival function denoted by S(x;0)
and hazard function denoted by h(x; 0) of one parameter Shanker
distribution Eq.4.1 are stated as;

0>+ 1+06x] 4,
S(x;G):[ 021 ]e x>0,0>0 (4.3)
02(0 +x)
h(x;0) = :x>0,0>0 .
(x ) 92+1+9xx> > (4.4)

By definition in Eq.1.8, survival function S(x;0) in Eq.4.3 is
obtained as;
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Proof.

S(x;0)=1— [1_ [1+ Ox ]eex]

02+ 1
B 02+ 1+ 6x
- 02+ 1

]eex;x> 0,0 >0

Using the relation in Eq.1.9, hazard function Eq.4.4 is obtained
as;

62 —0x
9 —|—X e
h(x; 9) = 92+1( )

02+1+0x | _0Ox
o2r1 | €

6%(0 +x)
= ; 0,6 >0
o2 r1+ox 7

4.2.3 Moments and related measures

Proposition 4.2.3. The r'" moments of one parameter Shanker
distribution are derived using both moment generating function
(mgf) and methods of moments are stated as;

,LLrl* _ r!(92+ (r+ 1))
67(6%2+1)

;1”21,2,3,--- (4.5)
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Proof . By definition Eq.1.16, moments of one parameter
Shanker distribution are obtained as;

x'(6 —|—x)eexdx]

92
— 01 9/ x'e 9xdx+/ Gxdx]

0> [0T(r+1) T(r+2)
02 +1 Qr+1 + Qr+2
2
0 T (r+1)rL'r

67(6>+1) 62

ri(6%+(r+1))
07(6°+1)
further the mgf of Shanker distribution is obtained using the
relation Eq.1.17 as;

02 o)k
my(t) = 1) (0=0%(9 4 x)dx

0> [ 6 n 1
024+1|6—t (9—t)2

:ezejl'i 922<k+1) ]

r=1,2,3,-

[]

The moments about origin about the origin of one parameter
Shanker distribution Eq.4.1 are obtained as

. (67 +(r+1))
b= "gre2 1)
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We obtain the four none centralized moments of one param-
eter Shanker distribution Eq.4.1 by putting r =1,2,3 and 4 in

Eq.4.5 as;

L 242 L 2(2+3)
M=% 11y 27 e

. 6(6242) | 24(67+5)

=802 11y M 6621 1)

The centralized moments are derived as;

=y
o= — (W)?

2(6%+3) 02+2 1° 6*+4602+2
M=) [9(92+1)] BCECESE
My = l3 — 3y +2(u))’

_6(0°+2) . [2(0°+3) 6742 1., 62 +2 ]3_296+1294-
=021 o2y e+ “lee )| 662+
Mo = Wy — 4500 461 1 —3(1y)°

:24(92+5)_4’6(92+2) 0% +2 ‘+6’ 0°+2 2(92+3)]_3[_

64(02+1) | 63(02+1)6(62+1)| | 6(62+1)62(6%+1)

968 +720°+ 1320 +966% + 24
B 64(62+1)*

2%}

Proposition 4.2.4. Other related measures of one parameter

Shanker distribution such as variation coefficient (C.v), skewness
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(V1), kurtosis (V;) and dispersion index (V3) are stated as;

VO*+4602+2

Cv= PPN (4.6)
200+ 1204+ 4

V) = 3 4.7)
(044462 +2)>2

908 +720° + 1326* + 9662 + 24
Dy = (4.8)
(644+460%+4)2

n 04+ 46%+2

> 9(62+1)(02+2) “

Proof. To begin with, coefficient of variation Eq.4.6 is ob-
tained as;

o
Cv=—

H
VO +4602+20(0%+1) . V04 +402 42
0(624+1) 6242 6242

further, skewness coefficient Eq.4.7 is obtained as;

vy = .Usz
()2
3
_ 20041200 +4[0%(0°+1)" |7 260°+126°+4
O 03(62+1)3 [64+462+2 (64 1462 +2)3

Kurtosis coefficient Eq.4.8 is obtained as;

Ha
(U2)?
96 47200413204+ 9602 +24[ 6207 +1) |7 96°+7265
- 0462+ 1)* [94+492+2] - (67

Dy =
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Lastly, index of dispersion Eq.4.9 is obtained as;

62

o
_(94+492+29(6)2+1):> 0 +4602 +2
- 0%2(624+1)2 62+2 0(6241)(62+2)

V3

4.2.4 Excess Loss Distribution

Proposition 4.2.5. In this section, we state probability density
function of excess function fi(x; 0), Mean residual lifetime (MRL),
equilibrium distribution f,(x;0), survival function of equilib-
rium distribution S,(x; 0), hazard function of equilibrium dis-
tribution h,(x;0) of one parameter Shanker distribution Eq.4.1
as;

92(9 _|_x)e—(x—z)9

fl(X;O) = 0211+ 62 ;X >Z (4.10)
0%+ 0x+2
m(x) = 9(92+ 1 n Gx) (4.11)
0(0%+ 1+ 0x)e %"
fe(XQQ) = ( 92+2 ) 4.12)
024 Ox+2)e b
Se(x;G) = ( 92+2) (4.13)
0(6°+1+6
he(x;e) — ( ToF x) (4.14)

02+ 0x+2
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Proof . Firstly, pdfof excessloss distribution f;(x; 6) Eq.4.10
is obtained using relation Eq.1.10 as;

fi(:6) = (6 ”

[92+1+0z] e—62

02+1

B 02(0 —|—x)e_<x_z>9

; >
02+ 1+ 06z roL

Using the relation Eq.1.11, mean residual lifetime m(x) in Eq.4.11
is obtained as;

dt

) 0°+1 /“(92+1+9t)eet
m\x) —
(6%2+ 1+ 6x)e0* J, 0%+ 1

1 © a2 6
- (92—|—1—|—9)C)e_6x/x (67 1+0n)e dr

Taking the part [(6%+ 1+ 0t)e % dr we have;

= (0% + 14 6t) = du = 0dt
—0t

dv:e_et:M}—_e

—(0°+1+6¢) 69 +/ Oy
—e —Gt

0%+ 1+ 61 —

—(0°+ 1+ 6r1) 0 5

e—Gt 5 o0 e—@x 5

=15 (6 —|—2—|—9t>] = (07 +2+6x)
1 e 9 02+ 0x+2

(0> +2+ 6x) =

T (024 1+ 0x)e " 0 0(62+ 1+ 6x)
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4.3

By definition in Eq.1.12, equilibrium distribution f,(x; 0) Eq.4.12
is obtained as;

[92+1+9x] o 0%
0241
felx,0) = 6242
6(60%+1)
6(6%+1+0x)e™ ™

- 0242

further, using the relation Eq.1.13 survival function based on
equilibrium distribution Eq.4.13 is obtained as;

() —Gx
S(t:0)dt = (0> +6x+2)——
/x (1:6)d = (074 62+ 2) g rga 73
e 9% 0212 (92 + Ox+ 2)e_9x
S(x:0) = (6> +06x+2 .
(e 0) = (074 0x+2) g T a(e2 1 1) 6212

hazard function based on equilibrium distribution %, (x; 0) Eq.4.14
is obtained using Eq.1.14 as;

0(0%+1+0x)e % 0% +2 0(6%+1+ 0x)
he(x;0) = —
02 +2 (6%2+ Ox+2)e 0 0%+ 0x+2
[]

Two parameter Shanker distribution

4.3.1 Construction of a two parameter Shanker distribution

Proposition 4.3.1. Let ® = % be the mixing weight, gener-

alized two parameter Shanker distribution (G2PSD) is a two com-
ponent finite mixed distribution of Gamma(l, 0 ) and Gamma(2, 0 ).
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The pdf and Cdf of G2PSD are stated as;

F5:6.6) = g
BOx

( ﬁ 9)—1—[1+92 ﬁ] _ex;ﬁ>0,9>0,x>0 (4.16)

[9 —I—ﬁx] e_ex;ﬁ >0,0>0,x>0 @5

Proof . By the concept of finite mixtures Eq.1.1, the pdf Eq.4.15
is obtained as;

92 926—9xx
feip.0) = 62+ﬁ[9e9ﬂ+92ﬁ[5[ o)
0’ go*

Y +92+B e

92 Ox.

92+ﬁ[9+ﬁx]e ;8>0,06>0,x>0
Remark 4.3.2. One parameter Shanker distribution Eq.4.1 is a
particular case of a generalized two parameter Shanker distribu-
tion Eq.4.15 by putting B = 1.

G2PSD Eq.4.15 is a modification of one parameter Shanker dis-
tribution Eq.4.1 introduced by Shanker (2015b).
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further Cdf Eq.4.16 is obtained as;

2 e
F(x;B,0)= o ﬁ/o (6 + Bx)e *dx

62+
62
6>+
I :/ (6 + Bx)e %dx
0

u=(0+Px) = du= Pdx

_e—Gx

I

dv=e "% — =

0
_ —0x o
L =—(6+Bx) 69 —g A —e ¥ dx
_e—Gx ﬁ
I, =—(6 .
1 Eo + Bx) 0 02
12:/ —e Pdx
0
—du

U=—0x—du=—0dx — dx = 0

0 0

° —du 1 /= 1
:/ —e" — —/ e'du — —e
0 0 Jo

Ox
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From I, and I, then;

e—Gx
= (04p0) 5 g(%e—ex)
B e—Gx B on

e—@x 92 B 92

= OB s T e
B +BOx+
_1[ 6>+ p ]

Ox | _o,
:1—[1+9€+B]e9;B>O,9>O,x>0

4.3.2 Reliability Analysis

Proposition 4.3.3. Survival function denoted by S(x; 3,0) and
hazard function denoted by h(x; 3, 0) of generalized two param-
eter Shanker distribution 4.15 are stated as;

S(x;B,0) = [1 + Ggixﬁ]eex;x >0,>0,0>0 @)
6%(6 + Bx)
( [39) 92—|—ﬁ [39 X>0,[3>0,9>0 (4.18)

Proof . To begin with, survival function S(x; ,0) Eq.4.17 is
derived using the relation Eq.1.8 as;

S(x: B, 9)—1—[1—[1+ Pox ]eex]

02+ B
Box | _o,
:[1+92+ﬁ e "x>0,>0,0>0
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further hazard function A (x; 3, 8) Eq.4.18 is obtained using re-
lation Eq.1.9 as;

4.3.3 Moments and related measures

Proposition 4.3.4. The r'" moments of a generalized two pa-
rameter Shanker distribution are derived using both moment gen-
erating function (mgf) and methods of moments are stated as;

ri(6*+p(r+1))
0°(6>+p)

url*: =1,2,3,--- (4.19)

Proof . Bydefinition of moments Eq.1.16, moments of G2PSD
are obtained as;

92 i
B/ (04 Bx)e *dx

9
— 92+B 9/ x'e 9xdx+ﬁ/ exdx]
6> [6r(r+1) PBIY( r+2]

- 02+ B| o gr+2
rI'r )

= 9r(92+[3)(9 +B(r+1))

ri(6*+pB(r+1))

(621 p)

E(X") =

— g p) 0 AU

=1,2,3,-
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By mgf formula Eq.1.17, mgf of G2PSD is obtained as;

2 2
my(t) = 6 B / *(0 4 Bx)e” %dx = 5 9+[3 [e<9r)x<9+ﬁx)dx]
B 92 0 n B
02+ B |61 (G—t)

:ezejﬁ-i sz(kH) ]
_ i GZZfikB+1) (5)

. . . r .
The respective moments are derived as a coeflicient of & in

m,(t) above as;

| (62 +B(r+1))

= r=1,2,3,
b= "ore24p)

[]

The four none centralized moments are obtained by putting
r=1,2,3 and 4 in Eq.4.19 as shown below;

. 62+28 . 2(6%+3p)
YRR T804 p)

| 6(6%+4p) | 24(6*+5B)
BT e ) T eier 1 p)




146

The centralized moments of a generalized two parameter Shanker
distribution are obtained as;

=
o =, — (1)
207468 024+28 1>  6*+4B62+2B2
02071 ) [9(92+B)] ICECEEYIE
o = 3 — 3 g + 24
C6(02+4B) | [2(62+3B) 62+2p 02+28 1° 206°+412
_93(92+ﬁ)_3[92(92+ﬁ) oop) o) =
o =y — A3 + 64y —3(py)?
:244(92+5B)_4[6(92+4[3) 0% +2p ] 6[ 0°+2p 2(92+3B)] _
6(62+ ) 03(62+B)6(62+ ) 0(6%+B)62(62+ )

96860° +4208%6* +3483%0% — 7234+ 126° + 72540 —36'0 — 18363 -
0462+ p)*

Proposition 4.3.5. Other related measures of a generalized two

parameter Shanker distribution such as variation coefficient (C.v),

skewness (V1 ), kurtosis () and dispersion index (V3) are stated
as;

M4 =

V04 +45602+2p2
Cv= 67 1 2 (4.20)
20°+1236% + 84326 +4B°
V1 = 3 4.21)
(94+4ﬁ92+2ﬁ2)2
Ha
V) = 4.22)
(M2)?
0*+4B6%+2p>

(4.23)

%= 602+ B) (6% +2B)
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Proof . Variation coefficient Eq.4.20 is obtained as;

o)
Cv= —
Hy

_ V0 +4BO2+2B260(0°+B) /64 +4B62+2p7

—
0(62+pB) 02 +2p 02+2p
Skewness coefficient Eq.4.21 is obtained as;

M3

D =
(U2)

\So8}

_296+12ﬁ94+84[3292+4l33[ 62(62 + B)? ]%:2

03(03+ B)3 04+ 4562+ 232

Similarly, kurtosis coefficient Eq.4.22 is obtained as;

Ha
(U2)?
Ha
- (04+4B62+2ﬁ2 )2
62(62+p)?

Dy =

Where L, is defined in the section centralized moments of a
generalized two parameter Shanker distribution. Index of dis-

persion
(72
U3 — —1
Hq
_ 0*+4BO6*+2B%6(6*+B) 0*+ 4562+ 28>

0°+128

0%2(6%2+p)> 62+2p :>9(92+ﬁ)(92+2[3)

(64 +
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4.3.4 Excess Loss Distribution

Proposition 4.3.6. In this section, we state probability density
function of excess function fi(x;B,0), Mean residual lifetime
(MRL), equilibrium distribution f.(x; B, 0), survival function of
equilibrium distribution S,(x; 3, 0), hazard function of equilib-
rium distribution h,(x; 3, 0) of a generalized two parameter Shanker
distribution Eq.4.15 as;

92(9 + Bx)e—(x—z)e

fl(X;ﬁae): 92‘|‘ﬁ—|—ﬁ92 X >Z (4.24)
67 +2B+P6x

m(x) = 662+ p + B6x) (4.25)
0 92 [ —0x

fe(X;ﬁve) — ( +9€i§ﬁ X)e (4.26)
2 —0x

Se(x;,0 = (6 +2£:§§x)e (4.27)

0(6? 6
he(X;Bae) — 9(2 _:;gi_gej) (4.28)

Proof. Using the relation Eq.1.10, f;(x;f,0) Eq.4.24 is ob-
tained as;

fi(x;B,0) = GTB [9 +ﬁx] o0

02+p+p0z | ,—0z
62+p

B 0%(0 + ﬁx)e_(x_z)e
02+ B+pB6;

X >Z
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By definition Eq.1.11, m(x) Eq.4.25 is obtained as;

m(x) =

6>+ = (6> +B+BOr)e
(62+P +li’9x)e—9x/x 6>+ &

1 o0
BCEYE ﬁGx)e‘Qx/x 0%+ B+ por]ear

Taking the part [;” [02+ B + B 0t]e®dt we have;

u=(0"+pB+B06t) = du=06dt

_e—Gt

dv=e "= v =
_—0t )
69 —|—ﬁ/ e Vdt

—_ [e;t (62 +2 +B9z]]

= —(6%+ B+ B61)

X

_ [e;x (02 +2 +ﬁ9x}]
1 6%+ 2B + BOx

e—Gx
~ 01 P +l39x)eex[ 6 [Gz“ﬁﬂmx}] ~ 86+ f+ o)

Using the relation Eq.1.12, equilibrium definition Eq.4.26 is ob-
tained as;

02 Ox)e %< 0(6?

sy - OB IO 0
_ 0(6°+B+POx)e ™

B 02+2p
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4.4

By definition Eq.1.13, survival function based on equilibrium
distribution Eq.4.27 is obtained as;

® (67 +2B +POx)e

/x S(t;B,0)dt = 862+ B)
5.(x:B.0) = (02+2B+ BOx)e % 0(6%+B)
0(62+p) 02 +2p
(6242 + BOx)e %
02 +2p

Further using the relation Eq.1.14, h.(x; 3, 0) in Eq.4.28 is ob-
tained as;

oy OO +B PO 62+42p
he(x’ﬁ7 9) - 92_|_2ﬁ e—Gx(92_|_2ﬁ —I—ﬁGX)
_ 6(6*°+B+PB6x)
- 02+2B+B6x

Three parameter Shanker distribution

4.4.1 Construction of a three parameter Shanker distribution

... 62
Proposition 4.4.1. Let 0 = a8‘2+ﬁ

alized three parameter Shanker distribution is a two component
finite mixed distribution of Gamma(l, 0 ) and Gamma(2,0 ). The
pdf and Cdf of G3PSD are stated as;

be mixing proportion, gener-

2
. _ —0x,
f(x,oc,,B,G)_aeerﬁ[aGnLﬁx}e x>0,a>0,8>0,0>0
(4.29)
) Bex —0x.
F(x,OC,B,G):l—[1+a92+ﬁ e "x>0,0>0,>0,0>0

(4.30)
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Proof . By definition of finite mixed distribution Eq.1.1, pdf
Eq.4.29 is obtained as;

062 B 0>
. 0) = 0 —0Ox —0Ox
flx0.p5,6) a92+[3[ ¢ }+a92+[3[1“2e }
B a93e—9x N BeZe—Gxx
- ab?+ B ab?+p
2

:m[a9+ﬁx]e“’x;x>0,a>0,ﬁ >0,0 >0

Remark 4.4.2. Putting & = 3 = 1 a generalized three param-
eter Shanker distribution reduces to a one parameter Shanker
distribution Eq.4.1.Similarly, putting & = 1, a generalized three
parameter Shanker distribution Eq.4.29 reduces to a generalized
two parameter Shanker distribution Eq.4.15.

A generalized three parameter Shanker distribution Eq.4.29 is
a modification of proposed two parameter Shanker distribu-
tion Eq.4.15.
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further Cdf Eq.4.30 is obtained as;

62 (=) _ox
F(:op.0) = oz | (a0+preiax
92
F(x;oc,ﬁ,G) = (Xez—l—ﬁll

11:/ (B + Bx)e % dx
0

u= (00 + Px) = du= PBdx
_e—ex

0

_e—Gx [3 > —6x
L = —(ab + Bx) o o) ¢ dx

I =— (a8 + ﬁx)_e_ex b,

0 6
12:/ e O%dx
0

dv=e%— =

d
u:—Ox:>—Lé:dx
> du 1 /= 1
L= —€'—=—— “du = —e™
> /o 5 5 ), e“du o¢

From I, and I, we have;

—0x
11:—(059—|—,BX)6 —Ee_ex

7, 7,

92 e—@x B 92

:1 . 9 _ —GX
o aor i Bl TP T e B aer B

1 0(aO + Bx)e B Be &
B ab?+f a2+

ﬁex —0x,
:1_[1+a92+[5 e "x>0,0>0,>0,0>0
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4.4.2 Reliability Analysis

Proposition 4.4.3. Survival function denoted by S(x;c,3,0)
and hazard function denoted by h(x;c,3,0) of a generalized
three parameter Shanker distribution Eq.4.29 are stated as;

BOx

S(x;a,3,0) = [1+a92—|—[5

]e%m>Qa>QB>Q9>O

(4.31)
0%(aO + Bx)e

h(x;a.B,6) = 002+ B+ BOx

x>0,00>0,8>0,0>0

(4.32)

Proof . Using the relation Eq.1.8, survival function Eq.4.31
is obtained as;

AﬂmaJLG):l—ll_[1+_lﬁB;le91

06?4+ B
Bex —0x.
:[1—|—m€ ,x>0,0€>0,ﬁ>0,9>0

further using the relation Eq.1.9, hazard function Eq.4.32 is ob-
tained as;
02 —6x
—5— a0+ Bx|e
h(x;a,B,0) = w5 |

[a92+ﬁ+ﬁex] o6
62+

0% (b +Px)e
62+ B+ BOx

;x>0,00>0,>0,0>0
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4.4.3 Moments and related measures

Proposition 4.4.4. The r'"" moments of a generalized three pa-
rameter Shanker distribution Eq.4.29 are derived using both mo-
ment generating function (mgf) and methods of moments are
stated as;

. _r![a92+ﬁ(r+1)]
ST CTIEN:)

;r:1,2,3,--- (4.33)

Proof . By definition Eq.1.16, 7" moments of G3PSD are ob-
tained as;

r 62 [ —bx
E(X):a92+ﬁ / (a0 + Bx)e de]
92
— 0071 B 069/ x'e exdx—l—ﬁ/ exdx]
0% JoabI|( r—|—1)+[3F (r+2) 02 OCGrFr+B(r—|—]
o 0692—|—ﬁ ] Qr+1 Qr+2 0692—|—ﬁ Qr+1 o'

_r![a@z—l—ﬁ(r—i—l)]. B
T o(aerrp) A

Using Eq.1.17, mgf of G3PSD is given as;

mt) =~ 9‘21 5 /0 ooetx(a9+ﬁx)eexdx] = 931 5 [e (
02 o0 B
_06922+B_(9—i)+( >L
a0 56 e ()@

— 9—t)x(a9 +
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. . . r .
The respective moments are derived as a coefficient of & in
my(t) as;

. (a8 +B(r+1))
b = 00071 B)

s r=1,2,3,---

4.4.4 Excess Loss Distribution

Proposition 4.4.5. In this section, we state probability density
function of excess function f;(x; o, B, 0), Mean residual lifetime
(MRL), equilibrium distribution f,(x; o, B,0), survival function
of equilibrium distribution S.(x; o, B, 0), hazard function of equi-
librium distribution h.(x; @, 3, 0) of one parameter Shanker dis-
tribution Eq.4.29 as;

92(9 + Bx)e—(x—z)e

fl(X;aaﬁae): 92+ﬁ‘|‘ﬁ92 X >Z (4.34)
m(x) = 0> +20 + P Ox
 0[ab2+ B+ B6x] 432
, 0(00>+f + BOx)e
fe(X,OC“B,G) = OCQZ—I—ZB (4.36)
. (a6”+2B +BOx)e”™
Se(x, a;ﬁae) = a92_|_2ﬁ (4.37)
0(00? 0
he(x; 0, 3,0) = b7+ f+ pOx) (4.38)

0602 +2B + BOx
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Proof . Applying the formula Eq.1.10, the pdf of excess loss
distribution f;(x; c, B, 0) Eq.4.34 is obtained as;

ﬁ [069 -+ BX] €_9x

filx;a,B,0) =
[62+B+B Gz] o6z

62+p
B 92(9 _|_ﬁx)e—(x—z)9
02+ B+Poz

further mean excess loss Eq.4.35 is is obtained using Eq.1.11

X >Z

as;

1

m(x) = (6?4 B+ Box

oo /m(oce2 +B+B6t)e ¥ dt
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Taking the part [ (0% + B + B 0t)e~%"dt we have the follow-
ing;

u= (00’ + B+ p0Ot) = du= BOdt
_e—Gt

0
= —(aB*+ B+ B61) 5 +B/ e %dt

e _ B _a

[a92 +2B + ﬁQGt] ?

dv=e "= v=

= —(a6*+ B+ B61)
—0r

0

e—@x

0

X

[ 6% +2f —l—ﬁ@x]

1 —0x

(0621 B+ BOx)e 6
ab?+2B + BOx
 0[a6%+ B+ [Ox]

[oc92 +2B+p Ox]

Using the relation Eq.1.12, equilibrium distribution f,(x; o, 3, 6)

Eq.4.36 is given as;

(0t0%+ B+ BOx)e % 0(a6>+ )
o602+ B a62+2p
6(ab*+ B+ pOx)e
a6’+2p

fe(X;a7ﬁ76) —
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By definition Eq.1.13, survival function based on equilibrium
distribution S, (x; @, 3,0) Eq.1.13 is obtained as;

a6 +2B + BOx)e
0(a062+ )

a6 +2B 4+ B6x)e % 0(x6%+ )
0(ab%+p) a6’+2p

(0?4 2B + P Ox)e

a6?+28

S(t;a,B,0)dt = (

Se(x;a,B,0) :(

further hazard function based on equilibrium distribution 4. (x; o, 3, 0)
Eq.4.38 is obtained using Eq.1.14 as;

. _ B(aB*+ B+ POx)e ab?+2f
he(x: P, 0) = a62+42f3 (002 +2B + B 6x)e o™
0(06%+ B + B Ox)

~ 062128 + Box
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5.1

5.2

TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Rama distribution)

Introduction

In this chapter we consider a two component finite gamma
mixture a case of Rama distribution. We shall construct and
derive statistical properties of Rama distribution and its gen-
eralizations. The mixed distribution is expressed in terms of-
pdf and Cdf. We later derive statistical properties such as re-
liability analysis measures, equilibrium properties, moments
about both the origin and mean.

One parameter Rama distribution

5.2.1 Construction of one parameter Rama distribution

Proposition 5.2.1. One parameter Rama distribution is con-

structed as a finite mixed distribution of Gamma(1, 0) and Gamma(4,0)

with mixing proportion as @ = eg—;. The pdf and Cdf of one pa-

rameter Rama distribution are defined as;

94
f(x; 9) = 0516 [1 +x3] e_ex;x >0,0 >0 (5.1)

03x3 +30%x% + 60x
03+6

F(x;@)zl—[l—l— ]eex;x>0,6>0

(5.2)

Proof. Applying the concept of finite mixed distribution
Eq.1.1 pdf of one parameter Rama distribution is constructed
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as;

93 6 94 —0x,.3
- (00 + S
03 +6 03+6 I'4

B 948—9x N 6946_9xx3
- 83+6  6(63+6)
94e—ex 948_9xx3

“ 916 6+6

94
=5 T [1 +x3] e %x>0,06>0

further Cdf Eq.5.2 is obtained as;

94 oo

F(x;0) = 16/, (14+x°)e %dx
94

F(X;G)_ 93—|—611

_e—Gx
dv=e""=v=
Ox
—0Ox 3 o0
I =—(1+x) Zx ) xPe” dx
_e—Ox 3
(14+x7) 0 o2
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)
x2e—9x o) °
L= o "8l xe %dx
2 —0x
x“e 2
I — 1
2 0 0 3
L= / xe %dx
0
Uu=x—du=dx
0 _e—Ox
d = x:> =
yv=e v 0
—Qx oo
—Xxe 1
I —— —0xg
3 9 9 0 e X
I —xe 9% 11
3 0 0 4
Iy = / —e dx
0
Let u = —0x, we have;
d
u=—60x—du= —de:>—bé:

I /°° udu:>1 °°ud 1
= —e — — | edu—=—e
s ) )

0 Jo

dx

—0x
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From I, I,l; and I, we have the following;

e 0 3x2e % 2/ _xe 0% | 0
— (1= _ = _ = _ -
(1+x)=5 9[ 0 9( 0 9<9)>]

e

0
]eex;x>0,9 >0

I = —(0° +6+6°x +36%* +66x)
03x> +360°x* +60x
03 +6

F@ﬁ):l—[L+

5.2.2 Reliability Analysis Measures

Proposition 5.2.2. Survival function denoted by S(x;0) and
hazard function denoted by h(x;0) of one parameter Rama dis-
tribution Eq.5.1 are stated as;

(07 +6+6°%" +36%x* +60x]e

S(x;0) = 716 ;x>0,0 >0
(5.3)

0*(1+x%)
h(x;0) = : 0,6 >0 .
%:0) = g 6o 300 6an 0> >0

Proof . Using the relation Eq.1.8 survival function S(x;6)
Eq.5.3 is obtained as;

03x° +30%x2 + 60
S(x;G)zl—[l—[l+ x+93+x6+ x]eex]
[93 +64 03 +30%22+ 69x} e 9

03+6

;x>0,0 >0
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The hazard function A(x; 0) Eq.5.4 is obtained using Eq.1.9 as;

o 6’ +6
h(x;0) = 1+x e
(x:6) 93+6[ +x]e (03 +6+63x3 +360%x> + 60x| e

B 0*(1+x°)
034+ 6+603x3+302x2+60x

:x>0,0>0

5.2.3 Moments and related measures

Proposition 5.2.3. The " moments of a one parameter Rama
distribution are derived using both moment generating function
(mgf) and methods of moments are stated as;

L e+ (r+1)(r+2)(r+3)]
Hre = 67(63+6)

;r:1,2,3,--- (5.5)

Proof. By definition of 7" moments Eq.1.16, moments of
one parameter Rama distribution Eq.5.1 are obtained as;

0+ [ [~ =
E(Xr) / xre—Oxdx 4+ / xr+3er+3eexdx]
0 0

T 03+6|

0 [T(r+1) T[(r+4) OtTr [1  (r+3)(r+:
= + — — 4
03+6| 6 or+4 67(63+6) |6 0
e+ (r+1)(r+2)(r+3)]

- r=1,2,3,-
07(63 +6) '
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Eon
(e}

> 93+(k+1)(k+2)(k—|—3)<£>k
63 +6 )

The none centralized moments are derived as a coefficient of
r
L from my (1) as;

. e+ (r+1)(r+2)(r+3)]

_ r=1,2,3,---
Hr 67(6°+ 6) ’

[]

For r = 1,2,3 and 4 in Eq.5.5 we obtain the four moments
about the origin of one parameter Rama distribution Eq.5.1
as;
. 67424 | 2(6°460)
M=% 16 "~ 6203 16)
| 6(6°+120) | 24(6°+210)
3T 93051 6)° T 94651 6)

=
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The centralized moments of Rama distribution Eq.5.1 are;

M1 = L
o = 1 — (1)

L 2(6°+60) [ 0342477 0°+846°+ 144
=205 16) [9(93+6)] 92(63 1 6)2
s =13 — 30 +2(u )’

_6(6°+120) _[2(6°+60) 6°+24 03+24 10  26°
T 03(6346) [92(93+6)9(93+6)] [9(93+6)] -
Mo = Wy — 4500 461 1 —3(1y)°

2%

24(6°+210) 6(6°+120) 6°+24 03424 2(6°+ 6
T 04(034+6) [93(93+6) 6(63+6)] [9(63+6)62(93+<
~96'2+28086° +2073660° +933126° + 93312

B 64(03+6)*

Ha

Proposition 5.2.4. Other related measures of a one parame-
ter Rama distribution Eq.5.1 such as variation coefficient (C.v),
skewness (V1 ), kurtosis () and dispersion index (V3) are stated
as;

V6548463 + 144
Cv= 95 124 (5.6)
5 26° +3960° 4 6480° + 1728
1 — (5.7)
(66 + 8463 + 144)3
o 96'% 4280867 +207366° +933126% + 93312
2T (0548463 + 144)? oy
0%+ 84603 + 144
V3 = (5.9)

0(63+6)(0°+24)
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Proof . variation coefficient Eq.5.6 is obtained as;

C.V:E1

Hy
~ V60°+84603+ 144 ) 0(6°+6) . V0% 8403 4 144
- 08(6%+6) 63424 63424

Skewness coefficient Eq.5.7is obtained as;

vy = U3 .
(H2)2
3
20°+39660°+6486° +1728[ 60*(0°+6)* ]2 . 20° +3960° + 6¢
B 03(6°+6)3 06+ 8463+ 144 (66 + 8463 -
further kurtosis coeflicient Eq.5.8 is obtained as;
Ha
Dy =
(M2)?
90'24+28086° +2073660° +93312634+-93312[  6%(8°+6)> 17
B 04(63 +6)4 06 18403 + 144
~ 96'2+28086° +207360° + 9331267 + 93312
B (6648403 +144)2

Lastly, index of dispersion Eq.5.9 is obtained as;

2

V3 = —
T

_ 6°4846°+1446(6° +6) . 0° 8463 + 144

0%(034+6)2  03+24 0(03+6)(03+24)

[]

5.2.4 Excess Loss Distribution
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Proposition 5.2.5. In this section we state, probability density
function of excess loss function fi(x;0), mean residual lifetime
(MRL), equilibrium distribution f,(x; 0), survival function of the
equilibrium distribution S,(x; 0) and hazard function of the equi-
librium distribution h,(x; 0) of one parameter Rama distribution
Eq.5.1 as;

94(1 _I_x3)e—(x—z)9

:0) = .
N15:0) = 6 677 1 3672 1 602 o
03 +24 4+ 180x +60%x> + 63x°
m(x) = (5.11)
9(93—|—6+93x3+392x2—|—69x)
0(0°+64 03> +30%x> +60x)e %"
fe(xQ 9) = ( 3 ) (5.12)
6-° + 24
. (93 +24+180x+ 60%x% + 93x3)e_9x
Se(x, 9) = 93 +24 (5.13)
0(0°+6+ 0 +30%2+60
he(x;e) = ( O+ Xt Xt x) (5.14)

03 +24 +180x+ 602%x2 + 03x3

Proof . By definition Eq.1.10 , the pdf of excess loss distri-
bution Eq.5.10 is obtained as;

6" [ | +x3] e_ex(ei*‘ +6+4 0373 +36%7% +607)e -
03+6 03+6

B 94(1_'_x3)e—(x—z)6 .
T 03+ 6+0°3+3022+607

Ji(x;0) =

>Z
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further applying the relation Eq.1.11 m(x) Eq.5.11 is obtained
as;

) 6°+6 /°°(93+6+93t3+392t2+69t)e
X)) =
T 05 161 6343 £ 30222 + 66x)e—0* J, 03 16

1

— m93 6+ 07 +360% +60t)e
(93+6+93x3+392x2+69x)e‘9x/x( o i +661)e

I — / (6% +6+ 6% +30% +661)e""dr

u=(0>+6+0t+360°*+60t) = du= (60t +36°t* +60)dt
bt

)
I =—(0°4+6+ 93t3+392t2+69t)67—|— / (60t 4-36°t* +6)e %dt

dv=e"=—=v=

I = / (661 +36%% +6)e*"d1

u= (60t +30°t* +6) = du = 60 +66°t
Pl

0
L= —(69t+392t2+6)%+ / (64 6061)e dt

dv=e"—=v=

I = / (6+661)e " di

u=(6466t) = du = 60dt

_ b

dv=e"—=v= 5
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tht

—(

Iy = / tht :>
x

—Gt

0

From I,,,,I5; and I, then;

_ ,—bt
I = ‘; [93+24+189t+692t2+692t2+93t3]

(o o]

— [93+24+18<

1
(63 +6+ 635 +30%x2 +66x)e
0724+ 180x+ 607 + 6°x°
- 0(6%+ 64033 +30%x2 +60x)
fe(x;0) in Eq.5.12 is obtained as;

[0°+6+46°x° +30°x°+60x]e ™ 0(6°+6)  0(03+6+

[93 + 244+ 180x+ 60 + 6°x°

fe<x;9) —

03 +6 03 + 24
By definition Eq.1.13 S.(x; 8) Eq.5.13 is obtained as;
/ S _ (0°+24+180x+66%x" + 6°x%)e ™™
0(63+06)
(07 +24+180x+60%x* + 6°x)e ¥ 0(6° +6)
B 0(63+6) 63 424
6’ 424+ 180x+66°x> + 0°x7)e™ ™
Se(x;G):( +244+180x+60°x"+ 6°x)e
03 +24
further hazard function based on equilibrium distribution Eq.5.14
1s given as;
(6% + 6+ 6°x° +36°x* +66x)e " 6° +24
he(x: 0) — (6°+6460°x°+30°x"+60x)e +

63 +24 (0% +24 4 186x+ 662x?
~ 0(0°+6+6°x +30%x* +606x)
03424+ 180x+602x2 4 03x3
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5.3

[]

Remark 5.2.6. It can be verified that hazard function of the
equilibrium distribution Eq.5.14 of one parameter Rama distri-
bution Eq.5.1 is the inverse of mean residual lifetime Eq.5.11.

Two parameter Rama distribution

5.3.1 Construction of a two parameter Rama distribution

oy a6’ . .
Proposition 5.3.1. Let 0 = a‘g3 g be mixing proportion, a gen-

eralized two parameter Rama distribution (AG2PRD) is a finite
mixed distribution of Gamma(1,0) and Gamma(4,0). The pdf
and Cdf of a generalized two parameter Rama distribution are
defined as;

94
03 +6
Fx;o0,0)=1— |1+

flx;0,0) = [a+x3]e_9x;x>0,a >0,0>0 i
03x3 +30%x% +60x

B3 +6

]e“’x;x>0,a>0,9>0

(5.16)

Proof . Using finite mixture conceptin Eq.1.1, the pdf Eq.5.15
is obtained as;

flxa,0) =

6 A
a63+6 [ I4 ]
0040 690013
63 +6 i 6(a63+6)

o*

— a93+6[a—i—x3]e_ex;x>0,a >0,0 >0

Remark 5.3.2. Putting ot =1 a generalized two parameter Rama
distribution Eq.5.15 reduces to a one parameter Rama distribu-
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tion Eq.5.1. This shows that a generalized two parameter Rama
distribution is flexible over one parameter Rama distribution.

further Cdf Eq.5.16 is obtained as;

94 ~ 3 Ox
F(x;oc,@)-a63+6 i (aa+x7)e "dx
94
F(x,00,0) = I
(00) = o6
L= | (a+x)e %dx
u=(a+x°) = du = 3x°dx
0 _e—Gx
d = x:> =
yv=e % 0
—0x 3 o0
11:—(oc—|—x3)69 o xPe %dx
e 3
1 (a+x’) o gk

U= —x>=— du= —2xdx

_e—ex
dv=e = yv= 0
2 —OX %)
x‘e 2

I, = — = | xe %dx

. 6 0/

I x2e 0% 21

2 0 0"

L= / xe %dx
0

Uu=x—du=dx
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—e

d — —OX:> —
yv=e y 0

—xe % 1 gy
L= —— —0xq
3 0 0 0 e X

—xe 9 1
I — —x1
3 0 9*4
14:/ —e Pdx

0

d
u:—Gx:>du:—6dx:>—2:dx
I 1/°° udu:>1/°°ud:>1u:>eex
= — —f — — e u —

7o) —0 02 J, 02 02

From I,l5,I5 and I, we have;

; e—9x 3 XZe—Gx 9) _xe—ex e—@x
h=—(e+)5 51— ol &

e—9x

94

h:r—ka+x%93+39%9+69x+6]

[ 87X £30%7 +66x
B @63 +6

]e“m>Qa>0ﬁ>O

[]

5.3.2 Reliability Analysis

Proposition 5.3.3. Survival function denoted by S(x; o, 0) and
hazard function denoted by h(x; @, 0) of a generalized two pa-
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rameter Rama distribution Eq.5.15 are stated as;

a6’ +6+6°x +60x]

S(x;o,0) = LIS e "x>0,00>0,0
(5.17)
0% (o +x°)
h(x;o,0) = x>0,aa>0,0
(0, 0) = B 61 00 1 3052+ 60x

(5.18)

Proof . survival function S(x; @, 0) in Eq5.17 is obtained us-
ing relation Eq.1.8 as;

033 1302 + 60
S@un@):l—ll—lr+ X OO T XL?M]

oB3+4+6
_ [a8’+646°x° +66x
B af3+6

]f%m>aa>0ﬁ

moreover, hazard function A(x; o, 8) Eq.5.18 is obtained using
relation Eq.1.9 as;

94

B3 +6

h(x;o0,0) = o —l—x3]eex[
B 0% (o +x7)
a3 +6403x34+302x2 4+ 60x

o03+6
003 +64 03x3+30%x2 4+ 60x

x>0,00>0,0

5.3.3 Moments and related measures

Proposition 5.3.4. The r'" moments of a generalized two pa-
rameter Rama distribution Eq.5.15 are derived using both method
of moments and moment generating function as;

(@B (r 1) (r+2)(r+3))
ek = 67(063 +6) ’

=1,2,3,--- (519
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Proof . By definition of " moments Eq.1.16, moments of
AG2PRD are given as;

r 94 | = r —0OxX
E(X):Oc93+6 /0 X(o+x)e 6)a’x]

94 | oc)r—Gx c>c>r—|—3 —0Ox
:a93+6_a/0xe dx+/0x e dx

0 Jal(r+1) TI(r+4)
T aB3+6 i Qr+1 T Qr+4 ]
(el (r+1)(r+2)(r+3))
B 0"(03+6) ’

Similarly, by definition of mgf Eq.1.17 the mgf of AG2PRD is

obtained as;

r=1,2,3,

a93+6

Za93 k+1)(k+2)(k+3) <_>k
B 6% +6 0
The " moments of a generalized two parameter Rama distri-

bution are obtained as a coeflicient of f,—r, of the moment gener-
ating function m,(¢) as;

ri(a8’+ (r+1)(r+2)(r+3))
0" (a63+6) ’

“rl: 7':1,2,3,'"
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[]

Putting r = 1,2,3 and 4 in Eq.5.19 we obtain the four none
centralized moments of a generalized two parameter Rama
distribution as;
| af’+24 | 2(a6’+60)
M= 5@eir6) M~ 02(ab16)
. 6(06°+120) | 24(a6’+210)

= 03@e16) ™7 6% ab®+6)

Moments about the mean are derived using the relationship
between moments about the origin and mean as;

Ull =t
o= —(Wy)?
2(aB’+60) [ ab®+24 77 o?6°484a6° + 144
= 2003 16) [9(0593+6)] 02(0.63 +6)2
M= 5 = 3p i +2(1)’
- 6(a03+120) _[2(a6+60) ab’+24 06> +24 7’
T 03(al3+6) [62(a93+6)9(a93+6)] [9(a63+6)]
20674396076 + 6480.0° 4 1728
= 63(0t03 + 6)°
Mo = py — 45y + 64 1y —3(up)?
_ 9a*6'2 +2808a°6° + 2070062 6° + 9331267 + 93312
B 04( 63 +6)*

Ha

Proposition 5.3.5. Other related measures of a generalized two
parameter Rama distribution Eq.5.15 such as variation coeffi-
cient (C.v), skewness (vy), kurtosis (0,) and dispersion index (V3)
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are stated as;

V0200 +8406° + 144
Cv= 0693 T 4 (5.20)
20°6° +396a°6° + 648a.0° + 1728
Dl = 3 (5.21)
(a?0°+ 84003+ 144)2

o 90* 612 +28080° 6% + 207002 6° 4+ 9331200 6° 4 93312

2 (0206 + 840103 + 144)?
(5.22)

o a’0°+8400° + 144

37T 0(003 +6)(aB3 +24) o

Proof. To begin with, variation coefficient Eq.5.20 is ob-
tained as;

]
Cv=—

T
B Vo200 + 840003 + 1440 (6> +6) . V200 + 840003 + 144
B 0(ah3+6) a6’ +24 a6’ +24

Secondly, skewness coefficient Eq.5.21 is given as;

U3
(H2)
2036° + 396020 + 6480:0° + 1728 62(093 +6)> ]2
- 03(a03+6)3 0206 + 840103 + 144
_ 20°6°4+3960°6° + 6480.0° 4 1728
B (0266 + 840103 + 144)3

D =

3
2
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further, kurtosis coefficient Eq.5.22 is obtained as;

~ 9a*6'2+28080°6° +20700*6° + 933120167 + 93312 0%(06
B 04( 63+ 6)* Q266 + 84
~ 9a*6'2+2808070° +20700*6° + 93312067 + 93312

B (0205 4 840103 + 144)2

%]

lastly, index of dispersion Eq.5.23 is obtained as;

62
U3 — 1
Hy
_ o?6°+8400° + 1440 (00’ +6) . a?0° +8400° + 144
02083 +6)2 Q63 +24 0(a03+6)(ab3+24)

[]

5.3.4 Excess Loss Distribution

Proposition 5.3.6. In this section we state, probability density
function of excess loss function fi(x;a,0), mean residual life-
time (MRL), equilibrium distribution f,(x; o, 0), survival func-
tion based on the equilibrium distribution S,(x;c,0) and haz-
ard function based on the equilibrium distribution h,(x; o, 0) of
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a generalized two parameter Rama distribution Eq.5.15 as;

94(a+x3)e—(x—z)9
,,0) = ;X > .
i, 6) = 6+ 03 130 160z L
) 0>+ 24+ 0% + 60%x* + 186x
mix) =
O(a03+ 6+ 03x>+3602x>+60x)

0(00° +6+ 0°x* +3607x* + 60x)e ¥~

(5.25)

fe<X;a76) = 003 1+ 24 (5.26)
(003 +24 + 0% +60°x> + 180x)e
Se(x;OC, 9) = 003 Yy (5.27)
31033 2.2
ho(x: o, 0) = O(aB° + 6°x° +36°x° 4+ 66x) 25

a03+24+ 033 +60%x2 + 1860x

Proof . By definition Eq.1.10, f;(x; @, 0) Eq.5.24 is obtained
as;

6* e o a6’ +6
ab3+6 (03 +6+ 6323 4+36%z2+60z)e 0=
B 94(a+x3)e—(x—z)9 .
a6+ 6+ 0322 +36222+ 607

filx;0,0) =

X>Z



179

Similarly, by definition Eq.1.11 m(x) in Eq.5.25 is obtained as;

(x) = a6’ +6 /”(a93+6+ 61 +36%
T T (a03 16+ 0333 + 30222 1 60x)e— O a6’ +6
1 C A3 3,3 2.2

_ (a93+6+93+392x2+69x)e‘9x/x (063 +6+ 0% +30%> +

I — / (006 + 6+ 6% +36%2 +601)e % di

u= (a0’ +6+ 0 +30%*+60t) = du = (30°t* + 60% +60)dt
bt

)
I = — (00’ + 6+ 67t +30%* +661)

dv=e—=v=

ot / (36%1* + 661t +6)e°

e—ez

I = — (08’ + 6467 436%* 1 601) 5

+ Ldt

12:/ (36°t> + 60t +6)e dr

u= (30460t +6) = du = 66*t + 66
Ot

)
L =—(36°t*+66t+6)

dv=e"=—=v=

91‘ o0
gt / (60t +6)e ' dt

e
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e—@t

L=—(30°t*+60t+6) 5

+ Ldt

I = / (601 +6)e"di

u= (660t +6) => du = 60dt

b

0
ot

dv=e%"=v=

o
0

e—@t

I = —(661+6)—

]4:/ e_etdt

14:/ e Vdt —
X

L=—((60t+6)

+ 6/ e 9 dt

%—6*]4

—0t

0

From I,,l,,I5 and I, we have the following;

oo

—0t

0

11:—6 [a93+24+93t3+602t2+189t] :>[0693+24—|—93x3+692x2

X

! 3 3.3 2.2 e
"~ (B3 46+ 03+ 362>+ 60x)e O [0‘9 +24+4 670 +60°2" + 186x| —
60>+ 24+ 033 + 6022 + 186x

O(aB03+ 6+ 03x3+362x2+ 60x)

By definition of equilibrium distribution Eq.1.12, f.(x;,0)
Eq.5.26 is obtained as;

a0’ 46+ 6°x° +69x] 0, 0(06° +6) (00> +24+ 6%
e

e\ X5 79 —
fe(x;,6) B3 +6 003 +24 — o0
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5.4

further, S, (x; ¢, 0) in Eq.5.27 is obtained as;

/OOS(t'Oc 0)dr — [(000° +24 + 03x> +60°x* + 180x)e ]
x I 0(ab3+06) |
S,(x: 01, 0) = (0003 +24 + 0% +60°x> +180x)e ] 0(a B> +6)
e ] 0(ab3+6) | af3+24
(007 +24+60°x +667x* + 186x)e™
B 063 424

by definition Eq.1.14, h.(x; &, 0) in Eq.5.28 is obtained as;

(0003 +24 + 0°x° +60°x> + 180x)e a6’
a0’ +24 (@63 +24+4 633 +

_ 8(aB’+ 6’ +36%x* +606x)

03424+ 03x3 + 6022 + 180x

he(x;00,0) =

Three parameter Rama distribution

5.4.1 Construction of a three parameter Rama distribution

Proposition 5.4.1. Let @0 = a;_ﬁffw be mixing probability, a

generalized three parameter Rama distribution (AG3PRD) is a
finite mixture of Gamma (1,0) and Gamma (4,0 ). The pdf and
Cdf of AG3PRD are;

94

f(X;aaﬁae):m

[a+ﬁx]e‘ex3; x>0,00>0,8>060>0
(5.29)

BO3x* +3B6°x> +6806x

a6+ 6f

F(x;oc,[)’,@)=1—[1+ ]eex; x>0,a >0,

(5.30)
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Proof . By definition of a finite mixed distribution Eq.1.1 pdf
Eq.5.29 is obtained as;

b’ 000 + 63 [94eexx3]

» A, 79 — "2 0
fxa.bB.9) =585 65 0631 6B | T4

B (X94€_9x 6ﬁ94€_9xx3
__a93+6ﬁ_%(a93+6ﬁ)ﬁ4
B 06946_9x ﬁ94e—0xx3
__a63+6ﬁ%_a93+6ﬁ

94

a6’ +6p

Oc—l—ﬁx]eex; x>0,0>0,>0,6>0

A generalized three parameter Rama distribution Eq.5.29 is
a modification of a generalized two parameter Rama Eq.5.15
which was introduced by Umeth et al (2019).

Remark 5.4.2. Putting @ = 1 and B = 0, a generalized three
parameter Rama distribution Eq.5.29 reduces to exponential dis-
tribution Eq.2.17.

Similarly, putting &« = B = 1 a generalized three parameter Rama
distributionEq.5.29 reduces to one parameter Rama distribution
Eq.5.1.

Putting B = 1 a generalized three parameter Rama reduces to a
generalized two parameter Rama distribution Eq.5.15.

A generalized three parameter Rama distribution Eq.5.29 is
a modification of a Rama distribution with two parameters
Eq.5.15 introduced by Edith et al., (2019)
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o+ [~ o
F(x;oc,ﬁ,e):m/o (0t + Bx*)e%dx

94
F(x;OC,ﬁ,G) = mll

I = /w(a+ﬁx3)e_9xdx
0
u= (0 +PBx) = du=3Bx"

—e
dv = 0x — =
v=e v 0
—0x 3 oo
L=—(a+ ﬁx3)e 3P e Pdx
6 0 Jo
—0x 3
A :—((X+ﬁx3) 0 —Fﬁlz
L= —x2e %dx

0

0

2 —QX [e5)

x“e 2 _ox
L= 5 "9/ xe” %dx
I x2e 0% 21
2 0 0"

13—/ xe %dx
0
u=x—du—=dx
_e—9x
dv=e "= v= 0
—0x oo

—Xxe 1

I . —Gxd
~ 3 e X

14—/ —e_exdx
du

Uu=—-0x—du=—-0dx — — =dx
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From I, I, I and I, we have the following;
e 9% B 3Bx%e 9% B 6Bxe %" B 6fe 0%
0 62 03 64

[oc93 + B6°x* +3B6%* + 6 9x+6B]
_ ,—6x

o [a9?+ﬁ9a3+3ﬁ9%9+6ﬁ9x+6ﬁ]
s BO°x’ +306%x* +6560x
B 003+ 6p

11 = —(OC ‘I‘ﬁX)
—0x

94

L =

94
a6’ +6p

—1+—

Feﬁ x>0,00>0,8>0,0>0

[]

5.4.2 Reliability Analysis

Proposition 5.4.3. Survival function denoted by S(x; o, 3,0)
and hazard function denoted by h(x;c,3,0) of a generalized
three parameter Rama Eq.5.29 are stated as;

a0’ + 6+ PO°x° +3B60°x* +6B0x| _,
e

S('x’a?ﬁ?e): 0693—1—6[3

x> 0,00 >0, >
(5.31)

6*(a + Bx°)
03+ 6B+ PO3x3+3B6%x>+6B06x

h(x;o, 3,0) = ;x>0,00>0,>0,0 >

(5.32)

Proof . survival function S(x;c, 3, 60) in Eq.5.31 is obtained
using Eq.1.8 as;

BO°x’ +3B60°x* +6B6x|
S(x; 0)=1—1|1—|1 *
(x;a,B,0) [ [ + 067 1 6 e

~ [a6’+ 6B+ B6°x* +3B6°x* +650x
B 63 +60

]eex;x>0,a>0,ﬁ>
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further, hazard function h(x; @, 3, 0) in Eq.5.32 is obtained us-
ing Eq.1.9 as;
h(x;a,f,0) o o+ Bx|e ™
xa,pB,0)=——— x|e
a6’ +6p (
0*(a + Bx*)

— x>0,00>0,6 >0
083+ 6B+ PO+ 36022+ 650x >0.P

ab’+6f
003+ 6B+ B0 +3B0%2 +

[]

5.4.3 Moments and related measures

Proposition 5.4.4. The r'" moments of a generalized three pa-
rameter Rama distribution Eq.5.29 are derived using both method
of moments and moment generating function as;

e gl 3042041
B 07 (063 +6p3) ’

e =1,2,3, -

(5.33)

Proof . By definition Eq.1.16, moments of AG3PRD are ob-
tained as;

4 [ peo
E(X") :(1939—_'_@ /0 x’(a+ﬁx3)eexdx]
94 | - r_—0x ” r+3 —0x
:m_(x/oxe dx—l—ﬁ/ox e dx]
. 0* JoI(r+1) PT(r+4)
o af3+6B| Ot Qr+4 ]
0t JouTr B(r+3)(r+2)(r+1)rTr
B 0693—|—6B I Qr+1 Qr+4 ]

e+ B(r+3)(r+2)(r+1)]
B 0"(a63+6f) ’

= 1’2,3,...
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Similarly, by definition Eq.1.17, mgf of AG3PRD is obtained as;

4 [ oo
mx(l’) — 05939—_‘_6[3 _L etx(OC —|—ﬁx3)eexd)€]

__ & ] [[e ot Bx3)dx]

0 [ o 6B
065+ 6p _9—t+(9—t)4]
B (a3 bk OB & (k43N 1k
~arrelon@ o (%)@
S ab’+Bk+1)(k+2)(k+3) <£>k
_k;, a0+ 6P 0

The moments about the origin are obtained as a coefficient of
i—r! in the derived moment generating function m,(t) as;

L r![a93+[3(r+ 1)(r+2)(r+3)] .
B = 60 (a6 1 6B) ’

r=1,23,
N

For r = 1,2,3 and 4 in Eq.5.33 we obtain the four moments
about the origin of a generalized three parameter Rama dis-
tribution Eq.5.29 as;

| a8’ +24P | 2(aB’+60pB)
L= 9(a6316B) 27 02(a6®+6p)
. 6(af3+1208) | 24(a6*+210p)

B 03aesr68) " M T 046’ +6B)

u
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We now derive the centralized four moments of a generalized
three parameter Rama distribution as;

o, ab’+24p
=R = 90003 +6p)
o=y — (1y)°

C2(a®’+60B) [ a8 +24B8 17 o?6°+84aB6° + 14482
“2—92(a93+6;3)_[9(a93+6ﬁ)] T 020831 6B)
M3 = 3 —3u i +2(u))’
2[0?0° 4 342a*f6° + 550805267 + 20304057 |

03(003 +6f3)3

U3 =

The following relation is applied to derive the fourth central-
ized moment

My =) —4pdul +oplud —3(ul)?

Proposition 5.4.5. Other related measures of a generalized three
parameter Rama distribution Eq.5.29 such as variation coeffi-
cient (C.v), skewness (0 ), kurtosis (0, ) and dispersion index (03)
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are stated as;

Com \/ @205+ 84a 303 + 14432

V= 0693 T 24[3 (5.34)
2[00 +342a*f0° + 55080t 5267 + 2030407 |

V; = (5.35)

2
o20%+84a 03 + 14432
o, — Ha A 61 —3(1y)”
2= 1 N2 (5.36)
(ty — ()

a?0% + 840363 + 14432

V3 = (5.37)
0(aB3+68) (a0 +24p)

Proof . Coefficient of variation in Eq.5.34 is obtained as;

Cv= El
My
c \/ 2054840303 + 14452 0(a6® +6f3) . V0200 + 840363 + 14
V=
0(a6’+6p) 63424 63424
Similarly, skewsness in Eq.5.35 is obtained as;
vy = U3 .
()2
2[a®6° 434202 $6° + 55083263 +2030403°] 0%(a0>+6f3)>
B 03 (03 +6f3)3 a20° + 840363 + 14

2[0?6° + 342023 6° + 55080326 +2030403° |

2
o20° + 84503 + 144[32]

kurtosis presented in Eq.5.36 can be obtained using the follow-
ing relation; The following relation is applied to derive coeffi-
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cient of kurtosis of a generalized three parameter Rama distri-
bution Eq.5.29.

Ha —Apg g +6piy —3(p)?

i — (uh?]’

further index of dispersion Eq.5.37 is obtained as;

V) =

62

T
0?05+ 8400 + 14432 6(a0® +63) . «?0% 4 840363 + 144
B 02(0 93 +6f3)2 034 24p 0(x03+6f8)(ab3 4+ 2

[]

3

5.4.4 Excess Loss Distribution

Proposition 5.4.6. In this section, we state probability density
function of excess loss function fi(x; a, B, 0), mean residual life-
time (MRL), equilibrium distribution f,(x; @, B, 0), survival func-
tion of the equilibrium distribution S.(x;o, 3,0) and hazard
function of the equilibrium distribution h.(x; o, 3,0) of a gen-
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eralized three parameter Rama distribution Eq.5.29 as;

94(06 + Bx3)e—(x—z)9

., p,0) = e
fl(x o, ) 0693+6B _|_ﬁ63z3—|—3ﬁ9222+6ﬁZ ros
(5.38)
(%) 0a0® +24B + BO°x + 686" + 1856
mix) =
0(a6 + 6 + BO°x* +362x>+ 6 6x)
(5.39)
0(06° 6B + B6°x’ +386°%° +6B6x)e”
fe(x;aaﬁae): ( 3 )
060°+24f
(5.40)
63 + 24 0°x> +6B6%x> + 183 0x)e %
Se(x;oc,ﬁ,G):(a + 2483 + B6°x° +6B60°x" +18B6x)e
03+ 24P
(541)
9 93 6 93 3 3 92 2 6 9
(i, B 0) — (083 +6B + B3> +3B6%x> + 63 0x)

003 +24B + B63x3 +6860%x%+ 18B6x

(5.42)

Proof . To begin with, f;(x;a,,0) in Eq.5.38 is obtained
using Eq.1.10 as;

o* 31 e a6’ +6f
——— o+ Bx’|e
a63+6f (B3 +6B+ 6373 +3B6%z% 4+ 6f72)
B 94(OC—|—ﬁx3)€_(x_Z>9 .
083 +6B+ 633 +3B62%2+6B7

filx;a,B,0) =

X >2Z
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Similarly, m(x) in Eq.5.39 is obtained using Eq.1.11 as;

(x) = a6’ +60 /°°(oc93+6[3+[391
T T (003 1 6B + O3+ 3B0%2 + 6B0x)e O (
|

B (@346 03
(0593+6/3+[363x3+3ﬁ92x2+6[39x)e—9x/x (6 +6B + P

11:/ (006> + 68 + BO +3B6%2 +6B61)e *dr

u= (o0’ +6B+ B0’ +3B6%* +680t) = 3B0°t* +6B86°t+68
bt

0
_ 3 3.3 2.2
L =—(a6’+6B+pB60°t°+3B67t"+6B6¢)

dv=e"—=v=

e

61‘ [o0)
5 +/ (3B6%* + 6

I = / (360%>+ 6561 +68)e *di
u= (386%>+6B0t+6B) = du=6B6%+6B6

_ b

)
L =—(386°t*+6B6t+6p)

dv=e"—=v=

e—@t

0

168 / (61 + e ds
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I — / (61 + 1)e%dr

u=(0t+1) = du= 0dt
_e—ez
dv=e"—y=

— (6t + “’fdr

—Gt

0
—0r
I =— [e (a93 1248 1+ B3 +686% + 18 Gt)]

Iy = / g — —

oo

0

X

—0Ox

I = 69 <a93+24ﬁ + 8633 + 68022 + 18B9x>

B 1

(083 + 6B+ B33 +3B62%x2 4 650x)e b
a0’ +24B +BO°x* +6B6%x* +1856x

" 0(003 + 6B + O3+ 38022 +656x)

Using the relation Eq.1.12 f,(x; o, 3, 0) in Eq.5.40 is obtained
as;

I

a0’ + 6 +BO°x° +3B60°x* +656x| ,.0(a6°+6p)

e\ X5 U, :9 —

Jelx @, B, 0) 06316 ¢ 003+ 24p
_ 0(aB*+ 6B+ PO +3B6°x> +6F0x)e
B 003 +24p
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survival function based on the equilibrium distribution S, (x; ¢, 8, 0)
in Eq.5.41 is obtained using Eq.1.13 as;

(0003 +248 + B6°x> +6B60%x* + 18B0x)e %>
0(x6°+68)
(0003 +24B + B63x> +6B6%x* + 18B0x)e % 0 (a6
0(ab3+6p) 63
(0003 +248 + B6°x> +6B6%x* + 188 0x)e %>
03 +24p

/msa; o, B,0)dt =

Lastly, hazard function based on equilibrium distribution de-
noted by h,.(x; a, B, 60) in Eq.5.42 is obtained using Eq.1.14 as;

0(a0°+ 6B + B6°x> +3B60°x* +6B0x)e
o603 +24p (a6’ +24f
0(ab’+68 + 6% +356%*+6506x)

w03 4+24B 4+ BO3x3 +6B60%x2 +18B6x

he(x;a,B3,0) =
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6.1

6.2

TWO COMPONENT FINITE GAMMA MIXTURE
(Case of Suja distribution)

Introduction

A two component finite gamma mixture a case of Suja distri-
bution is considered. We shall construct and derive statisti-
cal properties of Suja distribution and its generalizations. The
mixed distribution is expressed in terms of pdf and Cdf. Statis-
tical properties such as reliability analysis measures, equilib-
rium properties and moments (both centralized and non cen-
tralized).

One parameter Suja distribution

6.2.1 Construction of a one parameter Suja distribution

e 4 . .
Proposition 6.2.1. Let @0 = IR be a mixing proportion, one

parameter SUja distribution is a finite mixed distribution of Gamma
(1,0) and Gamma (5,0 ). The pdf and Cdf of one parameter Suja
distribution are stated as;

05
f(x;0) = [1+x*e %x>0,6>0 (6.1

- 04+24
0%x* +40%¢ + 120242 + 240
F(x,0) =1 — |1 42X 120X + 12970 1+ 220
6% +24

e 9x>0,0>02

(6.2)
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Proof . By definition of finite mixture Eq.1.1, pdf Eq.6.10f
one parameter Suja distribution is constructed as;

o* 24 0 x*e 0%
10 = T
J(5:0 = gi g0+ 94+24[ Is ]
B GSe—Gx N 24956—9xx4
04124 24(04424)
65 47 —6x
:m[1+X}e ,x>0,9>0

further Cdf Eq.6.2 is obtained as;

95 ~ 4\ —0x
F(x;G)—94+24 A (14x*)e *dx
95
FO0) =gl

I, = /oo (1 +x4)e_9xdx
0

U= (1 —|—x4) — du = 4x°dx

0 _e—Gx
d —e x:} =
v=e \% 0
—0x 4 [e)
I = —(1+x4)69 ~a —xPe ¥dx
e %% 4
11 = —(1—|—X4> 0 _512

L= / —xPe %%dx
0

U= —x = —3x°
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dv=e"—=yv= _69
3 —9x %)
x’e 3
L = — — x2e P dx
2 0 0 Jo
3 —0x
x’e 3
I — I
2 0 0"

u=x>—=— du = 2xdx
2 Ox 2 o0

—x“e”
h=———— —xe dx
. 0 0 Jo
I Y 21
3= 0 0™
Iy = —xe~ Pdx

0 _e—Gx
d — x:> —
yv=e v 0
—Gx (e%)
xe 1
I — - —0x
T ek €
—0x
xe 1
I ——1
4 0 ) 5
Is = e %%dx
0
d
u:—Gx:>du:—9dx:>—u:dx

—0
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From 1,55,15,1, and I5 then;

_ ,—06x
Ih=—os [04+24+94x4+493x3+1292x2—|—249x]
—e T 4 4 4 3.3 2.2 6°
=1+ [9 +24+ 0% +46°¢ + 120% —i—249x] 6o

O*x* + 403> + 12602%x% +240x
0+ +24

F(x;G)zl—[H— ]eex;x>0,9>0

[]

6.2.2 Reliability Analysis

Proposition 6.2.2. In this section, survival function denoted by
S(x;0) and hazard function denoted by h(x;0) of a one param-
eter Suja distribution Eq.6.1 are stated as;

O*x* +403%> +120%x> +240x

—0x
: 0,06 >0
94+24 e X > >

S(x;0)= |1+

(6.3)
0°(1+x*)
hix: ) — ;x>0,0 >0
%8) = G 34 6 + 4070 1 120%0 4 240x

(6.4)

Proof. To begin with, survival function Eq.6.3 is obtained
using Eq.1.8 as;

0%x* +403x3 +120%x2 +246
14 0%x* +403x +120%x%* +2460x
04+ 24

]e‘ex;x>0,9 > (0
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using the relation Eq.1.9, hazard function Eq.6.4 as;

67 [1+x4]e—ex

I (x; 9) _ 04424
04+24+09x4+403:3 41202424246 | ,— O
64424
05(1 +x*
_ (1 +x7) x>0,6 >0
64+ 24 + 0%x* 4+ 403x3 + 120%x% + 240x
[

6.2.3 Moments and related measures

Proposition 6.2.3. The " moments of a one parameter Suja
distribution Eq.6.1 are derived using both method of moments
and moment generating function as;

L (8T (r+D)(r+2)(r+3))
He¥ = 07(6%+24) a

=1,2,3,--- (6.5)

Proof. By definition of moments Eq.1.16 #*" moments of
EQ.6.1 are obtained as;

95
E(X):94+24

95 oo [e%)
— 6124 /0 x e dx+ /0 xr+4eexdx]

05 [C(r+1) T(r+5)
94+24_ 9r+1 9r+5

rFr[94+ (r+ 1)(r+2)(r+3)(r+4)]

07(6% 1 24)

(Ot (r+ 1) (r42)(r43))
= 67(6%+24) H

/ X (14+xYe % dx
0
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moreover, by definition Eq.1.17, the mgf of 6.1 is given as;

95 o0
mt) = 55z |,

95 [ —(6—1)x 4
:94—|—24_/0 (1 x )dx]
6> [ 1 24 ]

04 +24 9—t+(9—t)5
R k 24 &
- 04+24(06 Z 952< ) ]

= 94+ k+1)(k+2)(k+3)(k 4)(t)k

_Z 64424 0

e (1 +x"e ¥ dx

The moments about the origin are obtained as a coefficient of
’r—r! in the derived moment generating function m,(t) as;

. ri(0*+ (r+1)(r+2)(r+3))
Hr = 67(6%+24)

sV = 172737"'

[]

The four none centralized moments of a one parameter Suja
distribution Eq.6.1 are obtained by putting r =1,2,3 and 4 in
moment generating function Eq.6.5 as;

L 6% +120 1 2(6%4360)
M= e r2ay 27 92(67124)

| 6(6%+840) | 24(6*+1680)
B = o300 124 M7 Tgi(e 1 24)
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We now derive the centralized moments of a one parameter
Suja distribution Eq.6.1 as;

. 64+ 120
= Uy = 9(94+24)

] N2 0% +5280* 42880
.LLZ::LLZ_(:ul) — 92(64—|—24)2

{ 11 112 20'2 43024608 +34560* + 138240
U =ty =3[ ] + 21 ]" = 03(0% +24)3

Mo = py —4ps5 +6[u ] — 3[u ]
9919423904012+ 52876868 + 111144966* + 34836480
B 04(64+24)*

Proposition 6.2.4. Other related measures of a one parame-

Ha

ter Suja distribution such as variation coefficient (C.v), skewness
(v1), kurtosis (V;) and dispersion index (V3) are stated as;

Coe V08 +5286* 42880 oo
' 64+ 120 |
o 20" +302460° + 34560 4 138240 .
1 (6% + 52864 1 2880)? |
o 9610 4239040'> +52876860° + 1111449660 + 34836480
2 (6% + 5286 4 2880)>
(6.8)
by — 6% +5286* + 2880 o
0(64+24)(6*+120)

Proof . Variation coefficient Eq.6.6 is obtained as;

(0]
Cv=—

ul
V6" 528671 28800(6° +24) _ /B¥+ 52867+ 2880
0(6%+24) 6%+ 120 6%+ 120
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further, skewness coefficient Eq.6.7 is obtained as;

v = H3 :
(M2)?
| 26'2430240°5 434560+ 138240 [ 02(6*+24)2 7
6367 1 24) 6%+ 5286 + 2880
(65 + 52864+ 2880)3

kurtosis coefficient Eq.6.8 is obtained as;

Ha
" (12)?
~ 960'°+239046'% 4 5287686% 4 111144966 4 34836480 [  62(6"
B 04(04 +24)4 08 4- 528
96'°4+239046"% + 5287686° + 111144966* + 34836480
B (68 452804 +2880)2

lastly, index of dispersion Eq.6.9 is obtained as;

2

o)
U3:—1
My

_ 6%+5280%+28806(0+24) N 6° +5286* + 2880

O 6%(0%+24)2 04+120 6(64+24)(6*+120)

[

6.2.4 Excess loss distribution

Proposition 6.2.5. In this section, we state probability density
function of excess loss function fi(x;0), mean residual lifetime
(MRL), equilibrium distribution f,(x; 0), survival function of the
equilibrium distribution S.(x;0) and hazard function based on
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the equilibrium distribution h.(x; 0) of a one parameter Suja dis-
tribution Eq.6.1 as;

B 95(1 —|—X4)€_(X_Z)9 .
04424+ 0474+ 40323 + 12622242407

X>Z

fi(x;0)
(6.10)

() — 120+ 6% 4+86% +360% 1 960
m(x)— |
9(94—|—24—|—94x4_|_493x3_|_1292x2_|_249x) (6.11)

0(0* +24+ 0%x* + 40°%° + 126%2 4 246x)e

fe(x;0) =

0+ 120
(6.12)
5.(x:6) (0% + 120 + 6%x* + 803x +3602x + 960x)e 9~
e\ X, —
64 + 120
(6.13)
0(0% +24+ 0%x* +40°x° + 120%x* 4 240x)
he(x; 9) = (6.14)

04 4+ 120+ 04x* + 803x3 +3602x2 +9660x

Proof . By the definition Eq.1.10, f;(x;60) in Eq.6.10 is ob-
tained as;

0’ 47 ,—6x
£i(x;0) = 69124 [1 +x ]e
A (04424+0%4+463734126224-2402)e 07

04424
95(1 +x4)e—(x—z)9

T 0%+ 241 0% + 4037 + 120272 1 2407

X>Z
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using the relation Eq.1.11, the mean residual lifetime is ob-

6% + 24 /w(94+24+ o
)e—Gx .

tained as;
m(x) =

(0% + 24+ 0%x* +4063x> + 120%x> + 246x
1

— (0% £ 24+ 0
(94—|—24—|—94x4—|—493x3+1292x2+249x)e_9x/x (67 +24+

I — / (6% 24+ 0% + 46 + 120% +2401)e *'dr

(0% 4244 0" +40°1° +120%1% +2401) = du = (40*r> + 126
—0t

—€
—0r

u

dv=e=—=v=

0
I = — (6% + 24+ 0% + 4603 1 120%* +2401)° .

+1
L= / (40°1° +120°1* +240t +24)e %'dt

= (40° +120%% + 240t +24) = du = (120°> + 24611 + 240)
_e bt
0
e 01
b= —(407 4 120" 42401 4 24)—

dv=e "= v=

I
IL— / (1262 12401 +24)e % di

u=(120%>+240t +24) = du = 246°t + 246

_e—et

)
L= —(126%* 4240t +24)

dv=e "= v=

e

—0r %)
ot / (2401 4-24)e ¥ dt

L= / (2461 +24)e~di

u= (240t +24) = du = 246

_e—et

0

e—er

dv=e%—y=

I, = — (240t -+ 24) 424 / o0t 1y
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From 1,,15,15,14 and Is we have the following;

— 0t ©

I = _ee [94 + 120+ 0%* + 863 + 360> + 9692‘]

X

—0Ox
L =° 5 [94 + 1204+ 0%* + 80323 + 36022 + 969x]
! I
(6% +24+ 6%x* +463x3 + 120242 +240x)e 0%
( ) 0%+ 120+ 0%x* +803x3 +360%x% +-960x
m\x) =
0(0*+ 24+ 04x* +403x> + 120%x> 4+ 246x)

further, f,(x;0) in Eq.6.12 is obtained using Eq.1.12 as;

(0% +24+ 0*x* +403%> +120%x* +240x)e % 0(6*+24)

e ;9 —

fe(x;0) 0% 124 * 7941 120
0(0%+ 24+ 0%x* +40°2° + 120227 4 240x)e
- 0+ 120

applying Eq.1.13, S.(x; 8) in Eq.6.13 is obtained as;

/°° S(1:0)di = (6% + 120+ 6%x* +86°x" + 360%x* + 966x)e "
P B 0(04+24)
(0% + 120+ 6%x* +-803x +-360%x> +- 960x)e %  0(0* +24)

0(6% +24) "0 1120
(0% + 120+ 6*x* + 803x> +3602x + 960x)e -
64+ 120

Se(x;0) =

lastly, h.(x;0) in Eq.6.14 is obtained using Eq.1.14 as;

he(x: 0) 0(0*+24 + 0%* +40°x° + 120%x> + 240x) 1
e\ X5 — —
04+ 120+ 0%x* +860°x3 +360%x2 +966x  m(x)

[]
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6.3

Two parameter Suja distribution

6.3.1 Construction of a two parameter Suja distribution

Proposition 6.3.1. A generalized two parameter Suja distribu-
tion is a finite mixed distribution ofGamma (1,0) and Gamma
(5, 0) with weighing proportion as ® = 94+24 The pdf and Cdf
of a generalized two parameter Suja distribution are defined as;

95

T T

[OC —|—x4] e x>0,00>0606>0

(6.15)
0*x* +403x3 +120%x% +240x
04424

F(x;oc,@)zl—ll—i— ]eex;x>0,a>0,

(6.16)

Proof . By definition of a finite mixture Eq.1.1, a two param-
eter Suja distribution is constructed as;

a4 24 03¢ 0%
10, 0) = ———[0e
flee0) = g agl0¢ ]+a64+24[ I’ ]
B 093¢ %% N 2403x*e 0%
w0424 24(a64+24)
95

4| —6x
———|a+x e x>0, >0,06 >0
04+ 24 ]
Remark 6.3.2. Putting & = 1 a generalized two parameter Suja
distribution Eq.6.15 reduces to a one parameter Suja distribution
Eq.6.1. This Implies that a generalized two parameter Suja dis-
tribution is flexible over one parameter Suja distribution.
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The generalized Suja distribution to two parameter distribu-
tion Eq.6.15 is a modification of a one parameter Suja distribu-
tion Eq.6.1 introduced by Shanker (2017b).

further Cdf Eq.6.16 is obtained as;

95 )

F(x;0,0) = ————— [ (a+x*)e %d
S T -
11:/ (o +x*)e % dx

0

u= (o +x*) = du = 4x’

ox _e—ex
dv=e¢ " = v= 0
—OX [e%)
e 4
I = —(o+x* — — e P dx
1=—( ) o o/
—0x
e 4
I =—(a+x* ——1
| ( ) o gl
L= e %%dx
0
U= —x = du = —3x*
dv=e"%—y= —e
a 0
3 —0x 3 oo
b x 69 o/ x2e %%dx
e v 3
15 ——I
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—0x
—e
dv=e "= v= 0
2 —GX ()
xX‘e 2
L= 0 o xe~ Pdx
0
xle 9% 2
h o oh

0
—Gx [e%e)

xe 1
I —— —0xy
4 9 9 0 e X
I xe 9% 11
4 0 0 5
Is = e %%dx

0

u:—Gx:>du:—9dx:>d—bé:dx

—0Ox

I /w“du:_l Tty — e
= e — — [ e'du —e
S 0 Jo —0 —0
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From 1;,55,15, 1, and I5 then;

_ ,—06x
Ih=—p3 [a94+24+94x4—|—493x3+1292x2+249x]
—e 4 4.4 3.3 2.2 6

N 0*x* +403x° + 120%x% +240x

F(x; =1—11
(x; @, 6) [ o0+ 24

]e“m>aa>0ﬁ>(

[]

6.3.2 Reliability Analysis

Proposition 6.3.3. We now state survival function denoted by
S(x;, 0) and hazard function denoted by h(x; o, 0) of a gener-
alized two parameter Suja distribution Eq.6.15 as;

0%x* +40°x° +120%x* +240x] _,

Sx;o,0) =11 x> 0,00>0,0 >0
(x ) + 20% 24 e x
(6.17)
0° (o +x*
h(x;o0,0) = (a+x) x>0,00>0,06>0

004424 + 04x* +403x3 +1202%x2 +240x

(6.18)

Proof . To begin with, survival function Eq.6.17 is obtained
using Eq.1.8 as;

0%x* +40% + 12622 + 246
S(x;oc,@):l—ll—[1+ i M x]e"x]

a4 +24
14 0%x* +403x +120%x%2 +240x
04+ 24

]f“m>aa>0ﬁ>0
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further hazard function Eq.6.18 is obtained using Eq.1.9 as;

0> 4| —6x
6% 124 [O‘ +x ] ¢

h(x;o,0) =

004+ 04x*+403x34+12602x24+240x o—6x
004+24

B 6° (o +x*)
0424+ 04x* +403x3 + 120242 +240x

x>0,00>0,0°

[]

6.3.3 Moments and related measures

Proposition 6.3.4. The r'" moments of a generalized two pa-
rameter Suja distribution Eq.6.15 are derived using both method
of moments and moment generating function as;

rab*+(r+ 1) (r+2)(r+3)(r+4)

1
_ . r=1,23,...
a 67(a6* 1 24) ’

(6.19)

Proof . By definition Eq.1.16, moments of a generalized two
parameter Suja are obtained as;

65 %)
EXr _ r o 4 —Gxd
(X) a94+24/0 Ko +xt)eTdx

95 oo oo
= |Oo / xe P dx+ / xr+4e_9xdx]
0 0

6 :OCF(r+1)+F(r—|—5)
o 004 24 ] Qr+1 Qr+5

r! [a94+(r+ 1)(r+2)(r+3)(r+4)]

— , — 1,2,3,"‘
07 (6 1 24) '
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Similarly, by definition of mgf Eq.1.17 moment generating func-
tion of Eq.6.15 is obtained as;

65 = X 4\ —06x
mx(t) = (x94—_‘_24/0 et (OC—I—X )e d.x

5
_ e<er>x<a+x4>dx]

0 [ «a L2
CaBt 24| (0—1t)  (8—1)
24 &

St AN
st @ w0 @)]
t

Qe+ (k+1)(k+2)(k+3)(k+4) ¢k
_};) 004 +24 (o)

The " moments of a generalized two parameter Suja distribu-
tion Eq.6.15 are obtained as a coefficient of ;—r, in the moment
generating function m,(t) as;

rab*+ (r+1)(r+2)(r+3)(r+4)

_  r=1,23,...
Hr 0" (a6 1 24) ’

[]

Settingr =1,2,3 and 4 in Eq.6.19 we derive four none central-
ized moments as;
. ab*+120 1 2(a6*+360)
M= 0aer 124 M2 7 02(av 1 24)
 6(a6*+840) | 24(aB*+1680)
B = o3(aer 124 M7 Tot(ani 1 24)
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The centralized moments of a two parameter Suja distribution
are obtained as;

W=

=y — ()

y 0268 + 5286 + 2880
2 p—

02(00* +24)>

M3 = i3 =3[ ]+ 2{py P

_ 20°60"+30240°6° 4517536010 — 2972160
B 03 (64 4-24)3

M3

The following relation is applied to derive the fourth central-
ized moment

Mg = iy — 4 + 60y —3(u))?

Proposition 6.3.5. Other related measures of a generalized two
parameter Suja distribution Eq.6.15 such as variation coefficient
(C.v), skewness (v;), kurtosis (0,) and dispersion index (V3) are
stated as;

., _ V767 +528a6% 1 2880
V= .
a6* + 120 020
’ 20002 + 3024008 + 5175360.0* — 2972160
1 — (6.21)
(0268 + 52816 + 2880)3
o, — Ha A+ 6 1 —3(1y)°
h = (6.22)

(13 — (u)))?
_ 0*0%+528a6* 42880

U3 = (a6t +24)(ab + 120)

(6.23)
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Proof . To begin with, coefficient of variation Eq.6.20 is ob-
tained as;

o}
Cv=—

H
V203 +528006* +2880 0 (6* +24) . V0203 45280064 + 2880
0(ab*+24) 044120 044120

similarly, skewness coefficient Eq.6.21is obtained as;

vy = U3 :
(U2)?
20702 +30240°6° 4 51753606* — 2972160 0% (0 6* +24)°
B 03 (0 0* +24)3 208 + 528064 +2880
20707 +30240°6° 4 51753606% — 2972160
(0268 + 528016* +2880)?

The following relation is applied to derive kurtosis coeflicient
of a generalized two parameter Suja distribution Eq.6.15;

1

g —Aps ) 6y —3(py)?
(1 — (1))

lastly, index of dispersion Eq.6.23 is obtained as;

V) =

2

o
1)3:—1
My

~ 6%+5280%+28800(aB* +24) . a?08 4 5286* +2880

O 02(0%+24)2  ab*+120 0 (64 +24)(a6* +120)

[]

6.3.4 Excess loss Distribution
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Proposition 6.3.6. In this section, we state probability density
function of excess function fi(x;@,0), mean residual lifetime
(MRL), equilibrium distribution f,(x; ®,0), survival function of
the equilibrium distribution S,(x; &, 0) and hazard function of
equilibrium distribution h.(x; o, 0) of a generalized two param-
eter Suja distribution Eq.6.15 as;

95(06 _|_x4)e—(x—z)9

; >
004+ 241 04 + 402 + 120222+ 2407 7 ©

filx;ot,0) =
(6.24)
) 0 0% + 120 + 6%x* +863x> + 360%x* + 960
m\x) =
O (04 +24 4 04x* +403x3 + 120%x> + 246x)

(6.25)

0(a0* + 24+ 0%x* +40°%° + 120242 + 240x)e %

e 9 79 —
felx.@,6) 6%+ 120
(6.26)
(0t0* + 120 + 6%x* + 803x +360%x2 4+ 960x)e 9~
Se(x;a,0) =
a6+ 120
(6.27)
O(a0* +24+ 0%x* +40°x + 120%x* 4 240x)
he(x;00,0) =

0%+ 120+ 64x* 4 863x3 + 3602x% + 966x

(6.28)

Proof . By definition in Eq.1.10, the pdf of excess loss func-
tion Eq.6.24 is obtained as;

6° ~ o0+ 24
———(« +x4)e 0x
of*+24 (0t0* +24 + 0424 + 4033 + 126272 4
B 63 (0t +x*)e~(=2)0 .
a0+ 24+ 044 +40373 +120272 + 24607

filx;0,0) =

X>2Z
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Mean residual lifetime Eq.6.25 is obtained using relation Eq.1.11

ab*+24 /°° (0t0* 424 + 6%
)e—ex .

as;
m(x) =

(00%+ 24+ 0%x* +4603x3 4+ 120°x> 4+ 240x
1

= (0% 124+ g%
(0594+24+94x4+493x3—|—1292x2—|—249x)e—9x/x ( TEAT

I — / (000 + 24+ 0% +46%° + 126%> + 240x)e dr

u= (00 +24+ 0" +40° +120°1* 4 240x) = du = 46*> + 120°*-

dv=e"=—=v=

b
0

—0r
I = —(aB* 424+ 0% + 463 + 1292t2+249x)69

+1
L= / (40°t +120°t* +240t +24)e %'dt

= (40° +120%> + 240t +24) = du = (12612 + 2467 +246)
_e b1
0
e 01
b= —(407 4 120" 42401 4 24)—

dv=e "= v=

I
IL— / (1262 12401 +24)e % di

u=(120%>+240t +24) = du = (246%t +240)
_e—et
)
e—er
L= —(126%* 4240t +24) .

dv=e "= v=

+ 1y

L— / (2401 +24)e % dr

u=(2460t+24) — du =240

_ b

0

dv=e9— =
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e—@t

—+24 / =01 gy

oo — 0Ot
—€
= [ e %dt=
5= [ e ;

Iy = —(24GZ + 24)

From 1,1,,15,14 and Is we have the following;

—0Or
L =_¢ [a94+120+94z4+893t3+3692t2+969t]

oo

0

X

—0Ox
I = 69 [ 0%+ 120+ 94x4+893x3+3692x2+969x]
T (0% 424+ 0%x* +46%%3 + 12022 + 246x)e0x !
) 0%+ 120 + 0*x* +8603x +3602x%2 +960x
mix) =

O(a6% 424+ 04x* +4603x3 + 120%x% + 246x)

further equilibrium distribution Eq.6.26 is obtained using Eq.1.12
as;

(000* 424+ 0%x* +403%> +120%x% +240x)e 0 (0% +
004424 04+ 12
O(a0* +24+ 0%x* + 403> 4+ 120%x% 4+ 240x)e
o644 120

fe(x§ «, 9) —

using Eq.1.13, S.(x; @, 0) in Eq.6.27 is obtained as;

a0* 4+ 120+ 0%x* + 80°x> +360%x* +960x)e &

/OOS(t;oc,G)dt = (

0 (6% +24)
(a8 + 120+ 6%x* 4 867X +360%x> +960x)e O Lo
B 0(a6*+24) C

(0t0* + 120 + 6%x* +803x> +360°x> +960x)e
a6+ +120

Se(x;a,0) =
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lastly, hazard function based on the equilibrium distribution
Eq.6.28 is obtained using relation Eq.1.14 as;

O(a0*+24 + 0%* +403x° + 120°x> +240x)
04 + 120 + 04x* + 8033 + 3602x2 + 960x
]

he(x;a,0) =

6.4 Three parameter Suja distribution

6.4.1 Construction of a three parameter Suja distribution

Proposition 6.4.1. Let @0 = m be weight probability a
generalized three parameter Suja distribution is constructed as
a finite mixture of Gamma (1,0) and Gamma (5,0). The pdf
and Cdf of a generalized three parameter Suja distribution are

stated as;
95
flx;o,B,0) = 07 1245 [a+[3x4]e_9x;x>0,a >0,8>0,0>0
(6.29)
,894 414863 +12B860%x* +24B06x]| _ |
F(x;a,ﬁ,e):l—[ 6% 1 24p e x>0,

(6.30)

Proof . By the concept of finite mixture Eq.1.1, the pdf of
a generalized three parameter Suja distribution is constructed
as;

f(x;af,0) =

o 6% 24 0¢—0xx*

[Oe_ex] 4 B e X
a04+24p af*+24B| TI5
aeSe—Qx 24ﬁ95 —0x e

o604 +24p + 24(a0*+24)
95 4 —6x
:a94+2413[a+[3x]e x>0,00>0,>0,0>0
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A generalized three parameter Suja distribution Eq.6.29 is a
modification of proposed two parameter Suja distribution Eq.6.15.

further Cdf Eq.6.30 is obtained as;

F(x;a,B,0) = 94+24[3/ (o1 Botye O dx

95
Flxa.p.0) = i oaph

I :/ (a4 Bx*)e dx
0
u= (o +Bx*) = du = 4Bx°

_e—9x
dv=e "= v= 0
—9x (o]
e 43
I = —(o+ Bx* - %14
1 (o +px7) 0 0 )y * X
—0x
e 43
I =—(o 4 — =1
1 (ot + Bx7) o g 2
L= e %dx
0
U= —x = du = —3x°
0 _e—ex
d — x:> —
v=e V 0
3 —0x 3 oo
b x 69 9/ e %%dx
e 3
b ——I
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I = / x2e %%dx
0

u=x>=— du=2xdx

—0Ox
—e
dv=e "= v= 0
2 —OX %)
—Xx‘e 2
= 0 o xe %%dx
0
x2e 0% 2
i o o™

0

xe—@x 1 ()
I i —0xg
‘YT "9 ¢
I xe 9x 11
4 9 95
Is = e O%dx

0

d

u:—9x:>du:—9dx:>—”;=dx

I /oo udu —1 —06x
= e — — ——¢
" -6 6



219

From 1,,15,13,14 and Is we have the following;

e 0 4B [xPe 0% 3 /—x2e 0% 2 [xe O
PPSA | A Y

6 6\ 6 o\ 6
_—06x
I = 695 [a94+24[3 1 B0 1 4B6% 1 128022 + 24 ¢
_ ,—06x
=1+— a0t +24B + BO* +4B6°x° + 12867 x* +2
BO**+4B 6% +1250%x* +24B6x]
F(x;o,3,0)=1—|1 ok
(x;o,B,0) [+ 267 1 24 e x>
]

6.4.2 Reliability Analysis

Proposition 6.4.2. In this section, we state survival function
S(x; o, B,0) and hazard function h(x; o, 3,0) of a generalized
three parameter Suja distribution Eq.6.29 as;

B(0%* +46°x +120%x* +240x)] .,
S(x;o,B,0)= |1+ 6% 1 24P e x>0,a>

(6.31)

05(0 + Bxt)e o
h(x; 0) = - 0 |
(0P 8) = o Ba T 0t 05 1 1205 1 2dex) Y 0 *

(6.32)

Proof . To begin with, survival function Eq.6.31 is obtained
using Eq.1.8 as;

BO*x* +4B60°x° +1206%x* +24B6x] .
S(x; 0)=1—|1—|1 *
(x;,8,0) [ [ + 0671 24 e
B(0*%* +40°x° +120°x* +246x)] _o,.
:[1+ 067 1 24P e x>0,00>
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further hazard function Eq.6.32 is obtained bu use of relation
Eq.1.9 as;

5 —0OX
a646+245 [OH_ﬁ x4] e

1 _I_[3(94x4+493x3—|—1292x2—|—249x) o—6x
4
00%+24p

h(x;o,B,0) =

B 6°(a + Bxt)e 9"
004+ B(24 4 04x* + 03x3 + 1202x2 4 246x)

;x>0,a>0,0°

[]

6.4.3 Moments and related measures

Proposition 6.4.3. The r'"" moments of a generalized three pa-
rameter Suja distribution Eq.6.29 are derived using both method
of moments and moment generating function as;

rab*+B(r+1)(r+2)(r+3)(r+4)
67(06% +24P) ©3

I,
:ur*—
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Proof . Bydefinition Eq.1.16, moments of a generalized three
parameter is obtained as;

E(X") = (o + Bxt)e dx

oc94 +248 /

95 0 oo
— —xd r+4 —Oxd
0671245 | /Oxe x—l—ﬁ/ox e x]

6 JoaI(r+1)  BL(r+5)
o (X94—|—24ﬁ ] Qr+1 Qr+5

7Tr [a64+ﬁ(r+ D)(r+2)(r+ 3)(”+4)]
07 (a6*+24p)

r! [a94+[3(r+ 1)(r+2)(r+3)(7”+4)]
07 (004 +24p)

further by definition Eq.1.17, mgf of a generalized three pa-
rameter Suja distribution is obtained as;

95 | = X —0oX
067 1245 /o e (o + Bx*)e edx]

my(t) =

95 oo
— —(0—1)x Gxd
67 24P _/o e (OH—ﬁx) x]
A N 24P
- abt+24p ) (6—1)S

( —
0° oy tyk, 24B ¢ (ktd
e MORE Y G IOd
= a6t + B(k+ )(k+2)(k+3)(k+4)
,; 00 +24f (5>
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The " moments of a generalized three parameter Suja distri-
bution Eq.6.29 are obtained as a coefficient of % in m,(t) as
shown below;

o0 +B(r+1)(r+2)(r+3)(r+4)
07 (0% +24p)

Wy =

[]

For values of r as 1,2,3 and 4 in Eq.6.33 we obtain the four
none centralized moments of a generalized three parameter
Suja distribution as;

;. ab*+1208 1 2(a8*+3608)
1= 0(a0+248) 27 02(00% +24B)

| _ 6(a6"+38408) bl = 24(a6* +1680p)
0304 +24B) T 0464+ 24P)

U

U

The centralized moments of a generalized three parameter
Suja distribution are as;

W=
208 4 2

o 0-0°+ 5280 0% + 58400

U = Uy [:ul] — 92(0694—|—24ﬁ)2
2(a?0'2 + 15120268 + 1728 326* 4- 6912
1 1,1 113

=U;—3 2

:u’3 JLL?) [“1“2]+ [Au'l] — 93(a94_|_24ﬁ)3

The following expression is applied to get the forth moments
about the mean of a generalized three parameter Suja distri-
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bution;

e =ty — A i+ 6[u ) — 3w,

Proposition 6.4.4. Other related measures of a generalized three
parameter Suja distribution Eq.6.29 such as variation coefficient
(C.v), skewness (v;), kurtosis (0,) and dispersion index (V3) are
stated as;

o \/ @208 + 528 S 64 + 584032
V= 00" n 120ﬁ (6.34)
. 2(a3012 + 15120268 + 1728 826* + 691208°)
1 p—
(01268 + 528864 + 584082)3
(6.35)
g — A +6[u ] = 3[u
Dy = I N2 (6.36)
Ly — (K1)
_ o?6%+528a86* + 584082

(6.37)

U3 = (b +24B) (06" + 120B)

Proof . Tobegin with, variation coefficient Eq6.34 is obtained
as;

C.v:g

u
/0203 + 5280 0% + 584062 6 (6 +243) . \/ @208 45280
B 0 (644 24p) 6441208 a4+




224

further skewness coefficient Eq.6.35 is obtained as;

M3
(12)?
2(a0'2 + 15120263 + 17280 326* +6912083) 6% (6" +24B)

- 03(a6*+24p)3 208 +528a 64 +°
2(a?0" + 15120868 + 17280326 +6912033)

(0268 + 52864 + 584082)3

V1 =

To get coeflicient of kurtosis, the following relation is applied;

py — Al ]+ 6[u uy] —3[u]?
(g — (uf))?

lastly, dispersion index Eq.6.37 is obtained as;

V) =

62
Ug — —1
Hy
o8+ 528 B 6% +5840B% 0(a 0" +-24P) . a?0% + 52803 6* + 584
B 02(0 04 +24f3)2 6441208 0(a04+424B) (b +1:
O

6.4.4 Excess Loss Distribution

Proposition 6.4.5. In this section, we state probability density
function of excess function fi(x; o, B, 0), mean residual lifetime
(MRL), equilibrium distribution f,(x; o, B,0), survival function
based on the equilibrium distribution S.(x; a,3,0) and hazard
function of equilibrium distribution h.(x; o, 3,0) of a general-
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ized three parameter Suja distribution Eq.6.29 as;

0 (o + Bx)e~ 20 .
064+ B(24 1+ 0% 14637 + 120222 1 2467)
(6.38)
a6+ B(120+ 0%x* +86°x + 3607x* + 9606x)
(%) = 9 (@0 + B(24 1 0%xi 1 40%0 1 12022 + 246x))
(6.39)

0(a0* + B(24+ 6%x* +46°%% + 126242 4 240x)e &

fl(X;aaﬁae) —

X>2Z

fe(X;avﬁv 9) —

a6* + 1208
(6.40)
o4 120 + 0%x* +403x3 + 120%x% 12460 —Ox
Su(rict, B, 0) — \FOTPU0F O +467 + 126707 +2461))e
04+ 1208
(6.41)
0(a6* 24 4+ 0%x* +403x3 + 120%x% + 2460
R )

a0+ B (120 + 64x* + 863x> +3602x% + 9606x)

(6.42)

Proof. To begin with, the pdf of excess loss distribution
Eq.6.38 is obtained by use of Eq.1.10 as;

5 —0x
aefTw [OC + ﬁx4] e 9
fl(x, o, ﬁ) 9) — (004 +B(24+6474 4463734120272 4-2407))e— 92
a64+24B
B 0°(a + Bx)e~ (=26 :
T a4+ B(24+ 0474 + 46373 + 12022 +2467)

X>2Z
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By definition Eq.1.11, mean residual lifetime Eq.6.39 is obtained
as;
(X) 0694 + 24B I
m e
(0% + B (244 0%x* +4603x3 + 120%x2 4+ 240x))e—0* 004 + 243

I — / (00 + B (24 + 0% +40°F +120%> +2461))e ¥ di

u=(a0*+ B(24+ 0" +40° +120%* +2461)) = du =40 + 12,
_e—et
)
I = — (00 + B (24 + 0% +40° +120% 1-2461))
—0r

0

dv=e "= v=

3.3

I = —(a6* + B4+ 04" +40%3 + 12042 +2400)— + I

L= / (4B 6% +12B6%* +24B 01+ 24B)e ¥ dt

u= (4B0° +12B60%* +24B61 +24B) = du = (1286°t*> +2436% +2
_e—et

)
—(4B6°F + 1286%

dv=e "= v=

t

+2436¢t +

—Gt
— (4BO%3 + 12B0%> + 24B01 +24p)° 5

+ I

I = / (12B6%2 +24B01 +24B)e " di

= (12B6%> +24B01 +24B) = du = 2456°t +2456

_e—Gt

dv=e "= v= 5

2

— (12362 e ¥'dt

—Gt
—(12B0%* + 24801 +24B)° 5

L— / (24B61 + 248 )e " ds

X
I'™NAD N, 1 ~SNA D)\ R 7 ~AD N

+ 1y
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u:—Qt:>du:—9dt:>ﬂ:dt

—0
/ /°° , du . —e?
= e ——
Y S 0

From 1},15,15, 14 and Is we have the following;

oo

—0t
11:[ ee [a94+120[3+[394t4—|—8[393t3—|—36[39212+96ﬁ9t”

X
—0x

e
I =

a6*+ 1208 + BO*x* +8B6°x> +3686%x* + 9683 9x]

1
—1
"6+ B(24 + 64x* + 46323 + 120222 4 246x) e
a6* + (120 + 6*x* +863x° +366%x> + 966x)
6(0t6* + B (24 + 60%x* +46°x" + 126217 +246x))

m(x) =

further equilibrium distribution Eq.6.40 is obtained using Eq.1.12

as;

(0t0* +248 + BO*x* +4B0°x> + 1280°x> +2430x)e~?
004 +24p

_ 0(ab*+ B (24 + 0% +40°x° + 120%x% + 240x)e”
a6+ 1208

the survival function based on equilibrium distribution Eq.6.41

fe(X;OC,ﬁ, 9) —

is obtained by use of relation Eq.1.13 as;

(0% + 1208 + BO*x* +8B6°x> +3656%x* +9656
O(a0*+24P)
(0% + 1208 + BO*x* +8B6°x> +3656%x* +9656
0(a6*+24p)
(0t0* + B (120 + 0%x* +46°x> +120%x> +240x) )e™
a6* + 1208

/OOS(t; o, B, 0)di —

Se(x;,3,0) =
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hazard function based on the equilibrium distribution Eq.6.42
is obtained by use of Eq.1.14 as;
0 (0% +B(24+6%x*+463x3+120%x24246x) e 0%

a64+1208

(0044 B (120+604x*+4603x3+1262x24-240x) ) e~ 0+
a64+1208

_ 0(ab*+ B (24 + 6% +460°x +120°x* +2460x))
004+ B (120 + 64x* + 863x3 +3602x% + 966x)

[]

he(x;a,B,0) =
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7.1

7.2

THREE COMPONENT FINITE GAMMA MIXTURE
(Case of Sujatha distribution)

Introduction

A three component finite gamma mixture a case of Sujatha
distribution is considered in this chapter. We shall construct
and derive statistical properties of Sujatha distribution and its
generalizations. The mixed distribution is expressed in terms
of pdf and Cdf. Statistical properties such as reliability analy-
sis measures, equilibrium distribution properties and moments
(both centralized and none centralized) are studied for this
distribution.

One parameter Sujatha distribution

7.2.1 Construction of a one parameter Sujatha distribution

62 _ 6 -
67072 And W = gy 55 be weight

proportions, one parameter Sujatha distribution is constructed
as a three component finite mixed distribution of Gamma (1,0),

Gamma (2,0) and Gamma (3,0). The pdf and Cdf of a one

parameter Sujatha distribution are stated as;

Proposition 7.2.1. Let 0 =

93
f(x:0) = TR [1—|—x+x2] e %x>0,06>0 (7.1
Ox(0+0x+2)| g,
F(x;G)zl—[1+ 021012 ]e ;x>0,0>0 @2
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Proof . Tobegin with, by definition of a finite mixture Eq.1.1
the pdf Eq.7.1 is constructed as;

0’ 6 02e 0%y 2 03 9% x2
f(x:0) = = (6] + — + =
6-+0+2 6-+0+2 | 6-+0+2 I3
B 936—9x N 936—9xx N 2936_9xx2
C024+0+2 02+0+2 (02+6+2)3
93 21 —6x
:62+0+2[1+x—i—x]e ;x>0,0 >0
Pdf of a one parameter Sujatha distribution
S SR — curve({0.2)
1 " — curve(0.5)
SR "\ curve(0.8)
. © s — curve(1.0)
= o ] _--'"":\‘.‘-"‘-...

Figure 1. Shapes f(x) of one parameter Sujatha distribution with varying values of 6
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further Cdf Eq.7.2 is obtained as;

0
Fx0) =g g2

I —/ (14+x+x*)e *dx
0

= (1+x+x*) = du= (1+2x)
_e—Gx
dv=e "= v=

0
e—@x 1 [/ 0
I = —(14+x+x%) ——/ —(1+2x)e” "dx
6 0.Jo
—0Ox 1
—(1+x+x2)69 —512

b :/ —(142x)e” *dx
0

—(142x) = du= —2dx

_e—Gx

dv=e"—=v=

7]
e—@x 2 (o5
=(1+2 —= [ ™
(1+42x) o o) ° dx
—Gx 9)
12 1—|—2x) 9 —513
13—/ exdx
d
:—Gx:du——ﬂdx:—u:dx
I, =
: /o —9 —9/
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From Iy, I, I; we have the following;

—0x —0x
N 1 e 2 -1 4,
_ ,—06x
Ih=—2; [92+9+2+92x+92x2—|—29x]
Ox(0+6x+2)] 4
F(x;0)=1—]1 5x>0,0 >0
(x;0) [—l— 021012 ]e x> >

Cdf of a one parameter Sujatha distribution

0
T — curve(0.2)
— curve(0.5)
= cuve(08)| o iaieremimim s ——————
= — curve(1.0) =T
= ~ ]
o
O
=
= I I I T I
0 5 10 15 20
X

Figure 2. Shapes of CDF of one parameter Sujatha distribution with varying values of 0

7.2.2 Reliability Analysis

Proposition 7.2.2. In this section, we state the survival function
denoted by S(x;0) and hazard function denoted by h(x;0) of a
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one parameter Sujatha distribution Eq.7.1 as;

Ox(0+ 6x+2)

. _ —06x.
S(x,e)— 1+ 021012 e ,x>0,9>0 (7.3)
63(1 + x+ 1)
h(x;0) = ; 0,6 >0 :
0 = ot aroxeroxta) B8O 0w

Proof . To begin with, survival function Eq.7.3 is obtained
by use of relation Eq.1.8 as;

Ox(0+6x+2)] 4

0)=1—|1—|1 ;
S(x;0) [ [—I— 21012 ]e ]
_[1 Ox(0+ 6x+2)

—0x.
921012 ]e x>0,0 >0

S(x) of a one parameter Sujatha distribution

— curve(0.2)
[ha]
@ _ — curve(0.5)
curve(0.8)
= - — curve(1.0)
E = _| '—-_\_-__-‘
O
o | e Tt
= | | | |
0 o] 10 15

Figure 3. Shapes of S(x) of one parameter Sujatha distribution with varying values of 6
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further hazard function Eq.7.4 is obtained using the relation
Eq.1.9

93 2| —6x
st

h(x;0) =

62+6+2+460x(0+60x+2) o—6x
624+-0+2

B 63 (1+x+x?)
02+ 0+2+6x(0+0x+2)

;x>0,0 >0

h(x) of a one parameter Sujatha distribution

— caurve(02)|
- —— curve(0.9) Cememmm T

curve( ’

(

0.8

08)| .=~
—_ | —— curve(1.0)

e aam a =
S — s o — -
-

Figure 4. Shapes of /i(x) of Sujatha distribution with different values of 6

7.2.3 Moments and related measures

Proposition 7.2.3. The ' moments of a one parameter Sujatha
distribution Eq.7.1 are derived using both method of moments
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and moment generating function as;

0% +0(r+1)+(r+1)(r+2)

1
— , :1,2,3,"'
Hrt 67(6+ 6 +2) ’

(7.5)

Proof . By definition Eq.1.16, moments of one parameter
Sujatha distribution are obtained as;

r 93 ~ r 2\ —6x
E(X):92+9—|—2/o X (14+x+x7)e "dx

93 [eS) (o) [e%)
_ / xre—Gxdx+/ xr+1e—9xdx_|_/ xr+269xdx]
0 0 0

02+0+2|

6 [T(r+1) T(r+2) T(r+3)
_92_|_9_|_2_ Qr+1 Qr+2 Qr+3
rrr[92+9(r+1)+(r+1)(r+2)]

B 07(62+0+2)

r! [92+9(r+ 1)+ (r+ 1)(r—|—2)]

f— , :1,2,3,"'
07 (02 +6+2) '
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further by definition Eq.1.17, mgf of one parameter Sujatha is
obtained as;

—0x
my(t) = 92+9 2/ *(14x+xH)e Pdx

—(6-1)x(1 dx

92+9+2 i e *( +x+x)
e [ 1

T 024+60+2]60—1 (9—t)2+ 25

:92+9;+2:(%)i i(kH) +<é)k§6(

k=0 k=0
i 6%+ 6( k+1)+(k+)(k+2) (5)
B 62+6+2 0

The none centralized moments of a one parameter Sujatha dis-
tribution Eq.7.1 are obtained as a coefficient tr—r, in the moment
generating function m,(t) as;

6% +0(r+1)+(r+1)(r+2)

1
: :1’2737...
Hr 67(6+ 6 +2) ’

[]

For r values as 1,2,3 and 4 in Eq.7.5 we obtain four moments
about the origin of a one parameter Sujatha distribution as;

| 07°4+20+6 | 2(67+360+12)
M= 8621612 "7 02021612
. 6(6%+46 +20) | 24(6*+56+30)

= gserro+2) ™7 eierro+2)

k

)
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The centralized moments of a one parameter Sujatha distri-
bution are;

W=
04 +406°+186%+120+12
02(62+6 +2)2

=y — (W] =

Hs = Hg =3[ ]+ 2[ ]’

_ 26°4-126°+726%4-886° +1086> + 726 +48

B 63(62+6+2)3

Ha =ty — A[pg ] + 6y 1] =3[y

3(30% +2407 +1726° 4 3766° + 7366* + 8646° + 91262 4 4800 -
04(0%2+ 6 +2)*

U3

Uy =

Proposition 7.2.4. Other related measures of a one parame-
ter Sujatha distribution Eq.7.1 such as variation coefficient (C.v),
skewness (V1 ), kurtosis () and dispersion index (V3) are stated
as;

VO*+463+ 18602+ 120 + 12
Cv= (7.6)
624+20+6
’ 200+ 120° +720%+ 8863 + 10862 +726 + 48
1 — (7.7)
(64 +463+ 1802+ 120 + 12)?
o 3(30% +2407 +1726°+3760° +7360* + 86403 +9126% +- 4800
2 (6% +460% 41862+ 126 + 12)?
(7.8)
04 +406°+186%+120+12
V3 = (7.9)

0(62+06+2)(62+26+6)
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Proof. To begin with, coefficient of variation Eq.7.6 is ob-
tained as;

o
Cv=—

u
VO +40°+180%2+120+126(6°+ 6 +2) . V04 +403 41802 +
B 6(62+6+2) 02420 +6 02420 +6

Secondly, skewness coeflicient Eq.7.7 is obtained as;

M3

(H2)
20°+120°+720%+8860° + 10802+ 720 + 48 6%(60%+ 6 +2)°
63(62+ 60 +2)3 04 +403+1802+ 126
_ 260°4126°+726% +886° + 1086° + 726 + 48
(04 +403+ 1862+ 120 + 12)3

V1 =

\SI1O8}

Thirdly, kurtosis coefficient Eq.7.8 is obtained as;

Ha
(12)?
3(30° +2407 +1726° 4 3760° + 7366 + 86467 + 9126% 4 4800 + 240
04(62+ 0 +2)*
_ 3(30°%+24607+17260°+3766° 4 7366* + 8646° + 91267 44806 + 240
(64 +463+1860%2+ 120 +12)?

Dy =

lastly, index of dispersion Eq.7.9is obtained as;

2

V3 = —
T

_ 6%+460°+1807+120+1260(6%+ 6 +2) N 0*+460° +186%+120-

B 62(6%2+ 6 +2)? 02420 +6 0(62+0+2)(62+26 -

[]
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7.2.4 Excess Loss Distribution

Proposition 7.2.5. In this section, we state probability density
function of excess function f;(x; 0), mean residual lifetime (MRL),
equilibrium distribution f,(x;0), survival function based on the
equilibrium distribution S.(x;0) and hazard function based on
the equilibrium distribution h,(x;0) of one parameter Sujatha
distribution Eq.7.1 as;

93(1 +x_|_x2)e—(x—z)9

e ;9 — 5 .
fe(x:8) 02+0+2+02(0+60z+2) x>z 719
02 +20 + 0%x* + 0’x +40x+6
m(x) = (7.11)
0(62+60+2+60x(6x+6+2))
0(0%+0+2+ 0%+ 0%x* +20x)e %"
fe(x; 9) = 0212046 (7.12)
(02420 + 0%x* 4+ 0%x +40x +6)e
Se(x; 9) = 92+29 +6 (7.13)
he(x:) 0(0%+ 0 +2+0%x+ 0%x* +20x)
o(x:0) = :
02120 + 022+ 02x +46x+ 6 710

Proof . Tobegin with, pdf of excess loss distribution Eq.7.10
is obtained by use of Eq.1.10 as;

02+6+2

_6° [l—{—x—i—le e 0%
fe(X;e) - [

62+60+2+62(0+62+2) 067
62+6+2

B 93(1 _|_x_|_x2)e—(x—z)9 .
024+ 0+2+0z(0+6z+2)

X >2Z
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Secondly, the mean residual lifetime Eq.7.11 is obtained by the
use of Eq.1.11 as;

0>+ 0 +2 = [0°+0+2+0t(0t+6+2)e
m(x) = )]e—Qx/

02+ 60+240x(6x+60+2 02+0+2

1 ~ 2 _
[92+9+2+9x(9x+9+2)]e—9x/x 67 +6+2+61(6r+6+2)le

Taking the part I} = ["[0>+ 0 +2+0t(0t + 0 +2)]e ®dt and
using integration by parts technique we have the following;

u=0°+0+2+01(0t+6+2) = du= (20t + 6% +20)

_ bt

dv=e9—y= 0

—0r %)
11:—(92+9+2+9t(9t+9+2))89 +/ (20t + 6 +2)e %dt

e—er !
II=—(0>+0+2+06t(0:t+6+2)) o th

L= / (201 + 0 +2)e " dr

u=(20t+06+2) — du=120dt

_ bt

dv=e9— =

0
_ ot (e8]
L= —(261+6+2)— +2/ e ?dt
0t *
L=—(20t+60+42)— +2I
) _e—Ot
I; :/ e Vdt — o
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From I, I, and I5 we have the following;

oo

__ 0t
112[ : [92+29+92t2+92t+49t+6}]

9 X
e—@x
I =— [92+29+92x2+ 92x+49x+6]
_ : 02120 1 022 4 02
02+ 6 +2+0x(0x+60+2)]e " 6
) 02+20 + 0%x* + 0%x+40x+6
nm\x) =
0(024+6+2+6x(6x+6+2))
by definition of equilibrium distribution Eq.1.12, f,(x; 0) is ob-
tained as;
£(x:6) (0240 +2+ 0%+ 0%x> +20x)e % 0(02+ 0 +2)
e\ X5 —
02420 +2 02420 +6
_ 0(0*+0+2+60°x+ 6%x* +20x)e”
B 02+20+6

further by definition Eq.1.13, S,(x; 6) in Eq.7.13 is obtained as;

/OOS(rQ)dt: (0% +20 + 0%x* + 0°x +40x+ 6]e %~
x 6(6%+6+2)
(0% +20 + 0%x> + 0°x +40x+6]e 9% 0(6%2+ 06 +2)
6(6%2+6+2) 02+260+6
(0% +260+ 0%x> + 0%x +40x+6)e %"
024260 +6

lastly, hazard function based on equilibrium distribution Eq.7.14

Se(x;0) =

is obtained by use of the relation Eq.1.14 as;

0(024 0 +2+ 0%+ 0%x* +20x)e 0%+20 +
02+26+6 (6%2+26 4 02x> + 0%x-

_ 0(67+6+2+60°x+ 0% +26x)

0242040224 02+ 40x+6

he(x;0) =
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7.2.5 Estimation of one parameter Sujatha distribution

In this section, we shall discuss two modes of estimation that
are MOME and MLE.

MLE technique

Let x1,X2,x3,---n denote a random sample drawn of size n
from a One Parameter Sujatha Distribution Eq.7.1, the L func-
tion is obtained as:

n

L(x;0) =[] (x;0)

L A

i=1

n 93
= [ (1 +xi+x$)e9’%‘]

1 024+60+2

_ 93 ”IQI(1+Xi+x2)e_QZ?:1xi

02+6+2] L !

InL. = nin il —I—iln(l—l—x._|_x.2)—9ix.
62+ 6+2 i=1 T i=1 l

n

=n[3In6 —In(0>+ 6 +2)]+ Y In(1+x;+x7) —nOx
i=1

L(x;0) =

dinL.  3n n(20+1)

00 6 02+6+2 T

The value % is the mean of the sample. We obtain the MLE of 6

of 0 of a One parameter Sujatha distribution Eq.7.1 by equat-

ing aal’éL = 0, which is obtained as a solution of the polynomial
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of degree three in 0.

—%0° — (£—1)0*—2(F—1)6+6=0 (7.15)

Method of Moments (MOME)

The population mean of a one parameter Sujatha distribution
Eq.7.1is equated with the mean of the sample to give MOME
of 6 of 6 which is equal to the solution of Eq.7.15.

7.2.6 Application

We shall apply lifetime data regarding carbon fiber breaking
stress presented in table 1 that was recorded in GPa (Nichols
and Padgett, 2006). For illustrative purposes, one parameter
distributions Aradhana, Sujatha, Akash, Shanker, Lindley and
Exponential are fitted and the best fitted distribution is se-
lected based on accuracy measures.

Table 1. Stress breaking data of 66 carbon fibers measured in GPa

3.70 2.74 2.73 2.50 3.60 3.11 3.27 2.87 1.47 3.11 3.56

4.42 241 3.19 3.22 1.69 3.28 3.09 1.87 3.15 4.90 1.57

2.67 2.93 3.22 3.39 2.81 4.20 3.33 2.55 3.31 3.31 2.85

1.25 4.38 1.84 0.39 3.68 2.48 0.85 1.61 2.79 4.70 2.03

1.89 2.88 2.82 2.05 3.65 3.75 2.43 2.95 2.97 3.39 2.96

2.35 2.55 2.59 2.03 1.61 2.12 3.15 1.08 2.56 1.80 2.53

Table 2. Descriptive Summary of the data

Min 1 st Qu. Median Mean 3 rd Qu. Max Var

0.390 2.178 2.835 2.760 3.277 4.900 0.7938
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l[lustration in table 2 displays descriptive summary statistics
of the lifetime data. The mean value is greater than the vari-
ance hence, the lifetime data is over-dispersed.

The goodness of fit measures like -2InL, AIC, BIC and AICC
have been used to select the best fitted distribution. The good-
ness of fit measures are calculated as;

AIC = —2InL+2p
2p(p+1)
n—p—1
BIC = —2InL+ pln(n)

AICC = +AIC

Where p and n are the parameter number included in the dis-
tribution and size of the sample respectively.

Table 3. MLE estimates, -2InL, AIC, AICC and BIC of the fitted one parameter distributions

Model Estimate -2InL AIC AICC BIC

Suja 6=1.5378 207.9748 209.9748 210.0373 212.1645
Rama 6=1.2043 218.23 220.230 220.2925 222.4197
Aradhana 6=0.8332 228.8408 228.8408 230.9033 233.0305
Sujatha 6=0.8533 229.5849 231.5849 231.6474 233.7446
Akash 6=0.8835 230.6726 232.6726 232.7351 234.8623
Shanker 6=0.6028 239.4447 241.4447 241.5072 243.6344
Lindley 6=0.5902 244.7740 246.7740 246.8365 248.9637
Exponential 6=0.3623 266.0032 268.0032 268.0657 270.1929

Distribution with lower values of -2InL, BIC, AIC and AICC is
the best fitted one. Suja distribution is best fitted among the
estimated distributions. In figure 5 below, the density of One
Parameter Suja Distribution has the highest curve than other
fits. Therefore, One Parameter Suja is the best fitted model.
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Density shapes of one parameter distributions

— — Rama
Suja
=, — Aradhana
< Sujatha
_ — Akash

— Shanker

F— T Exponential
] fﬁ_ﬁ_——\‘\h—_—_“———ﬁ____zjﬁ'——“—_r—b
= | ]
= |
3

Density
/a4

02

| | | | I
0 1 2 3 4

Figure 5. Estimated Densities of fitted One Parameter Distributions

7.3 Two parameter Sujatha distribution

7.3.1 Construction of a two parameter Sujatha distribution

o _ 6> — __ab
Proposition 7.3.1. Let 0 = gr— o5, and @, = 62100120 be

the mixing weights , AG2PSD is a three component finite mixed
distribution of Gamma (1,0) Gamma (2,0 ) and Gamma (3,0).
The pdf and Cdf of AG2PSD are stated as;

93
o, 0) = l+ox+ax?|e ®x>0,00>0,0 >0
fx;a,0) 92+a9+2a[ + ox+ x]e x> >0,0 >
(7.16)
o0%x + 00%x* +20.0
Flxo,0)=1— |14 20X TROX 200X 6r - 0.0>0,0 >0
02+ a6 +2ax

(7.17)
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Proof . By definition of finite mixture Eq.1.1, pdf Eq.7.16 is
constructed as;

Flra, ) = 6> [969’1 (04e, lezeexx] N 2
7 02+ b+ 20 02+ o6 +20| I72 02+ a6+
03¢~ 0% 003 xe 0% 20003 0%x2
T 02+ ab+2a i 92+a9+2a+2(92+a9+2a)
93

— RNy [1—|—O¢x—|—0¢x2]eex;x>0,oc>0,9 >0

Remark 7.3.2. A generalized two parameter Sujatha distribu-
tion Eq.7.16 is nested with two distributions. Putting o = 1, turns
to one parameter Sujatha distribution Eq.7.1. Similarly, putting
o = 0, turns to exponential distribution Eq.2.17.

AG2PSD is a modification of Sujatha by Shanker et al., 2017c.

Pdf of a two parameter Sujatha distribution

=
Ly
8 4
C:I p—
o
X 38+ :
o — curve(0.2,0.2)
B — curve(0.2,0.5)
=~ curve(0.2,1.0)
= 7 — curve(0.2,1.9)
O
I | I
0 5 10 15 20

X

Figure 6. Shapes of f(x) of two parameter Sujatha distribution with varying values of o and
constant 0



247

further Cdf Eq.7.17 is obtained as;

93 * 2\ —6x
F(x;a,0) = 92—|—a9—i—2a/ (1+ax+ax’)e dx
93
F 0 L
5.0) = G ve 20

I :/ (14 ax + ox*)e % dx
0

= (14 ox+ ax’) = du = (o +20x)

—0x
_ —e
dV—e 9x:>v_

—0x

a o0
11:—(1+06x+06x2)e —— | —(1+2x)e Pdx
) 0 Jo
—0x
e o
I = — (14 ax+ ax? — 1
1 (14 ax+ ax’) 0 0"

b :/ —(1+42x)e” *dx
0

= —(142x) = du = —2dx

_e—9x

dv=e%"— =

7]
e—@x 2 (o]

L= (142 —= —0xg
» = (1+2x) o o) ¢
—Bx 9)

L= 1—|—2x) 0 —513
13—/ _exdx
:—Qx:>——dx

d
13_/ u_—e/ 'du="
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From I, I, and I5 we have the following;

o —6x 9
112—(1—|—06x—{—06x2)69 —%[(l—FZx)ee _5(__9)691

_ ,—6x
Ih=—o; [20¢+Oc9+92+a92x+a62x2+2a6x]
6° —e 2 2 2.2
Fx;a,0)=1-— 200+ 00+ 6+ o6 o0 20.0.
(x ) a0 toa &3 [ +00+ 0"+ a0 x4+ abx" +

i [1 N 00%x + 0t0%x% +200x

—0x,
b e ]e x>0,a>0,0>0

Cdf of a two parameter Sujatha distribution

©
L]
w
O
L3 — curve(02,02)
o~ — curve(0.2,0.5)
o ] curve(0.2,1.0)
o | — curve(0.2,1.5)
= | | | | | I |
0 4] 10 15 20 25 30

Figure 7. Shapes of F(x) of two parameter Sujatha distribution with varying values of o and
constant 6

7.3.2 Reliability Analysis

Proposition 7.3.3. In this section, we state survival function

denoted by S(x; a, 0) and hazard function denoted by h(x; o, 0)
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of a generalized two parameter Sujatha distribution Eq.7.16 as;

a(0%x+0%x* +20x)]

S(x;a,0) = |1 0% x> 0,00>0,0 >0
(x;,0) + 921 06 1 20 e x>0,00 > >
(7.18)
03(1 2
h(x;a,0) = (+abx+x)) x> 0,00>0,0 >0

02+ a(6+2+ 6%2x+ 02x> +206x)

(7.19)

Proof . To begin with, survival function Eq.7.18 is obtained
by the use of relation Eq.1.8 as;

00%x + 0t0%x* +20.0x
Sx;o,0)=1—[1—11 —bx
(01, 0) [ [+' 02+ 00 + 20 ]e ]
_ s a(0%x+ 0%x* 4+ 20x)
N 02+ 06 + 20

]e“m>aa>0ﬁ>0

S(x) of a two parameter Sujatha distribution

=
w _|
O
E —]
@e 0 — cuve(02,0.2)
| — curve(0.5,02)
< curve(1.0,0.2)
o 7| — curve(1.502)
| | | |
0 5 10 15

Figure 8. Shapes of S(x) of AG2PSD with varying values of @ and constant 6
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Similarly, by definition Eq.1.9 the hazard function Eq.7.19 is
obtained as;

6> 2_ —6x
m [1 +ox+ ox“|e
h(x;o,0) = -
02+0(6+2+02x+02x2426x) | _gy
02106120 ¢
03 (14 a(x+x*
— ( ( )) x>0,aa>0,0>0
02+ (0 +2+ 6%2x+ 02x% +26x)
h(x) of a two parameter Sujatha distribution
| — curve(0.2,02)
< | — curve(0.5,0.2)
— curve(1.0,0.2)
= 4 — curve(15,02)
rad o L
S4 T
g —1 Rz~ - I. I I
0 5 10 15
X

Figure 9. Shapes of /(x) of two parameter Sujatha distribution with varying values of o and
constant 6

7.3.3 Moments and related measures

Proposition 7.3.4. The r'" moments of a generalized two pa-
rameter Sujatha distribution Eq.7.16 are derived using method
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of moments and moment generating function (mgf) as;

0%+ af(r+1)+a(r+1)(r+2)

1
—_— , :1,2,3,"’
Hr 67(6%+ 06 1 2a) ’

(7.20)

Proof . By definition Eq.1.16, moments of AG2PSD are ob-
tained as;

93 oo
E(X") = 1 2 —Gxd
(X") 92+a9+2a/0 (I+o(x+x°))e dx
93 " oo
— rl 2 —Qxd
92+056+205_/o F(1+a(x+x7))e x]
93 B oo 0 oo oo
— r_— xd r+1 —Oxd / r+2 —
92+a9+2a_/0xe x—l—oc/ox e x—l—(xox e
B 0’ T(r+1) al(r+2) al'(r+3)
021 ab 20 | ort! Qr+2 Qr+3
rFr[62+O¢9(r+1)+a(r+1)(r+2)]

07(6%2+ ab +2a)

r! [92+a9(r+ 1)+ o(r+ 1)(r+2)]

— ; :172737"'
07 (62 + af +201) '
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further by definition Eq.1.17, mgf of AG2PSD is given as;

~ X 63 2\ —6x
mx(t):/o e 92+a9+2a(1+ax+(xx Je dx

93 oo
_ —(Q—I)xl o o 2d
92+a9+2a/0 e I+ axt ox)dy
03 1 o 20
— 92 + >+ 3
02+ ab120|(6—1) (612 (6-1)
R (1.t

e rer (PN R M W IC R i

k=0
i 0+ ab(k+1)+alk+1)(k+2) (L)k
B 024 ab+2a 0

The »* moments of AG2PSD Eq.7.16 are obtained as a coefli-
cient of - as;

r0>+o0(r+1)+a(r+1)(r+2)
1

_ L r=1,23,...
Hr 67(6+ a6 1 201) ’

[]

For the values of ras 1,2,3and 4 in Eq.7.20 the none centralized
moments are obtained as;

. 6*+206+6a | 2(6*+3a6+120)
M= 02 ra0120) M7 02021 a6 +20)
. 3(6%+406 +20a) . 4(6*+5a6 +300)

=50t ra0+20) M7 0021 a0 +2a)
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The centralized moments of AG2PSD are obtained as;

e 20207 +4a0° + 120260 + 16060 + 1202
0%(62+ ab +2a)?

My = Wy =3[y 1]+ 2[uy

2(20°0° +60260* +60.0° + 0%+ 18a°0% + 42020 + 30060 + 36¢
03(62+ o6 +2a)?

Mo =ty — A5 ]+ 6wy ] =3[

H3 =

Proposition 7.3.5. Other related measures of a generalized two
parameter Sujatha distribution Eq.7.16 such as variation coeffi-
cient (C.v), skewness (v1), kurtosis (0,) and dispersion index (V3)
are stated as;

B V20202 + 40,03 + 12020 + 160062 + 1202

C. |
v 62 +200 + 60t 720
’ 2(20°0% +600* +600° + 0° + 180° 02 + 420703 + 30 6* + 36
1 p—
(20202 + 4063 + 120120 + 160,02 + 1202)3
(7.22)
o — Ha = 4]+ 6 1] =3[ ]
Hh — 1 11272 (7.23)
1y — [pg]?]
2020% +4a.0° + 12020 + 160.60% + 122
V3 = (7.24)

0(02+ a0 +2a)(62+200 +6a)
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Proof. To begin with, variation coefficient Eq.7.21 is ob-
tained as;

Cv= El
My
V20202 +4063 + 1200 + 1600 + 1202 6(6%+ o6 +20x)
- (62 + a6 +20) " T02 1200 1 60
V20?02 +40a6° 4 1200 4 16062 + 120
N 02 +200 +6a

Secondly, skewness value Eq.7.22 is obtained as;

M3
(H2)

220303 +6020+606°+0°+180° 02 +4202 03+ 3000 + 360202+ 24°)
03(62+a06-+2x)?

V1 = 3
2

2
20202440003+ 12020 +1600602+ 1202
02(62+-a6-+2a)?

2(20°0° +6020* +600° + 0° +18a°0% + 420203 +300.0* + 360262 -

(20202 + 40,03 + 12020 + 160,02 + 1202)3

The following expression is applied to derive coefficient of
kurtosis of a generalized two parameter Sujatha distribution
Eq.7.16.
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lastly, index of dispersion Eq.7.24 is obtained as;

(52

T
_ 20%0°+400° + 12070 + 16067+ 1202 (0 + a6 +20x)
B 02(62+ ab +2w)? 024200 +6a
_ 20%0*+40a6°+ 120260 + 1600* + 120
 0(02+ 00 +20) (024200 + 6x)

V3

7.3.4 Excess Loss Distribution

Proposition 7.3.6. The probability density function of excess
loss function fi(x;c,0) , mean residual lifetime (MRL), equi-
librium distribution f,(x; o, 0), survival function of the equilib-
rium distribution S.(x; &, 0) and hazard function of equilibrium
distribution h.(x; a, 0) of a generalized two parameter Sujatha
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distribution Eq.7.16 are stated as;

fa.6) 03 (1 + ax + ox?)e~(—2)6 .
X, U, = ; X
l 024+ o0 +2a+ 627+ 0022+ 2007 <

(7.25)

02 +200 +6000%x + o0%x% + 40 Ox

") = G067 0 1 20+ 0Bx + 47 + 206%)
(7.26)
ol @, 0) = 0(6%+ b + 20 + 000%x + 000> +2000x)e O
e\ X5 O, - 92+2a9+606
(7.27)
(v a 0) - (07200 +60+ a0+ 06 1 dobx)e
e\ X O, - 92+2a9+606
(7.28)
he(x;,0) = 6(0°+ o6 + 20 + aB*x + 0.0°x* + 20t 6x)

02 +200 +60+ 0t02x + 0% x2 +40O0x

(7.29)

Proof . Tobegin with, pdf of excess loss distribution Eq.7.25
is obtained by use of relation Eq.1.10 as;

63 2| —6x
02+a0+20 [1 T 00X+ Ox ] €

02+a6-+2a

filx;a,0) =
|

92+ae+2a+ae2z+a92z2+2aez] o0z

03(1 + ax + ox?)e~ =28

02+ 00 +2a+ ab%z7+ o022 +2007 roL
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Secondly, mean excess loss Eq.7.26 is obtained by use of the
relation Eq.1.11 as;

62+ a6 + 20 /°°(92+0‘9+20
(024 08 +20 4 a02x+ a62x2 +2a0x)e=0% J,

1 [ee)
= 0>+ a6 +2a
(92+059+206+0692x+0592x2+2069x)e—9X/x( oo

I = / (0% 4+ a6 + 20+ 0% + o0?*t* +20a0t)e” %" dt

X

= (0°+ab+2a+ab* + o6t +2a6t) = du =206t +20a0

_e—et

0
(92+a9+2a+a92r+a92z2+2a9t ) / (201 +
Bt

m(x) =

dv=e %"= v=

= —(92+a9+2a+a92t+0692t2+20691) 0 + ol

L= / (201 +2+ 0)e " dr

X

u=(20t+2+0) = du=20dt

—0t
_ —€
dv = e b1 — VvV =

L=—( e ¥dr

(29t—|—2—i—9) 5

oo —0t
_ —€
I; = /x e Otdl = 0
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From I, I, and I5 we have the following;

e—ez

L =—(6°+ab+20+ ab’t+ab*” +2a61) 5 €

+a[—(29t+2+9)

oo

-6t
11:[ 69 (92+2a9+6a+a92t+a92t2+4a9t>]

X

—0x
L= (92 +200 + 60 + a.0%x + 0t 0%x* +4oc9x)

0

1
02+ a6 +2a+ abx+ a0%x> +200x)e= %
0% +200 +6aab?x + a6°x* + 40 0x
0(62+ ab + 20+ o0%x+ B%x* +20.6x)

_11(

m(x) =

by definition Eq.1.12, equilibrium distribution Eq.7.27 is ob-
tained as;

(0% +ab +200+ ab%x+ ab?x*> +200x)e % 0 (0% + 06 +20)

02+ ab +2a 024206 + 60
0(0%+ab+2a+ o0+ ab?x* +2a0x)e

02 +200 + 60

felx;,0) =

Similarly, by definition Eq.1.13, S.(x; &, 0) in Eq.7.28 is given
as;

(0% +20a0 + 60+ ab%x+ ab%x* +4a0x)e %~

/ S(t;a,0)dt =

0(6%+06+2a)
(074200 + 60+ 08+ af*x* +4a0x)e " 0(07 + 0O -
B 0(62+ ab +2a) 024200 -

(624200 + 60 + aB%x + 000%x> + 40 0x) e %~
02+ 200 + 60

Se(x;00,0) =
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lastly, by definition Eq.1.14 h.(x; @, 0) in Eq.7.29 is obtained
as;
0(0%+00+20+0a0%x+00%x>4+200x)e 0

. 024+200+6a
he(x;,0) =
(02+2a0+6a+002x+a02x2+40.0x) o—6x
024+2a6+60;

_ 6(0*+ab+2a+ ab*x+ 06%x* +20.6x)
024200+ 60+ 00%x+ 002x2 +40.0x

7.3.5 Estimation of Two Parameter Sujatha Distribution

In this section, we discuss two methods of estimation that are
MOME and MLE.

Method of Moment (MOME)

In this section, we shall apply the first two moments about
the origin of a generalized two parameter Sujatha distribution
Eq.7.16 to derive MOME of o and 6. The value | is equated
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to the mean of the sample as;

_ 0*+2060+6a

YT 002+ a6 +2a)

. 6°f+ab+2a a6 +4a
r 867 Fab12a)  6(0°+ab+20)
_ 1 o0 +4a
e 80 Fab+20)

1 o6 +4a

X —

0 6(62+ab+2a)

(0 +4
(92—|—OC9—|—206) = % (7.30)
The second population mean is equated with the second mo-
ment of the sample as;

| 2(6°+306 +12a)
" 02002 1 06 +201)
L 2(6°+ab+20) 4006 + 200
" T 0202 a0 1 20) | 62(62+ b +20)
2 4000 + 200
"= 9 T 9207+ ab +2a)
2 406 +200
"7 92 T 9202 a6 1 2a1)
02mi—2 406420«
62  0%(62+ab+2a)
(07 + 06 +20) = 229+ 200 31

62m} —2
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Equating Eq.7.30 and Eq. 7.31, we obtain a polynomial of de-
gree three in 0 as;

—mia0® +4a(X—my)0* +2a(108—1)0 — 1200 =0 (.32

Equation 7.32 can be solved using an iterative technique such
as Bisection method to obtain MOME of 6 as 6. The method
of moment of & of the parameter o is obtained by putting the
value of 8 in equation Eq.7.30 as;

o = (7.33)

Maximum Likelihood Estimation

Let (x1,X2,X3--- n) be a random sample of size n drawn from

AG2PSD Eq.7.16, the L function is derived as;

n n 93 ) 0
0, 0) = 1+ ax;+ ax;)e "

Eﬂx ) H[92+a9+2a( ot axg)e

R " n
L = 1+ox+o 2\ o O Xi
(92+a9+2a) Q ot axi)e

InL =n[3In6 — In(6>+ a6 +2a)] + Y In(1 + ax; + ax;) — nb
i=1

The MLEs of the estimates (&, ) of the parameters (o, 0) are

obtained by solving the following two equations;
dinL 3n  n(20+ ) - 0
= —— —nx = :
0 6 602+ab+20 v
InL  —n(6+2) i (14 x;)x;
doo  02+ab+2a = (1+ax+ ox?)

=0 (7.35)
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The value X is the population mean of a generalized two pa-
rameter Sujatha Eq.7.16

Equations 7.34 and 7.35 can not be solved directly. However,
fisher scoring technique is applied on the following equations;

0%lnL.  —3n 2n no (46 — )
002 02 Jr192+oc(9+20¢+(192+0u9+20c)2
d*lnL  n(6*+40)
000 (62+ab +2a)?
d*InL.  n(6+2)* L (x; +x7)?
da?  (62+af+2a)? _; (14 ax; + ox?)?

To get MLEs of the parameters o and 8 of a two parameter Su-
jatha distribution Eq.7.16 are obtained as 6 and & by solving
the following set of equations.

9%lnL  9%InL é —0 dinL

062 90da 01 _ |98

d2inl  92InL N A dlnL | A

d0da  da? 6=06 | &— o | 0= 0o
o= 0/ o = 0%

The values 6y and o are initials of the parameters 0 and o re-
spectively. The equations are solved using iterative technique
till maximized values are obtained for 0 and &.

7.3.6 Application

We shall apply data on carbon fiber breaking stress presented
in table 1 to fit two parameter distributions. Two parameter
distributions fitted are Quasi Sujatha, Aradhana, Quasi Arad-
hana, Sujatha, Lindley and Shanker distributions.
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Table 4. MLE estimates, -2InL, AIC, AICC and BIC values of fitted Two Parameter Distributions

Model Estimates | -2InL AIC AICC BIC

QSD @=-0.5504 | 201.5952 205.5952 205.7857 209.9745
6=1.1031

AG2PAD| &=44.6250 | 205.0829 209.0829 210.1650 213.4622
6=1.0801

QAD a=41.7732 | 205.1277 209.1277 209.3182 213.5070
6=1.0798

AG2PSD | &=54.2032 | 213.8446 217.8446 218.0351 222.2239
6=0.9637

AG2PLD | 3=64.7808 | 224.5887 228.5887 228.7792 232.9680
6=0.7224

G2PSD | =54.6149 | 224.5061 228.5061 228.6966 232.8854
6=0.7173

Best fitted distribution has lower values of -2InL, AIC, AICC
and BIC measures. Based on the estimated distributions in
table 4, Quasi Sujatha distribution is a better among the six
fitted distributions. In figure 10 below, fitted density of QSD

has the highest curve than the other fits.
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Density shapes of two parameter distributions

. —— QSD
< —— AG2PAD
=T — QAD

= _ AG2PSD

5 AG2PLD

R g G2PSD
=
O

Figure 10. Estimated densities of fitted two parameter distributions

7.3.7 Quasi Sujatha distribution

7.3.8 Construction of a Quasi Sujatha distribution

Proposition 7.3.7. Let ®; = a9+9+2 and 0, = m be mix-

ing proportions, Quasi Sujatha distribution (QSD) is a finite mixed
distribution of Gamma (1,0), Gamma (2,0 ) and Gamma (3,0).
The pdf and Cdf of QSD are defined as;

92
flx;,0)= a9+9+2[a+9x+9x2]e6x;x>0,06>0,9>0
(7.36)
Ox(60 +0x-+2
F(x;oc,@)zl—ll—I— x0(56—+|_9x++2 )]eex;x>0,a>0,9>0

(7.37)
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Proof . By definition of a finite mixture in Eq.1.1, pdf Eq.7.36
is obtained as;

flxo,0) = ab leeex] n 0 lezeexx] )

o6 +06-+2 ab+6+2 2 +oc9+9+2
Q2 0% n 03¢ 0%y n 203 9%y2
af0+60+2 ab+6+2 2(060+0+2)

92

— a+0x+60x*e % x>0,aa>0,0>0
ab+06+2

Remark 7.3.8. It is noted that a generalized two parameter Quasi
Sujatha distribution Eq.7.36 is nested with two distributions.
Putting o« = 0; the Quasi Sujatha distribution turns to be one
parameter Sujatha Eq.7.1

Putting o0 = 0; the Quasi Sujatha distribution turns to be a one
parameter size-biased Lindley distribution (SBLD) given as;

93
f(x;0) = x[l +x] e x>0,0 >0 (7.38)

042

Pdf of a Quasi Sujatha distribution

o I
< | — curve(0.2,0.5)
© | \ — curve(0.5,1.0)
= curve(1.0,1.5)
1 -

= g_ B \ curve(1.5,2.0)
™
O
o |
O

Figure 11. Shapes of f(x) of a Quasi Sujatha distribution with varying values of both o and 6
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further Cdf Eq.7.37 is obtained as;

92 oo
F(x;0,0) = Ox+ 0x7)e d
(x;0x,0) a9+9+2/0 (ot +0x+ 60x7)e dx
92
I

a6 +6+2
11:/ (o + 0x+ 0x*)e dx

0

u=(0+0x+0x*) = du= (6 +26x)

_e—Gx

F(x;o,0) =

dv=e "= v=

I = —(o+0x+6x%)°

e

0
L :/ —(142x)e” *dx
0

u=—(142x) = du= —2dx

_e—Gx

I = — (0 + 0x+ 6x7)

— b

dv=e "= v=

0
e—@x 2 (o)
L=(1+2 —= —0xg
» = (1+2x) o o) ¢ ¥
e 9 2
IzZ(l—I—ZX) 0 —513
13:/ e %%dx
0
u:—Gx:>du:—9dx:>d—bé:dx
“ du 1 °
I, = “ — “d
3 /06_9:>_9/0 e'du
e—@x
L=
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From I, I, and I5 we have the following;

e—@x e—@x 9) e—ex
I =— 2 — (142 S
1 (a+ 6x+ 6x°) 5 [( + 2x) 5 9(_9)]

_ ,—6x
h=—p; [a9+92x+92x2+9+29x+2]
—e 2 2.2 6
=1 o0+ 6 0 0+20x+2
=+ 02 [ +0°x+0"x"+0+20x+ ]a9+6+2

Ox(6 +6x+2)
o0 +6+2

ﬂxaﬁyzy—b+ ]eeﬁw>aa>ae>0

Cdf of a Quasi Sujatha distribution

wno_
2 Al i e
E 'r"- -
b " A curve(0.2,0.5)
a ] — curve(0.5,1.0)
curve(1.0,1.5)
o | — curve(1.5,2.0)
it | I I I
0 5 10 15

X

Figure 12. Shapes of F(x) of a Quasi Sujatha distribution with varying values of both o and 6

[]

7.3.9 Reliability Analysis

Proposition 7.3.9. In this section we state survival function de-
noted by S(x; o, 0) and hazard function denoted by h(x; @, 0) of
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a generalized two parameter Quasi Sujatha distribution Eq.7.36

as;
Ox(0+06x+2

S(x;,0)= |1+ uChs x+)ef“m>0¢w>Q9>0
o0+ 6+2

(7.39)

0%(ot + Ox+ 0x?)

h(x;o,0) = ;x>0,0>0,0>0

0 0) = e 2t ex(0+0x 52

(7.40)

Proof . Using the relation Eq.1.8, survival function Eq.7.39
is obtained as;

Ox(0+60x+2)]

Sx;ax,0)=1—|1—|1 o

(x;,0) [ [+ 201012 ]e ]
Ox(0+6x+2)
— 1+

o0+ 0 +2

]eex;x>0,a>0,9>0

S(x) of a Quasi Sujatha distribution

i — cunve(0.2,05)
o - wh — curve(0.5,1.0)
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Figure 13. Shapes of S(x) of a Quasi Sujatha distribution with varying values of both ¢ and 6
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further hazard function Eq.7.40 is obtained by use of Eq.1.9 as;

62 -6
m[a—l—@x—l—@lee X

h(x;o,0) =

00+60+2+0x(0+60x+2) o—6x
a6+6+2

0°(a + 6x + 0x?)

— ; 0,>0,06>0
W0+ 0+2+40x(0+0xt2) ETHE”

h(x) of a Quasi Sujatha distribution

— curve(0.2,0.5)
7 — curve(0.5,1.0)
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Figure 14. Shapes of /i(x) of a QSD with varying values of both o and 6

7.3.10 Moments and related measures

Proposition 7.3.10. The " moments of a generalized two pa-

rameter Quasi Sujatha distribution Eq.7.36 are derived using method
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of moments and moment generating function as;

r! (OCG—l—G(r—I— 1)+ (r+ l)(r+2)>
07 (a6 +60+2) ;

.LL’,*: r:172,3’...

(7.41)

Proof . Tobegin with, by the definition Eq.1.16 7" moments
of Quasi Sujatha distribution are given as;

92 oo
E(X" = r 0 92 —Gxd
(X") a9+9+2/0x(a+ X+ 60x7)e “dx

92 [e%s) [e%) %)
= o / xe dx+ 0 / X ledx+ 6 / xr+zeexdx]
0 0 0

0 JoI(r+1)  6I(r+2) 9F(r+3)]

a0 +0+2 I gr+1 O (r+2) 9r+3
B 62 arFr+9(r+1)rFr+9(r—|—2)(r+1)rrr
0 (ab+6+2)| 6 02 K

N (a9+9(r+ )+ (r+ 1)(r+2))

_ o r=1,2,3,-
07 (a6 +6+2) :
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further by definition Eq.1.17, mgf of a Quasi Sujatha is given
as;

Ox + 0x*)e %d
a9+9+z/ (ot 0xt 0% dx

= / e (G_l)x(a—i—GJH— ze)dx]
0

62 T«
a9+9+219—0+( PERNT. )4

st (s) L (L)) ok

ia9+6 (k+ 1)+ (k+ 1) (k+2) ()"
= 00+ 0 +2

my(t) =

0

The 7" moments about the origin of a generalized two param-
eter Quasi Sujatha Eq.7.36 are obtained as a coefficient of tr—: of
the moment generating function m,(¢) as shown below;

r! (a@—l—@(r—l— 1)+ (r+ 1)(r—i—2))

1
_ L r=1,2,3,
Hr 0 (b +0+2) :

[]

For the values of r as 1,2,3 and 4 in Eq.7.41 we get the first four
none centralized moments of QSD Eq.7.36 as;

;. a8+20+6 , 2(a0+360+12)
Hi = o M =715
6(ab+6+2) 02(a® + 0 +2)
;. 6(aB+46+20) 1 24(00+56+30)

= 65a6 1612 ™7 6461612

k+2
k
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The first four centralized moments (moments about the mean)
are obtained as;

W=
0%(a*+40+2)+ 1600 +12(6+ 1)
02(00+6+2)>

=y — W] =

s = pg —3[u ]+ 2w

2[0°(a® + 6a* + 6a +2) +60*(50> + 7o+ 3) +3606 + 12(36 +2)]
03(ab+6+2)°

= gy —4[us ]+ 6[ug 1y —3[uy]?

U3 =

Proposition 7.3.11. We now define Other related measures of
a generalized two parameter Quasi Sujatha distribution Eq.7.36
such as variation coefficient (C.v), skewness (V;), kurtosis (0;)
and dispersion index (Vs3) are stated as;

V0 +40+2) + 1600 +12(6 + 1)

C. .
’ 00 +26+6 712
, 2[6° (a0 + 602 + 60 +2) + 602 (50 + T +3) + 3606 +12(360 +2)]
1 p—
2
02(a®+4a+2)+ 16060 +12(60 +1)
(7.43)
o, — Ha = AlHs ] + Ok o] =3[ ]
h = 1 11272 (7.44)
[ty — 1]
6% (o> +4a+2)+ 1600 +12(0 +1)
V3 = (7.45)

O(a6+60+2)(ab+20+6)
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Proof. To begin with, variation coefficient Eq.7.42 is ob-
tained as;

o
Cv=—

u
/0 (@ +40+2)+ 1600 +12(0+1) 0(06 + 6 +2)
B O(a6+6+2) a0 +20+6
/02 +40+2)+ 16060 +12(60 + 1)
N af+20+6

Secondly, skewness coefficient Eq.7.43 is given as;

H3
[142]

2[03(a3+602+60-+2)+602(Sa2+T0+3)+3606+12(36+2)
03 (a6+6+2)3

V) =

3
2

NS/JON]

02(a2+40+2)+1600+12(6+1)
62(a6+6+2)2

2[0°(a® + 6a* +6a +2) +66*(50> + To + 3) + 3606 + 12(36 +

2

[92(062 +4a+2)+ 1606 +12(60 4 1)

the following relation is applied to derive coefficient of kurto-
sis expression of a generalized two parameter Quasi Sujatha
distribution Eq.7.36.

py — Aus ]+ 6[u ] =3[

n [l — [P
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lastly, index of dispersion coefficient Eq.7.45 is obtained as;

0o +4a+2)+ 1600 +12(6+1) (00 + 6 +2)
B 02(at6 + 6 +2)2 ab+20+6
0o +4a+2)+ 1606 +12(0+ 1)
 0(a8+06+2)(@6+20+6)

7.3.11 Excess loss Distribution

Proposition 7.3.12. In this section we state probability density
function of excess loss distribution f;(x; o, 0), mean residual life-
time (MRL), equilibrium distribution f,(x;a,0), survival func-
tion based on the equilibrium distribution S, (x, o, 0) and hazard
function of the equilibrium distribution h,(x;c,0) of a Quasi
Sujatha distribution Eq.7.36 as;

0%(a+ Ox+ Ox*)e W20
ab+60+2+0z(60+6z+2)
0 +20+20%x+ 0%x* +40x+6
= (7.47)

%) = B (a0 + 8121 0%+ 022+ 261)
0(aO+0+2+ 0%+ 0%% +20x)e

X>2Z (7.46)

filx;e,0) =

(x0,0) = :

fe(x,,8) 00 +20+6 (74%)

5.(x. . 0) (000 +20 +20%x+ 02> +40x +6)e

e\ Xy X, — .
00 +20+6 749

O(ab+0+2+ 6%+ 62> +206x)

he(x;00,0) =
5 0,0) = 20 1267+ 022 407+ 6

(7.50)
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Proof . By definition Eq.1.10, the pdf of excess loss distribu-
tion Eq.7.46 is obtained as;

62 2| —6x
00+012 o+ 6x+ 6Ox ]e
fila,0)=
00+60+2+0z7(0+67+2) o0z
a0+6+2

0+ Ox+OxF)e A0
a0+ 0+2+60z(0+6z+2)

X>2Z

further, by definition Eq.1.12 mean residual lifetime Eq.7.47 is
obtained as;

) ab+6+2 /“(a9+9+2+92t+9
mix) =
(a0 +6+2+60%2x+ 02x>+260x)e 9% J, o6+ 6+
1

= (00 + 0124 0%+ 6
(059+9+2+92x+92x2+29x)e—9x/x (@0+0+2+46%+

1
— I
(6 + 6 +2+ 02x+ 0232+ 20x)e 0x '

I = / (040 +2+ 6% +0°t* +20t)e Vdt

u=(a0+04+2+ 0%+ 0% +20t) = du = (6* 426t +20)
b

)
I =— (0046 +2+ 0%+ 6% +26¢)

dv=e "= v =

e

Gt oo
0 +/ (60420t +2)e %dt

e—@t

I =—(a0+0+2+0%+6°t>+206t) 5

+15
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L= / (642601 +2)e *"dr

u=(0+20t+2) = du=20dt

_e—9t

dv=e%"=v=

—( e 0y
(9+2m+2)9
— Ot
13_/ —tht 9 ]
Combining /;, I, and /5 then;
e Y A Pl
I =—(00+60+2+0°t+6°t* 4+ 26¢1) 5 — (04201 +2) e
o0t o
h==[ 0 [a9+29+29%+9%2+49r+4]
—0x o
h=— [069+29+292x+92x2+49x+6]
: ¢ 001204207+ 072 1
= X X
(a0 +6+2+0%2x+ 62x>+260x)e 0 6
(x) 00 +20+20%x+ 0%x* +40x+6
m\x) —=
O(ab + 0 +2+ 02x+ 62x? +26x)

equilibrium distribution defined in Eq.7.48 is obtained by use
of relation Eq.1.12 as;

(00O +60+2+0%x+0%x*+20x)e % 0(00 + 6 +2)

00+06+2 00 +260+6
O(aB+0+2+ 0%+ 0%x> +20x)e

00 +20+6

fe(X; o, 9) —
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7.4

further survival function based on the equilibrium distribution
Eq.7.49 is obtained by use relation Eq.1.13 as;

(000 +20 +20%x+ 0°x> +40 +6)e

/ S(t;a,0)dt =

0(06+6+2)
_ (aB+20+20%+0%x*+40+6)e ™ 0(ab + 0 +2)
B O(ab+6+2) ab+20+6
04+20 +20%x+ 0%x* +40x+6)e
o6 +20+6

lastly, by definition Eq.1.14 the hazard function based on equi-
librium distribution Eq.7.50 is given as;

0(00+0+2+60%x+6%x>+20x)e 0%

) _ a6+20+6
he(x;,0) =
(004+20+202x+02x24-40x+6)e 0%
®0+20+6

O(ab+0+2+ 6%+ 62> +206x)
00 +20+20%x+ 0%2x> +46x+6

Three parameter Sujatha distribution

7.4.1 Construction of a three parameter Sujatha distribution

Proposition 7.4.1. A generalized three parameter Sujatha dis-

tribution (AG2PSD) is a three component finite mixed distribu-

tion of Gamma (1,0), Gamma (2,0) and Gamma (3,0 ) with
2

mixing proportions as ®; = and @, = 72 +a0;3ﬁ 9(120‘ 5

0
02 +aBfo+2af
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The pdf and Cdf of AG3PSD are stated as;

93
flx;o,B,0) = 07T B0 1 20 [1—|—O¢[3x+ Oc,Bx2] e % x>0,00>0,8>0,

(7.51)
af(0%x+ 0°x> +20x)
02+af6+2ap

F(x;oc,,B,G):l—[1+ ]eex;x>0,a>0,ﬁ>0,9:

(7.52)

By the definition of a finite mixture Eq.1.1, the pdf Eq.7.51 is
constructed as;

Proof.
0> o6 0% %
U, ,9 = ) —bx —
fixe.p.6) 62+a[)’9+2a[3[ ¢ ]+02+a[36+2aﬁ[ 2 ]Jre‘
03¢ 0% afe %x 20003 %2

~ 92+ aB0+20B 07+ aB6+2aB | 2(6°+ aB6+2aB)

93
= 07+ wBO 1 20p [1+aﬁx+aﬁx2] e ™ x>0,a>0,8>0,

Remark 7.4.2. The proposed generalized three parameter Su-
jatha distribution Eq.7.51 is nested with three distributions. To
begin with, putting o@ = B = 0, a generalized three parame-
ter Sujatha distribution reduces to exponential distribution in
Eq.2.17. Putting oo = B = 1, a generalized three parameter Su-
jatha distribution reduces to a one parameter Sujatha distribu-
tion in Eq.7.1. Similarly, putting B = 1, AG3PSD reduces to
AG2PSD in Eq.7.16.

AG3PSD Eq.4.29 is a modification of proposed AG2PSD Eq.4.15.
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pdf of a three parameter Sujatha distribution
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Figure 15. Shapes of f(x) of a generalized three parameter Sujatha distribution with varying
values of a, § and a constant 0
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further Cdf Eq.7.52 is given as;

93 [o%e)
F(x;a,B,0) = 1 e %d
(x;, 3, 6) 92+aﬁ9+2aﬁ/0 (1+ afx+ afx)e®dx
93
Flx: _ I
(. p,0) 62+ af6+2af '

I8 :/ (1+ aBx+ aBx®)e *dx
0

u=(1+apfx+aBx’) = du= (af +2apBx)
_e—Gx

0
I = —(1+ ofx+ ofx?)

dv=e % — =

e—@x 1 o ox
—— | —(aB+2aBx)e “dx

6 0 Jo
X e—Gx 1
11:—(1—|—06Bx+(x[3x) 0 —512

L= /000—(06[)’ +20aBx)e” Pdx
u=—(af+20px) = du=—-20ap

—e
d — 9x:> —
1% e 1% 6
—0x 2 o0
L= (ap +2oc[3x)e _20P e %dx
6 6 Jo
—0x 2
L = (Otﬁ +2(XBX)€ ) — (;ﬁ13

u:—Gx:>du:—9dx:>d—::dx

e—@x

“ du 1 o
I: u_—— - u
3 /Oe_e:_e/oedu: 0




281

From 1,1, and 15 we have the following;

L=—(14afx+ aﬁxz)e—;x _ % [(Otﬁ +2aﬁx)e_99x _ zgﬁ
L=- [92(1 + afx+ aBx®)+0(aB +20Px) +2aﬁ] e;x

4 [92(1 +afx+apx’) + 6(ap +20px) +2af] |

02+ af6+2ap
aB(0%x+ 0%x> +20x)
02+ af6+2ap

F(x;oc,ﬁ,@)=1—[1+ ]eex;x>0,a>0,[3>'

Cdf of a three parameter Sujatha distribution
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Figure 16. Shapes of F(x) of a generalized three parameter Sujatha distribution with varying
values of «,  and constant 0

7.4.2 Reliability Analysis

Proposition 7.4.3. We now state the survival function denoted

by S(x; @, B,0) and hazard function denoted by h(x;a,f3,0) of
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a generalized three parameter Sujatha distribution Eq.7.51 as;

af(0%x+ 0%x*+20x)] _,
Sx;a,B,0)=|1 Y x>0,aa>008>006>0
(x;a,B,0) + 67 aB6 1+ 20 e Fix o B
(7.53)
03(1+ oS (x+x?))

h(x;o,3,0) = x>0,00>0,>0,0 > (

02+ af(60+2+ 60%x+ 6%x> +26x)

(7.54)

Proof . To begin with, survival function Eq.7.53 is obtained
by use of relation Eq.1.8 as;

af(0%x+ 0%x*+20x)] _,
S(x;a,B,0)=1—|1—|1 x
(x.a.p,6) [ [+ 02+ af6+2op
_ | af(0%x+ 0°x> +20x)
B 02+ aBf6+2ap

]e"x;x>0,a>0,ﬁ>0,9>0

S(x) of a three parameter Sujatha distribution
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curve(1.0,0.21.0)
o | — curve(15,0.2,15)
I T I I !
0 2 10 15 20

Figure 17. Shapes of S(x) of a generalized three parameter Sujatha distribution with varying
values of «, 8 and constant 0
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further be definition Eq.1.9, the hazard function Eq.7.53 is ob-
tained as;

6 [1 +afx+ Ocﬁx2] e

02+af6+20p
h(x;o, B,0) =
62+ 0B (0+2+60%x+602x2+20x) o—6x
02+afo+2ap
03 (14 af(x+x?
= ( ﬁg 2))2 ;x>0,00>0,8 >0,
02+ af(0+2+6°x+ 6%x> +206x)
h(x) of a three parameter Sujatha distribution
S o curve(0.2,0.2,0.2)
= — curve(0.5,0.2,0.5)
— curve(1.0,0.2,1.0)
8 | X — curve(1.5,02,1.5)
© I e I I I
0 5 10 15 20

Figure 18. Shapes of /i(x) of a generalized three parameter Sujatha distribution with varying
values of a, § and constant 0

7.4.3 Moments and related measures

Proposition 7.4.4. The " moments of a generalized three pa-
rameter Sujatha distribution Eq.7.51 are derived using method of
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moments and moment generating function as;

02+ afO(r+1)+aBf(r+1)(r+2)

T = =123 ...
Hrt 67(6%+ 0B +20p) FE S

(7.55)

Proof . By definition Eq.1.16, 7" moments of AG3PSD are
given as;

93 o0
E(X") =
(X') 92+a[39+2aﬁfox

3 o o o

— 92—|—oc[399—i—206ﬁ _/o x"e % dx + (xﬁ/o x e 0%dx + OCB/O x e
6’ T'(r+1) oapl’'(r+2) aflr+3

- 02+ af0+2afB| O T or+2 T or+3 ]

B 63 [ Tr af(r+1)Tr  of(r+2)(r+ 1)rlr

- 92—|—OC[39—|—20613 _9r+1 T Qr+2 T Or+3 ]

03rT'r (1 af(r+1) af(r+2)(r+1)
92 +ap6+2aB |0 T ]

0 62 63
02+ afO(r+1)+af(r+ 1)(r+2)]

_ . r=1,2,3, -
07(62+ B +20B) :

"(14 afx+ afx?)e *dx
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further by definition Eq.1.17, the mgt is given as;

1) = 92+oc[39+2aB/ "1+ ot af)dx
B 0’ 1 af 20
~ 92+ apo+20p _9—t+(9—t) +(9—t) ]

6’ (1St o k+1
T 02+ aB6+20p | _Z(_ Z( )
= 0%+ 06 k+1)+aﬁ(k+1)(k+2)
_Z 62+ afo+20p (9)

The 7" moments of a generalized three parameter Sujatha dis-
tribution Eq.7.51 are obtained as a coefficient of of the mo-
ment generating function m,(¢) as shown below

r0*+oBO(r+1)+af(r+1)(r+2)

— : —1.2.3....
U, 9r(92_|_aﬁ9_|_2ab’) » T A

[]

We obtain the four none centralized moments of AG3PSD Eq.7.51
by putting r =1,2,3 and 4 in Eq.7.55 as shown below;

. 6*+2aB6+6ap L 2(0%+3aB6+12ap)
M= 92 rapot208) "7 6202+ aBo +20p)
W= 6(6>+4aBf6 +20ap) bl = 24(0%+50460 +30af)

03024+ aBO+2aB)’ Tt 6402+ aB6+2ap)

op

93

o0

X |

k=0
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The centralized moments of AG3PSD are derived as;

Eh

= ) — (]’

" 0* +4040° +16aB06> +36023°0 +2a’3%6% + 108> B>
2 p—

02(62+ O +2ap)>

The following relations are applied to obtain 3" and 4" cen-
tralized moments of a proposed generalized three parameter
Sujatha distribution Eq.7.51.

My = ps =3[y 1] + 2y
Ma = Mg = Alus ] + 6l o] =3[
Proposition 7.4.5. Other related measures ofAG3PSD Eq.7.51

such as variation coefficient (C.v), skewness (V;), kurtosis (1)
and dispersion index (03) are stated as;

/604 +4aBO3+16aB6?+ 36025260 + 205262 + 108022

C.
! 02+ 206 + 60
(7.56)
o = M =3+ 2
1 = " 17223 (7.57)
Ly — [1]7)2
o, — Ha = AlHs ] + Ok o] =3[ ]
2 — 1 112\2 (7.58)
(= [y ]?)
’ 0* + 404603+ 16aB 6>+ 3602320 +2a%B%6% + 108> 2
3 p—

0(02+aBO+2ap)(02+20B6 +6af)

(7.59)
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Proof . To begin with, variation coefficient Eq.7.56 is given

as;
Cv= El
Ky
/04 +4aBO3+16aB6?+ 3602520 +2a*$262 + 10802 B2 6(6-
B 02(624 a6 +20)> 62-
/04 +4aBo3+ 1662+ 36025260 + 202262 + 1080232
B 0242036 +6af

The following relation is applied to derive skewness coeflicient
of AG3PSD.

oy = Ha_ M5 =Bl ] + 20T
T T 3
[y = [ )2

[142]3

The following expression is applied to derive coefficient of
kurtosis of a generalized three parameter Sujatha distribution
Eq.7.51.

Ha My — A ]+ 6[u) wy) — 3[u ]?

2T P [l — [uip

index of dispersion presented in Eq,7.59 is obtained as;

62

u
_ 0'+4af 6’ +16aB6%+3602B%0 +20°B20% + 10802 B2 6 (0 +
B 02(02+ B0 +20f)> 024 2¢
_ 6*+4aBo’+16aB6*+360°B20 + 202 f26% + 10802 B2
B 0(02+afO6+2uaB)(02+20B0 +6af)

U3

[]
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7.4.4 Excess Loss Distribution

Proposition 7.4.6. In this section we define probability density
function of excess function fj(x;c, B, 0), mean residual lifetime
(m(x)),equilibrium distribution f,(x; o, B, 0), survival function
based on the equilibrium distribution S.(x; @, 3,0) and hazard
function based on the equilibrium distribution h.(x; o, B,0) of
a generalized three parameter Sujatha distribution Eq.7.51 as;

03(1+ o (x+x2))e =29
,a,p,0) = :
filx; ., 6) 02+ aB(0+2+60%z+ 6%z +267) x>z

(7.60)

() = & OBO+6+ 0%+ 0% +40x)
m\x) = |
9(92+06ﬁ(9—|—92x+ 92x2+29x)) (7.61)

0(0%+aBf(0+2+0%x+ 0%x*+20x))e %

fe(x;,3,0) =

02 +200 +6ap
(7.62)
62 20 +6+0%x+ 0%x*>+46 —6x
6212086 + 60p
(7.63)

0(0°+ af (0 + 6%x+ 6%x* +20x))
he(x;a,p,0) = :
(x.0.p,6) 02+ aB(0+6+0x+ 022 +40x)
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Proof . By definition Eq.1.10, the pdf of excess loss distribu-
tion Eq.7.60 is obtained as;

63 2| ,—6x
6%2+afo-+2ap [1 +apx+oafx ] ¢

filtx;a,B,0) = [

02+ B (0+2+6027+0272+207) o6z
02+afo+2ap

P+ aBx+at))e 0
02+ afB(0+2+ 0%+ 6022 +20z)

X>2Z



290

Mean residual lifetime (MRL) further the mean residual life-
time Eq.7.61 is obtained by use of the relation Eq.1.11 as;

0>+ aB6+2ap /oo 6%+ 0 (01 2+ 0%+
(92+aﬁ(9+2‘|—92X+92x2+29x))e—9x . 92—|—(Xﬁ9_|_
1 00
) 6° 6+ 6%+ 6%
(92+O‘ﬁ(9—|—2—|—92x—|—92x2_|_29x))e_9x/x[ +op(6+671+
1
N I
(62+aB(0+2+60%2x+ 6%2x% +20x))e %> 1

I = / (02 4+ aB (0 + 0%t 4 0%t +201)e ' ]dt
u=0>+aB(0+6%+0%+20t) = af6*+2ap6%* +20B6

m(x) =

ot _e_et
d RN
1% e 1% 0
— (02 + B (0 + 6% +6%>+201))— 5 aﬁ9+2aﬁ6z+2a/3)
ot
— (02 + B (0 + 6% + 0% +201))— o Th
12:/ (B0 +20B61 +20B)e " di
u=(apb+2apot+2apf) = du=2ap6
—0r
d —= _et:> :_e
1% e \% 0
L= (aﬁ9+20¢[)’9t+2aﬁ) e dt

—Gt
L=—(apo +2a[39t+2aﬁ) 5

) _e—Gt
L= / e Vdt —
X

—|—2OCﬁ x I3

0
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From I, I, and I5 we have the following;

e—ez e—ez

I =—(6*+aB(2+ 6%+ 6% +2061)) 5 —(aB(0+26t+2)) 5

oo

6t
:[ 69 [92+aﬁ(29+6+92t+92t2+49z)]]

X

—0x
I = 69 [62+aﬁ(29+6+62x+ 92x2+49x)]
T (02+ 0B (60 +2+602x+ 62x2+260x))e O
02+ o (0 + 6+ 0% + 0%x* +40x)
m(x) =

0(0%+ P (0 + 6°x+ 62x> +206x))

by definition Eq.1.12, equilibrium distribution Eq.7.62 is given
as;

(02 +aB(0+2+ 6%+ 0%+ 20x))e % 0(0%+af 6 -
02+ af6+2ap 02+200
_ 0(60*+af(0+2+ 6%+ 627 +20x))e
02 +2aB0 +6af

fe(X;avﬁv 9) —

using the relation Eq.1.13, S.(x; &, 3,0) in Eq.7.63 is obtained
as;

(6% +af (20 + 6+ 0%x+ 0%x*> +40x))e %~

/OOS(t;oc,ﬁ, 0)dt =

0(62+aBO+2ap)
(0 +af(20+6+ 0%+ 62x* +40x))e ¥ 0(6% +
B 0(62+aBf6+2ap) 024 2.

(024 oS (20 +6+ 0%x + 0°x> +40x))e ¥~
02 +2030 + 60

Se(x;,3,0) =
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lastly, hazard function based on equilibrium distribution Eq.7.64
is obtained by use of Eq.1.14 as;

6(62+ 0B (0-+2+6%x+6%x2+20x))e 0%
02+2aB0+60

he(x;o, 3,0) =

(62+aB(20+6402x+02x2+40x))e—0*
02+2086+60f
0(0%+ o (6 + 6%+ 6%x2 +20x))

024 aB(0+6+ 02+ 022+ 40x)

7.4.5 Estimation of a generalized three parameter Sujatha distribution

In this section, we discuss estimation methods such as MOME
and MLE.

MOME

MOME of &, ﬁ and 0 of o, B and 6 respectively in AG3PSD
Eq.7.51 are obtained as;

15

THIE = k(constant)
2(02+3aB6+12aB) [0(6%+ a6 +20p) 2_k
02(024 afO6+2upB) | 624+2aB0+60B |
2(02+3aB6+12aB) (0> +af6 +2apB) .

(0242086 +60B)?
2(0%+3aB0+120B)(6* +af6+20p) = k(6> +2aB60 +6aB)*

[60% 4240 4-24 — 4k0* — 240k — 36k (af)* +[860° +160% —40°k — 120%k](af
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The value of b is obtained by applying quadratic formula on
the following expression.

(6074240 +24 — 4k0* — 240k —36k|b*+ [86° + 1607 —40°k — 120%k|b+

The population mean and sample mean are replaced with sam-
ple mean and parameter estimates respectively as;

. 0’4+ 20B06+6ap

M= 962 1 aB6 +20p)
. 624+2aB6+6a8
X = ——= ~x ~
0(62+6B6+2ap)
_ 0’ _ apé _ ap
X == — — X1+ = — — X2+ = —
6(02+afb+2ap) 6(62+aPb+2aB)  6(62+apb+

The values X, X;, X, and X3 are mean for AG3PSD, Gamma
(1,0), Gamma (2,0) and Gamma (3, 0) respectively.

_ 62 (1) o6 (2)

X = = A A A ~ + A AN ~ A ~ + A ~
02+ oaBO+20p\0/ 6>+ap6+20fp\6/) 6>+a

Setting b = o3, the MOME estimates of &, f and 6 of a, B

and 0 respectively are obtained as;

62 _ 2
(BOx+2Bx—2B6 —3p)
- —6%%+ 62
- 0fx+260x— &b —3a
—(bx—2b) F \/(bx —2b)2 — 4(x — 1)(2bx — 3b)
2(x—1)

=

o =

0 —
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MLE

Let (x1,Xx2,X3,---n) be a random sample of size say n drawn
from AG3PSD 7.51, the | function (L(x; &, 3,60)) is derived as;

n . B n 93 -
,-I:!f<x’a7ﬁ76)_Z-I_I[92+OC[39—}—205[3(1+aﬁxi+aﬁxi)e

6’ " n )
Hos o.5,0) = (92+al3’9+2a[3) B(lJro‘ﬁlefO‘ﬁx) L

We obtain natural log function of the | function as;

93
02+ af6+2ap

lnL:nln[ ]—I—Zln 1+ aBxi+aBx’) —nbx
where X is the sample mean. The following systems of non-
linear equations are solved to obtain maximum likelihood es-
timates of the parameters @, B and 6 as &, B and O respec-
tively;

dinL  —n(B6+2B) +i Bxi(1+x;)

— =0 «
Jo 62 tapor2af  EHltaputapl o @
dinL —n(ab +2a) 2 ax(14x)

— Z 3 — O (7.66)
I 0*+aBf6+2af =1+ afx;+ofx;
dlnL  n(6*+20B0+60f)  _

_ = (7.67)

20  6(02+aBfO+2aB)

Equations 7.65, 7.66 and 7.67 can not be solved directly. Meth-
ods like fisher scoring is applied to solve the equations. The
second derivative equations are applied in fisher scoring method.



295

The equations are;

DL —n(6%+2026262 + 18025260 + 200662 + 1202 B2)
002 02(02+ B0 +20f)>
J*lnL.  —n(BO*—4B6°)  9%nL
000a  (0(62+aB6+2aB))? Jdwdo
d*InL  —n(a0* — o*BO+ o*f*+400)  I*InL
0806 (6024 aBfo+20p)> L)
d2InL B n(BO+2B)? n (Bxi+ Bx?)?
da?  (02+aBf6+2aB)? Z (14 afx;+ afx?)?
0°InL —n(6°+26?) +z”:x i+x7+ofx;—ofx;  9%nL
dadf (92+1Uﬂ?+2aﬁ33 ~ (1+oafx+ofx?)?  dpda

The maximum likelihood estimates 6, & and ,B of the parame-
ters 0, o and B respectively are obtained by iteratively solving

the following systems of equations.

[ 92l 9%InL  92InL | é
002 0d6da 000p
0%InL  9%InL  92InL O
dadd Ja? JdadP é — 0
0%InL  9%InL  9%InL 0 B
| dBJ6 JBda  9B? & o -
B="Po

[
R &

I
=
S

dlnL
00

dlnL
o

dlnL

_ dp _

0 =6,
o =0
B =B

The values 6y, oy and By are initial values of the parameters
0, a and B respectively. Iterative technique is applied to solve
the equations until sufficiently large values of the estimates

6y, 0y and [y are obtained.

7.4.6 Application

We shall apply the data on carbon breaking stress presented
in table 1 to fit a generalized three parameter Lindley dis-
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tribution (AG3PLD), a generalized three parameter Aradhana
distribution (AG3PAD) and a generalized three parameter Su-
jatha distribution (AG3PSD).

Table 5. MLE estimates, -2InL, AIC, AICC and BIC values of fitted Three Parameter Distributions

Model Estimates | -2lnL AIC AICC BIC
AG3PLD | (=-0.9664 204.4509 | 210.4509 | 210.8380 | 217.0199

AG3PAD| (t=30.0386 | 204.4656 | 210.4656 | 210.8527 | 217.0346

AG3PSD | ®=27.9980 | 213.4691 | 219.4691 | 219.8562 | 226.0381

(04
=28.1557
0

Table 5 above illustrates fitted distributions. A distribution
with lower calculated values of -2InL, BIC, AIC and AICC is
considered the most flexible model over the others. Evidently,
AG3PLD is the best fit than AG3PAD AND AG3PSD. In figure
19 below, fitted density of AG3PLD has the highest curve than
other fits.
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Density
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02

0.0

Density shapes of three parameter distributions

— AG3PLD
— AG3PSD
AG3PAD

—

Figure 19. Estimated densities of fitted three parameter distributions



8.1

8.2

THREE COMPONENT FINITE GAMMA MIXTURE
(A case of Aradhana distribution)

Introduction

In this chapter we consider a three component finite gamma
mixture a case of Aradhana distribution. We shall construct
and derive statistical properties of Aradhana distribution and
its generalizations. The mixed distribution is expressed in terms
of pdf and Cdf. Statistical properties such as reliability anal-
ysis, equilibrium distribution properties and moments.

One parameter Aradhana distribution

8.2.1 Construction of one parameter Aradhana distribution

ey 2 .
Proposition 8.2.1. Let 0, = m and @, = 92f299+2 be mix-

ing proportions, one parameter Aradhana distribution is a finite
mixed distribution of Gamma (1,0 ), Gamma (2,0 ) and Gamma

(3,0). The pdf and Cdf of one parameter Aradhana distribution
are;

3

L 2 —0x.

_92+29+2[1+x] e x>0,0>0 (8.1)

0x(20 +6x+2)
02+26+2

f(x;60)

F(x;0)=1— |1+

e_ex;x >0,0>0 @2
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Proof . To begin with, by definition of finite mixture Eq.1.1
the pdf Eq.8.1 is obtained as;

. 6> _ox 20 0%e 9% 2
f(x’e):92+29+2[96 ]+92+29+2[ 2 ]+92+29+2[
B 936—9)6 293e—exx 2936—9xx2
T 12042 92+29+2+2(92+29+2)
636—9)6 2936—6xx 938—9xx2

T 02420+2 0712012 9212012
93
— 1 2 2 —0x
92+29+2[ +2x+x ]e
93
T 92420+2

[14+x]% %x>0,6 >0

further Cdf Eq.8.2 is given as;

93 [o%)
F(x;0) = 1+ 2x+x2)e %d
(x;0) 92+26+2/0 (14+2x+x")e Mdx
93
F(x;0) = I
:0)= 5728 72"

11:/ (14 2x+x%)e” %dx
0

u=(1+2x+x") = du = (24 2x)dx
—0x




300

(14 2x+2%)°

L= / —(242x)e %dx
0
—(242x) = du= —2dx

_e—Gx

dv=e "= v=

0
e—@x 2 oo
=(2+2 — = ™
(24 2x) 5 5/, e “dx
—Gx 2
L=(2+2 — 1
= (2+20)° 6 0°
13—/ _exdx
du
:—Gx:>du——9dx:>—6:dx
I = — “d
3 /0 _9:> 0 0 e du — 0

From I, I, and 15 we have the following;

—0x
—(142x4x%)

e 1 e 0 2/ _ebx
_ (242 _z
0 9[(+x)9 9(9)]
_e—Gx

E [92+29 +240x(20 + 9x+2)]

_ ,—bx
o [92+29 +2+0x(26 + 9x+2)]

'92+29+2+9x(29+9x+2)] ox
e

93

02 +26+2

02+20+2
0x(20 +6x+2)
02+20+2

F(x;0)=1— |1+ ]eex;x>0,9>0
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8.2.2 Reliability Analysis

Proposition 8.2.2. In this section, we state survival function
denoted by S(x;0) and hazard function denoted by h(x;0) of a

one parameter Aradhana distribution Eq.8.1 as;

0x(20 + 6x+2)

S(x;0) = |1 9% x>0,0 >0 .

()C, ) + 0212012 e x> 0,0 > (8.3)
03[1 + x]?

h(x;0)= x>0,0 >0 .

0) = g 2012+ 6x20 1 Ox 1 2) .

Proof . By definition Eq.1.8, survival function Eq.8.3 is ob-
tained as;

Ox(20+0x+2)| 4

S(x:0)=1—1[1—|1 x
(x:8) [ [_F 62+ 20+2 ]e ]
{ 0x(20 +6x+2)
02+20+2

]eex;x>0,9 >0

further hazard function Eq.8.4 is obtained by use of Eq.1.9 as;

63 2,—0x
oTaeall Tx]%e
h(x; 9) _ 0-4+20+2
02+20+2+6x(20+0x+2) o—6x
62+20+2

B 03[1 + x)?
02420 +2+0x(20 + 6x+2)

;x>0,0 >0

8.2.3 Moments and related measures

Proposition 8.2.3. The " moments of a one parameter Arad-
hana distribution Eq.8.1 are derived using both method of mo-
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ments and moment generating function (mgf) as;

r! [92+2(r—|— )0+ (r+1)(r+2)
1 pu—
Hr 67(6%+26 +2)

= 1,2,3,--- (8.5)

Proof . To begin with, by definition Eq.1.16 moments of one
parameter Aradhana distribution are obtained as;

E(X") "(142x+x%)e ¥ dx

93 oo
- 92+29+2/0 *
93 B oo oo oo
— / xre—Gxdx_|_2/ xr+le—6xdx_|_/ xr—I—Ze—Gxdx]
0 0 0

B 6° C(r+1) +2Fr+2+Fr+3]
024+20+2| o' gr+2 or3
03rI'r 1 2(r+1) (r+2)(r+1)

07(6%2+20 +2) [_ i ]

0 62 CE
rTr [92+2(r+ 16+ (r+ 1)(r—|—2)]
67(6%+26+2)
r! [92+2(r—|— 1)0+ (r+ 1)(r+2)]

f— , :172,3,"'
07(62+26 +2) '
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further by definition Eq.1.17, mgf of one parameter Aradhana
distribution Eq.8.1 is given as;

m(t) = (14 2x+x%)e *dx

92+29+2/

93 oo
— ~0=0x(1 4 2x +x2)d
92+29+206 (142x+x")dx

0’ [ 1 2 2]

T 92+20+2 _9—t+(9—t) MCENE

0> (1 [t k+1 Yoo E (k+
02420 +2 EZ<9) 92Z< )( ) +@kz;)< k
i92+2 k+1)0+(k+1)(k+2) (1"
B 02420 +2 9

The none centralized moments of a one parameter Aradhana
distribution Eq.8.1 are obtained as a coefficient of i—r, of the de-
rived moment generating function m,(t) as;

r! 92+2(r—|—1)9—|—(r—i—1)(r—i—2)]

f— , :1,2,3,"’
Hr 67(6%+26 +2) ’

[]

For the values of r as 1,2,3 and 4 in Eq.8.5 we obtain the four
moments about the origin of a one parameter Aradhana dis-
tribution Eq.8.1 as;

| 07+46+6 | 2(6°+660412)
“1_9(92+29+2)’ “2_92(92+29+2)

; 6(6%+86+20) | 24(674106 +30)
= 30212042 M7 046212012
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The none centralized moments of a One parameter Aradhana
distribution are as;

W=
0%+ 803 4+240%2 4240 + 12
02(62 +26 +2)2
My = W3 =3[ 1]+ 2[uy
2(0% 41265 45464 4+ 10003 4 10862 4720 +24)
03(6%2+26+2)3

szﬂzl — [HHZ:

Uz =

The following relation is used to derive the expression for the
4" centralized moments of one parameter Aradhana distribu-
tion Eq.8.1.

Mg = iy — 43 )]+ 6[uy 1] =3[y

Proposition 8.2.4. We now define Other related measures of
one parameter Aradhana distribution Eq.8.1 such as variation
(C.v), skewness (V1), kurtosis (V1) and dispersion index (V) are
stated as;

VO 8032402 +240 12
Cv= (8.6)
02446 +6
. 2(6%+ 1265 + 546* + 10003 + 10862 + 726 + 24)
1 p—
(04 +803 +2462 4240 + 12)3
8.7)
o g — At +6luf ] — 3l
2= 1 1122 %)
(M5 — [1])
04+ 80° +24602 14240 +12
V3 = (8.9)

(621260 +2)(02+46 +6)
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Proof . Tobegin with, variation coefficient Eq.8.6 is obtained
as;

o}
Cv=—

H
V04480342402 +240 +1260(6%+20 +2) . V04480342
0(6%2+26+2) 02 +460 +6 02 +.

secondly, skewness coefficient Eq.8.7 is given as;

u?

o]’
2(0°+126° +540*+1000° + 10862 + 720 +24) 6%(6% 42
B 03(02+26+2)3 044 803 4 24¢€
 2(6°+126° +546* +1006° 4 1086 + 726 +24)

04+ 863 424602 4240 + 12)3

DV =

The following expression is applied to derive coefficient of
kurtosis of a one parameter Aradhana distribution Eq.8.1.

Ha g — A5 ] +6[u) ] — 3[u
I™SE [y — [uf]?)?

V) =

lastly, index of dispersion coefficient Eq.8.9 is given as;

(52

T
_ 074+80°+2467 4240+ 126(60>+26 +2) . 0*+86° +2467-
B 02(62+20 +2)2 02440 +6 0(62+2042)(0

[]

U3
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8.2.4 Excess Loss Distribution

Proposition 8.2.5. In this section we state probability density
function of the excess loss function fi(x;0), mean residual life-
time (MRL), Equilibrium distribution f,(x;0), survival function
of equilibrium distribution S,(x; 0) and hazard function of equi-
librium distribution h.(x; 0) of a one parameter Aradhana dis-
tribution Eq.8.1 as;

93 [1 +x} 26“(X_Z)9
,0) = . :
filx:6) 02120 +2+6220+6z+2) O

02+40 +6+20%x+ 022 +40x
m(x) = (8.11)

61(024+20+2)+0x(20+0x+2)

0(024+20+2+0x(20 +0x+2))e %"

e ;9 — .

fe(x:6) 62+46+6 &1
0214460 +6+202x+ 02x2 +40x)e O

Se(x;e):( + To+ Xt alins x)e (8.13)

021460 +6

he(x:6) 0(0%+20+2+0x(20+0x+2))

ex; : .
02+ 40 1 6+ 20%x + 02x240x (819

Proof . By definition Eq.1.10, the pdf of excess loss distribu-
tion Eq.8.10 is given as;

03 1 2 ,—06x
x|“e
i 92+29+2[ +
filx;0) =
62+26+2+62(20+62+2) 067
024+20+2

93 [1 —|—x] 2e_(x_z)6

02 120+2102(20+62+2) " °
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mean residual lifetime Eq.8.11 is obtained by use of relation
Eq.1.11 as;

m(x) =

0%2+20+2 = [6%+20+2+ 61(20 +
[92+29+2—|—9x(29—|—9x+2)]e—9x/x 02426 4
1 )

- [92+29+2+9x(29+9x+2)]e—9x/x 67+26 42+ 0:(26 +
B 62426 +2 *[6%426 +24 61(26 +
B [92+29+2—|—9x(29—|—9x—|—2)]e_9x/x 02 +26 +2

1
- [624+20+2+0x(20 + 0x+2)]e*
/= /°°[92+29+2+9z(29+6t+2)]ef”
02426 +2

u=(0>+20+2+20%+0%*+20t) = du = (260> +26°t +20)

_e—et

I

dv=e "= v=

0
—(67+20+2+20% + 6% +261)— Je~
0t
— (02420 +2+26% +6%>+261)— otk

L= / (26 +261 +2)e *"d1

u=(20+20t+2) = du=20dt

"y
B —e
dv=e % — 1y =

—(26 4261 + e dt

— (20 +2601+2)—

_e—Gt

0

L= / e dr —
X
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From I, I, and I5 we have the following;

2 2 2.2 e ¥ e 9 g0
I = — (62420 +2426% + %7 +2600) " — (20 +261+2)° .~ — =

oo

—0t

— [_89 (92—|—49—|—6+292t+92t2—|—49t>]

e—@x

0

X

I

[92 +460 +6+20%+ 0% + 49x]

1 e—@x
e 92 49 6 292 92 2
[6024+20+2+0x(20 +0x+2)]e 0 6 [ +46 +6+20°x+6"x

02+460 +6+20%x+ 6%x% +40x

m(x) =
0 [(92 +20+2)+0x(20 + 9x—|—2)]

similarly, by definition Eq.1.12 equilibrium distribution Eq.8.12
is obtained as;

£(r0) = [92+29+2+ 9x(29+9x+2)]e_9x9(92+29 +2)
o 02+26+2 02+46+6
_ 6(6%+20+2+60x(20+0x+2))e

024+46+6

by definition Eq.1.13, S.(x; 0) in Eq.8.13 is given as;

/mS(t;Q)dt _ e 9% (0% +40 +6+20%x + 6%x* +40x)
x 0(62+20+2)
e 9%(0% +40 4 6+20%x + 02x> +-40x) (6% 420 +2)
0(62+260+2) 02+460 46
(02440 +6+20%x + 0°x* +40x)e
62+40+6

Se(x;0) =
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8.3

further by definition Eq.1.14, h.(x; 0) in Eq.8.14 is given as;

0(62+20-+2+0x(20+60x+2))e0x

. _ 02+40-+6
he(x;0) = (6024+46+6+2602x+602x24+46x)e
02+46+6
_ 0(6*°+20+2+06x(20+6x+2))
02 +460 +6+260%x+ 62x246x
[]
Two parameter Aradhana distribution
8.3.1 Construction of a two parameter Aradhana distribution
. _ 02 _ 200
Proposition 8.3.1. Let 01 = 7507522 and @, = 0500 302

be mixing probabilities, AG2PAD is a three component finite mixed
distribution of Gamma (1,0 ), Gamma (2,0 ) and Gamma (3,0).
The pdf and Cdf of AG2PAD are;

3 2
flx;0,0) = [1+O¢x] e x>0,a>0,0>0

024200 + 202

(8.15)

a0x(20 + abx+2a)
024+200 +202

F(x;Oc,G)zl—[1+ ]eex;x>0,a>0,9>0

(8.16)
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Proof . Tobegin with, by definition of a finite mixture Eq.1.1,
pdf Eq.8.15 is constructed as;

62 200 6%~ 5% 2
;(X,G _ 0 —0x

flxi 0. 8) 92+2a9+2a2[ ‘ }+92+2a9+2062[ 12 ]+92+25

B 03¢ 0% N 20003 0%y N 20203 9%x?

024200 +202  02+200+202  2(02+200 +202)

93
— 1420+ o2x% | e &
92+2a6+2a2[ o ]e
Taking the part;
[1 +200x + a2x2]

We have the following;

— 14+ ax+ ax+ a’x’

=1(14+ax)+ax(l+ax) = (1 +ax)(1 + ax) = ll—i—ax]

63 > o
flx;,0)= 07 200 1202 [1+ocx] e x>0,0a>0,0>0

Remark 8.3.2. A generalized two parameter Aradhana distri-

bution Eq.8.15 is nested with two distributions. To begin with,

putting ¢ = 0, a generalized two parameter Aradhana distribu-

tion reduces to exponential distribution Eq.2.17. Similarly, putting
o = 1 a generalized two parameter Aradhana distribution re-

duces to a one parameter Aradhana distribution Eq.8.1.
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further Cdf Eq.8.16 is obtained as;

93

F(x;a,0) = 001 20ix + o2 e %%d

(x;a,0) 92+2a9+2a2/o (1+20x+ 00 )edx
93

F(x;a,0)= I

(50.0) = 5 500 202"

I = / (142ax+ o*x*)e *dx
0

u=(1+2ax+a*x*) = du = 2a+20°x?)
_e—Gx
0

—0Ox oo
L=—(1+420x+ azxz)%_é —(a+ a*x)e” *dx
0

dv=e "= v=

I = —(14+20x+ a? 2)e—ex 2
1 = X X 0 92
12:/ —(a+ a’x)e P dx
0
u=—(a+ o*x) = du = —a’dx
0 _e—Gx
d = x:> =
v=e v 5
—0x 2 oo
e (04
L= (a+a? —— | e %d
» =(a+ax) 5 g ), ¢
—0Ox 2
e (04
L= (o+a? ——1
» = (a+ax) 0 o
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Let u = —0x we have;

du:—de:>d—bé:dx

* du —1 /= —1
L= L — Uy —> —e %%
3 /06—9 5 /s e'du Ge

Combining /;, I, and I5 we have the following;

—Ox 2 —0x 2 /-
11:—(1+2(XX+(X2X2)€9 —5[(a+a2X)ee —(Z( 89

_e—Gx

0

I = [92+2a9+2a2+aex(29+a9x+2a)

_e—Gx

F(x;o,0) =1+ [93+2a9+2a2+a9x(29+a9x+2a)]

0

(02 +2000 + 202+ abx(20 + afx+20a)] _,,
02 1 206 + 20 ]e

00x(20 + abx+2w)
02 +200 + 202

=1—|1+

]eex;x>0,a>0,9>0

[]

8.3.2 Reliability Analysis

Proposition 8.3.3. In this section, we define survival function
S(x;,0) and hazard function h(x; o, 0) of a generalized two

02 +200 -
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parameter Aradhana distribution Eq.8.15 as;

ax(20 +abx+2a)|
Sx;a,0) =11 ok 0, 0,06 >0
(x;a,0) + 921200 1o e x>0,0> >

(8.17)

6°(1+ ax)?
h(x;o,0) = ; 0,00>0,6
(6 00) = G500+ 207 + aBx(20 + abxt2a) "~ ¥~ 00>

(8.18)

Proof . By definition Eq.1.8, the survival function Eq.8.17 is
obtained as;

S(x:00.8) = 1— [1_ [1+a9x(29+a9x+2a)]eex]

024+2000 +202
_ a6x(20 + otOx+20t)
- 02 +200 + 202

]eex;x>0,a>0,9>0

similarly, hazard function Eq.8.18 is obtained by use of the re-
lation Eq.1.9 as;

2
63 —0x
02+2000+202 [1 + Otx] €

h(x;o,0) =

02+2000+20%+00x(20+a0x+20) o—6x
02-+2a0+2a2

B 6°(1+ ax)?
024200+ 202 + aBx(20 + afx +2a)

x>0,00>0,0 >

[]

8.3.3 Moments and related measures

Proposition 8.3.4. The r raw moments of a generalized two
parameter Aradhana distribution Eq.8.15 are derived using both
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method of moments and moment generating function (mgf). We
define the r raw moments as;

r0>+2a0(r+1)+a*(r+1)(r+2)

1
_  r=1,23,.-
B 67(6%+ 206 1 202) ’

(8.19)

Proof . By definition Eq.1.16, the moments of AG2PAD are
derived as;

3 -
E(X") = 92+2§9+2a2/o X (14 20x + a*x*)e” ¥ dx
3 T oo " o
— 92+2o?9—|—20¢2 _/0 x’e‘exdx+2a/0 X le % dx + 062/0 X2t
0’ T(r+1) 20T(r+2) o’Tr+3
— 0242000 +202 I 9r+1 ™ Qr+2 T O (r+3) ]
B 03rT'r 1 2a(r+1) a?(r+2)(r+1)
"9«92+2a9+2a%[5*' o7 E ]

r! [92+2a9(r+ 1)+ o2 (r+ 1)(r—|—2)]

_ L r=1,2,3,--
07(02+ 206 +2a2) i
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similarly by definition Eq.1.17, mgf of AG2PAD is given as;

93 = X —0OX
m,(t) = 92+2a9+2a2/o e (1 +20x + o*x?*)e” %dx
93 oo
— —(G—I)xl ) 2.2 d
92+2a9+2a2/oe (14+20x+ a“x")dx
03 ! 201 o’
= + +
024+2a0+20%|(06—1t) (6—1t)2 (0—1)°
0> (1 & 1 N k+1\ 1
T 024200 4202 52(9) 922( >(9> i

i92+2a9 (k+1)+a?(k+1)(k+2) ()"
B 02 +200 +20? 9

The raw moments of a generalized two parameter Aradhana
distribution Eq.8.15 are obtained as a coefficient of f,—r, of the
moment generating function as;

r 6% +200(r+ 1)+ a?(r+ 1)(r+2)]
1

M, = ; 7":1,2,3,"'

07(60%+20a6 +2a?)
[]
For the values of r as 1,2,3 and 4 in Eq.8.19 we obtain the

four moments about the origin of a generalized two param-
eter Aradhana distribution as;

. 0*+406+6a’ | 2(6% 4606 +120%)
M =802 1200 202) 127 92(62 1206 1 202)

| 6(6°+8a6+200%) | 24(6%+ 1000 +30a?)
B = 3021200 1202) 147 604621 206 +202)

93
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The centralized moments of a generalized two parameter Arad-
hana distribution are obtained as;

W=

04800’ +240%0% + 24076 + 120"
= 62(62 1 200 + 202)?

~ 2(6°+ 1200+ 546%0* + 1000° 6° + 108 6% + 72076 + 24 x°)
= 63(62 + 200 + 202)3

The following relation is used to derive the expression for the
4" centralized moments of a generalized two parameter Arad-
hana distribution Eq.8.15.

e =ty — A3 i+ 6[u 1) — 3w,

Proposition 8.3.5. We now define Other related measures of a
generalized two parameter Aradhana distribution Eq.8.15 such
as variation coefficient (C.v), skewness (v1), kurtosis (V) and
dispersion index (03) are stated as;

~ V0*+8a63 +2402602+ 24036 + 12a*

C. |
’ 024400 + 602 (8.20)
v 2(6°+126°a +5460%a” +1000°0° - 1080 6° + 720° 6 +240.°)
1 p—
(94 + 8“93 + 24&292 —+ 24&39 + 12a4)%
(8.21)
o Mg —4uip]+6[ui ) - 3]
o 2 1 11272 (8.22)
0] [ — [ufP)
94 -+ 80593 + 24@292 + 24(X39 4+ 12“4
n (8.23)

0(02+200 +20a2)(0%+4ab +60?)
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Proof . To begin with, coefficient of variation Eq.8.20 is ob-
tained as;

(0]
Cv=—

T
~ V0*+800% +240202 + 24030 + 12a* (67 4+ 206 +20?)
B 0(624 206 +202) 024 4a0 + 602
V04 + 80603 +240202 424036 + 120"
- 02 +4a0 + 602
secondly, skewness coefficient Eq.8.21 is given as;
s
[a]?
0+ 800’ +240%6% +240°6 + 120" 6%(60>+2060 +2a
- 0(024200 +20a2) (02 +4a6 + 602) | 04+ 8263 + 240202 + 240
~ 2(6°+ 12070+ 546%ar* + 1000° 6° 4 108 6% + 720176 + 24 x®)
(64 + 80103 + 240202 + 24030 + 120%)3
The following expression is applied to derive coefficient of

kurtosis of a generalized two parameter Aradhana distribution
Eq.8.15.

V) =

He o ug— 4]+ 6lu uy] = 3]

2T P [l — [uip

lastly, index of dispersion value Eq.8.23 is given as;

2
S

07+ 8a0° +240%0% +240°6 + 120" (67 + 2000 + 20%)
B 02(62 4200 +202)? 024400 + 60>
_ 0*+806°+240%0% +240°6 + 120

C0(02+200 +202) (02 + 400 +602)
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8.3.4 Excess Loss Distribution

Proposition 8.3.6. In this section we state probability density
function of excess loss function fi(x;a,0), mean residual life-
time (MRL), equilibrium distribution f,(x;a,0), survival func-
tion based on the equilibrium distribution S, (x; o, 0) and hazard
function of the equilibrium distribution h.(x; @, 0) as;

0°(1+ ax)?e w98

;0,0) = -
filx ) 02+200 +20%+ a6z(20 + bz +2) o

(8.24)

07 +400 + 607 +200%x + 0% x* + 4a*Ox

) = 967+ 208 + 207 + aOx(20 + abx +2a)
(8.25)
0(0%+200 420> + 00x(20 + 0Ox +2¢x))e ¥
fe(x;a’e): ( 5 ( 5 ))
0-+ 400+ 60
(8.26)
e (0% +400 + 6%+ 2000%x + 0*0%x + 40t*Ox)
Se(x;a,0) =
02+ 406 + 602
(8.27)
0(0>+2u00 +20 0x(26 Ox+2
et 0) = (6°+2a0+20*+ abx(20 + abx+2a))

02 +400 +6a%+200%x+ a20%x +40%20x

(8.28)
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Proof . Tobegin with, pdf of excess loss distribution Eq.8.24
is obtained by use of Eq.1.10 as;

2
63 —Ox
0212001202 [1 + O‘x] €

filx;a,8) =

62+2a0-+2a%+a0z(26+abz+2a) o—67
62+200+202

B 03(1+ ax)?e (=26 _
024200 +202+abz(20 + abz+2a)’

X>2Z
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further mean residual lifetime Eq.8.25 is obtained by use of
Eq.1.11 as;

m(x)

024200 +20° /°° (0% +200 +20* + ¢
)e—Gx .

T 024200 + 202 + a6x(20 + 00x + 20 o2+
1

T 02+2a0 202+ a0x(20 + abx+20)e % /x |
1

T 024200 +202 + 000x(20 + aBx + 2a)e o
I — / 1024200 +20%+ ab:(20 + abi +2a)|e *dr

0% +2060 +20%+ ¢

i

u= (074200 4+ 20 +200% + o* 01> + 20*0t) = du = (2000 + 20>

o0
dv=e "= v =
0
—0t oo
11:—(92+20¢6+2a2+20¢92t+a292t2+20¢29t)69 +2/ (a6 + o*
—0r
I =—(6*+200 + 202 +200% + a292t2+2a29t)69 120

L= / (a8 + a*0t +a?)e Vdt

u= (a0 +a*0t+ a?) = du = o*0dt

b

dv=e "= v=

0
e—et oo
L= —(069 + Oc29t + 052)7 + 052/ e_etdt
e—@t *
L=—(06+ a6t + ) ot o’ L3

—0t

0

L= / e Vdt —
X
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From I, I, and I5 we have the following;

e—er

I = — (0% +200 +20° 4+ 200°t + a*0°1* + 2% 01) .

+2[—(a9-

(e o]

-6t
I = [ ¢ [92+4a9+6a2+20¢92t+a292t2+4o¢29t”

X

I = 5 [92+4a9+6a2+2a92x+ a292x2+4a29x]
T 024200 +202 + a6x(20 + aOx+20)e 0% !
) 02 +400 +60%+2000%*x + 2022 + 402 0x
mx) =

0(62+2a6 + 202+ 00x(260 + abx +2a))

By definition Eq.1.12, equilibrium distribution Eq.8.26 is ob-
tained as;

(02 +206 + 20> + aBx(20 + abx+2a))e % 6(0? + 2k

02 +200 + 202 02 +4a0
0(0%+200 +20a% + a0x(20 + o Bx +20x))e %"

02 +4060 + 602

felx;,0) =

further by definition Eq.1.13, S,(x; &, 0) in Eq.8.27 is given as;

e 9% (0% + 400 + 6% +200%x + 0*0°x + 400> Ox)

/ S(t;a,0)dt =

0(621 200 1 202)
e (07 +400 +60* +2000°x + o 0%x + 4% Ox) 6(6
0(0%2+2060 +20a?) X

e (02 +4a0 + 60> +2a0°x + a?0%x + 40> 0x)

Selx,0,8) = 62+ 406 + 602
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lastly, hazard function based on equilibrium distribution Eq.8.28
is obtained by use of eq.1.14 as;

0(6%2+200+202+00x(20+00x+20x))e 0%

) 024+400+60.2
he(x;a,0) =
e 9%(0244a0+602+2000%x+a202x+402Ox)
02+400+602

_ 0(6*+2a6 +20° + abx(26 + abx+2ar))
024400 +602+200%x + 0202x + 4a20x

[]
8.4 Quasi Aradhana distribution
8.4.1 Construction of a Quasi Aradhana distribution
Proposition 8.4.1. Let 0; = _ %2 und 0 = —2%— be mix-
242042 242042

ing proportions, Quasi Aradhana distribution is constructed as
a three component finite mixed distribution of Gamma (1,0),
Gamma (2,0) and Gamma (3,0). The pdf and Cdf of a QAD
are defined as;

flxa,0)=

2
a2+2a+2[0{—|—9x] e % x>0,a>0,0>0

(8.29)

2000x +20x + 0%x?
a?+20+2

F(x;oc,@)=1—[1+ ]eex;x>0,a>0,6>0

(8.30)
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Proof . By definition of a finite mixed distribution Eq.1.1,
pdf Eq.8.29 is obtained as;

2 2 —0x
o 200 O-e "*x 2
.0,0) = e
f(xa.8) a%+m»+2[e ]+1ﬂ+2a+2[ ) ]+¢ﬂ+2a+
020e 0% 2000%e 9%y 203 9%)2

a2+2a+2+ a2+2a+2+2((x2+2a+2)

2 a2 [062 +2000x+ 92x2] e

Taking the part;

o +200x -+ 6%

we have the following
= > +200x+ 0°x* = (ot + 0x)(a + 0x) = (ot + Ox)*

flxa,0)=

2
. [OC—I—Gx] e x>0,00>060>0
o-+200+2
Remark 8.4.2. Quasi Aradhana distribution Eq.8.29 is nested
with two distributions that are one parameter Aradhana distri-
bution and gamma distribution. To begin with, putting ot = 0
Quasi Aradhana distribution Eq.8.29 reduces to one parameter
Aradhana distribution in Eq.8.1. Secondly, putting ot = 0 Quasi
Aradhana distribution Eq.8.29 reduces to a gamma (3, 0) distri-
bution Eq8.31.

93 —0x,.2
f@ﬁ):—%iiﬁ x>0,0>0 31
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further Cdf Eq.8.30 is obtained as;

F(x:a,0) = waz 2000x + 022 e 9%d

(:0,0) = ————— | (o7 +200x-+ 6%)e "dx
0

F(x,00,0) = I

(x ) 052+20¢+21

I = / 24 2a0x+ 0% )e *dx

o’ +200x+ 0%x*) = du = (2000 +26°x)dx

_e—Ox

0
—0x oo
I = —(a*+200x+ szz)eT — 2/ —(a+0x)e P dx
0

dv=e "= v=

—0x

0

I = — (0 +2a0x+0%%)— — 21,

b :/ —(a+ 0x)e %dx
0

u=—(o+06x) — du=—0x
_e—Gx
dv=e " =v=

?,
e—@x [e5S)
L = (a+ 6x) —/ e Pdx
0 0
—Ox
L= OC + QX) ) — L

13 = / exdx
du

:—Gx:>du——9dxi—9—dx
, du —1 o o
13—/0 _9:>7 du:>76
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From I, I, and I5 we have the following;

2 2 e e —1 4
L =—(a"+200x+ 0°x )7—2 (o + 6x) — e

3] 0
_e—Gx
I = 5 [062+206+2+2056x—i—29x+92x2]
—e T ) 6
=1+ o +200+2+2000x+20x+ 0-x
0 a2 +20 +2

2000x +260x + 0%x2
a?+2a+2

F@aﬁyzy—b+ ]e%m>Qa>Q9>O

[]

8.4.2 Reliability Analysis

Proposition 8.4.3. In this section we state survival function de-
noted as S(x; o, 0) and hazard function denoted as h(x; o, 0) of
a Quasi Aradhana distribution Eq.8.29 as;

2000x+20x+ 6%*]

Sx;o,0) =11 ok 0,6>0,0>0
(x ) + PRI Y e x> > >

(8.32)
0 (o + 6x)* .
o2 +20+2+200x+20x+ 6%2x2°

h(x;o,0) = x>0,0>0,06>0

(8.33)

Proof . By definition Eq.1.8, S(x; @, 6) in Eq.8.32 is obtained
as;

2000x +20x + 0°x?
S(x;oc,@)=1—[1—[l+ 00x+20x+ x]eex]

a24+20+2
. 2000x +20x + 022
- o2+200+2

]e%m>ma>me>o
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further by definition Eq.1.9, A(x; &, 0) in Eq.8.33 is given as;

0

2
—0x
o2+20+2 OC—I—QX] €

h(x;o,0) =

024+200+2+20.0x+20x+62x2 o—x
o2+2a+2

B 0o+ 0x)* .
02420 +2+2000x+20x + 6242’

x>0,00>0,0>0

[]

8.4.3 Moments and related measures

Proposition 8.4.4. Ther'" moments of a Quasi Aradhana Eq.8.29

are derived using the method of moments and moment generat-
ing function technique as;

rla?+20(r+ 1)+ (r+1)(r+2)
1
:ur*_

s = 172737"'
02(0% + 20 1 2) '

(8.34)
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Proof . By definition Eq.1.16, 7" moments of a QAD are ob-
tained as;

E(X") = o’ +200x+ 0°x2) e %d
x’) oc2+2oc+2/ox +208x+ 6% )e Tdx

9 B 1) 00 1)

= 062/ xre_exdx—i—2069/ e 0%dx + 92/ X
az+20+2 I 0 0 0

B 0 (o’ T(r+1) 2a0T(r+2) 93F(r+3)]

a2 4 20042 I or+1 T Qr+2 ™ Qr+3
rFr[a2+2a(r+1)+(r+1)(r+2)]
(o> +200+2)
r! [a2+2a(r+l)+(r+1)(r—|—2)]

- r=1,2,3,
02(0 + 20 +2) '

similarly, by definition Eq.1.17, mgf of QAD is given as;

(o +200x + 0°x*) e Hdx

x\f) =
m(t) a2+2a+2/0

(G—t)x 2 2 9 62 2 d
a2+2a+2/0 (" +200x+ 0-x")dx
0 [ a? 2000 62
+ -
o’ +20+2 1) (06—1)2 (60—1)

(60—

0 a°°tk2a9°°k+1 £z
a2+20+2| 6 Z( ) 62 Z( )(9) +§kz;)<
_i o2 +2a(k+ 1)+ (k+ 1) (k+2) [ 1\*

- = oaz+200+2 9
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The 7" moments of a Quasi Aradhana distribution are obtained
as;

rllo?+2a(r+1)+ (r+1)(r+2)

1
— ; :1,2,3,"'
Hr 02(0? +2012) ’

[]

For the values of r as 1,2,3 and 4 in Eq.8.34 we obtain the four
none centralized moments QAD as;
. or+4o+6 . 2(o*+60+12)
:LLI — 3 :u2 —
O(a?+20+2) 0% (a?+20+2)
. 6(o*+ 80 +20) | 24(o*+100 +30)
ST (a1 2a+2) M T TeH a2 1201 2)

U

We obtain the centralized moments of QAD as;

W=y
P, o+ 8a’ + 240 + 2400+ 12
o=, =[] = 02(02 + 20 +2)2
_ 20°4240° +1080* +2000° +2160¢> + 14400 +48
= 03 (02 +2a +2)3
~90® +144a’ +912a° +28320° + 54480* 4 69120 + 57600.* + 28800
Ha = 04(a2 +20+2)*

Proposition 8.4.5. We now define Other related measures of a
Quasi Aradhana distribution Eq.8.29 such as variation coefficient
(C.v), skewness (V1), kurtosis (V2) and dispersion index (V) are
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stated as;

Vot +8ad 42402+ 2400+ 12
Cv= (8.35)
a’+4a+6

_ 20°4240° +1080* +2000° + 2160 + 14400 4-48
[0 + 8a® + 2402 + 240+ 12]2

]

(8.36)

_ 9a®+ 14407 +9120° 428320 + 54480t + 69120 4+ 57600 +
B [t + 803 4 2402 + 2400 + 12]2

(8.37)

(%)

o ot + 807 +24a% + 2400+ 12
T (02 +200+2)(02+ 4o +6)

(8.38)

Proof . Tobegin with, coefficient of variation Eq.8.35 is given
as;

o
Cv=—

T
vot4-8ad+24a2 +2400+ 120 (o +2a+2) vat4-8ad +
= —
O(a®+20+2) o +4a+6 o2 -

similarly, skewness value Eq.8.36 is given as;

M3
2]
200 +240° + 1080 +2000 +2160% + 14400 448 0%(or*
- 03 (a’+2a+2)3 ot + 80 + 2.
_ 20°4240° +1080* +2000° +2160¢> + 14400 +48
B (a4 + 803 + 2402 + 240 + 12]3

D =

3
2
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also kurtosis coeflicient Eq.8.37 is given as;

_ Ha
Dy = >

[.Uz]

90814407 +912004+-283205 +5448 % +691203 +576002 +288001+720
. 04 (a2 +20+2)%
- 2

ot +8a3+24a2+240+12
02(a2+20+2)2

_ 9a® + 14407 +912a° + 28320 + 5448t + 69120’ + 5760a* + 28800
B (0% + 803 + 2402 + 2400 + 12)2

lastly, index of dispersion Eq.8.38 is given as;

62
U3 — —1
M
ot +80° +24a% +24a+120(a* + 2+ 2)
0% (a?+20+2)? o> +40+6
ot +8a’ +24a% + 240+ 12
O(a?>+20+2) (o> +4a+06)

8.4.4 Excess Loss Distribution

Proposition 8.4.6. The probability density function of excess
loss function fi(x; o, 0), mean residual lifetime (MRL), equilib-
rium distribution f,(x; @, 0), survival function based on the equi-
librium distribution s.(x; o, 0) and hazard function based on the
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equilibrium distribution h,(x; o, 0) are defined as;

0(o+ Ox)%e 02 .
o2 +200+2+20007+207+ 6272°
o’ +40+6+200x+40x + 0%x2
m(x) = (8.40)
O(a?+2a+2+200x+20x+ 02x?)

0(02 200+ 2+ 200x+20x + 62x%)e O

filx;a,0) = X> 27 (839

(x;a,0 .
felx:0,6) a+4a+6 (G40
(:0.0) O(a®+4a+6+2a0x+40x+ 0%x%)e %"
Se(x;00,0) = .
a?+40+6 012
O(0>4+200+2+200x+20x + 0%x?
he(x;OC,G) = ( + ot Xt X+ox ) (8.43)

a2 +40+6+2000x +40x + 02x2

Proof . To begin with, using Eq.1.10 the pdf of excess loss
distribution Eq.8.39 is given as;

2
0 —0Ox
o2+20+2 [OC + Qx] €

filx;e,0) =

024+20+2+20007+207+6272 e—02
o2 4+200+2

B 0 (ot + Ox)2e 02 .
a2 4+200+2+2007+20z7+ 6272’

X>Z
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by definition Eq.1.11, mean residual lifetime Eq.8.40 is given
as;

o’ +20+2 /°° [0? + 20 +2+ 20t +2a
)e—Gx .

m(x) = (> +200+2+2a0x+20x+ 6%x? o +20+
1

T2
- o +20+2+20t + 20
(> +200+2+2a0x+20x+ 92x2)e—9x/x " +200+2+ T

1
I
(02 +20+2+200x+20x+ 62x2)e— 0+

11:/ [0 + 20042 +20t + 200t 4 0%*)e " dt

u=[0*+200+2+20t + 200t + 0°t*] = du = (200 +20 +26%)dt
_e—et
)
e—@t oo
I = [0 +20+ 2201 + 2001 + 0%~ + 2/ (0 + 1+ 61)e¥dr

—0r
I = [02+200+2+201 + 2000t + 9%2]69

dv=e%—y=

+2I

b= / (0t + 1+ 61)eds

u=(o+1+06t) = du= 0dt

_e—et

dv=e¢%—y=

0
e—@t )
L =—(a+1+61) 0 +/ e ¥dt
e—Gt '
L = —(OC+1+9I) 0 + I3
) _e—Ot
I; :/ e Vdt — 0



333

From I, I, and I5 we have the following;

—61 —€
11:_[a2+2a+2+2a9t+29t+9%2}69 +2[—(a+1+9t)e—9
_ 0 00
¢ 2 2.2
= [ 0 [oc +400+ 642000t +40t + 0t ”
e—Gx }
== [a2+4a+6—|—2a9x—|—49x+92x2]
() : 1
m(x) =
(02 +20+2+200x+20x+ 62x2)e 0+
0P +4a+6+200x+40x+ 0%
C0(02 200 +242000x +20x + 62x2)
further by definition Eq.1.12, equilibrium distribution Eq.8.41
is obtained as;
£ 00.6) (02 +200+2+2000x+20x+ 0%x*)e % 0 (a* + 200 +2)
e\ X5 (I, —
a’+2a+2 a’+4a+6
_ O(a*+200+242a0x+20x+ 0% x*)e”
B a2 +40+6
using the relation Eq.1.13, S.(x; o, 0) in Eq.8.42 is given as;
o —0x( 2 2.2
o +400+6+2000x+46x+ 06
/ S(t;oc,@)dt:e (" +400+6+200x+40x+ 6°x7)
x O(a’+2a+2)
e (o +4a+6+200x+460x+ 0°x%) 0(o* + 20 +
O(a?+20+2) o +40 ¢

O(a’+40+6+2a0x+40x+ 0%x*)e 9"

Se(x;@,0) = a2 +40+6
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lastly by definition Eq.1.14, h,(x; ¢, 0) in Eq.8.43 is given as;

0(024+20+2+200x+20x+62x2)e 0%

214046
he(x;00,0) = @t
(2, 0) 0(a2+40464200x+40x+02x2)e—0x

o2+40+6
_6(a*+204+2+200x+260x+ 6°x%)

a2 +400+6+2000x+40x + 02x2

[]
8.5 Three parameter Aradhana distribution
8.5.1 Construction of a three parameter Aradhana distribution
Proposition 8.5.1. Let @, = 92+2a[3992+2a2[32 and W, = 9%25[?552052/32

be mixing proportions, a generalized three parameter Aradhana
distribution is a three component finite mixed distribution of
Gamma (1,0), Gamma (2,0) and Gamma (3,0). The pdf and
Cdf of AG3PAD are;

6 > o
f(x;a,B,e):92+2aﬁ9+2a2ﬁ2 [1+a[3x] e % x>0,00>0,8>0,0>

(8.44)
20080%x + o> 320%x> + 2002 5?0
02+ 206 + 20232

F(x;oc,,B,G)zl—[1+ ]eex;x>0,oc>0,

(8.45)
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Proof . By the definition of a finite mixed distribution Eq.
1.1, pdf Eq.8.44 is obtained as;

6> 20080 [0% % 20232

.0, 3,0) = e
fixa.B,0) 92+2aﬁ9[6 }+92+2aﬁ9[ 2 ] 02 1 20,0
936—9x 2a[393€—9xx a2ﬁ293e—9xx2

::92+2aB9_F92+2aB9+2aHﬁ_F92+2aﬁ9+2a%3

93 2R2.2( —6x
T 02+ 2aB0 + 2022 [1+2aﬁx+a P ]e

Taking the part [1 +2afx+ 052[32)62] we have the following;

= [1 +2aBx+ a2ﬁ2x2]

:1—%&Bx+4ﬂhrkaﬁﬁf4:$1(L+aﬁxy+aﬁx0—%a3@:=¢[1+

93
02420360 +20232

2
1+aﬁ4e9%ﬁ>ma>QB>Q9>O

Remark 8.5.2. The modified generalized three parameter Arad-
hana distribution Eq.8.44 is nested with three distributions. To
begin with, putting & = 3 = 1 the generalized three param-
eter Aradhana distribution reduces to a one parameter Arad-
hana distribution Eq.8.1. Secondly, putting B = 1 the generalized
three parameter turns to a generalized two parameter Eq.8.15.
Lastly, exponential distribution Eq.2.17 is a particular case of

a generalized three parameter Aradhana distribution Eq.8.44 at
oa=p=0.
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further Cdf Eq.8.45 is obtained as;

93 ” 2p2.2 | —6x
F(x;a,B,0) = 92+2aﬁ9+2a2ﬁ,2/ [1—|—20¢[3x—|—oc[3x e O dx
93
F(xa,B,0) =

02+20B6 +2a2p2 h
I = / [1 +20Bx+ 052B2x2] e %%dx
0

u=(1+2aBfx+ o*B*x*) = du = 2o +20*B*x)dx
_ ,—6x
dv=e = y="°

0
rpr € 2 222\ —Bx
11:—(1—|—206[3x—|—(xﬁx)7—5 —(af 4+ aBx)e " dx
0
a2 € 2
11:—(1+206ﬁx+06[3x) ) —512

L= / —(af + a?Bx)e *dx
0

= —(aB + o*B*x) = du = —a*B%dx
_ ,—bx
dv=e = y="°

6
:(aﬁ+a2ﬁ2x)e _oP / e Pdx
0 0 Jo
—Ox 2R2
202 af
OC o —
(@B +o2pn) -~
13—/ exdx
du
:—Gx:>du——9dx:>—9:dx
I / , du —1 [~ » —et —eOx
= —_— — e — —
S ) 6 J, &M 0 0
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From I, I, and I5 we have the following;

—0x 2 —0x 2R2 —0x
11:—(1+2a[3x+a2[52x2)67—5 (oc,B+oc2BZx)ee —O‘(f (69
_ ,—06x
I = ‘23 [92+2aﬁ9+2(x2[32+2aB92x+a2[3292x2+2a2ﬁ29x]
—e T 202 2 202022 202
=1+ o3 [9 +2aB0+20° B +20BO0°x+a B O x"+20° Gx]9—2
'92 ) 0 222 9) 92 22922 22*
Fxo.B.0)=1— +20B0 +20° B +2af0°x+ a°f0°x"+20°f
I 02+206 +2a2p2
i 2 92 2 292 2 9 2 29
=1— |14+ ap 6 x+ o°pT07x +20° 50 e‘ex;x>0,a
02 +2aP06 +2a%p2

[]

8.5.2 Reliability Analysis

Proposition 8.5.3. We define survival function denoted by S(x; o, 3, 0)
and hazard function denoted by h(x;c,3,0) of a generalized
three parameter Aradhana distribution Eq.8.44 as;

2000%x + o> 20%x* + 20> 3%0x

Sx;o,p,0) = |1
B 0) = | g 6 Bo + 200p

]eex;x >0,a>0
(8.46)
2
03 [1 + Oc,Bx] e~ 0%

~ 021 20B6 + 20282+ 2aB 6% + 02B2022 + 202B260x

(8.47)

h(x;o,3,0)
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Proof . To begin with, survival function Eq.8.46 is obtained
by use of Eq.1.8 as;

2080°x + a*B20°x* +20°B*0x]
Sx;o,,0)=1—(1— |1 x
S [ [ T e 1 2aB0 20282 ¢
B 1+2a[392x—|—a2[3292x2—|—2a2[329x
B 02+2030 + 20232

]eex;x>0,(x>0,ﬁ >

using the relation Eq.1.9, hazard function Eq.8.47 is obtained
as;

2
63 —6
02120B0+202p2 [1 + a,Bx] e

h(x;a,B,0) =
[92+2a[3 0+202B2+2aB 92+oc2[3292x2+2a2ﬁ29x] o6

02+2aB0+202B2
2
0’ [l + aﬁx] e
T 024 2aB0 + 20282+ 2aB 0% + 02B2022 + 202B260x
n

> ()

8.5.3 Moments and related measures

Proposition 8.5.4. Ther'" moments of the proposed generalized
three parameter Aradhana distribution Eq.8.44 are derived using
both method of moments and moment generating function (mgf)
as;

02+ 2aB(r+1)0 +a?B(r+1)(r+2)
07(0%+2ap6 +202p?)

Mox = r=1,2,3,

(8.48)
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Proof . By definition Eq.1.16, moments of AG3PAD are ob-
tained as;

93
02420360 +20232
93 K [=S) 0 )
_ ro—0xg ) r+1 —9xd 2
92+2aﬁ9+2o¢232_/0 x'e dx+ Ocﬁ/o X e Mdx+ o
B 6’ T'(r+1) 20BT(r+2) N a’B°T(r+3)
o 92+2a[36+2a2[32 i Qr+1 Qr+2 Or+3

rI'r [92+2a[5(r—|— 1)0 + a*B*(r + 1)(r—|—2)]
07(02+ 200 +2c%3?)
r! [92+2a[5(r+ 1)0 + a*B*(r + 1)(r+2)]

_ r=1,2,3,-
07(62 + 2080 + 202B2) '

E(X")

/ X (1+20Bx+ a?B*x)e
0

further by definition Eq.1.17, mgf of AG3PAD is given as;

93
02420360 + 20232

03 ® o
- 92+2aﬁ9+2a2[32/o e 20t o7p)dx

0’ ! 20 a?f? ]

m, (1) / e (1 +2aBx+ a’B*x*)e dx
0

T 02 20B0+ 2022 |(6—1)  (0—1)?  (6—1)
1

0’ 1 () 208 & (k1 [\ ¢
T 02+ 2aB0 +202B2 _51;6(5> +?];)< k )(5) o
&0 2aB(k+1)0+ 2Bk +1)(k+2) [ t\*

my(t) = I;) 02 +2aP6 +2a%p2 (5)
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The 7" moments are obtained from the derived m,(¢) as;

102+ 20B(r+1)0 + 2B (r+ 1) (r+2)

— r=1.2.3....
Hr 67(6%+2a B0 + 202B?) TS

[]

For the values of r as 1,2,3 and 4 in Eq.8.48 we get four mo-
ments about the origin of AG3PAD Eq.8.44 as;

. 0*+4afo+602B? . 2(67+60B6+1202B7)
1 = 9(02 12080 +20262) 27 02(02+2aB6 1 20282)
. 6(8%+8aB 6 +20u0*B?) | 24(67+ 10056 +300* )

u

B = 0302 12080 + 20282 M7 0462+ 206 1 20282)

The centralized moments of AG3PQD are obtained as;
., 6+4aP6+6a*p?

nu“l _:ul - 9(92+206ﬁ9—|—2052ﬁ2)

_ 0+ + 806[)’ 03+ 24052[3292 T 24063ﬁ3 4+ 12064ﬁ4
B 62(62+ 2086 +202p2)

Ho

The third and forth centralized moments are derived using the
following relations;

ps = piz =3[ ] + 2
Ma = g — 4[us ]+ 6[uy p1p] =3[y ]
Proposition 8.5.5. We now define Other related measures of a

generalized three parameter Aradhana distribution Eq.8.44 such
as variation coefficient (C.v), skewness (1), kurtosis (V) and
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dispersion index (V3) are stated as;

/04 +8aB6%+2402B262 + 240 B3 + 1204 B4

C. :
' 02+ 4050 + 6022 o
V1 = [ U3] 3 (8.50)
Ha]?
VD = ['543 2 (8.51)
2

D — 94—|—8(Xﬁ93—|—24a2[3292_|_24a3ﬁ3_|_12a4ﬁ4
T 0(6%>+2aB6+20%p%)(62+4aBO + 60*B?)

(8.52)

Proof . To begin with, coefficient of variation Eq.8.49 is ob-

tained as;
Cv= gl
My
/604 +8af 63 +2402B262 + 240333 + 1204 B4 6 (02 + 20360 +
B 0(6242aB6 +2a2B2) 02+ 40860 +6
/04 +8aB63+24a2$202 + 240 B3 + 1204 B4
B 62 +4af 6 +602p2

the following relation is applied to derive skewness value of
AG3PAD Eq.8.44.

the following relation is applied to derive kurtosis value of
AG3PAD Eq.8.44.

1

Ha g —4ug ] +6[u 1] —3[1y]°
[112]? [y = [])?

Dy =
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(72

M
_ 0*+8af 6’ +240°B267 + 240’ B + 12 B 6(07 4+ 2af 6 + 20 B?)
B 02(02 +20 86 +2022) 02+ 4030 + 60232
64 +8a6° +2402B2602 + 2403 + 1204 B*
T 9(02+ 2086 1 202B2)(6% + 4036 + 602p2)

U3

8.5.4 Excess Loss Distribution

Proposition 8.5.6. In this section, we define probability func-
tion of the excess loss function fi(x; a, 3, 0), mean residual life-
time (MRL), equilibrium distribution f,(x; o, B, 0), survival func-
tion based on the equilibrium distribution S.(x; @, 3, 0) and haz-
ard function based on the equilibrium distribution h.(x; a, 3, 0)
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as;

filx;a,3,0) =

m(x) =

fe(X;aaﬁae) —

Se(x;,3,0) =

he(X;OC,ﬁ, 6) -

2
93 [1 —|—OC,BX] e—Q(x—z)

02+ 20B0 +202B2+2a60%z + 2320272 + 2a2[329z;

(8.53)

02 +4aB0 +60a’B*+20B0%x + a*$%0%x> + 402320

0(0%2+2aB6+20%B>+2060%x+ a?f?0%x> + 20232

(8.54)

0 [62 +20030 +20%B% +2aB0%x + o?20%x* + 20 32

62 +400 + 6022

(8.55)

[92 +4aB0+60%B2%+203%0%x + 0 B20%x% + 4o’ B2€

02 +4af6+6a2p?

(8.56)

0 [62 +20030 +20%B% +2aB0%x + 0?2 0%x* + 20 32

[92 +4af0+6a2B>+203%0%x + a?f20°x% + 4a* 32¢

(8.57)



344

Proof . Using the relation Eq.1.10, the pdf of excess loss dis-
tribution Eq.8.53 is obtained as;

2
63 -6
0212aB0 12022 [1 + aﬁx] e

fl(X;OC,ﬁ,G) —

0242aB0+2a2B2 42086027402 202724202 B26; o0z
02+2aB0+20232

2
0> [1 + Ocﬁx] e 907
T 021 20B6 1 202B% + 2B 6% + 02B26222 1 202B26z

X >2Z

further mean residual lifetime Eq.1.11 is obtained by use of
Eq.1.11 as;

0> +2aB06 + 2022
(%) = (677 2aB6 1 2027 + 2aB 0% 1+ a2B20%E 1 202B20x)e ®
; _/ (0242080 +2a2B%+2aB 0%t + a?B20%* +2a*%0t)e ¥

! 02 +206 +202[32

i

dt
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Taking the numerator part [ (6°+2af 6 +2a*B*+2af 6% +
a’B20°t> +2023%0t)e % we have the following;

L= /w(e2 + 2080 +20* B +2aB 0%t + a*B20%* + 20 B0t )e V' dt
U= (22 +20B0 +20°B* +2aB 0%t + o’ B0 t* + 20 f70t) = (2af
o bt
0
L= —(62+2aB0+202B%+2aB0% + 0’267 + 2a2/329z)e:t
I = / (B0 + 26201 + a2B)edt

u=(af0+a’f?0t+o’B?) = du= (a*B?0)dt
oo

0
—0t oo
b= —(aB+ B0 + 2B~ + 0B / e Ot

e—@t

L=—(af6+ a’B*61+ azﬁz)T + o’BL

dv=e%— =

+2

dv=e "=y =

—0t

0

Iy = / e Vdt —
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From I, I5 , I, we have the following;

oo

-6t
L= [ ‘ [92+4O¢ﬁ9+6O¢2B2+2aﬁ92+aﬁ292t2+4a2ﬁ29t”

6 X
—06x
L=" . [92 4086 + 602B% +2aB60%x + 02 B26%> +4O¢2[329x]
I = b
02+ 206 + 20232
B 0> +2030 + 20> ;
T (024200 +202B2+ 20 0%+ a2 B20%x2 + 202 320x)e O !
07 +40PfO+6a’f+20060%x+ B0 + 40”20
(%) = 967+ 2080 1 20262 1 20 0% 1 a2 p20%E 1 202 20x)

further using relation Eq. 1.12, equilibrium distribution Eq.8.55
is obtained as;

2 2 222 9) 2 2R2n0n2.2 222
fe(x;oc,ﬁ,e)zr9 T20p6 F200p 2050 7x o PO + O‘Bex]eé

02+ 206 + 20232
0 [92 +20B0 + 2022 +20460%x + a*B20%x* + 2a2/329x] e

02 +40B6+ 6022

using the relation Eq.1.13, S,(x; @, B, 0) in Eq.8.56 is obtained
as;

[92 +4aB0 +60°B> +203%0%x + a’B20%x* + 40> 30

/x S(t;a,B,0)dr = 0(62+2aB6 +202p2)

2 2R2 202 2R2n2,2 2R2 —0x
[9 +4aB O+ 60 +2aB°0°x+ B 0°x"+40“BOx|e 0(6%+ 24

0(0%2+20B6 +20%p?) 0%+ 40
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[92+4a[39 +60a2B% +20B°0%x + a2 0°x* + 4o’ B3€
62 +400+ 6022

Se(x;a,B,0) =

lastly, using the relation Eq.1.14 hazard function based on the
equilibrium distribution Eq.8.57 is obtained as;

0 [92+2aﬁ9+2a2ﬁ2+2aﬁ92x+a2ﬁ292x2+2a2ﬁ2ex e~ 0x

he(x; (X,ﬁ, 9) _ 02 +40B0+602p32 _

[92+4a[39+6a2ﬁ2+2aﬁ292x+a2ﬁ292x2+4a2ﬁ26x e 0x

62+4afo+602p?

0 [92 +20030 +20%B% +2aB0%x + o*$20%x* + 20 3>

[92 +40B60 +602B%+20B20%x + 02 320%x% + 402 3¢

[]
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Conclusion

In the research project we have constructed finite gamma mix-
tures up to 3 components and their generalizations. We ex-
pressed the constructed distributions in terms of pdfs, Cdfs,
S(x) and h(x). Both statistical and mathematical properties
of the constructed distributions were studied. The properties
include reliability analysis, moments and excess loss distri-
bution properties. Generalization of the constructed distri-
butions enhanced model flexibility in modeling lifetime data.
The finite gamma mixed distributions were fitted to a life-
time data (breaking stress data of 66 carbon fibers in GPa).
The modes of estimation are MLE and MOME. On to the one
parameter fitted distributions, Suja provided a better fit than
Rama, Aradhana, Sujatha, Akash, Shanker, Lindley and ex-
ponential distribution. The density curve of Suja in figure 5
was highest than the rest. Hence it was best fitted distribu-
tion. Based on the fitted two parameter distributions, QSD
was a better fit than AG2PAD, QAD, AG2PSD, AG2PLD AND
G2PSD. Evidently, in figure 10 QSD demonstrated to have the
highest fitted density curve. Therefore, it was considered to
be the best fit among the two parameter distributions com-
pared. We fitted and compared goodness of fit measures of
AG3PLD, AG3PAD and AG3PSD. AG3PLD provided a better
fit that AG3PAD AND AG3PSD. Based on the density shapes
of the fitted three parameter distributions fitted in figure 19,
AG3PLD had the highest curve. Therefore, AG3PLD was a bet-
ter fit that other fitted three parameter distributions. We were
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9.1

able to note that model generalization improved goodness of
fit measures.

Future Research

In the context of finite gamma mixtures, we can recommend
future research work on length-Biased Weighted finite mixed
gamma distributions.
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