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Abstract

Generalised Hyberbolic Distributions (GHDs) are very significant in model-
ing to model returns from financial market variables such as exchange rate,
equity prices, and interest rate measured over short time intervals, i.e. daily
or weekly. These returns are chacterized by non-normality. The empirical
distribution of such returns is more peaked and has fatter tails than the nor-
mal distribution, which implies that changes in return occur with a higher
frequency than under normality. In addition it is often skewed towards the
left tail and has a kurtosis greater than 3. The GHD is a promising distrib-
ution for such returns. Its a heavy tailed distribution and thus has kurtosis
greater than 3 (leptokurtic). GHD embraces many special cases and lim-
iting distributions. Some examples are the hyperbolic, the Normal Inverse
Gaussian(NIG), the (skew) Student’s t, Variance Gamma and the Normal
itself.
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Chapter 1

General Introduction

1.1 Definition

Mixtures models (overdispersion model) provide a general framework for de-
riving model applicable in situation where standard/simple model fail.

Starting from a distribution family f (z | #) we may obtain a very rich
new family of distribution if we allow the parameter(s) 6 to be itself a ran-
dom variable with distribution function ¢ (6 | ¢) depending on a vector of
parameters .

The unconditional distribution of = will be given by:
Flaso)= [ 1100901 )d0 (11)
where 6 is continuous, or

flap)=) f@]0)g@]¢) (1.2)

0

where 6 is discrete. g (6 | ) is the mixing distribution. f (x;¢) is refered to

as mixed distribution.



1.1.1 Particular Case:

Mixed Normal distribution. There are two cases:

e Scale mixture of the Normal distribution which assume that the vari-
ance is not fixed for all the members of the population, have been widely

used to model heteroscedacity.

e Normal Variance-Mean mixtures assume that variance is not fixed but
it is also related to the mean. A rich family of distributions with useful

and attractive properties can arise using this scheme.

1.2 The Normal Variance-Mean Mixture Mechanics

The mean and variance of the conditional distribution are in a special (affine-
linear) relation.

Suppose 7 is a positive r.v, and p and 3 are constants,

f (x)= / Fxiz (@ |zt B2, 2) fz () do (1.3)
f@)= Y fxz@|zp+622) f2(2) (1.4)
fzz(?o#o

One of the features of constructing a distribution by mixing is that one
can essentially read off the properties of the distribution given the properties

of the mixing mixing distribution. Then, we have expected value

E(X)=p+PE(Z) (1.5)



Proof: Using the Fubini’s theorem:

o0

B(X) = /fo(:z;)dx

—00
oo o0

= [ [ ohw st o) degz ()

0 —o©

_ O/u+52 f2 () dz

:/ufz dz+ﬁ/zfz )dz = p+ BE(Z)

0

Similarly, variance
var (X) = E(Z) + Bvar (Z) (1.6)
third central moment
ps (X) = 3pvar (Z) + B3 (Z) (L.7)
The moment generating function

My (t) = e My (Bt + 7 /2) (1.8)



Proof:

[e o]

Mx(t) = [ pe @)

— 00
[e.e] o

= /e“"/fN (5 1+ B2, 2) fz (2) dzdx

—00 0
— / e fn (z;p+ Bz, 2) dofy (2) dz

0 —
oo

= /exp [(,u + B2)t+ gtﬂ fz(2)dz

0

— o oo+ 5) ) e

t2
= e'utMZ (ﬁt + 5)

similarly,and the Characteristic function

px (V) = €e"py, (5“ + iU2/2) 9)



1.3 Problem Statement

In dependence modelling of financial data using copulas, the choice of the
marginal distributions is imperative and quite significant. Incorrect choice
of marginal distribution can cloud out the effect of the choice of copula in
trying to capture the dependence structure of the relevant variables.

The Generalised Hyperbolic Distribution (GHD), which is a Normal variance-
Mean Mixture with the Generalised Inverse Gaussian Distribution (GIGD)
as the mixing distribution, nests a number of heavy tailed distribution as
special cases or limiting cases. We can use the mixing mechanism as a tool
to get an overview of the vast number of important subfamilies. That is,
every subfamily of a GIGD (Gamma, positive GIG, Inverse Gamma, Inverse
Gaussian, exponential, Dirac, Levy) correspond a subfamily of GHD.

The GHD and its subfamilies is quite flexible, but this comes at a price
of complexity. The problem therefore is to estimate the parameters of this
class of distribution as to make a choice among the subfamilies of the GHD.
The aim being to have an easily programmable algorithm for these complex

distribution.



1.4 Objectives

Main objective: Determine the Marginal distribution of Bivariate copulas in
depence modelling using an EM type Algorithm.

Specific objective:

e To construct the GHDs,

e To determine the subfamilies of the GHDs,
e To study the properties of GHDs

e Fit the marginal distribution identified to copulas.



1.5 Significance of Study

GHDs are largely used in Actuarial application to model returns from finan-
cial market variables such as exchange rate, equity prices, and interest rate
measured over short time intervals, i.e. daily or weekly. These returns are
chacterized by non-normality. The empirical distribution of such returns is
more peaked and has fatter tails than the normal distribution, which implies
that changes in return occur with a higher frequency than under normality.
In addition it is often skewed towards the left tail and has a kurtosis greater
than 3.

The GHD is a promising distribution for such returns. Its a heavy tailed
distribution and thus has kurtosis greater than 3 (leptokurtic). GHD em-
braces many special cases and limiting distributions. Some examples are
the hyperbolic, the Normal Inverse Gaussian(NIG), the (skew) Student’s t,

Variance Gamma and the Normal itself.



1.6 Literature Review

The Generalised Hyperbolic Distribution was introduced by Barndorff-Nielsen
(1977) in connection modelling grain size distributions of wind blown sands.
The original paper focused on the special case of the hyperbolic distribution.
The name of the distribution is derived from the fact that its log-density forms
a hyperbola, while the log density of a normal distribution forms a parabola.
Since then, GHD has been discussed by many authors, particularly in con-
nection with application in finance. Some examples are Barndorff-Nielsen
(1979), Barndorff-Nielsen and Blaesild(1981), Eberlein and Keller (1995),
Prause (1999), Bibby and Sorensen (2003), Mencia and Sentana (2004) and
McNeil et al. (2005). The NIG distribution was introduced by Barndorf-
Nielsen (1997). It is able to model symmetric and asymmetric distributions
with possibly long tails in both directions. Moreover, the NIG distribu-
tion possesses a number of attractive theoretical properties, among others
its analytical tractability. For these reasons, it has been used repeatedly for
applications in finance, both as the conditional distribution of a GARCH-
model (Andersson, 2001; Forsberg and Bollerslev, 2002; Jensen and Lunde,
2001; Venter and de Jongh, 2002) and as the unconditional return distribu-
tion (Bglviken and Benth, 2000; Eberlein and Keller, 1995; Lillestgl, 2000;
Prause, 1997; Rydberg, 1997). The tail behaviour of NIG is often classified
as semi-heavy. That is, the tails are much heavier than in the Gaussian dis-
tribution, but it may not be adequate to deal with cases of extremely heavy
tails, such as those of Pareto or non-Gaussian stable laws. The skewed Stu-
dent’s t-distribution is a less studied subclass of the GH distribution. It is
briefly mentioned by Prause (1999), Barndorff-Nielsen and Shepard (2001),
Jones and Faddy (2003), Mencia and Sentana (2004) and Demarta and Mc-
Neil (2004). Further attention of it has been studied by Kjersti Aas and
Ingrid Haff (2005).



1.7 NORMAL DISTRIBUTION

1.7.1 Construction:

Let
= / e_y?dy
Therefore
I’ = I]= /e_%dy/e_2 dz
= / / exp 1 (y2 + 22) dydz
2
Let
y =rcost
and
z =rsinf
Therefore,
vP+ 22 = r’cos’f 4+ r’sin?é

= r2cos’f +sin’d
= r2x1

—= ’]”2



transforming,

2T 00
1
I? = //exp{—ﬁrz} |.J| drdf
0 0
where,
oy 9y
gl = |EE
or 00
. cosf —rsin6
- sinfOr cos@
= rcos?f 4+ rsin®f
= r (cos2 6 + sin® 9)
= rxl
= r
Therefore,
2T 00
//TGXp{——T }drd@
0
Let
72 7,2
r=e¢ 2 = dr=-re 2 dr
Therefore,

10



i.e

Vor = / e T dy
oo 1 )
1 = e 2dy

therefore the integrand is a pdf

1 2
fly) = e 7, —00<y< oo

V2r

which is the standard normal distribution.

Using the transformation technique, let

11



Y:
o
therefore
f@)=f(z)|J|
where,
d (x—p
! = @( - )
_ 1
o
thus
1 21
r) = € 2 % —
L -3(=2)
= e 2V ) —oco<xr<oo;—00< pu<oo;0 >0

oV 2T

Which is the normal distribution with parameters u and o?.

1.7.2 Properties

kurtosis of Y =3

The moment generating function is:

12



1
My (t) = exp {,ut + 50275}

The characteristic function is:

1
vy (t) = exp {uit - 50215}

13



Chapter 2

The Generalised Inverse

Gaussian
Distributions (GIGDs) with

Different Parameterization

2.1 Introduction

In this chapter, different parameterisation of the GIGDs are considered.
Their construction are based on the modified Bessel Function of The Third
kind.

2.2 The Bessel Function of the third kind

2.2.1 Definition 1 and its properties

Integral Representation

1 & w 1
K, (w) = 5/ A lem 5 (1) gy (2.1)
0



Let

Therefore;

Kow) = 5 [ (

2.2.2 Properties

Property 1:

Proof: Let

therefore

15



Substitute these in (1

K)\ (w)

). Then
1 0 A—1

L)

/=
0

K,)\ (w)

1

z

w
2

(2+2) <_

1 (=+1) 44

2

1 —w

e 2

2.2.3 Derivatives

Derivative 1:

using (1)
0 1
5T (W) = =5 [ (W) + Kooy (w)] (2.4)
Proof:
From (1)
0 _ o1 [ 4 —2(t+1)
Ow vlw) = 8w2/0 te dt
O LV -g(erd)
_ 2/0 " {2(t+t>]e it
_ _1 - e —2(t+1) 1/00 v-2,—%(t+1)
— 2{2/0 t'e dt+20t e dt
= =5 [Kot1 (W) + Ky (W)]
Using (2)

16



N | =

€le

€l

_§Kv+1 (W) K, 4 (W) = ;KU(W) Ky (W)
K@) = UK, (@) + 5K (@)
Koo (@) = 22K, () + Kooy (@) (2.5)

2.3 Definition 2 and Its Properties

K (w) = (g)A % /1 TP 1) e (2.6)

17
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Property 2:

K1 (W) = \/> {1+Z nj;z_lm }

where n =0,1,2, ...

Proof: Using integral representation (2), and letting A\ =

n=20,1,2, ..., we have

on+z n!
nt+i 00
_ Vrw 2/ (2 —1)" e “dt
on2z nl Jy
Therefore
WT W o
K, (w) = ,/ o n' (£ —1)" et
_ %w_ﬂ/"o (t2_1)n efmdt
2 20 nl Jy ev
Therefore
wrw'e @ [ N bt
wrwhe ™ [ o
_ 72_”?/ (E=1)(t+ 1) e ¢ Dy
-1
Let
y=w(t—1)

18

(2.7)

—l—% for



therefore

d
t—1=Ytv1=24+Yandar="
w w w
Therefore,
Ko (@) = o) Few " /oo[y (2+y)}neydy
nta B 2 2l Jo lw w w

19



Therefore

T e YWt [ [2y "( y )n _
- = 29 14+ 2L v
Koy W) 2w n! 2”/0 <w) +2w W

e > n 3 " (y )l -y
= — —) e ¥d
V 2w !/0 ! <z) 2w Y
oo, nti
/ Y -e Ydy
0o (2w)

_ e ny_1 1/ DTy g
2w n! 4 i) (2w)' Jo

20



Therefore

K,

(w)

Proof:
Put n =1 in Property 2,

K3 (w)

T
2 2w

Corollary 2 of Property 2

T [
—e
2w

™ —w
—e
2w

Corollary 1 of Property 2:

NS
i=1
"L nl(n+1)!
1
+; n!(n —i)l!

(14 1)!(2w)™

1—1)!

[ 21(2w)7!
L =0 ]

_1—1— .
| 2w

(-2

21

il

1+i(n;;zz!§2w)

|

|




Proof:
Put n = 0 in Property 2. Then

1
2

; ) T
- (3)
- (3)
- (3)°
- ('3
- (53)'

Corollary 3 of Property 2

22

(2.9)



(2.10)
Proof:
Using integral representation (2) and letting A =n — 1 for n =0,1,2, ...
we have
n—3 (i o0 nol_1
Koyw = (5) 7 _ ) / (= 1)" 277 ety
? 2 P(n—3+3) /s
w\"z T [ n—1
= (= —— *—1 “hdt
(B i ) -
— ﬁ£ /Oo (t2 _ 1)n—1 e—wtdt
on=z (n—1)! J;
n—% 00
_ \/7_T1 w ew/ (t2 _ 1)n—1 o whtw gy
273 (n—1)! 1
n—1 00
_ \/%1 w2 e—w/ (t2 _ 1)n—1 o—w(t=1) gy
2n=3 (n —1)! 1
\/7_1' w”_% _ /oo 1 1 —y(f—
= Y w t—1)" 4+ D) et ar
ey e TN AL A A
Let
z=w(t—1)
therefore p
dz = wdt = dt = —
w
Also

t-1="andt+1=2+"
w w

23



Therefore

32 * z>"—1 . dz
pu— —_— e R
s (@) Qn,, e / )" 2+ &

= /OO - 2" 1 14 i)n_l e_zdz
2”—* n—l o wnl 2w w

Therefore

24



Therefore

Corollaries:

Thus when n = 1, we have

Ky (w)
— m —Ww
n 2w
When n =0
K — ) L
,% (UJ)— 56
When n = 2
T _ (2+1—-1)!
= 4 /—ev{1
Ky w) 2w { UETIC ]
™ 2' -1
= el (2
2% { * 197 () }
I
2w

25



Derivative 3:

Proof:
Using (2)

1 1 o 1
log K (w) = Alog g+logf (§> —logT’ <)\ + 5) +log/ (t2 _ 1)>\ ; ot It
1

9 A0 oo N
log K = 24 7 2 ) ety
B 8 » (@) o Ow Og/1 ( ) e

AR ) et
T G Py

A G 1) 2 ety
e A 1272 e—wtdt
w)? P% ° )‘_é —w
A (5) T /\(-l-)é) fl t(t2 1) e~ wtdt
W R (@)

The problem is to show that

<%)A % /100t (G 1)/\_% e dt = Ky (w)

Derivative 5:

_ A K (@)

(log Ky (2))" = — Tl (2.11)
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2.3.1 Asymptotic Expansions (AE)

AE 1:

AE 2:

AE 3:

AE 4:

K)\ (w)

Therefore

Proof:

hmOK)\ (w) =

limOK)\ (w) =

Using definition (2)

K)\ (Cd) =

VRS VRS /N VRS
| E RS RS RS
N—— — —— ——

>

>

>

>

N | —

DO | —

(%>_AF()\);)\>O

(g)AF(—)\);)\>O

limOKO (w) = —logw

&

= = =

~ 3

=

~—

~ 3

~ 3

s

—

>~

+ [poi= + b=

~—

—|— N[

4X2-1
I+>—+
(4,\2—1)(4>\2—9)(4/\2—25)

~— I~ I~

~—

—|— N[

(4x2-1)(ar2

2!(8w)?

N N N

~—r

N[ —=

3!(8w)*

——= e ¥ /100 (t2 — 1)/\7
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..

1
2 e—wt—i-w dt

(2.12)

(2.13)

(2.14)

(2.15)



Therefore

Y

y:w(t_l)zwf—l:—,t*Fl:?—i—ganddt:—
w w w

Therefore

oo = ) ey [ O )T
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Therefore

Baw) = ﬂr(mﬁ)/o 2

3 =\ i) (w)
~ Vmrary AT [ i)
= %r(i:g) ;{(AZ%) (23@1' /oooywh) - ydy}
= %F(ii%) §<A2%> (ziy‘r (“”5)

A-ly 1 TOMI43) o acly 1 T(A+2+3)
T 1+( 12)% 1“</\+%§ +( 22)(2w)2 F(A+§)
= —¢€ 1
2 Ay 1 T(A+3+1)
w +( 32)(2w)3 F()\‘F%) _'_
-1 L ALy =i 1) (A1) (A
[ 1+ G 21!)2(:+2) +( 2 22!)2§J)2 2)0+3)
=V a© +(Af%)(Af%fl)()\féf2)()\+2+%)(A+1+%)(A+%) N
31(2w)?
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Therefore

(1 0)0) | [Ome) O[O (143)) 0 (13)) )

112w 2!(2w) 2

4 0m3) ) [(A(103)) O ()] [(A (2+2))( +(ers))]

il 31(2w)?
ol = \/;ew +... >
+ (A=3)(A+3)[(A-(1+3)) (,\+(1J:(%2)))]7;__[(A_(n_hr%)) (ot ()]
) +.. |
1 B ]

=@V Py [e-eed)?]

T - 31(2w)?
= —eiw
2w +...

(1] [P -]

+ nl(2a)”
\ +... J
Therefore
Ky (w) = \/ge‘“ {1+g A2 — (%)2] [V - (2)2] [)\2 — (gﬂ [Az _ (2n2— 1)2] .

T 2[4 = 17] [4N% — 32] [4N® — 52] .. [4N% — (2n — 1)7]
- \/%e {1 + Z nl4n (2w)" }

» [AN? — 12] [4X% — 3%] [AN* — 52 . [4X® — (2n — 1)7]
B \/;e {1+Z n! (8w)" }

Therefore
. fm .
wh_r)nooK)\ (w) = %e (14 0]
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2.4  Generalized Inverse Gaussian (GIG) Distributions

2.4.1 Different Parameterizations

From definition (1), that is,

1 ° w 1
Kot =L [ sy
0

we shall consider various forms of w in terms of other parameters. The
appropiate transformations of y will be used to obtain GIG distributions.
We shall study the following cases:
Case I:

12

I=

w= (2.16)

™3

(Rolski et al; 1999; Willmot, 1993)

Case II:
w= /6y = xp (2.17)

(Sichel, 1975; Jorgensen, 1982; Barndoff - Nielsen, 1977; Gupta and Ong,

12

2005)
Case 11I:
w =0y (2.18)
(Barndoff - Nielsen, 1978)
Case IV:
w = 2602 (2.19)

(Allen 1992; Hougaard 1997)

We notice that, for whatever form of w, the integral part of the Bessel
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function of the third kind will be

e a

—— —bx)d
/o x’7 " exp ( . x) x

— > 6—1 —byr — g d
/o ' exp ( x x) x
o 1

= / 2’ Texp {—b (:v + a. —)} dx

0 b =z

Let
x:\/%z:dx:\/%dz
Thus
* 0—1 —b _g d
/0 x exp( X :v) x
() R N as Nee
A b P 0" v Va b
0 oo -
= (\/E)/ 2 lexp | —b g(z—irzl)} dz
b 0 i b
0 oo r
— (\/E)/ 2’ Lexp —2\/% (z—l—zl)] dz
b 0 2
Therefore
o9 a 0 [
0—1 . a _ a
/0 T exp( bx x)dx z( b) Ky (2\/%)
(%)
_ a2 *
= 2(%)" Ko (2v/ad) (*)

for a,b > 0 as given by Rolski et al. (1999 p.371).
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This relation will be useful in determining Laplace Transform of a GIGD
with different parameterizations. It will also be useful in the construction of
Sichel Distributions with their Laplace Transforms.

2.4.2 Parameterization 1

Construction

Let us use notations given by Rolski et al (1999)

Ky (w) = 1/000 2% exp {—% (z —|—x_1)}d$

2
Put
w="1
3
Then | oo
n 6—1 n -1
Kg(—>_—/ x eXp{—— T+ }dm
3 2 Jo 2¢ ( )
Let
r=n""12=dr=ntdz
Therefore

K, (g) - 1 /Om (n_lz)g1exp{—2n—§<n_12+(77_12)1>}n_1dz

Therefore
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Therefore a Generalized Inverse Gaussian pdf is given by

—6,.0—1 2 2
f(z) = lexp{—w} ,x>0;n,6>0,0 R
2Ky (1) 2z

The rth Moment

[es) n—ewe—l { ($2+,’,’2>}
E(X") = P expd Ty
) /o Ta (1)U e ST

—0 00 2 2
_ n / lﬂ—i—r—l exp {_ (.’L' + n ) } dx
2Ky <g) 0 286z

1) e (par
B = 2Ky (§> / pO+7) exp {_
2K, (g) n= 2Ky, (ﬂ> 28w

3
—0 n
277 K9+r (f)
-1

Therefore
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(2.20)

bo

(2.21)



Laplace Transform

o —6,.0—1 (z2+n)
L(s) = / el T e dy
0

n
2K9<£
Put ?72 .
- h= —
a 25amd 2§+s

and apply relation (). Therefore

AT Y (S N Y T A
b= 216, (2) ’ 2 (% 3)) K9(2 2% (25+ ))

According to Willmot’s notations,

N

Ko {87 (1 4285)

Ko () (2.22)

L(s)=(1+2ps)
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Special Cases

Inverse Gaussian Distribution Put

By property 1,

3 () -n(

And by Corollary 2 of Property 2,

Therefore

NI

NI

I
3
VR
—_
Nl
@
>
o)
—N— —N
|
)
o
+
N |3
S| T
M
[\
3
=



Therefore

(1) [5et Hi(rﬂ—l)!(?)_i

91

o~
-

|
—

Therefore »
r—1 . 2_77
r r (T +1— ]')' ( § )
BT =n 1+Z(r—z—1)! i
=1
Therefore
E(X)=n
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Therefore

o - ey )

1
? o—uBTV1+2Bs

l<+s>
_ (Vo) )
(mg“) S

— (1 +20s) eMB™ =B~ VI+2PBs
2/15 WVIF 255

= exp{uﬁ [ 1—1—263]

= exp{—% 1—}—258 7 }
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Reciprocal Inverse Gaussian Distribution put;

Then the GIGD becomes

1
=3

N

el ()
exp ,x >0
1 e {52
2 (n2)? = et
1 \: 2?2 +n? p
(2w§x> exp{_ 28z *E}
1\ 2 +n? p
(%&x) exp{_ 28z *E}
( 1 ) _@—n)’
2néx P 2fx
1\ 3 2
€ (n—x)
() =0 {2
1 ( 2 )
AR A )
2w PN 2fx
¢ 23
£\ P (1-5)
(5e) @i 5

39



according to Willmot’s notation,
Elt=0andn=p

therefore,

r T —uB1 " r+i)!(2w)"?
Ho\) 2057 T€ o {1 +2 ( —’ET)—(’L')!Z'!) }

Therefore

and
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3!
_ 2
- “{H 111!
6 24 1
— 21— 42
“{ 2w 2 dw?
3 3
W w
Therefore;
2 3
var (X) = p*<1+4+—+
W
3
W w
3 3
= u2{1+—+—2—1————
W w
1 2
it
Wwoow
_ el 2
pp! (uﬁ_l)z
B M2{ 1 N 2 }
pb~t g
o]

The laplace transform is:
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ua /1 +285) )
Ky {ns™'}

)2 o=\ /(17255)

L(s) = ( (1+25s))é K%{

™
*% <2,u5_1\ / (1+20s)

— (V(1+255))

1
<2ug*1> Ea

gt - 2 —uB N/ ( 5)
_ ( (1+253)) 2( w23~ ) e V425

2up7" /(1 +2Bs)m

_ 1w /areEs
(14 28s)

T = 0)).

1+ 283s
1 25\ 2
1+22) —1
(*0) ”
5\ &

) o

—_

+
S| el
~_

e

@

>

o
——

=

S
1

—_

|
VRS

—_

+
| &
~__
™
——

2.4.3 Parameterization 2
construction of GIGD
Let w = 1/dy in (1). Then , we have

o0

KA(\/W) Z%/zﬁlefx:p{_\éW <y+1>}dy

0

42
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Ify= \/§z, then dy = \/gdz

therefore,

K (V) - ;7(@)10{@ (V7o) e

() Joren] Ly e

normalizing, we get

2l A i 1
1 = %0/,? 1exp{ 5(72—1—521)}@
[ WD {1 }
—— s —— 0 d
o/%wmz AR
Therefore;
WA L( 0
1= gy el (e )} oo
is a GIG pdf.

Since ( %)/\ > (0, we have the following parameter space:
0>0,v>0,ify>0
0>0,v>0,ify=0
0>0, v>0,ify<0

Introducing the parameters

4]
w:\/éfyandn:;
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then

1
Ezyandum:d = 12—2
o 1

then (1) becomes

0 - g eof4 2]

-

n Al w |l n
_ B |z - 0 2.27
AN e"p{ 2[w“x”’” (2.27)

for a fixed A\, w is a concentration parameter and 7 is a concentration
parameter and 7 is a scale parameter.

Remark: The distribution of the inverse of a GIG variable is again GIG
but with a different —\.

Proof:

Let Y=+, where X GIG(), 4, 7).

ThenX:§:>d—y 2:>|J| iz

g = [=)]J]

Y
T () ({1 o0)
%yA exp{—%(’w +5?J)}

O L
TNk eXp{— (v +5y)}

DN | —

ie

1.
Y = £ GIG(=X6,7).
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Modality
df

Y 5 impli
I implies

ie,

dz
therefore
y o
1 LA
(A )—l—x{ 2+2x2] 0
D-1)—alsl —
2 T
2N =Dz —v2*+§ = 0
y2? —=2A—=1)z -6 = 0
Case(i) :
=0= —-2A—-1z—-0=0 = z= 0
7= s TN

Case (ii):

20— 1) £ /40— 1) + 49

>0 = =
Y x 2y

A=1) x4/ A=1)2+~0
Y

xr=

since z > 0,
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Thus the mode is

The r-th moment

Using (1),

E(X") =

46



E(X" r N A—1 w
—
( ) - /g; QK/\ ( )ZL‘ exXp ——2 |:17

2K () 7’ ()

2K)\ (w) n_(T“')‘)
0
Kipy (w)
= n————-, reR
TR )

Laplace transform

Lo = [t

w7
_2KAZW)O/"”
@ T
_2KA(\/W)O/:”
O ® T
_2KA(¢W)O/‘T

Puta:gandb:%(7+2s):_

Using the relation () ,

47

N

D=

(7$+ % +25$) dx

(y+28)x—

1

QZdI‘



(1)% ) : d (v+2s
ATy Hz(%ﬁ)) JCHe >)]
_ @ e -
v\ K «/5(7—1—25))
(2.28)
<7+25> Ky (V7))

% .Y
_ —sz_ 1 A1 _(’_d 1 E
L, (s) = /x 2K,\(w)x eXp{ 5 L?:L’—i-x}}dx
0
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(2.29)

Special cases

2.4.4 Parametarization 3
contruction of GIGD

Put w = ~d; therefore,

Ky (76) =

Let y = 2 = dy = $dz

Therefore;
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Ky(v6) = %7)

Therefore;

f(x)= %m/\_lexp {—% (723:+ 5;) } , x>0

is a GIG pdf of the third version.

Since (%)/\ > 0, the parameter space is given by

e >0, v>0ifA>0
e >0, 7v>0ifA=0

©§5>0, y>0ifA<0

modality
d,
—f = 0 implies that
dx

(2.30)



i.e,

YVt 4+ —2(A—1)x = 0
Yt —2(A—1)x+6 = 0

case (i): when 7? > 0, then

20— 1) £ /4 (A — 1) - 4267
272

xr =

since x > 0, then

2(A— 1)+ /4 (A — 1)° — 4928°
272

Tr =

case (ii): when 72 = 0, then

—2A=1Dz+06* = 0
52
2(A—1)

€T =
Thus the generalized inverse Gaussian distribution are unimodal with

o1



mode point given by:

e~
{Q(A S v2>0}

200—1)

The r*" moment

A

E(X") = Zmr%x’\lexp{% (723:+i—2)}dx

o0

(%)A QK)\—I—T (75)
2K, (75> (%))\—t—r /

0 ZK)\—H‘ ('7(5
A
(2)" 2K (49)

2K, (")/(5) (%))\-ﬁ—r

— (%)A 2KA+r (75)
2K, ")/(5) (%))\-'r'f‘
— (é)r K)\Jr'r (’Y(S)
Y K (76)
Therefore:
- 0 Ky (75)
b= () Ty
and
5y _ () Exz(29)
B = (7) K, (70)
Therefore:

war) = (2 [Bzl)_ a0

52

(%)A—H‘ A4r—1 1
oo {‘5 (

52
Vo + —
x

J}e



Laplace transform

Put:

Then apply the relation (x),

Therefore:
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(2.31)

Special cases

2.4.5 Parameterization 4
Construction of GIGD

Let w = 259% then:

K, (250%) _

NI

1
Lety:(’%zédy:%dz

Therefore;

o4



>
—
[\
>,
D
(SIS
~—
I
N | —
o
\8
SIS

N | —

Therefore:

f @) = —(%A e (%)

9K, (259%) ol

Nl

A
Since (%) > (, the parameter space is given by:

> 0,0>0,if A\>0
0 > 0,6>0,if A\=0
> 0,0>0,if A<O

95

(2.32)



Modality

N

62
()\—1)—9.%—'—;

A —1)x — 0% +6°
02> — (A — 1)z +0°

(A—1)+ \/()\ —1)% + 405*
20

xrT =

Since x > 0,

A= 1)+ /(A - 1) + 465°
20

The 7" moment
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_ <%)/\ 7xz+)\1 —(9x+y2)dx
26, (200 )

() e (o) j (D) e,
26K, (200%) (o ) 2K (200)

0:) K, (259%>

The Laplace transform

L, (s)

2
— - /xAle = *%dx
2K, (2592) J
1\ A
B 7o
_ 5 : /.r)\—le—(s—l-@) R
2K, (2595) J

Put a = 6% and b = (s + 0)

Therefore,



Nj=

0

L.(s) = <?);1>2<5f9);m (2\/52(s+9)>

2K, 2002

@;)Adx K\ (2,/52 (s+9))

(s+0)° K, (259%)

- (- )K(Qm)

s+0 K, (259%)

(2.33)

2.5 Special Cases: The Sybfamilies of The
GIGD Family

Let;

K\ (x, ) = 7@*—1 exp {—% (xz~'+ w)] dz (2.34)

This Integral converges for arbitrary A € R and y, ¢ > 0. In this case we
have, using notation 7 = 1/ x/v and w = \/x% and the substitution = = ny,

— x =wn, Y =w/n and dr = ndy
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K (i, 0) = 2 (%) : K, (M) (2.35)

The integral in (2.34) also converges in two ‘boundary cases’.

Case 1 If x =0 and v > 0,it conveges (iff) A > 0.

59



The integral becomes

Ky (0,1) = (-)Ar () (2.36)

Case 2 If x > 0 and v = 0, it converges iff A < 0.

The integral becomes

4 1.1
/x)‘ le=2xo "y

0
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¢
- e
K (0 = (3) 1 () (2.37)

Therefore, using (2.34),

>

(1) 5 (Vi) = [ e [ Gt ) o

Implying that

fGIG (x? )\,ij) =

2(%)" K (VD)
e\ e e [ et )]
()
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7~ N~ N -~/ N -/ N

= SIx XIe x[e x|

/™ /. — ™

Tl xS

N— " N— 7 N N——— N——
[N | N[> N[> N>

1 r A—1 [ 1 .Z'_l T ] r
QKA(\/W)O/QU:E eXp_—Q(X +@b)_d
1 [ A [ ]
3 (VAT O/x exp | =3 (xz —|—¢a:)_ dx
1 X
e () e (V)
3 1 X 3t
2 (VAD) (3) " o (Vi)
KA-H“ (\/W)
Ky (Vxv)
_(x %K/\Jrl (Vx¥)
e = () K (2:39)
() - 1]
Ky (\/w) _ <z>§ K3 (\/ﬁ)
V) K3 (V)

[NIIN
) 1T 1

The moment generating function of X can also be determined:
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Mara (t A, x, ) = /em(

o
X

Y) (ﬁ) 2 () ®
= (w i/}zt>; - &AT\(/%)%» (2.41)

2.5.1 Gamma Distribution.

Using boundary case(I)

Implying that

A
fGIG (3:7>‘707'¢)) = T\

A
_ ) e BT (2.42)
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Which is a gamma distribution with parameters (A, /2)

(X Ean (VD)
pix= (1) 52 (oo o (2.43)

Recall;

= 2o 2 (2.44)

64



(2.45)

[a\]
Y

2\) ™ \nM_w,

= N —
S|=
( N _
_ SN—— ~<
_ [a\}
—_ ~
< + — =
S—
= =
. < ~< ~<

ajs N [a\] [a\]

\ \I/\)\I/
NS N[ N[
N N
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and

MGIG (t7 )‘a 07 ¢) =

- 2t> - (2.46)

A
MGICg(f};)\,O,'Lp):(l—%) —OO<t<”lb/2

2.5.2 The Inverse Gamma Distribution

Using boundary case(II):

X A o A—1 —lxx’l
<2>F()\)—/w e 2 dx
0
1 7 P
g by T
) (3)T(=N



Implying that

fara (3 A, x,0) =

E(X") = /af:rr()—)\)eémlx’\ldx
0
(=

% (%) (2.48)

The mean (and variance) exist if A < —1 (and A\ < —2); these are

var(X) = - (3) A+1)2(A+2)

The momement generating function is;

2K (vV—=2x1)

Mgic (A, x,0) = () (—xt/2)

—00<t<0 (2.49)

2.5.3 The exponential distribution Exp

(if A=1, x=0, ¢ >0)
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Fore (31,0, %exp (—%x) — Fuy (8/2). (2.50)

which is an exponential distribution with parameter /2. It is a special
case of the gamma distribution mentioned above.
2.5.4 The positive hyperbolic distribution pHyp

(if A=1, x>0, ¥>0)

pryp(x;Xaw> = fGIG(x;LX;w)

— 277K11 1(“) exp {—% (xz™! +¢x)}
' o
E[X] = (%) % (2.52)
Moo 100 = (25 ) = &jj%f” (2.5

2.5.5 The Levy distribution

The Levy distribution (if A= —%, x> 0,1 = O)
The Levy distribution is a very interesting subfamily of the inverse gamma,

distribution,
Levy (v/2) = IGam (~1/2,/2) = GIG (~1/2,x,0)
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rew (rix/2) = () P esp (< 1) (255)

The moment generating function of this distribution can be calculated as
follows for t < O0:

2K1 /2 (v=2x1)
I (1/2) (=xt/2)""*
2\/7 /2y =2t VeV
v (=xt/2) "
= exp (—y/XV-21) (2.56)

MLevy (tv X/2) =

Note that for independent r.v.s X and Y,
My (t) = Mx (t) My (t) (2.57)
Then it follows that, if X; ~ Levy (x;/2), the m.g.f of
S=X1+Xo+...+ X, (2.58)

is given by

n

Ms (t) = Hexp [V -2t

=1

= exp Zn: \/X_z\/__%]

[
= exp [_\/}\/—_275} (2.59)

1/2 1/2

2
for all ¢t € (—o0,1/2), where x = <X1 +x' T+ X}/g) . Because
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the m.g.f of a nonnegative r.v. uniguely determines its distribution,

S ~ Levy (x/2) . (2.60)

2.5.6 The inverse Gaussian distribution IG

The inverse Gaussian distribution IG(if A= —%, x> 0,9 > 0) I A = %,
then the GIG Distribution in the normal case reduces to the inverse Gaussian

distribution:

IG (x,v) == GIG(=1/2,x,v¢), x,¥ >0

fIG (»T,Xﬂﬁ) = fGIG (.I', —1/2>X>¢)

B 1 Yy _1 _
T Bnod)” 326"1{ 5 (e 1“”)] (241)

since;

Kip(x,0) = 20 V2K 1) (w)
= 27]71/2[(1/2 (CL))

e [T
= 277 1/2 %e
2
= —e v 2.62
vV (2.62)
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Therefore;

fra (x,x,v) = %emx_g’ﬂ exp [—% (Xx_l + 1/1m)}
~ () e [ViT - (et )]
= (%)3/2 exp {—% (Xx_l - 2\/@ + 1/):16)] (2.63)

using the relation

- 2\/@—1—@&:17 = zM—ZM#—XJ:_l

_ ¢x2—277x+772
T
_ ¢(w—77)2
T
_ x(@z—n)
— ey
then
X —-3/2 1 .
fra (z,x,¢) = (%> exXp {—5 (Xx —2\/@4-1/156)}

= (ﬁ) o exp {—X(gn—;xny} (2.64)

The m.g.f of the IG distrinution can be expressed in the following simple

form:
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Mia (t;x, ) = Mgra (t;,—1/2,x,v)
-+ Ky (VA0 —20)

Y
- (¢—2t) K2 (Vx¥)
-1 1/2 ~1/2
_ ( v ) T ) e < m ) T
o — 2t 2/ (1 — 2t) 2v/x
_1 1/2
— ( v ) B L S AT <@)U2 oVXP
Y —2t 2/ x (¢ — 2t) @
_1 1/2
_ ( v ) ’ ( /L) VX2 /X
Y —2t (v — 2t)
= ( ¥ )i 4 )ie—\/x(zb—?t)h/w
W — 21 Y
— e VXx@W—2)+Vx¥
= exp [\/% (ﬂ — M)] (2.65)

Mig (b %) = exp | VX (VO = VB —2t) |, —oo<t<u/2.
Note that for independent r.v.s X and Y,
Mx iy (t) = Mx (t) My (t)
Then it follows that, if X; ~ IG (y;, ), the m.g.f of

S=X1+Xo+...+ X,
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is given by
M (t) — ﬁexp V& (Vi - Vo))
e _im(ﬂ— m)]

- on | (3ovw) (Vo Vo)
— exp \/z (\/Z— \/M)] (2.66)

2
for all t € (—o00,1/2), where x = (Xiﬂ + X§/2 +...+ X711/2) . Because

the m.g.f of a nonnegative r.v. uniguely determines its distribution,

S ~IG (v, 0). (2.67)

2.5.7 The degenerate or Dirac distribution as a limit-
ing case

Suppose that X is a constant r.v having some constant value x € R. Then X
has a distribution called the degenerate or Dirac distribution with value =z,
and is denoted by A,. Let A € [0, 00). Then, with w = \/x¥ and n = /x/¥,

GIG (\ x,v) — A, for n — z and w — oo where x,¢ > 0.  (2.68)

2.5.8 GIG Plots
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Figure 2.1: Generalized Inverse Gaussian Plot
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Chapter 3

The Generalised Hyperbolic

Distribution

3.1 Introduction

The generalised hyperbolic distribution is a normal variance-mean mixture

where the mixing distribution is generalised inverse Gaussian. Thus if;
X|W =w~ N (u+ fw,w) (3.1)

And
W ~GIG ()N ,7) (3.2)

then the marginal distribution of X will be generalised hyperbolic distribution,ze
X ~GH (A a, 3,0, 1) (3.3)

where
o’ =2 +4° (3.4)
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3.1.1 Special Cases

e Normal-Inverse Gaussian distibution when the mixing is an inverse

Gaussian distribution.

e The variance-gamma mixture where the mixing distribution is a gamma

distribution.

e The asymmetric scaled t-distribution is a normal variance-mean mix-
ture with an inverse gamma mixing distribution. As a special case
here, we get the well known result that the t-distribution is a normal

variance mixture (§ = 0)with an inverse gamma mixing distribution.

The mixing result implies that there is the following simple relationship

between the Laplace transform, £, of the generalised hyperbolic distribution
H (), 8,6, 1) and that of the GIG ()\, 5.\ a2 — 52) _disribution, L.,

Lo(2) = ¢ L, (52 + %z) (3.5)

Barndorff-Nielsen & Halgreen(1977) Showed that the mixing distribution
are Infinitely Divisible.

Using that the GHDs are normal variance-mean mixtures with GIG mix-
ing distributions, they also proved that GHDs are also infinitely divisible.

Halgreen (1979) showed GHDs and GIGDs are even self-decomposable.
The properties of infinite divisibility and self-decomposability are important
because they allow the construction of certain hyperbolic stochastic process

models.

3.1.2 Mixing with parameterization 1

flz]z) = = exp{—l [<x_<ﬂ+ﬁz>> ]}, reR

V212 2 z
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[ (x)

o0

n (A—1/2)—1
V22K, (1/€) &

0

— (1 — 1u)? 2 2
xexp{%%—ﬁ(m—u)—%—;—g—g—g%}dz

nAePle=n) /Z(,\—1/2)—1
V22K (n/§)

0

N2 2 2
xexp{— [%—l—;}—g] %—(%—l—%)z}dz

neflE=r) / (A—1/2)—1
z
) 0

V2m2K), (n/€

xexp{_ lf(w—u)2+772

2€

nf/\eﬁ(:c*u)

- (%) o
VoK n]6)

A—1/2
. \/é(:c—u)2+n2 . \/(a(a:—u>2+n2)(52+}g
52 +1 A—1/2 ¢ (=
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3.1.3 Mixing with parameterization 2

f(z]z) = = exp{—1 [(x_(/hLﬁZ)) ]}, reR

z

@ = f zlmexp{—g [(“”“‘(“jﬁz””

2 z
A A—1/2
@i (i
V2m2K, (V79) (6% +7)

<K 1)a W (#+7) (64 (x m)

3.1.4 Mixing with parameterization 3

() — exp{—1[<x‘<“+5z>>]},xeR

2z 2 z

@ [ e
f(z) QKA(fy(S)Z exp 2((5z —l—’yz) ,z2>0
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Therefore

flx) =

(w — (u+ﬂZ))2” @) .
2

z

1 1
expi ——=
V212 p{ 2
0
1
X exp {—5 (522_1 + 722) } dz

L(A=1/2)—

\/27T2K,\ ’}/(5 0/

2 2 2
xexp{#—l—ﬂ(m—u)—&—ﬁ—é—l}dz

o0

A Bla
(%) ePemw) /Z(A—1/z)—1
)

V22K (0 /
2 N2 2, .2
Xexp{j +@-p*1 (8 +7)Z}dz
z

2

ORI Oy CErE,
V272K, (79) (5% +1?)
<z (V7)) @+ - )

3.1.5 Mixing with parameterization 4

f(z]z) = ! eXp{_% [($_<M+Bz>> ]} reR

:

2mz z

91/2 A
0

y=— 2 P lexp {— (522_1 + 02)} ,2>0

2K, (2591/2>

79
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Therefore

flx) =

Let

[ {_1 [(sc—wﬁz)f
2

(%)

J \V2mz P z
X ;z’\*l exp {— ((52271 + 92) } dz

2
M+ﬁ(z—u)—£—9z—52§}dz

[e o]

-1 -
(Var) et /Z(/\—l/2)—1
2K (2591/2>

0

_2624—(95—/;)21 B
z

(62 + 29) z} iy
2

—A—1/2

(91/2>/\ (\/%)71 5 \/252+($—u)2

2K, (2591/2) 8%+ 20

X Ky_1/2 (\/(ﬁ2 +26) (26% + (z - M)2)>

3.2 Generalization of the Mixing

In this section, we adopt a parameterization of the GIGD (Barndor f f, 1977),
with which the general parameterization in the previous section can be ob-
tained. Further we develop the specific parameterization of the resulting
GHD. These specific parameterization will be discussed in details. We refer

the approach as Barndorff-Nielsen Approach. See Barndorff-Nielsen, 1977.
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and
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Therefore;

[ ()

_7 1 exp{_z [(U—(M+Bz))2]}* ()"
) V2mz 2 z 2K, (vVXx?)

X exp {—1 (x (2) 7" +2) } dz
<%>7 ! A-3)-1
JIoK, (\/ﬁ) O/(z)( )

XeXp{_[(v_u) _26;Z_M)Z+ﬁ )] _%(X(z)_lnwﬂz)}dz

o> DN

(@5 ) 7(@@%)1

V22K, (Vx¥ /

2 2
e 1

A
(ﬁ) 2 eﬁ(v_ru')
X

2V21 K (VX¥) )

2
Xexp{_(wzm)z_@—@ +x%}dz

(e (i)™

\ 8
—~
N
~—
—~
>
|
~—
L

var [ (wmﬂM
By (Vo= B 7))
g K (Vi)




f(z) = A1
A o) R
Koy (VI o+ 7))
8 Ky (Vx¥)

as obtained by Barndoff-Nielsen (1977).

3.2.1 Specific Parameterization

15" Parameterization: («, 3) parameterization

° Let5:ﬂanda:\/¢+52

e — ¥ =yanda? - =9
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Therefore;

a?—p32 B
o) = %eﬁ(“) { (z — p)? +52]A ’
XK,\% <\/[(&: — ) +96 ] a2>
K < §5° (a2 52))
B ;;l 2 ;wf;)—Q ) { 8+ (z — M)Q] Aj
Koy (a4 o= )
X K, (5 (a2 _ 62>)
02 — §2)2 A1
(EA 27ri)‘)_é { 52+(1‘—u)2}
Koy (a0 (o= )
" e (3.10)
K, (5 (&2 _ 52))
Let; A
a (A, « = (o> —p%)®
(A @, 3,0) I, (5 (0 /32)) (3.11)
Then,
fan (z) = a (A . 5,0) [52 +(z - N)2] 2(+-3) KA—% (&m> oBa—1)
(3.12)

This density depend on five parameters:

e a > ( as a shape parameter

e § with 0 < |5| < a determine the skewness
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e /i € R the location parameter
e ) > 0 as a scaling factor

e )\ € R characterizes certain sub-classes and is related to the amount of

mass in the tails.
The domain of variations of the parameters are ;1 € R and:

e >0, <aifA<0
¢ >0,/ <aifA=0

e 0>0,|fl<aifA>0

274 Parameterization: (¢, p) parameterization

Define
C:5,/a2_62 andp:/B/o{ (3.13)

374 Parameterization: (£,x) parameterization

4t Parameterization: (d, B) parameterization
Define
a=adand =9 (3.14)

Note: for symmetric distributions 8 = 5 = p = x = 0 holds.
Henceforth from here we shall use («, 5) parameterization unless other-
wise stated.

The m.g.f for Z is as follows:

3.2.2 Effects of the Parameters

In this subsection, the effect of the five parameters of the GHD is considered.
This is done by varing the parameter of interest while holding the others

constant.
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The effect of mu

Ia
T
[
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return

Figure 3.1: pdf curve of three GHDs with A =1.5, a =2, =0, 6 =1 and
=0 (red), u =2 (blue) and u = 4 (green).

Effect of the location parameter u

The location parameter p is responsible for the horizontal movement of the

distribution. An increase in p moves the pdf curves of the distribution

rightward horizontally. Figure 3.1 below illustrate this effect.

Effect of the scale parameter 0

An increase in the value delta flattens the distribution. At the same time,
a raise in delta with o remaining constant decreases the kurtosis of the GH
distributions. This illustrates that the effect of parameters in GHDs is mul-

tifold: one parameter can have an impact on different moments. Figure 3.2

below illustrate this effect.
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The Effect of delta

P — (2,3,1,0,0)
- — (23200)
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Figure 3.2: pdf curves of three GHDs with A\=2, a =3, =0, =0 and
d =1 (red), § = 2 (blue) and § = 3 (green)
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The Effect of beta

— (1.5,2,1,0,0)
7\ — (152.1-1.0)
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return

Figure 3.3: pdf curves of three GHs with A =15, a =2, § =1, u =0 and
B =0 (red), 3 = —1 (blue) and 3 = 1.2

The effect of the parameter

The parameter 3 captures the skewness of the distribution. The pdf curve
skews left when § < 0 and skews right when 5 > 0. The pdf is symmetric
when § = 0. With larger values of absolute values of 3, the skewness is more
obvious. Besides the main effect, § also moves the pdf curve horizontally,
which means it changes the mean. Figure 3.4 illustrates The pdf curve moves
rightward when [ takes a positive value and moves leftward when [ takes a

negative value. Figure 3.3 below demonstrates the effect of (.

The effect of the parameter «

A decrease in alpha result in an increase in kurtosis, which peaks the pdf
curve. At the same time, other parameters remaining constant, a decrease

in « also forces the variance to increase, which in contrast flattens the curve,
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The Effect of alpha

N - (1.5,1,1,0,0)
2 ."I ".‘ — (1.5,1.3,1,0,0)
=] \ (1.5,0.7,1,0,0)

0.20
|

density
0.15
1
-

0.10

0.05
|

return

Figure 3.4: pdf curves of three GHDs with A =15, 6 =1, =0, u =0
and o = 1 (red), o = 1.3 (blue) and o = 0.7 (green)

and vice versa. Figure 3.4 below demonstrates the effect of a.

The combined effect of «d

An increase in ad reflects a decrease in the kurtosis. Figure 3.5 below demon-
strates the effect of increasing gradually the value of o from 1 to 2.25, while
decreasing gradually the value of § from 1.2 to 0.8. This has the effect of
increasing the product of ad from 1.2 to 1.5, and further to 1.8. From the
figure, the red pdf curve which has the largest ad value, has the fastest de-
caying speed in tail areas, implying it has the smallest kurtosis while the

green curve has the slowest decaying speed.
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The Effect of alpha*delta

w | — (15,1,120,0)
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Figure 3.5: pdf curves of three GHDs with A = 1.5, § =0, u = 0, and
a=1&0=12(red),a =1.5& ¢ =1 (blue) and o = 2.25 & § = 0.8 (green)
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The Effect of delta on the mean

© s — (1.5,1,1,0.1,0)
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Figure 3.6: pdf curves of three GHDs with A =15, a=1, §=0.1, u =0
and 0 =1 (red), 0 =5 (blue), 6 = 15 (green).

The effect of ) on the mean

The mean of GHDs increases in § under the given parameterisation. In the
figure below the curves move rightward with the increase of §.

The effect of A\ on the mean

Similarly, its easy to discern that the mean of the GHDs increases in A under
given parameter settings. The curves move rightward with increase of \ as

seen in the figure below.
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The Effect of lambda on the mean

2 ~ —_— (1,1,1,0.1,0)
S [\ — (6,1,10.1,0)
' (10,1,1,0.1,0)
w I.‘.
8 \
o \
[=] l",
S \
o |
Z \
g » \
s S | \
=l e ‘.
z \
-
= b} \
s N
= ’ ™~
-
g |
b
T T T T T T T
-6 -4 -2 0 2 4 6

return

Figure 3.7: pdf curves of three GHDs with a =1, § =0.1, 6 =1, u =0
and A =1 (red), A = 6 (blue) and A = 10 (green).
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3.2.3 Properties

The Moment Generating Function

M(z) = E[e*]

= a(\aq,pB,0)

o
\8
m\»—-
—
>|/
o=
SN—

= *a(\a,B,6 / %()‘*%)
0

><e(5+z)(x_“)K/\_% (oz\/ &+ (z — ,u)Q) dx

)\7 ) 75 r
= euza(a)\fa,oéf—z,)(ﬂ/a(/\’a’ﬁ+z’5) [52+($—#)2}
0

xew“)(m’“)K/\f% <a\/52 + (z — u)Q) dx

e a (X o, B,9)
¢ a()\,a,ﬁ+z,5)*1

_ a (Ao, B,9)

a/(A7a7/8+z75)

EEE (o? = 5°)
V2o 3 Ky, (5\/ ?(%2 — 62))
2o 2 K, (5\/((12 —(B+ 2)2)>
(a2 — (B +2)%)
(=)

A
2

X

1
2

-

1
2

)



for (B+2)°<a?= |f+z2<a.

set w = dy/a? — % = \/x then

M) = {%}

K (5\/(a2 - (5+z>2))

K, (5 (a2 — 52))

o {a2 _(é)+z>2}2
K, (5m>

K)\ ((U)

s (syfar— 7

@ fa2— g+t

gy R (s )

Y OV

X

X

(

K

|€

>

o[>

2o g A\ 5\/m
= exp (uz) (az — (8 i 2;)2)A fEA (5\/@) >

The characteristic function of the generalised hyperbolic distribution is
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given by:

) 5 2 K |6 a2—(6+iz)2
Yaup (2) = exp (iuz) (&2 (_)4 (gfiz)z)/\/ A I((A\édm) ) (3.16)
Therefore;
log M (2) = log(%)A—logK,\(w)—l—pz—HogK,\ (5\/(12—(64—2)2)
—log [ —(ﬁ%—z?%
p (5 a? — (+z> S0/ a? — (B+2)?
ElogM(z) = p+ < o )
B Ao = (B+z) ]%7 2(8+2)]
2[a - (5+2)%)*
((5 a?— (B 22)6%(5\/042 (B+2)?
= u+t
g K, (5\/@2—(ﬁ+z)2)
AB+2) (3.17)

[a2 — (B+2)]

3.2.4 Moments of The Generalized Hyperbolic Distri-

bution

Denote the k — th moment about u by

M, =E (X —p)f (3.18)

Then the mixture represenation of GH distribution leads to the following
results for M, (Scott et al, 2009)
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k

Y k! 20—k !
M= 3 ez P (3.19)

I=(k+1)/2]
where W ~ gig ()\, 6% a2 — 62) .
Proof:
since

W ~ gig (A, 6%,a® — %) and X | W ~ N (u+ W, W)

X ~gh(Xa,B,0,p)

Suppose Z ~ N (0,1) independently of W ~ gig (X, 6%, a? — 3?) then it
implies that
p+ W +VWZ ~ gh(X\a, 8,0, 1)

which expression is commonly used to simulate from the GH distribution.
As shown early, if X ~ gig (X, x, %) the provided y > 0 and ¢ > 0,

E(X*) = (/)M Ky, (\/@) /K> <\/@>

when y = 0 and A > 0, X has a gamma distribution, and the moments

are

E(X*) = (2/¥)" T (A + k) /T ()

when ¢ = 0 and A < 0, X has an inverse gamma distribution, and the

moments are

E (X% = (x/2)"T (=2 — k) /T (=)

provided —\ > k.
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Therefore
-
— E -<M+BW+\/WZ—M)]€}
_ E :<5W+\/Wz)k]
ok

_ B Z(’j) (W) (Vivz)

L =0

[k

k —i —i1i/ L i

- E Z(l)ﬁ’“ WhWe Z
=0

_ L ‘
7

Z_

k

_ Z( )M ‘E W’C—* E(Zi)
i=0
since, for the standard normal distribution,
< 0 1 odd
E(Z7") = . _
(7) {z’! [2i/2 (i/2)1] ieven}

il
2172 (1/2)!

k
0=y (7)o (v
=0

\_/
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|k/2] .
o k! k—2j k—j (25)!
B eI U i

Jj=0

“‘f Ll . .
— B (W)
= gl (k —25)127

Againlet l=k—j = j=Fk—1

M = ST M g )
= gt (k —25)127
k

k! 20—k l
= > =2 = Ry’ EW) (3:20)
l1=(k11)/2]

The moment of the mixing distribution W can be found form the moment
of the GIG distribution.

Lemma Suppose X ~ gh (A, a, 3,9, 1) . Then for W ~ gig ()\, 82, a2 — ﬁ2)

B (W) = (57/¢)""

provided x > 0 and 1 > 0.

Proof The mixing distribution W is GIG with y = 6°and ¢ = o® —
(%. The results follows form substitution of these values, noting that ¢ =
s\ a2 — 3

Kk (€) /KX (€)
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This follows that

k
_ k!
M — . 2l7kE l
g 2. (k=02 — k)!2k—l5 (W)
li=(k+1)/2]

- 2 G (2kz!— P (82/0) K (0) /K (821)

[1=(k+1)/2]

If B = 0 the generalised hyperbolic distribution is symmetric and the
moments take a particularly simple form.Note that the mean is just x4 in this
case and the moment about p are usually central moments.

Suppose X ~ gh (X ,0,8, ). Then for any integer k > 0, M is the
k — th central moment, and M, = 0 for k odd, while

My = appo (52/C))\+k/2K/\+lc/2(C)/K/\(O
RU[2E2 (/201 (52/0) 2 Kz (€)1 Kx (C)

for k£ even.

The expression

D =L LM RIOIEN

li=(k+1)/2]

gives the moments about p of any order for the GH distribution. For
implementation, it is useful to have a recursive method of obtaining the
coefficients in the summation which in (**) and (**). Define the coefficients
agy for 1 =1,2,3,...,kand k =1,2,... by

(0 [ < |(k+1)/2]
kit = {k;! [(k — 1)1 (20 — kY1261 (k+1)/2] <1< k:}
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For convinience define m(k) = |[(k + 1) /2]

The coeffient a;; may be determined recursively as a;; = 1 and

apg = ag—1,-1+ (2l =k + 1) ag_1,

Proof The result is true for k = 1.

We show it is true for all k by induction. Assume the result is true for
k—1.

For k even and | = m (k) = k/2,the recurrence relation above gives

(k) = h1mk)—1 + (2m (k) =k +1) ap—1m@)
= 0+ @2m (k) —k+1)ar—1,mw)
= (2m (k) =k +1) ag_1,mm)
= (2(k/2) =k +1)ap_142

= Ak—1,k/2
(k—1)!

(k—1—(k/2) (k= (k—1)!(2(k/2) — k)12k—1-(k/2)

(k—1)!
(k —k/2 — 1)1 (1)!(0)12k—k/2-1
2(k—k/2) (k—1)!
(k — k/2)1112k—k/2

k(k—1)!
(k —m (k))!012k—m(k)
k!

(k —m (k) (2m (k) — k)12k—m(k)

as required.

For any other values of k£ and [ we have
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Q.1

Qr—1,0—1 + (2l —k + 1) Ar—1,
(k—1)!
(k—1—1+01(2(1—1)— (k—1))12~1
(2l —k+1)(k—1)!
(k—1— D)2 — (k—1))12k—11

(k — 1)!

20— k+1) (k- 1)!

(k— )12l — k — 1)12k

(2 — k) k (k — 1)!

(k—1—=0D!(20 — k + 1)12k—1-1
k(k—1)2(k—1)!

ke (k — )l (20 — k)12k1
(21 — k) k!

k(k— D)1 (20— k)12~
(k — 1) 2k!

ke (k— 1)1 (20 — )12+
k!

k(k— D) (20 — k)25

(k— D)1 (20 — k)25
k!

@ —k) 2(k—1)
KTk }

k!

(k=120 = k)12+-1 |

k!
(k — ) (20 — k125

(k= 1)! (2l'— k)12h- |

20—k + 2k -2
k

which is again of the required form, completing the proof.

Though it is possible to compute the moments about p directly from the

expression(**), using the recursion is very stable numerically and avoids the

possibility of intermediate expression swell which can occur for the factorial

present in equation (**).
The coefficients a; for £ =1, 2,

3,4 are
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ay1
a21
as,1

Q41

1
1, a2 = 1
0, aze =3, azgz =1

0, Qg9 = 3, Q43 = 6, Q4.4 = 1

So the first four moments about p are

My = (6%/¢) BEx1(¢) /KX (C)

My = [(8/0) K () + (8%/0)° sz (Q)] /K (0)
My = [3(5°/C) BEasa (O) + (8°/¢) Ko (0)| /K (0)
My = [3(57/0)" Kaia () 6 (8/0)" B Knss () (7€) 5 Krca ()] /K320

(
(

(

The calculation of moments about i (Scott et al, 2009)is mathematically

convinient for the GH distribution. Typically though, moments about zero

(raw moments) or about the mean (central moments) are required. Chang-

ing the point about which the moments are calculated is straight-forward

however involving a simple application of the binomial theorem. The com-

putation borrows from the analogy of interchanging between the raw and

central moments.

Therefore, for any constant a and b, and any integer k,
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E[(X—b)’“} - E[(X—a—bm)ﬂ

_ Xk: (T) (a— b E [(X - a)i] (3.26)

Low Order Moments

Define:
Ry = Kxyi (€) /KX (C)

Denote the central moments by
M,=|(x-E (X))k] for k = 2,3,...

Using the previous section we can obtain expression for the mean, My, M,
and M4.

E(X)=p+

510 () (3.27)

My = war(X)=6BC" [Ra2(¢) — B35 (Q)] (3.28)
+6%C R (€)

Mz = 0°8°C% [Ras () = 3Ra2(C) Rat (Q) + ZR?\J ©] (329
+35*8¢ 7% [Ra2 (¢) — R34 (Q)]
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and

Raa(Q) —4R\3(0) Baa (Q) +
6Rx2 (¢) B3, (€) =3RS, (¢

M, = 888 |
+65°5%¢° [Ras (¢) = 2Ra2 (O) Raa (€) + B3, (€)]  (3.30)

Note: One of the features of constructing a distribution by mixing is
that one can essentially read off the properties of the distribution given the
properties of the chosen weight (Paolella, 2007). The density of X depends
on Z only via the p.d.f of Z, hence only through the distribution of Z.

E(X)=p+BE(Z) (3.31)

Proof: Using the Fubini’s theorem:

o0

E(X) = /xfx(w)dx

—0o0

[e.o]

= /ﬂf/fN(lU;NJrﬁZ,Z)fZ(Z)dZdﬂf

—00 0
00 00

_ //fo(m;u+6z,z)dfo(z)dz

0 —o0

(1 +B2) fz(2)dz

\8 0\8

ufz(2)dz + B / oSz (2) dz
0

0
= p+pPE(Z)

var (X) = E(Z) + B*var (Z) (3.32)
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Proof: Using the Fubini’theorem:

o

E(X?) = /x2fx(x)dx

= 7Ox2 / In(x;pu+ Bz, 2) f7(2) dzdx

—00 0

= //foN(x;u+ﬁz,z)dfo(z)dz

—00

(z+ (n+ ﬁz)Q) fz(2)dz

(z+p° + 227+ 2Buz) fz(z)dz

Dj 0\8 0\8 o

(2) + 122 + 6°E (72) + 28uF (2)
Therefore

var (X) = ?) — E*(X)
Z)+ i +/32E(Zz) +20pE (Z) = (u+ BE (2))*

Z) + i + B*E (Z%) + 2BpE (Z) — p* = 2B8uE (Z) — B*E* (Z)
Z)+ﬁ2E(Z2)— B*E*(2)

Z)+8*(E(2°) - E*(2))

)

E
E
E
)
E
E(Z) + B*var (Z)

(X
(
(
(
(
(

The third central moment

ps (X) = 3Bvar (Z) + B3 (2) (3.33)

105



/ 2* fx () dx

—00
(o)

/ 3 / In(@sp+ Bz,2) f7(2) dzdx
—oo 0

/ / 2 fy (o + Bz, 2)dofz (2)dz
0 —o0

(3uz + (1 + B2)%) fz (2) dz

\8 0\8

(Buz + 1 + 3u*Bz + 3uB?2® + B*2°) f1(2) dz

W o

pE (Z) + 1 + 3p°BE (Z) + 3uB’E (2°) + B°E (Z?)
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Now

E[(X ))’]

E [X3 X)X*+3E(X)’X — E(X)’]

E(X3)—3E )E[X?] +3E(X)’E[X] - E(X)®

3ME(Z)+/L +3uBE (Z) + 3uB*E (Z2°) + B°E (Z°) —
E(X)(E(Z)+ i* + B°E (Z°) + 28pE (Z))

+3E(X) (u+BE(2)) — E(X)®

3uE (Z) + 1 + 3u*BE (Z) + 3uB°E (Z2?)

+B8°E (Z*) = 3(u+BE(2)E(Z) —

3 (n+ BE(Z)) = 36°E (Z2%) (n+ BE (2))

—66pE (Z) (n+ BE(Z)) +

3u(p+ BE(Z)) +3BE(Z) (u+ BE (Z))?

—(n+BE(2))

3pvar (Z) + s (Z)

The moment generating function

My (t) = e My (Bt + t%/2) (3.34)

107



Proof:

[e o]

Mx(t) = [ pe @)

— 00
[e.e] o

= /e“"/fN (5 1+ B2, 2) fz (2) dzdx
—00 0

= //emfN (x4 Bz, 2)defz (2)dz
0 —oo

= /exp [(,u + B2)t+ gtﬂ fz(2)dz

0

— o oo+ 5) ) e

t2
= e'utMZ (ﬁt + 5)

and the Characteristic function

oy (V) =", (ﬁv + i02/2) (3.35)
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Proof:

o0

ox (V) = / ¢ fy () da

_ / etvT / fN (ZL’, A+ ﬁz’ z) fZ (Z) dzdx
—o0 0

= / / ei'umfN (ZL’; uw+ Bz, z) dxf (Z) dz
0 —oo

_ / exp (1 + B2) iv + 5 (i) f2 (=) dz

0

— v /exp {(ﬁv + g) ZZ:| fz(2)dz
0

2

ety (gw%)

3.3 Special Cases: The Subfamilies of GHD
family

Using the notation (Paollela, 2007)

o0

Byt = [P e |5 (et o) do

0

SORE

o[>
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fGHD (I’;A,O&,ﬁ,é,ﬂ/)

/fN (z; 1+ Bz, 2) fare (73X, 6%, 0% — B%) dz
0

[ exp{_l(w—(uﬂi’z)f}

1 1
K, ((52 a? — ﬁz) 27 eXp {_§ (522 f (042 52) Z) } dz
Nors 5i 2 3 / P G D A G R D)
21K _
K (6% a® — %) /
1 T . o o
B(x—p) A—1-1 —f{z [(x—u) +5 ]-i-z(a —B24p )}d
€ z7 2 e 2 »
V21K, ((52’ a? — 52) 0/
1

Bl—m — ) 62 a2
Tk =) o (et e ed)

fGHD (ZE, )‘7047/6757M)
Ky 1 ((o 1)* + 6% a?)
V2K, (62,02 — %)
A A=
(a® - 5%)? ( &+ (z - u)z) K1 (a (—p)? + 52)

oK, (5 a? — 52)

ePla—n)

1
2

ePla—n)

Since

B )
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then

Since

then

var (X)

Since

then

but

E(X) = ptBE(2)
K>\+1 (X7¢)

= P D)

K)\ (X; Zb) K)\+2 (Xa w) - (K/\ (X7 Q/J))2

var ) = (5 (0 0)

= E(Z)+ B*var(Z) =
K)\—l-l (Xﬂﬁ)
K)\ (Xaw)

(X: 77Z)) K)\—I-Q (X7 w) — (KA (X; ¢>)2

QK/\
0 (5 (0 1)

MG’IG (ta )‘7 X5 ,lvb) = K/\Iéi\(’(;b ;ft)

Mx (t) = e My (Bt+t%/2)

e (¥ = 2B+ £/2))
K\ (x, )

K, (0%, 0% — 2 =2 (Bt + 1%/2))
K, (52, a? — 52)

= Mt

o’ = -2(Bt+t*/2) = o> - —28t -+t
= o’ —(B+1)
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SO

O (0%,02 — (B+1)?)

MX (t) =e K)\ (527O[2 o /82)

—a—fp<t<a-—-p

3.3.1 The variance-gamma distribution VG

This is the GHD if A > 0, > 0,8 > 0,0 € (—«,«®),d = 0, € R. Then

x =02=0and ¢y = a® — 32 > 0, resulting in a gamma mixture of normals.

faup (x; X, o, 3,0, 1)

(a® — 52)% ( 8+ (v — u)2) o K1 (a (x —p)? + 52)

= lim eB@—n)
0—0 2 36 K, (5 042—62)
fGHD(x;/\70575707/1’)
A A_%
(o? 52)2( (96-/02) Ky (a (fc—u)2>
- eP@—u)
2mar 26 (% (5—”0;2_52) F(A))
2 823 (lr — ulV 3 K. . _
@) e Rl
21N 3000 (5=kr) (a2 = B%) 2T (M)
A 1
@A i) R a2
210 2T (N)
2 g2\ A B 3 Ky (ol — eBz—p)
_ 2<a 5) <|x M|> -y (orfz = pf) (3.36)
2 Q V21T ()

which is the variance-gamma distribution (VG). It can be obtained di-
rectly by using the gamma («, 3) as the mixing distribution in the Normal

variance-mean mixture. The distribution was popularised by Madan and
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Seneta (1990) in there study of financial returns data.

Here, Z ~ GIG (z; \,0,%) and

A
E(Z) = o2 var (Z)
Therefore
E(X)
var (X) =

(/2)"

A My (t) = "My (Bt + t%/2)

= pu+PBE(Z)

Y
IRy

E(Z) + BPvar (Z)

, A
T

7 (1)
v
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MX (t) = €ﬂtMZ (ﬁt+t2/2)

= e (¢ —2(6;+t:/2)2A
" (@D— (25t+t ))

(o)
Y — (26t +t2)

_ eut ( aZ . ﬁ2 ))\
a? — 32 — 2Bt — 12

_ eﬂt ( 042 . ﬂQ ))\
a? — (B +1t)°

3.3.2 The hyperbolic asymmetric (Student’s) t-distribution
Hat

This is the GHD obtained if A >0, S € R, a=|f],0 >0,u € R

Now, x = 62 > 0 and ¢ = a? — % = 0, and we have an inverse gamma
mixture of normals.There are two cases to distinguish, & = || > 0 and
a=p=0.

For the case a = || > 0

fGHD(x;)\7|B‘>6757M): hm 1
a—|B 27TO{)‘7§5)\K)\ (5 a? — 62)

for A < 0;
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therefore

foup (x; A, |B], 8,0, 1)

(o - ( )A o (W +52) B(az—p)

== (&

e y[l VY r ]

@2 () hoy (o)

VT |81 86 e (a2 = 87 T ()

-
(Vo @) gy (e -+ 2)
B(z—p)

- €

V27 B 7E 62 AT (<)
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For the case a = 8

fGHD (LU, /\70707 67 /“L)

= lim

f—0 \/ﬁa’\_%é)‘lﬁ ((5 a? — 62>

L(=A+13)(6%+(z— /L)Q))\_2

(=) o /m
D) P+ —p) °
r Ve
L(2) (0 + (= w))
L) P evE
(25 (o)
(5 () 2 Von
DB 1 (84 @’
L) Ve @

LS 1 ()
ey \/E(H - ) (3.38)

_—2x+1

_—22+1
2

If > = —2\ = n, then this is a student’s ¢ density with n degrees of
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freedom. The parameter 0 is the scale parameter of the distribution and u

is a location parameter.

9= 57 8+ (z — p)’°

XK _na <|B| (z — p)” + 52> ePe=1(3.39)

Which is the hyperbolic asymmetric (studentls) t, or H At, distribution,
given by

HAt (n,3,p1,0) = GHyp (X, 18], 8,6, 1)
When |G| = 0,we have;

Forn (:1,0,0,6, 1) = FF(EL?:;) \/% (1 4 M) 2 (3.40)

which is the usual t distribution with n degrees of freedom. The t distrib-
ution results from a mixture of normal and inverse gamma distributions. we
have a student-t distributions as a limit of GH distributions for A < 0 and
a = f = u = 0. See Barndorff-Nielsen (1978). In the figure below GHD(-
2,0,2,0,0) lap over the curve of student-t distribution with degrees of freedom

4 (red), since A = —n/2, § = /n, denoting the degrees of freedom by n.
The other curves are for comparison.

Tail comparison

In the final analysis, it is the heavy tail that makes Gh distribution so popular

in modelling the time dynamics of financial time series. Generally the GHDs
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Student t distribution
as a limiting case

— (-20,2,0,0)& t
— (-2.0,18,0,0)
(-2,0,1.6,0,0)

0.4

0.3

density

0.2
1

0.1

0.0
I

return

Figure 3.8: Limiting distribution: t distribution

have an exponentially decaying speed

fGHD (I’;A,O&,ﬁ,(g,ﬂ/) Naj‘)‘_lexp{— (OK—B>$} as & — o0

The figure below illustrate the tail behaviour of GH distribution with
different values of A\ with a = 1, § =0, 6§ = 1 and ¢ = 0. Among the
different cases considered, its the GHD(with A = 1.5) that has the lowest
decaying speed, while the NIG decays fastest.

3.3.3 The Asymmetric Laplace distribution ALap

This is obtained (if A=1, a >0, f € (—a,«), 6 =0, p € R).Then y =

0, ¥ >0, and A =1, i.e., we have an exponential mixture of normals. This
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tail behaviour

\.‘ — GH(15)
“ NIG

0.25
|

HYP
—— Cauchy

calcdensnt1
0.15 0.20
1 |

0.10
|

0.05
|

0.00
|

xghypnti

Figure 3.9: Tail comparison between GHDs

is a subfamily of the variance-gamma distribution, the resulting density being

farap (z;0, 8, 1) = famp (2;1, 0, 8,0, 1) = a22;ﬁ2€ax“+5(z“), (3.41)
with distribution notation
ALap (o, B, u) = GHD (1, «, 5,0, ) (3.42)
Note that, with 8 = 0,this simplifies to
0 e (.43

which is the usual location-scale Laplace p.d.f. i.e GHD (1,,0,0, 1) =
Lap (p, 7).
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3.3.4 The Hyperbolic Distribution
Here, A = 1,a > 0,5 € (—a,a), 6 >0, p € R. Then y > 0, ¢» > 0 and
A = 1. The hyperbolic distribution is defined as the distribution

nyp (l’, aaﬁaéa,u) (344)

= Vol exp[—\/52+(x—u)2+ﬁ(x—u)}

20K, (&/ﬂ)

3.3.5 An Asymmetric Cauchy distribution

Here A = —1/2, p e R, a=|f|, § >0,u € R. This is a special case of the
hyperbolic asymmetric t distribution HAt, discussed above. If we use the
Levy distribution as a mixing weight, then we get a distribution having the

following p.d.f.

fHAt (Jf; _1/2757 57 /JJ)
-1

2(52/2)" [/ + (x - p)’
V2rT (1/2) 8]

< (1810 o = ) 200

= i () e

/02 + (v — p)?

In the symmetric case, i.e., with § = 0,we get

J

3.46
T (0% + (z — ,u)z) (3.46)

fHAt (ZL’, _1/27076)M) =
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Cauchy distribution
as a limiting case

—— Cauchy
- 01

density

return

Figure 3.10: Limiting case: Cauchy distribution

fras (x;—=1/2,5,6,u) with f #0 and —a — 8 <t < a+ (3, then

My (t) = ette 0V e~ (5507

3.3.6 The Normal Inverse Gaussian Distribution NIG

This is the case when A = —1/2, a > 0, f € (—a,a), 6 >0, p € R. The

inverse Gaussian (NIG) distribution is defined as

NIG (o, 5,0,u) = GHD (—=1/2,, 3,6, i)
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and has the density

(50,8,6,0) = VP90 (3.47)

x K (am) e

The formulae for the mean, variance and skewness for the NIG distri-

fNIG

bution take a much simpler form than the general case of GHD. If X ~
NIG (a, 3,6, 1), then

E<X>=u+ﬁ<§>w

var (X) = 77—1—52%

9 3
Yy 27
pi3 (X) —35;+35 2

My (t) - eute5(\/a2—82—\/a2—(ﬁ+t)2) —a—fB<t<a+p

3.3.7 Normal Distribution

The normal distribution can be derived as a limiting case. Let 02 > 0 and
o, By € R. Then, for all A € R,

GHD ()\7a75757 /JJ) — N (IU’O _'_600-(2]70-3)

as o — 00, § — 00, f — fg, and B — [, with §/a — oZ.see
Barndorff-Nielsen (1978). In the figure below, The GHD with parameters
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Normal distribution
as a limiting case

0.4

(0.5,26,26,0,0)
&normal
— (0.5,2,2,0,0)

(0.5,1,1,0,0)

density
0.2 0.3
I

0.1

0.0
1

return

Figure 3.11: Limiting distribution: Normal distribution

(0.5,26,26,0,0) laps over the pdf curve of standard normal distribution (red).

The blue and green curves are placed here as comparison.

3.3.8 GIG Distribution

It was shown by Eberlein and Hammerstein (2004) that the GIG Distribution
can be obtained as a limiting case. Let Ao € R and 1, x, > 0 such that
(Ao, ¥g, Xo) 18 in the parameter space of the GIG distribution. Then

GHD (A, , 8,6,0) — GIG (Mo, ¥, Xo)

as @« — 00, f — o0, and 6 — 0 such that o« — f — 1,/2 and

ad® — Xo.
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3.3.9 Reflecting GIG Distribution

Let A\g € R and 1, xo > 0 such that (Ao, 1y, X) is in the parameter space of
the GIG distribution. Then

GHD (X, v, 3,0,0) — —GIG (Ao, ¥g, Xo)

as @ — 00, § — —o0, and § — 0 such that a +  — /2 and

ad? — Xo.
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Chapter 4

HYPERBOLA
DISTRIBUTION

Let
Iny=—avli+v?+ v, —oco<v<+00

if

p=a+p
and

y=a—p
then

¢+7=2a
and

¢—v=2p
which implies that,

¢+
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Therefore,

Iny = —(?)vl—i—ﬁ—i— (%)v

= —%\/1+U2—%\/1+v2+§v—%v

= 2T ) - T (VitE )

thus

—ep {5 (VT -0) -] (Vi)

Our aim now is to integrate RHS of (1) so as to come up with a pdf.

Thus we wish to evaluate

/exp{— (%\/1—1—1}2 —v> — %/ (\/1—1—1}2+v>}dv
and then normalise it.
Let

r=vV1+v2+v
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Then

(i) v = —o0 = =0

= o0 = =00

1 B vV1+vZ2—w

SH RS

Vitoi+o  [VI+o2+o] [VI+e?—0]
VI+o2—v
(I+02) =22
= m_v

(ii) de = d[1+v —I—v}

2
v—i—\/l—i-v2
+1{dv = ———uo—dv
m Vit

but

which implies that

1+0? = (z—v)

= 22— 2zv + v?

therefore

1=22-2zv

and

200 = -1
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Therefore

therefore

dx

U—|—\/1—|—U2d
——————dv
V14 0?

X

—dv
V1+0?

()
r—v xTr —

dv = dx
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The integration

e}

/exp{_g (Vi+e o) _g(mﬂ)}dv
= % (1—|—x 2) exp{—%%—%x}dm

Let
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Therefore
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where

1
K=———/——adw=+/
(v t+o) 7
Therefore -
1 y
5 / (1+27?) e 3" i dy = %/ﬁ (w)
0
normalising

2)
/K 1—1—:1: _%x_%das =1

1 (v 1+¢ N (14272) NP B
/5 o o (@) e sdx 1

The pdf is given by

T) = v (1+x72)6_%x_% T
T 36 m@ <

where is the modified Bessel function of the third kind with index one.
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Chapter 5

PARAMETER ESTIMATION

5.1 Maximum-Likelihood Estimation

Assuming the independence of observation z;, i = 1,2,...,n, we maximize

the log-likehood function:

LGH ()‘70576757/*0 (51)

= nlog{a (N «,5,0)} + (% — i) Zlog {52 + (z; — M)Q}

3 [l 6y (a5 e 5 )

Taking the first derivative of the log-likehood function respect to the five
parameters, we obtain the following expression, in which the log-likehood
function is denoted by L. see Prause (1999).
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n { A -1 @R, (om/52+ (xz-—,u)2> }

+> 3

= |+ i - 6% + (z; — p)°

0 - Ti— [

—L = —nf+
On ; VO (s — )’
) {(52 4—2?1'_—1 1) ks (Oz T - #)2> }
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where

) = K ()
M =

Set them to zero, we obtain a complicated nonlinear equation system.
Theorectically, there is a solution to a system with five equations and five
unknown parameters. However, in practice, the solution is very difficult to
be acquired.

Different Algorithm have been proposed to solve the problem. (Press et
al, 2002) proposed the Golden search method in one dimension. However the
algorithm is not easy programmable.

In this dissertation, an easily programmable algorithm is considered in

the next section.

5.2 EM ALGORITHM

5.2.1 Introduction

The EM algorithm (Dempster et al.,1977) is a powerful algorithm for ML
estimation for data containing missing values or being considered as containg
missing values.This formulation is particulaly suitable for distribution arising
as mixtures since the mixing operation can be considered responsible for
producing missing data (Karlis, 2000).

The EM algorithm can be optimised to estimate the parameters of GHD

and it’s subfamilies. The Univariate generalised hyperbolic distribution used
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in this case is parameterised as follows

fGHD ('Tv )\7 «, ﬁ7 57 :U’)
(@ = )" Kacae (/5" + (o= 0 ) exp 50— )]

1/2=X
V2R 1200 (8y/a? = ) ( 0 + (x — u)2)

The loglikehood function of the GHD is:

lOgL()\,Oé,ﬁ, 57N;X17X27' - 7Xn)
= ZlongHD (:Ei;/\7a7/8757M)
=1

= —glog(%r) —n(A—1/2)loga — n\logd

—nlog K (6@) —n(1/2-))
x log (M) + T;—Alog (a? — )
+nlog Ky 1o <QM)

+Zﬁ (i — p) (5.7)

Since the derivative of this function involve the Bessel function, direct
maximization is not an easy task. The numerical maximazation method that
can be used, such as the modification of the steepest descent method imple-
mented in the HYP program developed by Blaesild and Sorensen (1992),
possesses all the problems involved with numerical maximization of compli-
cated function like non-convergence and need for good initial values as noted
by Dennis and Schnabel, (1983). Morever the solution may not be in the
admissible range and thus constraints must be imposed.

The EM algorithm is easily programmable, it surely converges to the
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maximum and provides interesting insight into the model. If the initial values
are in the admissible range then the final solution belongs to the admissible
range. In this chapter, we will describe an EM type algorithm for maximum
likelihood estimation for mixed normal variance-mean distributions. The
main achievement is that it reduces the problem of estimation to one of
estimation of the mixing distribution which is usually easier. In addition, an
important feature of the EM algorithm is that it is not merely a numerical
technique but it also offers useful statistical insight.

Suppose. . .

5.2.2 EM-algorithm for the GHD parameter estima-
tion
The joint density of X and Z is given by
fX7Z (95,2’) = fX|Z (1’ | Z) fz (Z)
Therefore the log-likelihood
1OgL (Aa a?ﬁaéau;XlaX% s 7Xn7 Zl7 Z27 R Zn)
= Zlog fxiz (@i | 251, B) + Zlog fz (25X, 0,7)
i=1 i=1
= log L1 (11, 3) +log Ly (A, 6,7) (5.8)

Therefore, based on the mixture representation, we have augmented the
observed data xi,xs,x3,...,2,, and the unobserved data zq, 2o, 23,..., 2,.
This then ensures that the log likelihood of the complete data (X;, Z;), i =
1,2,3,...,n factorises into two parts: log Ly (i, 5) and log Ly (A, 6, ) (Kostas,
2007)
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since

Ixiz (i | zi5 1, B)

i
V2 P12 2

therefore

n 1 1
log Ly (p, B) = —§log(27r) — §Zlogzi — 52
i=1

Similarly

_ T () Zi/\_l 1[5 2
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log Ly (N, 6,7) = n)\log%
(52 =
2

+ (A —=1)logz — nlog (2K, (47)) (5.12)
,-)/ n
2

1
- i
Zi

=1 =1

where v = v/a? — /3°

As noted earlier, the EM-algorithm consist in iterating two steps; the

expectation step (E-step) and the maximization step (M-step).

M-step: In this step one start by maximising log log L; (1, 3) with re-

spect to the parameters p and (5. At the kth iteration of the algorithm,

the estimate for 5 and p are simply the maximization ot the derivative of

log Ly (11, B) with respect to 5 and p respectively.

maximizing w.r.t

0
%(long(u,ﬂ)) =0
1 & 1<~ ( — Bz)?
%<——log(27r —iglogzz——; . : ) =0
10 [ (wi—p—PB2)")
(B ) -
1 3 (2Z%< — K le)) I
21:1 Zi
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which implies that

ixi—nu—ﬁizi =0
i=1 i=1

—np = —ZIML@Z%
i=1 i=1
p = T—pPz (5.13)
maximizing w.r.t p
L log Ly (1.5)) = 0
au g 1 M? -
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which implies that

%—(w—ﬂz)Z%—nﬁ =0
i=1 " i=1 7"
n : - n 1 - n
2%_ Z;z_i+622;__nﬁ =0

Q| B
|

&
=
I
Sy
/N
3

|

W

3
=
~

which implies that

Y ayn, L

”—EZ?:M%

(5.14)

Therefore at the kth iteration of the algorithm, the estimate for 5 and p

n . _ n 1
ﬂ(kﬂ) _ >ie1 Z—j —Ty, %

”_ZZ?:U%

Next, log Ly (A, 6, ) is maximized with respect to the parameters A, 6 and

are

and pF+) =z — gtz (5.15)

~. In the general case ,this maximization must be performed numerically.
However, for certain values of )\, the estimate of § and ~ have closed form
expressions. This is for instance the case for NIG distribution ()\ = %) as
shown in section(**). In the general case, it suffices to find a value of \ that
improves the log —likelihood and not necessarily the maximum one (Kostas,
2007). Since for given A the other estimates improves the log — likelihood, a
new A that provides better log — likehood ensures the monotonicity property
of the EM.
Now in practice, we do not know the values of the variables z1, 2, ..., 2, (these

are the “missing values”). Hence, when computing the estimates in the M-

140



step, we must replace z;, z; ', logz with E(Z; | X; = x;), E (Zi_1 | X; = x,)
and E (log Z; | X; = x;), respectively. Performing the E-step amounts to es-
timating these quantities.

It was shown by (Barndorff-Nielsen, 1997) that the main feature of the
GIGD is that it is conjugate for the Normal distribution. More specifically, if

the prior distribution for z is a GIG(\, §) distribution, the posterior distri-

bution of z|z,a, B, 1, ¢ is the GIG ()\ — %, \/ 6%+ (z — ,u)2, a) distribution.

See the proof below.

5.2.3 The GIG conjugate for the Normal distribution.

(Barndorff-Nielsen,1977) shows that the main feature of the GIGD is that it

is conjugate to the Normal distribution. In chapter 4 we should that,

1 L[ (o= (u+ B2))
o= 3 [irzr2907])

and

f(z00,v) = %267) (z)’\_1 exp {—% (52 (z)_1 + ’yzz)} ,2>0

a?-p%\ 2
- % e - ()4 (@2 = #) ) |20

then
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Therefore the posterior distribution:

f(z] )

fle]z)g(2)

|
f(x)

Tlm exp {_% [(f—(#;rﬁz))z]} (‘125—2 2) A1

2K, (5, /(a2 — @2)) (a2 — §%)% eBle—n)

exp {1 ((5) + (02— ) 2)} VR E K (5, (02 - 7))

{ 52%—(90—,11)2}A K1 (a\/52+($—ﬂ)2>

X

2K, s (:\/m> <52+(z—u)z) )

XeXP{—(x_M) +B@—p) =+ B —p) - o -

2z

Z)\iéil o /\7%
2 2\ \0% + (z — p)?
2K 1 (/6" 4 (z — p)
_ )32 2 2
Xexp{—%%—%z} (5.16)



Which is a GIGD <)\ — 1P+ (z— u)Q,a) .

Now

log Ly (N, 6,7) = n)\log%

62n 2 n

)
2‘55}

=1

Differentiating w.r.t 0
First note that

0
—K
B A (57)

= —g [Kat1 (07) + K1 (67)]
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Similarly

a 1 a Sy 1
9 s = 1 [ 12 —S(art)y
0
I Y e A 1 —5 (+3)
- 2/36 ( 2($+x))€ dx
- 59 (1 i —F (o1
_ 7 _/x,\+1—16 2<x+w)dx+—/x)‘_1_le 2(I+z)daj
22 2
, 0
Y
= - (K1 (07) + Kx—1 (67)]
Therefore

% (n)\ log Ty (A —1)log z; — nlog (2K, ((57))>

)

0 [P =1
a5 (;Z——;Z)

n\ 2n g

= - - m {—5 [Ky1 (07) + Ky (57)]}

N

i—1 “i

nA n

- {—% [K)\-i-l (5’)/) + K)\—l (5’7)]}

Equating to zero and solving for ¢

n

g ; le " K,\n((;fy) {_% K1 (67) + K (57)]} +n\ = 0

ad> +b5+c = 0
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where:

"1 n 0
= —7b:—{——K (5 +K, (5 },C:n>\
a ;g; % K (67) 9 [K1 (67) =1 (07)]
which is a quadratic equation. Since we have two solutions, we propose
taking the minimum of the solutions.

Similarly for

d gl
o (n)\ log 5 + (A —=1)logz; —nlog (2K (57)))

0 (231 P&
ﬁ(?zz—?zz@')

i=1 i=1

__nA 2_”) {_é [Ki1 (67) + K4 (57)]}

v 2K\ (& 2
_7221
_ _n_v)\ _ K;ZCW) {—g [Ki1 (079) + Ky (57)]}

IDIERLs {—g K (59) + Kos w]} A = 0

ay* +by+ec = 0

& n o
a= 21% b= 00 {—é[K)\H (07) + Kxq (57)]}, c=n\

which is a quadratic equation. Since we have two solutions, we propose
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taking the minimum of the solutions.

5.3 The Normal Inverse Gaussian Distribu-
tion

The mixing distribution is the inverse gaussian distribution with density
(Karlis, 2002)

f(z)= \/(;—W exp (07) 2~ exp {—% (5; + 722) }

This implies that

log Ly (A, 6,7) = log Ly (6,7)

Likelihood function is therefore;

n

L = 5”(27?)7"/2exp(n57)Hz?/2 (5.17)

1=1

18,
X exp _Z§ ;—l—’yzi
i=1 v

The loglikelihood function is;
L log 6 — ~ 1o (27) +nd +3E” lo
=n — = T)+n = 2
g 5 108 TS 2 g

Pl 2
PR DI

=1
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Therefore

52
log Ly (6,7) = nlogd + ndy — 52_ — lzzi
i=1 ;

differentiating with respect to

2IOng (6,7) =nd =7 2
Oy i=1

equating to zero and solving for
nd — -y Z zz = 0
i=1
¥ Z zi = no
i=1

no
T = =
i=1%i

N\I%M

where Zn N
i=1 ~t

n

z =

differentiating with respect to

0 n "1
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equating to zero and solving for o

n
o = - —
Zi:l z% Tz
Therefore,
6(k+1)
SUE+D) _ n d ~k+D —
T z

In this case, the posterior distribution is

GIGD ()\— %,\/52—1— (x—u)z,oz) where, \ = —%
Z| X ~GIGD (—1,\/(52—!— (.T—LL)Z,&)

Since for X ~ GIG (), 0,7)

w0 (5) 5

that is
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Therefore,

and

If we let

M = isz/n and A = n (i <w2~ — M_1)>1
i=1

=1

The parameters can be updated as follows

S — A1/2 (5.19)
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A1) — 51 )y

ﬁ(k—l-l) _ Dy TWi — T Y Wi
N n—38y o, w

pHD) — g glDg

971/2
a1 — {(,}/(kJrl))? B <B(k+1)) ]
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Chapter 6

Copulas

6.1 Introduction

6.2 Generating Copulas

There are various method of generating copulas. Different authors have di-
versified opinion as it regards this subject. For a detailed illustration, see
Nelsen (2006), Pravin and David (2007) and Frabrizio and Carlo (2009). We
shall briefly represent some of the method here of the most common copula

which we shall use later.

6.2.1 Method of Inversion

Given Continuos random variables y; and ys with margins F} and F3, then

F(y1,y2) = C (F1 (1), Fa (32)) (5.24)

The corresponding copula is generated using the unique inverse transfor-

mations
y1=F " (wn) and yo = Fy ' (u) (5.25)
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where u; and us are standard uniform variates.

Examples of copula generated by inversion

Example 1
Let

Fyi,y2) = exp {— [e’yl +e V4 (e 4 679y2)*§}}

—00 < yi,y2<o00, 0>0

Now,
yiiinooF (y1,92) = Fy (1) = exp [—e '] =y
y}iinooF (y1,92) = F2 (o) = exp [—€ ] = uy
Hence;
exp [—e_yl} = U
e = —loguy
y1 = —log(—log(u1))
similarly;
exp [—e_yﬂ = U
e = —logus
yo = —log(—log(us))
Therefore:
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elog(—log(u1)) | plog(—log(uz))
C(uj,up) = expq — (
— (e

—0log(—log(u1)) + 6—0 log(— log(uz))) _%

—log (u1) — log (us)
- YT L (elog<—log<u1)>*" n elog(—log(uz))*Q)_

o { log (ur) + log (ua) + (-~ log (ur))™ }
0

S

+ (= log (uz) 9)_%

= UiUg €Xp { [(_ log (U1)
+ (~log ()

Note: This expression can be rewritten as

):

;)

C (ur, 1) = urad™ {[(=6 (1) + (=0 (12)) "

Sy

} (2.26)

which will be seen to be a member of the Archimedean class.

Example 2

_1
F(yy2) = exp {— [e‘yl Fe 4 (e 4 o) 9”
_1
F (y17y2) = 11— (6*9?/1 + 67291/2 _ 679(y1+2y2)) 0

—00 < Y,y2 <00, 08>0

Now

lm F (y1,92) =Fi(y1) =1—e " =y

Y2—00

Hm F(yp,y0) = Fo(y2) =1 — e~ =y,

Y1—00
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Therefore

l—e™ = uy
e = 1—uy
y1 = —In(1—uwu)
Similarly
l—e 2 =
e = 11—y

yo= (wIn(l—w))/2
Which implies that

Cuv) = 1— [eemu—ul) 4 fn(i—u2) _ e—@[—ln(l—ul)—ln(l—uQ)]]1/9

- 1/6
= 1 1) (L ) PO D]

- [ = ) — (1) (- )]
= ) ) ) (1w

~ 1 :(1—u1)0 (1+(1—u2)9> . (1—u2)9]l/0

Example 3

F(yl,y2) = eXp{— (6*9741 _|_676’y2)1/9} , 0> 1

Now

lim F (y1,y2) = F1(y1) = exp [—e‘yl} = u

Y2—00

lim F (y1,y2) = F (y2) = exp [—e ] = wy

Y1—00
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Hence;

exp [—e’yl}

n

similarly;

exp [—e’yﬂ

e ¥
Y2

This implies that

= u].
= —logwu

= —log(—log(u))

= u2
= —logus

= —log(—log(uz))

_ exp{_[

(~tog )" + (-tog ()] '} 51

This parametric family of copulas is known as the Gumbel— Hougaard family

(Hutchison and Lai 1990) which is also in the Archimedean class.

Example 4

Fyp) = (1+e )

which is the Gumbel bivariate logistic distribution.

Now

lim F (y1,5) = Fi (y1) = (1 + e’yl)_l =

Y2—00

lim F(y1,y2) =

Yy1—00

Fy (yg) — (1 4 e*yz)—l
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Hence;

(14+ev)™

I+e ™™

n

Similarly
(14+ev)""
I4+e

Y2
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This implies that

-1
C(u,uz) = (1+ e 8 (+55) + 6—1og(1f32))

1+1—U1 1—U2>_1
U2

UUsz

-1
ULUg + Ug — U Uy + UL — UL U
Uy U2

(

< |

Uty + ug (1 —uy up (1 —ug)\
_ E + )+ >)

(

—1
U9 + U — UrUs
U1U2
U U2

= (5.28)
U + U] — UL U2

An unattractive feature of the inversion method is that the joint distribu-
tion is required to derive the copula (Pravin and David, 2007). This limits the
usefulness of the inversion method for application in which the reasearcher

does not know the joint distribution.

6.2.2 Algebraic Methods

The derivation of these copulas is based on modifying the relationship be-
tween marginals based on indepence by introducing a parameter to capture
the dependence relationship. A good example of such copula is the Ali-
Mikhail-Haq family.

Consider the Gumbel’s bivariate logistic distribution

F(ylay2) — (1+€—y1 _‘_e—yz)*l

The bivariate survival odds ratio is given by

1-F (y17y2>
F(y171/2)
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now

1—F(y1,y92) = 1— (1 +e ¥+ e’y2)_1
I+e ¥ +e -1
14+ e v+ e v
e N + e Y2
l+e V1 +e Y2

1—F(y,y2) eV e 2
F (y1,92)  l4e Ve
= e ¥ _|_e—y2
1-Fi(y)  1-F(y)
Fi (1) F (y2)

X14+e ¥ e 2

Where F} (y;) and F; (y2) are univariate marginals. Observe that in this
case there is no explicit depennce parameter.

In the case of indepence, since F' (y1,y2) = Fi (y1) F2 (y2) ,

1—Fyy) _ 1= F(y) £ (y)
F (91, yz) F (yl) F (y2)
_ 1=K  1-F@)  1-F)l-F()
Fy (1) F (y2) Py (y1) F (y2)

Noting the similarity between the bivariate odds ratio in the dependence
and independence cases, Ali, Mikhail, and Haq proposed a modified or gen-

eralized bivariate ratio with depence parameter 6 :

1—F(y1, ) _ 1—Fi(y1)  1—F>(yo)
F(y1,92) Fy (1) F (y2)
1_F1(yl)1_F2(?JQ)
ti1-9) Fi(y)  Fa(ye)
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Then, defining u; = Fi (y1), us = F5 (ya),

]_—Ull—UQ

1 —C (uy,us) 1—w 1—us
C (uy,usg) n Uy + Uy +(1-6) Uy Us
oup (1 —wg) g (T —ug) + (1 —0) (1 —uy) (1 — up)
Ui Us
1= uguy — 0 (1 —up) (1 —uy)
N Ui U
therefore

urug (1 — C (ug,u)) = L —wugug — 0 (1 —up) (1 —uy))

UiUy = U1U2+1—U1U2—0(1—U1) (1 —UQ))

UrUug =

C (uz, up) (

urtg — urueC (ug,ug) = C(ug,ug) (1 —ugug — 0 (1 —uy) (1 — ug))
C (u1, uz) (
C (u1, uz) (

Therefore;

B U1U2
101 =) (1 —up)’

6.2.3 Mixture Method

This family of copulas, is generated from existing copulas. Starting from a
copula family Cy (u, us/0) we may obtain a very rich new family of copulas
if we allow the parameter 6 to be itself a random variable with distribution
function G (0/¢) depending on a vector parameter . Then the unconditional

copula is given by

o

C (uy,ug; ) = /Ce (u1,u2/0)dG (0/p)

—00

we refer to Cy (uy,ug; ) as the mixed copula and G (6/¢) the mixing

distribution.
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Example 1
Consider the AMH copula

U1Us

Cg (U]_,UQ/G) =

Applying parameter mixing to this copula using a Beta (o, ) mixing
distribution, which has a pdf

21 (1 - x)ﬁ_l
B (a,B)

f(x;a,8) = , 0<z <1
Since the domain for the parameter (6) and Beta distribution defer, a
transformation is required.
Let
f=2x—-1, —1<60<1

Thus, the support of the transform (2x — 1) project onto the same range

of values as that of the depence parameter 6.
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Therefore

C(uy,ug;x) =

1

/1—(2x—1)(1—u1)(1—u2) s

0
21 (1 - x)ﬁ_l
B(a, )
1

dx

1 U1U2
B(a,ﬁ)o/1+(1—u1)(1—u2) X

(14+ (1 —uy) (1 —ug))z> (1 —a)!

T+ (1—up) (1 —ug) =22 (1 —uq) (1 —ug)

B(a, B)[1+ (1 —up) (1 — ug)]

[ ()

dzx

X

(1 = z)etP et gy
U1U9

B (o, B)[1+ (1 —up) (1 — ug)]

1

/ (1 21— w) (1 — ) )x) - 221 (1 = g)@tPal gy

X

1+(1—U1)(1—U2

1

u1u2 /1—sx -1 0‘1 —x
0

161

)(a+5)—a—1 dr



L 1
= /xal (1 _ x)(a-i—ﬂ 1 + 8/.1' (1 . x)(a-&-ﬂ)—a—l dr +
0 0

1 1
4
% /xa—i-l oHrﬂ —a— 1d + = 2 /{L‘a+2 (1 . x)(a+,3)fafl dr + % /$a+3 (1 B m)(aJrB)fafl
0 O ° 0
2 3 4

= B(a,B)+sB(a+1,8)+ 2'B(a+2 B) + 3|B(a—i—3 B) + 4'B(a+4 ) +

Therefore
U1U9
C(up,ug;z) = .
(1,23 2) B(Oéﬁ)[l—i—(l—ul)(l—ug)]
B(a,8)+sB(a+1,8)+%5B(a+2,8)+5B(a+3,5)
+—,B (Oé+4,ﬂ)
a(at+l) s2
_ U1 U2 ( 1+ oH_(BS—){—( (OHSB)(OH-E—FI) & )
— _ ala+1)(a+2
L+ (1 =) (1 =u) \ + g o T -
U1Us
- F ; 5.30
T+ (=) (1 =) W1 (@@ 559) (5.30)
where
14+ (1 —up) (1 —ug)

Example 2
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Let

C (ul,u2/9) = UiU2 + 9U1U2 (1 - U1> (1 — Ug)
= wpug (1 +60 (1 —wuy) (1 —ug))

which is the Farlie — Gumbel — Morgenstern family , abbreviated as
FGM copula.
Let the mixing distribution be Beta distribution:

221 (1 =)t

B(a, p)

g(z/a, B) =
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following the same transformation as above

\8

C(ur,ug;a, f) = wtg (14 (22 — 1) (1 —uy) (1 —ug)) X
21 (1 — )t
Bl
= it T — — — uy) 21 B o
- SR 0/(2 D) (1= w) (1= ) 2 (1= 2"+ B (a0 )
= [ —u — ) 2 (1 —2) e —
- B(a,6)20/(1 1) (1 —ug)z®™ (1 —2)"""d
Ut [ —u —up) 2 (1 — 2)" x4 ugu
B(Oz,ﬁ)o/(l 1) (1= us) (I—2)" " do+ uus
B 2’&1U2 (]_ — Ul) (]_ — Ug) o _
- Bap  erhd
urtg (1 —uq) (1 — ug)
Blas) D \ndr
= uIUZ(2<1_UI)<1_U2)aiﬁ_(1_UI)(1_U2)+1>
= Ujuy (1 + (1 —up) (1 —ug) (20[;_?5_ 6))
a—p
= UiUy (1 + (Oz—}-ﬁ) (]. —ul) (]. —u2)>
= wpug (1 +p (1 —uy) (1 —ug)) (5.31)
Where
_a-p
a4 p

The resultant mixture copula preserves the functional form, and thus the

dependence stucture, of the parent FGM copula.
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6.2.4 Generator method

This method nests the Archimedean copulas.

Recall the AMH copula

1—F(y1,90) _ 1—Fi(y1)  1—Fy(yo)
F(y1,92) Fy (1) F (y2)
1_F1(yl)1_F2(?JQ)
ti1-9) Fyi(y)  Fa(ye)

with a little algebra, this can be rewritten as

1= F(y,92) 1= Fi(y)
1+ (1-10) F ) .02) [1 +(1-10) —F1 ) ]
{1 -0 ;j?yi?f)}

thatis, A (F (y1,42)) = AF1 (y1) AF> (y2) , where A (t) = 1+(1 +0) (1 — ) /t.
Equivalently, whenever we can write A\ (F (y1,v2)) = AF1 (y1) AF3 (y2) for a

function A (which must be a positive on the interval (0,1)) then on setting

o (t) = —ImA(t)

we can also write F' as a su of functions of the marginals F' and G, i.e ¢ (F (y1,42)) =
0 (F1 (1)) + ¢ (Fy(y2)), or for Copulas,

p (C (ur,u2)) = ¢ (1) + ¢ (u2) (5.32)
Properties of ¢ (t)
Examples 1
when 10— 1)
oo (t) = 22000
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then
UjUz

0) = .
¢ (ur, uz3 0) 1—0(1—w)(1—u) (5:33)
which is the AMH family of copulas.
Example 2
when
(1) = (=)’
then
) p11/0

C' (uq,ug;0) = exp {— [(—lnul) + (—Inwuy) ] } (5.34)
which is the Gumbel family.
example 3
when o

et —1
t)=-1

then

C (u, s 0) — _é In (1 I Gt N s 1)> (5.35)

which is the Frank family.
Example 4
when
o (t)=0""(t7"—1); 0<0< o0

then
C (g, uz; 0) = (uy? +uz? —1)° (5.36)

which is the clayton copula.

Other common Copula

Gaussian (Normal) Copula
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C (ur,uz0) = O (@7 (ur),d" (ug))

O (uy) @1 (u2)

B 1 — (8% — 20st + t?)
- / / o (1 B 92)1/2 { 5 (1 _ 92) } d$i87)

—00 — 00

Student’s t-Copula
An example of copula with two dependence parameters is that for the

bivariate t-distribution with v degrees of freedom and correlation p,

1 (U2)

—(01+2)/2
(82 — 2045t + t%)
C(ul,uQ,Gl,QQ / / 14 dsdt
2m 1—92 o (1—62)2 V(l—@%)

(5.38)

6.3 Parameter Estimation and Goodness of
Fit

Parameter estimation and goodness of fit has been done using the CDVine
Package using the R statistical software. The abbreviation and terminology

in line with the package.

167



Chapter 7
Application

In this chapter, we consider the return of the s&p500 index and two energy
investment companies: Range Resource Corporation (RRC) and Shares of
Chevron Corporation (CVX). Both companies are among the 500 stocks
of the s&p500 index. Weekly returns from 3/01/2000 to 1/07/2013, both
the the index and companies are analysed using the establised literature.
The first step entails finding the heavy tailed distribution that fits the data
well. Then, the bivariate distribution between the company’s return and
the s&p500 index return and between the companies is established using the

copulas constructed in the previous chapter.

7.1 Dataset
e s&p500 index

Standard and Poor’s 500 Index is a capitalization-weighted index of 500
stocks. The index is designed to measure performance of the broad domestic
economy through changes in the aggregate market value of 500 stocks rep-
resenting all major industries. The index was developed with a base level of
10 for the 1941- 43 base period.
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e Range Resource Corporation (RRC)

One of the top gainer in the energy sector.Range Resources is an indepen-
dent oil and gas exploration and production company based in Fort Worth,
Texas. Range is best known for its pioneering of the Devonian-aged Marcel-
lus Shale in Pennsylvania, which is now the most productive natural gas field
in the United States. Range has over $1 billion USD invested in southwest-
ern Pennsylvania, while it also has operations in the Southwestern United
States. Founded in 1976, the current President and Chief Executive Officer
is Jeffrey L. Ventura.

e Shares of Chevron Corporation (CVX)

The company has a long, robust history, which began when a group of
explorers and merchants established the Pacific Coast Oil Co. on Sept. 10,
1879. Since then, the company’s name has changed more than once, but
has always retained its founders’ spirit, grit, innovation and perseverance.
Chevron has taken many actions toward achieving incident-free performance,

and has constantly strived to improve its operation excellence efforts.

7.2 Historical prices for the dataset

For these dataset, the historical weekly prices considered are from 3/01/2000
to 1/07/2013. The extract is as seen below:

7.3 Return for the dataset

Let (Pt)tzo denote the price process of a security, in particular of a stock.
In order to allow comparison of investments in different securities we shall

investigate the rates of return defined by
X; =log P, —log P, (6.1)
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The reason for this is that the return over n periods, for example n days,

is then just the sum
X+ X+ X0+ + Xpun1=1logP, 1 —log P4 (6.2)
which does not hold for Y; defined by
Vi= (P —Pi1) /P

The extract tables for the weekly returns of the datasets can be found at

the appendix.
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7.4 Fitting returns to GHDs

7.4.1 s&p500 index

Fitting to the NIG

comparison of NIG
and Normal

=== NIG moments param

o == NIG EM algorithm param
e = | Normal moments param
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s&p500 weekly returns

Figure 7.1: Fitting the NIG to s&P500 weekly returns
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Parameter value

a 0.7673208
B —0.1299347
5 0.9663424
[ 0.1727313
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Normal Q—-Q Plot
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Fitting to the Variance Gamma
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Kernel, Normal & VG Fits

— Kernel
24 vG
Il =— normal
+ | |
S R
TN
N
Lk I
= o 7| Iﬁ' \
8 AR
o "'“ I‘-,
o 7 \
.‘"‘ f A
/ 'R
/] L\
= - /1 A
[=1 {‘ | o\
e 0\
y \
o | —k
o
T T T T T T ]
-8 -6 -4 -2 0 2 4

s&p500 weekly returns

Figure 7.2: Fitting Variance Gamma to s&p500 weekly returns

Parameter value

vgC 0.2028
st1gma 1.1062
theta —0.1963

nu 0.7543
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Normal Q-Q Plot
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Theoretical Quantiles
vgC = 0.203, sigma = 1.106, theta = -0.196, nu = 0.754

Fitting to the Hyperbolic Skew Student’s t distribution.
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Kernel, Hyp Skew and Normal
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Figure 7.3: Fitting the hyperbolic skew Student’s t distribution to s&p500
weekly returns
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Parameter value

I5; —0.1044
) 1.4983
7 0.1462
nu 3.6248
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Kernel, GHD and Normal
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Figure 7.4: Fitting GHD to s&p500 weekly returns

Fitting GHD to s&p500 weekly returns
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Parameter value

A —1.0528006
o) 0.6315397
1 0.1628228
y —0.1556117
o 1.1357878
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Generalized Hyperbolic Q—-Q Plot
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Fitting Hyperbolic distribution to s&p500 weekly returns
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Kernel, HYP and Normal
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Figure 7.5: Fitting hyperbolic distribution to s&p500 weekly returns

Parameter value
! 1.3687654
6] —0.1625062
) 0.3490670
! 0.2055611
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Sample Quantiles

Sample Quantiles
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Theoretical Quantiles
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combined GHDs plots
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Figure 7.6: A Combined plot of GHDs fitted to s&p500 weekly returns

The Combined Plot of GHDs fitted to s&p500 weekly returns

The Selection creteria using the AIC

Model AIC
1 NIG  2079.158
2 t 2079.998
3 GHD 2080.806
4 HYP 2083.743
5 VG 2086.776
6 Normal 2201.019
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Therefore, the model selected for the s&p500 index is the NIG distribu-

tion

fia (@0, B, 6,0 = VET 00 g (QW o u>2) He)
/0% + (v — p)®

with parameters:

Parameter value
! 0.7673208
15} —0.1299347
) 0.9663424
W 0.1727313
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Kernel, NIG(MoM), NIG(EM), & Normal
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Figure 7.7: Fitting NIG to RRC weekly returns

7.4.2 Range Resourse Corporation (RRC)

Fitting NIG to RRC weekly returns
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Parameter value

a 0.42151452
B —0.03585861
5 3.28478285
[ 0.51377112
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Normal Q—-Q Plot
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Fitting Hyperbolic distribution to RRC weekly returns

Parameter value
e 0.60932548
15} —0.04041637
) 1.93794355
1 0.54568636
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Figure 7.8: Fitting hyperbolic distribution to RRC weekly returns

Fitting Variance Gamma to RRC weekly returns
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Hyperbolic Q-Q Plot
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Figure 7.9: Fitting the Variance Gamma to RRC weekly returns
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Parameter

vgC
sLgma
theta

nu
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value
0.5384
2.7776
—0.3046
0.5059



Kernel, GHD and Normal
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Figure 7.10: Fitting GHD to RRC weekly returns

Fitting the GHD to RRC weekly returns

Parameter value
Q 1.0212869
v —0.4216411
o 2.7670216
14 0.6015888
A 1.4511491
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Generalized Hyperbolic Q—-Q Plot
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Fitting the Skew Hyperbolic t-distribution to RRC weekly returns

Parameter value
I6] —0.02804
1) 4.99563
i 0.45678
nu 5.12385
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Figure 7.11: Fitting Skew Hyperbolic t-distribution to data.

Combined plot of GHDs Fitted to RRC weekly return data

AIC selection creteria

Model AIC
t 3398.739
NIG  3399.777
HY P  3401.587
VG 3403.541
GHD  3404.600
6 Normal 3453.124

T = W N =

The "best" model selected using the AIC is skew student t-distribution:
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Parameter value
Ié] —0.02804
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Figure 7.12: Fitting the NIG distribution of CVX weekly returns

7.4.3 Shares of Chevron Corporation

Fitting the NIG Distribution to CVX weekly returns
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Parameter value

3 —0.2438539
5 1.736552
[ 0.5593046
a 0.9293567
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Normal Q—-Q Plot
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Fitting the Hyperbolic Distribution

Parameter value
6] —0.2618169
) 1.0629097
1 0.5892781
e 1.2768395
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Kernel, HYP and Normal
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Figure 7.13: Fitting the hyperbolic distribution to CVX weekly returns

Fitting GHD to CVX weekly returns

Parameter value
a 0.02941685
y —0.45361116
o 1.39032668
1 0.54272801
A —3.03935634
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Generalized Hyperbolic Q—-Q Plot

Fitting Variance Gamma to CVX weekly returns

Theoretical Quantiles

Parameter

vgC
stgma
theta

nu
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Kernel, Normal & VG Fits
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Figure 7.14: Fitting Variance Gamma to CVX weekly returns

The AIC selection creterion for CVX

Model AIC
1 t 2448.581
2 GHD  2450.583
2 NIG  2452.089
3 HYP 2454.513
4 VG 2456.783
6 Normal 2546.031

Therefore, based on the AIC creterion, the best model is skew Hyperbolic

t-distribution:
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Normal Q-Q Plot
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Parameter value
a 0.0000
o 1.389178
i 0.54063256
nu —3.039712
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7.5 Bivariate cumulative return from Copu-

las

In this section, we Fit bivariate copulas to the cumulative returns. We first
fit the selected copulas to the "best model" identified above and then proceed

to fit assuming the univariate distribution are normally distributed.

7.6 RRC and s&p500 Index: Best Model

7.6.1 Estimation of parameters

The copula parameter estimation for RRC and s&pb00 index, for "best

model" is as follows:
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Plot for s&p500 and RRC: Best Models
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Gaussian Copula

C(ur,us;6) = ¥ (D" (1), 2" (u2))

<I>_1('u,1) q’_l(UQ) 1 _ (32 — 293t + t2)
) - g dsdt
o (1— %) 2 (1- 6%

—00 —00

using the mle,
0 = 0.4221921

t-copula

tg) (u1) ty ! (u2) —(6142)/2

2 2
C (uy,u9;61,0s) = / / —1 7 1+ (s 2028t2+t ) dsdt
om (1 62) v (1-63)

—00 —00
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using mle,
0, = 0.4219336, 0y = 4.250148

Clayton Copula
C (uy,ug;0) = (ul_e + uy? — 1)_1/6

Using mle,
0 = 0.6383949

Gumbel Copula

C (1, uy; ) = exp {— ()’ + (- nw)’] 1/9}

The maximum likelihood parameter estimate

0 = 1.354149

Frank Copula

—Ou; —Ous
C (uy,ug;0) = —%ln <1 + (6 1) (6 1))

e —1

The maximum likelihood parameter estimate

0 = 2.690227

Joe Copula

The maximum likelihood parameter estimate

0 = 1.419566
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7.6.2 Goodness of Fit test

Gaussian Copula

CoM
KS

Clayton Copula

CoM
KS

Gumbel Copula

CoM
KS

Frank Copula

CoM
KS

Joe Copula

KS

statistic
0.1907972
1.084012

statistic
0.1143522
0.7912131

statistic
0.4703054
1.433023

statistic
0.3072159
1.335361

p.value
0.07
0.07

p.value
0.15
0.23

p.value

p.value

0
0

statistic  p.value
CuvM  5.328536

3.312072

1
1

7.6.3 Selection creterion using AIC

The best copula obtained is the t-copula with parameters:
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6, = 0.4219336, 0, = 4.250148

7.7 CVX and s&p500 Index: Best Model

7.7.1 Estimation of parameters
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Plot of the s&p500 index and CVX: Best models
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The copula parameter estimation for C'V X and s&p5b00 index, for "best

model" is as follows:

Gaussian Copula

C (Ul, Ug; 9) = (I)G (q)il (ul) > (I)il (u2))

&= (ur) @ (u2) 1 — (5% — 20st + t2)
B - . dsdt
27 (1 - 67) 2(1-F)

—00 —0o0

using the mle,
0 = 0.6014363
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t-copula

1 1
tel (u1) t92 (u2)

~(0142)/2
2 2
2 (1 — 9%) v (1 - ‘92)

using mle,
0, = 0.5980452, 0y = 3.601428

Clayton Copula

C (ur,us;0) = (uy? +uy? — 1)_1/9

Using mle,

0 = 1.05697

Gumbel Copula

C (ur, ug; 0) = exp {— [(— Inu)’ + (- lnu2)9] 1/9}

The maximum likelihood parameter estimate
0 = 1.662317

Frank Copula

—Ou; —Oug __
C(ubu%e) — —%ln (1 + (6 1) (6 1))

e ¥ —1

The maximum likelihood parameter estimate

0 = 4.305357
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Joe Copula

The maximum likelihood parameter estimate

0 = 1.844623

7.7.2 Goodness of Fit test

Gaussian Copula

Clayton Copula

Gumbel Copula

Frank Copula

statistic  p.value

CvM 0.08101083  0.37
KS  0.7321681 0.41

p.value
CuvM 0.3639415  0.01
KS  1.263143 0.01

statistic

p.value
CvM 0.3601119 0
KS  1.220172 0

statistic

statistic  p.value

CvM 0.2717979 0
KS  1.232988 0
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Joe Copula

statistic  p.value
CvM 8.074421 1
KS  4.065325 1

7.7.3 Selection creterion using AIC

The best copula obtained is the t-copula with parameters:

0, = 0.5980452, 0y = 3.601428

7.8 CVX and RRC: Best Model

w = CVX & uy = RRC
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Plot of RRC and CVX: Best Models
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7.8.1 Estimation of parameters

The copula parameter estimation for RRC and C'V X for "best model" is as

follows:

Gaussian Copula

(I)G ((I)_l (Ul) 5 q)_l (Ug))

C (ul, U2, 9)
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using the mle,

~

0 = 0.5339866
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t-copula

1 1
tel (u1) t92 (u2)

~(0142)/2
2 2
2 (1 — 9%) v (1 - ‘92)

using mle,
0, = 0.5520239, o = 4.54858

Clayton Copula
C (ur,us;0) = (uy? +uy? — 1)_1/9

Using mle,

0 = 0.8237573

Gumbel Copula

C (ur, ug; 0) = exp {— [(— Inu)’ + (- lnu2)9] 1/9}

The maximum likelihood parameter estimate
0 = 1.549454

Frank Copula

—Ou; —Oug __
C(ubu%e) — —%ln (1 + (6 1) (6 1))

e ¥ —1

The maximum likelihood parameter estimate

0 = 3.896887
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Joe Copula

The maximum likelihood parameter estimate

0 = 1.698482

7.8.2 Goodness of Fit test

Gaussian Copula

Clayton Copula

Gumbel Copula

Frank Copula

statistic  p.value

CvM 0.06299151  0.56
KS  0.6718177 0.60

p.value
CuvM 0.4788138 0
KS  1.492676 0

statistic

p.value
CuvM 0.3159871 0
KS  1.271703 0

statistic

statistic  p.value

CvM 0.2159276 0
KS  1.127751 0
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Joe Copula

statistic  p.value
CvM  7.44012 1
KS  4.294077 1

7.8.3 Selection creterion using AIC

The best copula obtained is the t-copula with parameters:

0, = 0.5520239, o = 4.54858

7.9 s&p500 Index and RRC: Gaussian Mod-

els

up = s&pb00 index & uy = RRC
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Plot for s&p500 and RRC: Gaussian Models
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7.9.1 Estimation of parameters

Gaussian Copula

C(ur,uz0) = O (27" (w1), 2" (u2))

Dt (ur) @ (u2)
B 1 — (s* — 20st + 1?) dedt
B 2 (1 - «92)1/2 2 (1 - 92)

—00 —00

using the mle,
0 = 0.4478807

t-copula

t9_11 (u1) t9—21 (u2) —(01+2)/2

2 2
C (uy,ug;01,0) = / / ;1/2 14 (s 2628t2+t ) dsdt
2 (1 — 9%) v (1 - ‘92)

—00 —00
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using mle,

0, = 0.46491, 0y = 9.078517

Clayton Copula
C (uy,ug;0) = (ul_e + uy? — 1)_1/6

Using mle,
0 = 0.4188054

Gumbel Copula

C (1, uy; ) = exp {— ()’ + (- nw)’] 1/9}

The maximum likelihood parameter estimate

0 = 1.549454

Frank Copula

—Ou; —Ous
C (uy,ug;0) = —%ln <1 + (6 1) (6 1))

e —1

The maximum likelihood parameter estimate

0 = 1.405334

Joe Copula

The maximum likelihood parameter estimate

0 = 3.472387
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7.9.2 Goodness of Fit test

Gaussian Copula

statistic  p.value
CuvM 0.09335985  0.37
KS  0.8667505 0.22

Clayton Copula

statistic  p.value
CuvM 0.5142769 0
KS  1.270624 0.1

Gumbel Copula

statistic  p.value
CuvM 0.3809738 0
KS  1.324468 0

Frank Copula

statistic  p.value
CvM 0.6684779 0
KS  1.527376 0

Joe Copula

statistic  p.value
CoM 4.997613 1
KS  3.220799 1

7.9.3 Selection creterion using AIC

The best copula obtained is the t-copula with parameters:
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0, = 0.46491, 0y = 9.078517

7.10 s&p500 Index and CVX: Gaussian Mod-

els

uy = s&pb00 index & uy = CVX

219



plot of s&p500 index and CVX: Gaussian Models
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7.10.1 Estimation of parameters

Gaussian Copula

C(ur,uz0) = O (27" (w1), 2" (u2))

&1 (u) 71 (us2)

1 — (5% — 20st + t2
_ - (" — 205+ ) | o
. e 27?(1—92) 2(1_9)
using the mle,
0 = 0.649695
t-copula
tg ) (ur) ty  (u2) —(0142)/2
1 2 2055t + t?
C(U17U2;91792) = / / — 5 1+ (S 25 5 ) dsdt
JooJ a1 62 v (1-063)
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using mle,

0, = 0.6849407, 0y = 9.581754

Clayton Copula
C (uy,ug;0) = (ul_e + uy? — 1)_1/6

Using mle,
0 = 0.7207026

Gumbel Copula

C (1, uy; ) = exp {— ()’ + (- nw)’] 1/9}

The maximum likelihood parameter estimate

0 = 1.905421

Frank Copula

—Ou; —Ous
C (uy,ug;0) = —%ln <1 + (6 1) (6 1))

e —1

The maximum likelihood parameter estimate

0 = 6.13902

Joe Copula

The maximum likelihood parameter estimate

0 = 2.188791
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7.10.2 Goodness of Fit test

Gaussian Copula

statistic  p.value
CuvM 0.09409167  0.35
KS  0.6901983 0.46

Clayton Copula

statistic  p.value
CvM 1.217899 0
KS  1.831002 0

Gumbel Copula

statistic  p.value
CuvM 0.2896533 0
KS  1.246939 0

Frank Copula

statistic  p.value
CuvM 0.9431915 0
KS  1.774227 0

Joe Copula

statistic  p.value
CuvM 10.92587 1
KS  4.558345 1

7.10.3 Selection creterion using AIC

The best copula obtained is the t-copula with parameters:

222



0, = 0.6849407, 0y = 9.581754

7.11 RRC and CVX: Gaussian Models

u; = CVX index & uy = RRC
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Plot of the CVX and RRC: Gaussian Models
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7.11.1 Estimation of parameters
C(u,ug;6) = &g (CID_l (up),®d? (uz))

Gaussian Copula

) } dsdt

— (8% — 20st + 2
2 (1-6%

0 = 0.5124679
224
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using the mle,



t-copula

tg) (u1) ty  (u2)

52 — 2045t + 1?)

(
C(ul,u2,01,92 / / 1+
Jooom 1—92 or (1— 62)? v(1-63)

using mle,

0, = 0.5422314, 05 = 16.85843

Clayton Copula
C (ur,us;0) = (uy? +uy? — 1)_1/9

Using mle,

0 = 0.4298016

Gumbel Copula

C (ur, ug; 0) = exp {— [(— Inu)’ + (- lnu2)9] 1/9}

The maximum likelihood parameter estimate

0 = 1.539072

Frank Copula

—Ou; —Oug __
C(ubu%e) — —%ln (1 + (6 1) (6 1))

e ¥ —1

The maximum likelihood parameter estimate

0 = 4.641425
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Joe Copula

The maximum likelihood parameter estimate

0 = 1.606212

7.11.2 Goodness of Fit test

Gaussian Copula

Clayton Copula

Gumbel Copula

Frank Copula

statistic  p.value

CvM 0.1598154  0.07
KS  1.043944 0.06

statistic  p.value
CvM 1.918336 0
KS 2170538 0

p.value
CuvM 0.3416239 0
KS  1.323097 0

statistic

statistic  p.value

CvM 0.5180333 0
KS  1.536596 0
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Joe Copula

statistic  p.value
CvM  6.224195 1
KS 3.733411 1

7.11.3 Selection creterion using AIC

The best copula obtained is theFrank copula with parameters:

0 = 4.641425
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Chapter 8

Conclusion and

Reccommendation

8.1 Conclusion

Normal Variance-mean mixture are sufficient in modelling financial data. In
particular, dependence modelling of financial data using Copulas, require
a precise choice to be made of the marginal distribution. The choice of
the marginal distribution determines the parameter(s) value as was the case
when modelling the dependence structure of RRC and s&p500 index weekly
returns. Similarly, the parameter(s) estimate was different when modelling
the dependence structure of CVX and s&p500 index weekly returns using
as one case, the "best" models and the other case, gaussian models. Its
interesting to note that modelling the dependence structure of RRC and
CVX weekly returns using as one case, the "best" models and the other case,
gaussian models lead to a deferent choice of copula. In the "best" models
case, a choice of GHDs to model the weekly asset return, leads to the t-
copula while using the gaussian models lead to Frank copula. This then,

will influence the financial decision to be made. For instance, since the two
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choices gives different values of financial risks calculated, Frank copula model

will either underestimate the financial risk.
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8.2 RECCOMMENDATION

We recommend the following:

e GHDs Models for Financial data

e Using Mixture copulas which adds parameters to enhance modelling

Tlustration

1
U U2

C (u,up;7) = /1—(2x—1)(1—ul)(1_u2)x

xa—l (1 _ 33)'8_1

B (a,5)
= 1+(1—u1)(1—u2) <1F1(05705+B;S))

dx

where
2 (1 — ’U,1> (1 — 'LL2)

TTIN M) (1 —w)

e To Model the § parameter using mixture mechanism to capture the

skewness better.

e Normal Mixture Model where the mixing distribution is discrete to be

compared with the continuous case.

e A comprehensive study of other the other parameterisation of the GHD.
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Chapter 9

Appendix

9.1 EM-algorithm R codes

9.2 Tables
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