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ABSTRACT:
In this study, two simple linear catchment models
were used to model the rainfall-runoff characteristics

over Yala catchment.

The first model was based on the response function.
In this model a linear stochastic process for the rainfall-
runoff system which yields the Wiener-Hopf integral
equation was assumed. The method of maximum likelihood
was then used to compute optimum response functions.
The average response function together with the computed
areal rainfall were finally used to estimate streamflow

during the verification period.

In the second method, a multivariate autoregressive
model was used in which linear transfer functions of
different orders were fitted to the daily areélrainfall and
streamflow data. The optimum autoregressi§e model was
again used to estimate discharge during the verification

period.

The results from the two approaches were lastly

compared statistically.

Prior to fitting the models, the statistical
characteristics of the computed daily areal rainfall
and daily discharge series were investigated through
time series analysis. The characteristics of the
auto-correlation, cross-correlation, spectral and

cross-spectral functions were examined.
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Yala river basin is located in drainage
area one in Western Kenya. The study was carried out
in this drainage basin using daily rainfall and discharge
records for nine years (1968 to 1976). The first seven
years were used for calibration of the models, while
the last two years were used for verification of the
skill of the fitted models. The calender year was divided
into two seasons namely the long and short rain seasons.

The models were fitted for both seasons.

Results from spectral analysis, indicated periods
of 2 - 4 days, 5 - 7 days and 8 - 10 days in both rainfall
and discharge records. The results from the cross-
correlation and coherence analyses showed significant
correlations between time lags of 2 - 6 days with peaks
a£ a lag of 3 days during the first rain season and

a lag of 4 days during the second rain season.

The response functions had peaks at a constant
time lag of 3 days during the first rain season and

4 days during the second rain season.

The results from the fitted autoregressive models
indicated that the autoregressive models with four rainfall
and two discharge lag terms fitted the discharge data

best.

It was noted that although both models could
not adequately estimate the extreme discharge values,

the response function model was better in real time
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forecasting. This model however, was poor in giving the
actual estimates of the observed discharge. On the other
hand, the autoregressive models gave good estimates of the
magnitudes of the discharges. The peak discharge values
were, however, shifted in some cases. It was therefore
suggested that the response function models which gave good
estimates of the time of occurrence of the discharge peaks
would be the best models for the Yala river basin for real

time forecasting.



CHAPTER ONE

1.0. INTRODUCTION

In most developing countries, river gauging stations
have been recently established as compared to rainfall
networks. Rainfall records are therefore generally longer
than runoff records. River gauging stations are also
fewer, more expensive to instal and maintain and are
occasionally located in remote places. For these reasons,
discharge records usually have many discontinuities. It
is therefore necessary to simulate discharge data using
some hydrologic techniques. Many methods have been used
to simulate discharge data. In this study, the hydrological
modelling technique has been used to simulate discharge

data from rainfall records.

Hydrological models are becoming increasingly
important tools for planning and management of water
resources especially in forecasting and synthetic problems
including all branches of the National Economy that are
either directly or indirectly related to water utilization.
They are specially important in planning and operating
hydroelectric power planté and domestic, industrial- and
irrigation water supply systems as well as in certain

requirements of Navigation and timber rafting.

A different kind of forecast is required for each
purpose. Navigation requires forecasts of the water level

in shipping lanes, mainly in the vicinity of shoals and



landing stages. Hydroelectric power plants, industrial and
irrigation water supply systems call for forecasts of

the mean monthly, seasonal and annual flows as a basis

for regulation of reservoirs and planning discharge. Timber
rafting on the other hand requires forecasts of the mean
"daily stages during the pasgage of floods when great

masses of timber are floated down small rivers in the

forest regions.

In addition to their use in current planning of
water resources utilization, hydrological forecasts are
widely employed to predict and warn against dangerous
hydrological phenomena such as floods. Overbank flooding
which is a natural feature, results in great losses,for example,
loss of life and property, injury, inconvenience and

other indirect losses caused by floods. '

Embankments can be constructed to dbntrol the
floods from spreading over the floodplains and cause damage
to property. However, considering the high costs involved
in the construction of such flood control structures,

an alternative is to set up some flood forecasting

procedure.

Forecasts of flood events are of great value as
they can generally reduce the damages caused by floods
especially for densely populated industrial and residential
regions which are located in floodplains. There are two

ways in which this beneficial effect may be achieved.



Firstly and most obviously, warning of a catastrophic
flood event enables people to evacuate a danger area.
If sufficient lead-time is provided, vulnerable possessions
may be removed from the danger zone and preparations
can be made such as sandbagging to minimize property

damage.

The second method of achieving benefits through
forecasting is to use flood frequency analysis in the
design of structures within the floodplain and for
floodplain - zeéning. As examples, a knowledge of
magnitude-frequency relationships should be used in the
design of dams, highway bridges, railway bridges, culverts
and water supply systems. Floodplain zonning ensures
that housing and industrial developments are not located
in high-risk zones, or at least if they are loca;ted in such areas,
there can be no justification for compensation in the inevitable. event
of flood damage. High risk zones along the banks of rivers
susceptible to floods should otherwise be used for
activities compatible with this risk, such as pafkland,

recreation areas, some types of crop production or grazing.

A scientifically sound hydrological forecast can
only be produced on the basis of a correct understanding
of the physical nature of the interaction between the
hydrosphere and the atmosphere. The basic laws governing
seasonal fluctuations in river and reserv oWy regimes
can be determined from an analysis of observational data.

The advent of hydrological forecasting thus became



possible only after a considerable amount of observational
material had been accumulated and the laws governing
the movement of water over a basin area had been derived

therefrom.

A hydrological modellwhich is used in forecasting
is a simplified representation of a complex system. Every
model may have a few specific purposes, such as forecasting:
and control, and the model need only have just enough
significant detail to satisfy these purposes. Thus the
basic premise in model building is that complicated
systems (all real systems are usually complicated) do not
always need complicated models. For instance, the
complete phenomenological description of river flow
proceSses is very complicated, but still one can get
relatively simple models of riverflow processes‘which
yield adequate performance in forecasting and control.
Models with a degree of complexity beyond a certain level
often perform poorly in comparison with some simpler
models. For example, including factors like infilfration
or evaporation as input parameters without knowing the
details of the factors which affect them such as_the'type of
soil, type of vegetation, and topography, could lead to
erroneous results from the model. Often if a model for
a given process involves a large number of parameters,
it is a good indication that we have to consider an entirely
different family of models for that given process. Thus

it is advisable to fit relatively simple models to the



given data and to increase the complexity of the model

only if the simpler model is not satisfactorv.

There are several ways in which most hydrological
models developed to date can be classified. They may
be classified into two broad classes namely conceptual
and empirical models (Clarke, 1973). Empirical models
do not attempt to describe the internal structure and
the response of the system being modelled. The system
is treated as a "black box". 1In this case a simple
relationship which matches the input and output of the
system is sought. Conceptual models on the other hand

involve complex systems of equations based on the physical
laws and their theoretical concepts governing hydrologic

processes.

Both empirical and conceptual models may further
be classified as either deterministic or stochastic. 1In
deterministic models, the processes are assumed to have po
probabilistic distributions. The processes are then regarded as being free

from randam variations. One of the principal disadvantages of the deterministic

models of systems is the absence of an effective method
of comparison of various possible models that can be
constructed by using the same empirical data, such that
the comparison is relevant to the ultimate purpose of
the models. For instance, a criterion such as least
squares (between the output of the model and the observed
input) can be used to compare the models. But the result

of the comparison may not always be very relevant for



forecasting or control, as systems that satisfy the least
squares criterion may yield poor predictions. Furthermore,
the utility of the model is intimately related to the
"Generalization Capability" of the model. A model can

be said to have generalization capability if the model
constructed by using n-observations of the system does
not differ very much from a model constructed by using

a subsequent set of n-observations. Stochastic models

on the other hand regard hydrologic processes to be
characterised by statistical properties. The construction
of models in this probabilistic framework allows us to
comparé different models and to give a precise meaning

to words such as "significant" and "negligible" which

is lacking in models constructed in a deterministic context,
Since the class of stochastic models encompasses the class
of deterministic models, searching for the best stochastic

model does not entail any loss of generality.

Hydrological models can on the other hand be divided
into a slightly more detailed classification as:

(1) Regression models

(ii) Conceptual models

(iii) watershed models
Regression models seek to relate the input rainfall to
the output discharge by statistical correlations. Sometimes

other variablés may be included to improve the correlation.

Some conceptual models are based on the unit
hydrograph theory. The essence of the unit hydrograph

theory is the assumption of linearlity in the relation



between rainfall and discharge. Having made this assumption,
it remains to establish the relation between the characte-
ristics of the catchment and the response in the discharge
to a pre-determined input rainfall; that is, the "indicial
-response". The most frequently used indicial response

is the "instantaneous unit hydrograph" defined as the

unit hydrograph of runoff caused by a unit volume of
rainfall input, generated instantaneously and uniformly
over the whole catchment. This relationship between the
input rainfall and output discharge for a linear system

is the convolution equation:

%
g(t) =_f h(t-1) i(17) dT =====-=—=—oo-—- (1)

in which g(t) is the output at time t after the beginning
of £he input, h(t-t) denotes the unit hydrograph ordinate
at time (t-71) from the origin of the unit hydrograph,
i(t) is rainfall input at time <1 from the beginning

of the input. Most conceptual models involve a basic
approach of determining the indicial runoff response
function h(t). Although equation (1) may vary in form,
Nash (1959), Dooge (1960) and O'Donell (1973) have.
suggested methods for solving the convolution equation

analytically. An analytical solution of equation (1)

is of the form:

h = e—t/k (t/k)n-l ____________ (2)

S _
kI'n

in which



h = impulse response function which is a
function of time.

s = total storage of the basin

k = linear storage parameter

' = gamma function

n = hypothetical number of linear reservoirs or

channels.

Watershed models usually divide the catchment
into numerous subcatchments. The water balance concept
is applied to estimate the rainfall excess which appears
as direct runoff by routing the flows from each subcatchment

to the outlet of the basin. The use of watershed models

requires very accurate original data.

Faced with this range of modelling techniques,
the choice of a suitable method for modelling is at first
sight not easy. lLnevitably, there are two major facto¥s
affecting the choice, namely the information required

from the method and the amount and quality of data
available. The amount and quality of data from a drainage
basin, both for geometry of the channel and flood plain
and the previous discharges and water levels, is another
significant factor in the choice of the modelling methods.
If the data is of poor quality, then nothing is gained
from using a very sophisticated and complicated technique
which in most cases yields very un-realistic results.

In such a case then, the use of the simplest model is

preferable. On the other hand, if the dataumount is



limiting, then a model such as the conceptual model which

uses the least amount of data for it's calibration would

be a preferable choice.

In this study two different simple linear models
have been used to study the rainfall-runoff relationships
in the Yala river basin of Kenya. The results from the

two approaches have then been compared.

Before the estimation of streamflow £from the
daily rainfall records, it was found necessary to first
investigate the statistical characteristics of the computed
daily areal rainfall and observed daily discharge in the
Yala river basin through time series analysis. The
auto-correlation, cross-correlation, spectral and
cross-spectral characteristics of both the streamflow
and areal rainfall series have been studied. In the
auto-correlation and spectral analyses, periodic fluctuations
in the two series were examined while in the cross-correlation
and cross-spectral analyses, the cross-correlations,
co-spectrum, quadrature, coherence and phase angles were

computed in an attempt to examine relationships between

the rainfall and streamflow series.

Some of the relevant hydrologié'modelling approaches

which have been used in previous studies are briefly reviewed

in the following section.
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1.1. LITERATURE REVIEW

In the past recent years, many efforts have been directed
towards the understanding of the rainfall-runoff phenomenon, not
only in the East African region, but also in many other parts of
ch; world. The following is a review of some of the relevant

research studies.

Since the introduction of the unit hydrograph by
Sherman (1932), linear systems analysis has played an important
role in relating input-output components in the rainfall -
runoff modelling. The main assumptions in the unit hydrograph
theory are linearlity and time invariance of the parameters.

These assumptions imply that:

(i) The effect of a particular input component will be the
same irrespective of when it occurs and irrespective
of the state of the input or output at the time of

occurance. (time invariance) and

(ii) The effect is proportional to the cause. The relationship
or the operation of transforming the input into the
output is implied uniquely by any corresponding input
- output pair and in principle at least, this
relationship can be gbstracted and used to find the
output for any arbitrary input or the input corresponding

to any given output (linearlity and stability).

Although it is now realised that the assumption of
linearlity is not strictly correct for natural catchment systems,
this method is still widely used because it is simple and the

results obtained are sufficiently accurate. However in the

cace of hicheflowe r1ainfall - run-off evetrems are likelv to
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manifest considerable non-linearlities.

In these cases of high flows, a non-linear approach to
the rainfall - run-off modelling has been found to give

more realistic results (Hino, 197C)

Since it is difficult to take into account all
details involved in the rainfall - runoff mechanism, it
is necessary to accept certain simplifying‘assumptions
on the basis of which the prediction model for the output
can be constructed. The input and output components may
be considered in a lumped fashion.. That is the rainfall
input is represented by thelaverage areal rainfall as

measured at various rainfall gauging stations and

streamflow output is measured at the outlet of the

catchment.

Many studies have been carried out in bhoth linear
and non-linear rainfall - runoff modelling. Below are

some of the examples.

Amorocho (1963) extended the convolution linear
equation to include non-linear terms in his equation.
A time variable linear system is represented by the

following equation:

£(t) = /o h(t=1D X(1) dT =——m=—=mmmeeeee (3)

where h(t-T) is the impulse response function of the

system. This can be made to conform with the Volterra

condition of h(t-T) O for t =1,
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Amorocho (1963) considered a general case of a
non-linear, time variable system which he expressed by
the summation of the first term identical to equation (3)
and a series of similar terms of progressively high
dimensions. The non-linear response of the catchments
under rainfall input was represented by means of functional
series. This involves consideration of higher powers
of the elements of the inflow and leads to a more accurate
prediction of the forms and magnitudes of flood events

than is possible by the linear approximation.

Eagleson et al (1966) determined a basin's unit
impulse response from coincident records of storm rainfall
and ruﬁoff by using the "black box" analysis. They
selected individual storms and obtained their corresponding
direct runoff after separating base flow from the flood
hydrographs.(ntheanalysis, no assumptions were made
regarding the internal structure of the system other than
those of linearlity and stationarity. They considered
a physical system (initially relaxed) for which the input
and output time functions are exactly related by the
convolution integral. The integral equation expresses
the system output as a function of the system input and
the system unit impulse response. The basic problem
was to solve the convolution equation for a meaningful
response function when the input and output are related
by a system that is not truly linear. For a meaningful
solution of this type they introduced "maximum likelihood

prediction" (optimum linear prediction). The optimum
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impulse response functions which are used in the prediction
of streamflow are determined from the auto-covariances
of rainfall and cross-covariances of rainfall and

streamflow.

Hino (l970> used ﬁhe linear theory of a lumped
hydrologic system to a long range rainfall runoff system.
He evaluated rainfall-runoff response functions using
daily rainfall and daily streamflow records. He obtained
good prediction of streamflow for the case of light and
moderate rainfall, but for very heavy rainfall, the
prediction of streamflow was not accurate. To get good
prediction for the case of heavy rainfall, he modified
the _linear prediction procedure taking into account
the non-linearltg; involved in the case of heavy
rainfall-runoff system. The method used was t; map by
a non-linear transform both rainfall and runoff to a space
where the transformed variables of rainfall and runoff
become a nearly linear system. By computing the coherence
function of rainfall and runoff, the coherence Qalues
approached unity thereby confirming the linearlity of
the system in the transformed domain. Then he applied
the theory of linear prediction in the transformed space
and results obtained were close to the observed

streamflow.

Tojiro and Ikebuchi (1971) studied long range

runoff response based on the Information Theory. First
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statistical properties of daily rainfall and streamflow
series were studied through correlation analysis. After
time invariant linearization of the runoff system according
to the physical mechanisms in the runoff, the unit impulse
response function was derived from the Wiener-Hopf theory
(equation). Next, statistical unit hydrographs that took
into account both the variations of the water content
in the sub-surface stratum during rain seasons and also
the daily snowmelt water input to the system in the snowmelt
season were evaluated. They found that the linear system
method was effective for analysis and synthesis of
long-range runoff system responses and satisfactory
agreement was obtained between the observed and the
predicted discharge, making it possible to predict the
daily river discharge and to supplement the lack of data
of river flows.

Delleur and Rao (1971) used the Fourier, Laplace
and z-transforms to determine the Kernel function
(impulse response) of catchments from discrete réinfall
and runoff values. They found that the fourier transform
gives a good understandingand interpretation of the
mathematical properties of the impulse response function,
but that the z-transform which is the discrete equivalent

of the laplace transform, is easier to program and requires

less computer time.

Blackie (1972) developed a simple conceptual

model using the data from the East African Agricultural
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and porest Research Organisation (EAAFRO) catchments.
Previous analysis of the data had been based on the water
balance approach. The model treats rainfall and groundwater
storage as the two types of inputs while the output consists
of evaporation, ground water storage and surface runoff.

The outputs are then routed to obtain streamflow. After
some developments on his model, Blackie used a nine-parameter
model with a unit time interval of ohe day and obtained
reasonable representation of the streamflow from the
Kimakia catchments. The results of this model were
indicative but not conclusive regarding the hydrologic

changes that resulted from changes in land use.

Diskin et al (1972) studied the role of lag in
a quasi-linear analysis of the surface runoff system.
They developed a quasi-linear approach in modeiling
rainfall - runoff system. In this approach-the linear
convolution integral is assumed to represent the
rainfall - .runoff relationship during any one storm, but
the Kernel function is taken to be different for
various storms. The changes in the shape of the Kernel
function may be represented in terms of the variatiéns
in the value of the lag defined as the time difference
between centroids of input and OUtPUt-ﬁsing the lag as
a basis for the dimensionless plotting of the Kernel
function leads to a curve that is nearly constant for
all storm events in a given catchment. 1If the shape

of the dimensionless curve is known as well as the factors
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affecting the value of the lag for any particular storm,
it is possible to obtain a good fit to observed floods and

to predict future floods for the catchment concerned.

Kovacs and Morth (1974) demonstrated that they could
‘obtain a useful representation of the flood hydrographs of
the Tana river at Garissa (Kenya) with an expression for the
increase or decrease, 8§D, in terms of the rainfall recorded
on the one-degree square bounded by the equator and 1°S and

longitudes 37°E and 38°E of the following form:

8D = 0.6 (R-0.1) - 0.09D..........(4)
where:
D = Discharge in cubic feet per second multiplied
by a factor of 104
R = Daily rainfall in inches.

For the purpose of water resource planning, this
model is too simple and would require the introduction of

other parameters to vary the equation in a non-linear fashion,

Tavares (1975) regressed daily river discharge on daily
rainfall and previous runoff values. His results showed that
the regression of runoff on rainfall at lag zero and the

runoff at one day lag had smaller residual variance than

regression of runoff on rainfall only,
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Todini and Bouillot (1975) presented an on-line
rainfall runoff model of the Sieve river in Italy. To
estimate the model parameters, they used instrumental
variable maximum likelihood estimator. The data used were
two hourly interval concurrent rainfall and runoff time
series. A transfer function with autoregressive component
‘of order one and moving average component of order one was
identified and fitted. Using the theory of Kalman filters,

the model was shown to have good prediction performance.

Whitehead and Young (1975) fitted a transfer-fuhickipn
model to daily rainfall and runoff data from Bedford Ouse
river in eastern London. The rainfall series was found to
be significantly correlated up to lag of three days.
Therefore, the rainfall series was prewhitened using an auto-
regressive model of order three. The prewhitened rainfall
series was then cross correlated with similarly filtered
residual flow series. A rainfall runoff model of second order
autoregressive and second order moving average processes was
identified. Instrumental variable maximum likelihood method

was used to estimate the model parameters after which a water

quality model was incorporated.

The Sacramento model (TAMS 1977) has been employed
by the UNDP/WMO Hydrometeorological project on some of the
rivers that flow into Lake Victoria. The model input is the
average daily rainfall over the catchment and the model
requires characteristic values for at least 16 parameters.

It is very difficult to evaluate the performance
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of this model partly because of the amount of work involved
in calibrating the sixteen parameters and also because
only preliminary results after the calibration are so

far available. Furtherme@reé the results obtained from

the preliminary analysis were not very reliable since
véry few raingauges were considered in each catchment.

No provision was also made to acommodate the variaéion

of the catchment sizes which varied from a few hundred

to several thousand square kilometres.

Clark and Brutsaer (1978) have worked on a non-liqgr
analysis of the relationship between rainfall and runoff
for extreme floods. A practical method was developed
to obtain optimal Kernels or response functions of the
two-term truncated volterra series, describing rainfall
- runoff system. The Kernels were determined on the basis
of the three historical events and were applied to predict
the unrelated event of a tropical storm, \Agnest They
found out that a non-linear model could predict the flood

hydrograph from an extreme. and complex storm more closely

than the linear model. They also showed that the linear
_model resulted in an - undereStimate of the peak flow in

the case of a very large and catastrophic flood.

Bennett (1979) applied Box-Jenkins techiniques
using data from the East African Agricultural and Forest
Research Organization (EAAFRO) catchments. The data were
in the - form of monthly time series for the years 1958

to 1968 from Lagan and Sambret basins. Some of his "
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results showed that a transfer-function with autoregressive
component of order two and a moving average of also order
two fitted the monthly rainfall - runoff series. He also
carried out cross-spectral analysis on _the Lagan catchments
monthly rainfall - runoff data. But this analysis yielded

results which were hard to interpret.

Mutua (1979) applied the Wiener-Hopf theory of
optimum dynamic systems for the determination of stable
runoff impulse response functions of the Nzoia River drainage
basin from coincident records of input rainfall and output
discharge for a data observation interval of two hours
in the upper sub-catchment and of eight hours in the whole
catchment.l With the few continuous and reliable records
available the model was able to simulate hydrographs which
were close to the actual (observed) hydrographé. Other

simulated hydrographs showed departures from the observed
hydrographs.

Kato (1982) assumed a linear stochastic process
for the rainfall runoff system which yields Wiener-Hopf
type of integral equation which relates the auto-covariance
function of rainfall and streamflow through the catchment
response function. He derived the optmum response functions
using the Wiener-Hopf equation for the three sub-catchments
of the Ruvu basin of Tanzania. Then using the average
of the computed response functions and computed areal

rainfall, he estimated stream flows during two rain seasons.

The study showed that there was a good agreement between
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actual and estimated stream flow for the smallest and
medium sized sub-catchments. For the large sub-catchment,
there was a significant difference between actual and

estimated streamflow in the case of very heavy rainfall.

Mutulu (1984) develbped a multivariate
Autoregressive model in which he fitted linear transfer
function models to different sets of concurrent daily
areal rainfall and streamflow series. He used daily
rainfall and streamflow records for the Yala and Sondu
river basins of Kenya and considered two wet seasons
extending from April to June and August to October over
the years 1972 - 1978 in fitting the model during the
calibration stage. The models which were found to be
statistically adequate were used to predict streamflow
records for the periods April - June, 1979 and.August -
October 1979 for the Yala river basin and Abril to June
1979 and August to October 1980 for the Sondu river basin.
The study showed that the models were able to reproduce
the main features of the observed hydrographs.v However,

persistent departures of the forecasts from the observed

streamflow values were evident especially with some high

flow events.

The objectives of this study are discussed in

the following section.
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1.2, OBJECTIVES OF THE STUDY

Many methods have been used to study the relationship

between rainfall and runoff. Some of these have been discussed

in the last section.

In this study, the following two simple linear models

Were fitted for the Yala river catchment.

(1)

(ii)

In the first approach, a linear stochastic process for
the rainfall-runoff system which yields the Wiener-Hopf
type of integral equation was assumed. This equation
relates the auto-covariance fﬁnction of rainfall and

discharge through the catchments response function. The

method of maximum likelihood (optimum linear representation

was.used to compute optimum response functions from the
Wiener-Hopf equation for each pair of time series in
the calibration period. The average response functions
were then evaluated and used together with the computed
areal rainfall to estimate streamflow in the
verification period.

In the second approach, a multivariate auto-regressive
model in which linear transfer function models are
fitted to different sets of concurrent daily ‘areal
rainfall and discharge series was used. A similar study
was carried out for the Yala catchment by Mutulu (1984)
but for a different period of years. So the transfer
function models from Mutulu's study were recalibrated
for the long term means and the ones found to be

statistically adequate. were used for prediction.



A period of nine years was used in this study
extending from 1968 to 1976 with the first seven years used

in the calibration of the model.

Lastly the results from the two approaches were

compared.

Due to the complexity of the rainfall - runoff
processes, simple rainfall - runoff models are usually preferred.

Most of these simple models require the following assumptions:

(i) that the effect of a particular input component will
be the same irrespective of when it occurs and
irrespective of the state of the input or output at

the time of occurrance (time invariance)

(ii) that the effect is propotional to the cause. The
relationship or the operation of transforming the input
into the output, is implied uniquely by any
corresponding input - output : pair and in principle at
least, this relationship can be obstructed and used
to find the output for any arbitrary input or the input

corresponding toany given output (linearlity and

stability),

(iii) that the input and output components are considered
in a lumped fashion. That is the rainfall input is
represented by the average areal rainfall as measured
at certain locations in the catchment and the

streamflow output is measured at the outlet of the

catchment.
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The fact that the process of runoff generation on
a catchment is non-linear and time variant can scarcely be
doubted. The fact that the runoff resulting from an individual
rainfall event is often a residual after certain storages and
deficiencies in the catchment have been made up implies
a departure from linearlity and the difference between dry
season and wet season responses to the same rainfall event
implies time variance. The discharge at any given instant is
dependent not just on the recent history of rainfall on the

catchment but also on the evaporation, particularly the amount
since the previous rainfall. Neglect of this highly seasonal
factor in any analysis of rainfall and discharge records may
imply that the relationship obtained would itself exhibit
seasonal variation or even that no consistent relationship could
be identified. This difficulty is further compounded by the
fact that in most such analyses, the relationship is sought

between the recorded discharge and an index of areal mean

rainfall obtained by averaging the records of a number of

raingauges. The non-representativeness of the recorded rainfall

and the distribution of rainfall within the catchment are usually{
neglected.

Therefore,in practice, in analysing systems which are
not exactly linear and time invariant, or where the data are
subject to errors, problems may arise both in identifying the

operation or in computing an input corresponding to a given

output function of time.

However, linear systems have a remarkable property

that given any input-output record, the operation mav be
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obtained . analytically without further assumptions.

If the data are without errors, the expression of
the operation will similarly be error free, but even if the

data are subject to random errors and the system only

‘approximately linear, an estimate of the operation can still

be found without further assumptions. The reliability of such
an estimate depends on the extent of the sample data, on the
errors of those data and on the extent and nature of the
departure of the actual operation from the linear assumption.
The method of analysis best suited to a particular case
depends on the nature of the data, mainly on whether continuous

or discrete, periodic or non-periodic and whether capable of

expression by analytic functions of time.

In order to moderate the effects of these shortcomings,

the following points were considered in this study:

(i) Two wet seasons were used. It is expected that during
the wet seasons, the soil is saturated most of the

time and therefore most of the rainfall received will

contribute to runoff,

The region of study was picked from the rainy part of
Western Kenya. In this region there are very few if

any dry days during the wet seasons. This minimizes
the effects caused by evaporation,
These two points give support to the assumptions of

linearlity and time invariance.
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It can further be noted that:
(i) The Yala river basin has nearly homogeneous.
soils and vegetation except near the mouth of

the river towards Lake Victoria where it is swampy.
. (ii) The basin does not have very high mountains.

(iii) The Yala River basin is small and it is situated

in the region of high and uniformly distributed

rainfall.

These three points give support to the method of

lumping the input and output components. Before studying the

rainfall-runoff mechanisms for the Yala river basin, time series
analysis was carried out to give further evidence of the
significance of the above assumptions.

1.3. CLIMATOLOGY AND_OTHER GENERAL CHARACTERISTICS OF THE

STUDY REGION
The Yala river catchment (area 1F) is located in the

Lake Victoria drainage area which is drainage area one in Kenya.

Fig.l shows the location of the Yala river catchment on the map

of Kenya. |
The rainfall in the Lake Victoria drainage area is

mainly convective in form of thunderstorms and showers from

cumulus clouds and occutrs mainly in the afternoons (Tomset,

1975 and Asnani and Kinuthia, 1979). This Lake Victoria

drainage area which is characterised by humid climate has no

real dry seasomns. However, the seasonal rainfall patterns

exhibit a bimodal distribution associated with the

intertropical convergence zone which migrates



- 26 -

I'TVYWNO
"
4

.t

l',

LEGENTD

m Yala River catchment \
B m Lake Victoria catchment \

Smnsanss——

Fig. | MAP OF KENYA SHOWING THE LOCATION OF YALA RIVER BASIN
ig.



- 27 -

Seasonally across the region with the .overhead. sun

The two rain seasons are centred around March - May
(long rains) and September - November (short rains) .
Substantial rainfall is also received during the months
of July/August due to moisture influx from the Atlantic
ocean and the Congo/Zaire basin. The Yala river drains
an average area of 2,388 km2 at the Yala gauging station
1FGl... The basin area exteﬁds from Elgeyo escarpment
and Nandi hills to lake Victoria. The basin axis extends
roughly 170 km East to West. The catchment is
characterised by poorly drained planosols in the upper
reaches of adverse topography and small holdings in the

middle and lower reaches. Poor swampy soils dominate

the river mouth.
The mean annual rainfall over the Yala basin is

around 1500mm and the Pote_nhfal annual evaporation is of

the order of 1200 mm. A typical mean monthly rainfall

distribution for a station in Yala basin is shown in

Figure 2 and Figure 3 shows the mean annual rainfall of

the basin.

Major drainage and irrigation efforts have been

under way since 1967. Power development opportunities

are limited due to inadequate reservoir storage, Hdwever,
several damsites have been identified (TAMS 1980). The

catchment has a relatively high incidence of flooding

during heavy rains.

1.4. DATA REQUIREMENTS
Rainfall records showed that 37 stations in the

Yala river catchment have standard raingauges which report
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daily rainfall values. However many stations had missing
records and as a result, only 14 stations within the Véla
basin were finally selected for this study. 15 other
stations around the Yala river basin boundary were selected

and used in the isopercentile estimation of areal

rainfall.

This study was restricted to two relatively wet

seasons. The first wet season was taken to run form April

to June (91 days) while the second season extended from
August to October (92 days). These two seasons
April - June and August - October will subsequently be

referred to as seasons 'one’' and 'two' respectively.

1.4.1 RAINFALL DATA

Daily rainfall values for the 14 stations in the

Yala river basin were obtained for the years 1968 to 1976

both years inclusive from the Kenya Meteorological

Department. Annual total rainfall values were also

obtained for the above 14 stations and for the 15'other
stations around the Yala river basin boundary for use
in the isopercentile areal rainfall estimation. Table 1

lists the 29 selected rainfall stations with their

characteristics. The spatial distribution of these

stations is given in Figure 4.

1.4.2 DISCHARGE DATA

The corresponding discharge data for the years

1968 to 1976 were obtained from the Ministry of Water Development
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TABLE 1:.LIST OF RAINFALL STATIONS USED IN ANALYSIS FOR YALA BASIN

STATION NUMBER | STATION REG. STATION LOCATION | YEAR
AS IN FIG. 4 NUMBER STATION NAME LATITUDE | LONGITUDE| OPENED
1. 8934031 ST. MARY'S SCHOOL YALA 0° 06'N [34° 32'E [1935
2 8934103 VIHIGA AGRIC. OFFICE o° o2'n |34° 43'E | 1950
3 8934041 YALA MWIHILA SEC. SCHOOL o° 11'n |34° 37'E [1940
4 8934028 KAKAMEGA FOREST STATION 0° 14'n | 34° 52'E | 1935
5 8934072 KAIMOSI TEA ESTATE LTD. 0° 09'n | 34° 56'E | 1947

6 8934078 KAIMOSI FARMER'S TRAINING’
CENTRE o® 13'n [34° 57'E |1958
7 8935127 KAPSABET KABIYET HEALTH
CENTRE 0® 24'n [35° 05'E | 1954
8 8935062 UNIVERSITY OF EASTERN
AFRICA o 15'N | 35° 05'E {1938
9 8935018 KAPSABET DISTRICT OFFICE 0° 12'n | 35° 06'E | 1904
10 8935112 NANDI FOREST STATION 0° 12'n | 35° 04'E |1950
11 8935134 KESSUP FOREST RESERVE 0° 39'n | 35° 31'E [1955
12 3;35152 NANDI HILLS AGRIC. OFFICE |0° 07°'N |35° 11'E |1962
13 8935120 KIBABRET ESTATE LTD. o° o8'w | 35° 17'E | 1952
14 8935080 NABKOI FOREST STATION o° o8'n | 35° 28'E | 1947
15 9034011 MASENO VETERINARY |
STATION 0° oo's | 34° 35'E |1934
16 9034078 MASENO GOVT. INSTITUTE o° 0o's | 34° 36'E | 1959
17 9034060 KISUMU NEW PRISON o° oa's | 34° a3' |1951
18 9034069 KIBOS KISUMU WATER SUPPLY |0° oo's | 34° 49'E |1955
19 8935033 NANDI HILLS, SAVANIL . .
ESTATE O O03'N| 35 O6'E |1929
20 8935161 NANDI HILLS, KIBPARI ) )
TEA ESTATE O OS5'N |35 09'E |1958
21 8935095 KAPSABET NANDI TEA FACTORY o: 06'N 352 11'E [1947
29 8935071 NANDI, SIRET TEA CO. LTD. oO 04'N 350A14'E 1944
23 8935001 KABNGENDUI, KIBET FARM Oo 02'N 3%0 18'E | 1914
24 8935148 KIPKURERE FOREST STATION oo 05'N 35o 25' | 1959
25 8935137 TMBOROA FOREST STATION 0° o4'n | 35° 32' |1954
26 8935074 FLDORET, GARA FALLS . )
ESTATE 0° 22'n | 35° 15'E |1946
07 8934104 MUKUMU GIRLS SECONDARY ) )
SCHOOL o° 13'n | 34° 46'E |1960
28 8934002 BUKURA F.TR. CENTRE 02.13'N 342 37'E |1924
29 8934040 BUTERE HEALTH CENTRE 0° 13'n | 34° 30'E [1939.
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Headquarters for both seasons one and two. These were
observations made at the Yala river gauging station

1FG1. This station has an automatic recorder and has

a record of about 30 years. A check on the rating curves
of the Yala river gauging station lFGl indicated that

' the station had stable controls for the period of study.
Records at random were checked by using the rating curves

to ascertain their accuracy. The location of this

gauging station is given in Figure 4.
- The methods of analysis will be discussed in the

next. chapter.
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CHAPTER TWO

2.0. METHODOLOGY

In this chapter the methods of analysis used in

the study will be discussed.

Before subjecting the records to time series
analysis, the daily rainfall series were lumped through
areal averaging over the whole catchment. With the
cémputed areal rainfall series as inputs to the catchment

systems, rainfall - runoff mechanisms were examined for

the catchment.

2.1. ESTIMATION OF AREAL RAINFALL

There are various techniques which can be used

in the computation of areal rainfall over a cétchment.
They include:
(a) Thiessen polygon method

(b) Chidley and keys method

(c) Unweighted aritbhmetic mean method

(d) Isohyetal method

(e) Isopercentile method
N

The choice of the method depends largely on the
characteristics of the catchment concerned. Some

previous studies have however indicated that the

isopercentile method gives relatively better results

than the other methods (Basalirwa, 1980). Another

advantage with the isopercentile method is that it reduces




the need for a consistently reporting network (Chow, 1964) .

It i1s also the method recommended when a catchment has

closed isohyetes due to the influence of diverse

physiographic features which is the case with the Yala

river catchment. The isopercentile method which is an

extension of the isohyetal method was chosen for this

study.

The two methods are reviewed briefly iIn the

following sections.

2.1.1. ISOHYETAL METHOD

In this method, rainfall values at various locations

(rainfall gauging stations) within and around the catchment

and for appropriate durations are plotted on a suitable

map. Isohyets are then drawn at equal intervals and the
areas between consecutive pairs of isohyets are estimated

with the help of a planimeter. These areas between

consecutive pairs of isohyets are then divided by the

total catchment area to form weights. These weights

are then multiplied by the corresponding mean rainfall

between a pair of i1sohyets to form products. The sum

of these products 1iIs the estimated mean areal rainfall

for the catchment.

2.1.2. THE ISOPERCENTILE METHOD
This method requires that a minimum of twenty

years of annual rainfall for each station iIn the

catchment be available. Unfortunately very few stations



have continuous data for such a long period. In such
cases the method is applied to shorter records. The

mean annual rainfall for each station is computed and
using the isohyetal method, the average annual general

areal rainfall for the catchment is estimated. The

catchment areal rainfall is then given by:

b=
]

X .
X, = =2 .0
Xi N 5 ------------- (5)

where:

X; = areal rainfall average on a given day i.

Xa = Average annual general areal rainfall,
normally determined over a period of thirty
years using the isohyetal method.

N = Total number of stations

Xi;n = Rainfall total of the nth station and on
a given day i.
Xn = Mean annual rainfall for a particular station

n taken over the same period as that used

in determining Xa'

2.2. TIME SERIES ANALYSIS

wing the application of the linear theory

Before sho

to the prediction of stream flow, the statistical
characterﬁstics of the computed areal rainfall and

discharge series were investigated both in time and

frequency domains. The functions which have been studied
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are auto-correlation, Cross-correlation, spectrum,

Ccross—-spectrum, coherence and phase angle.

The auto-correlation and spectml density
functions were used to investigate stationarity in the
daily areal rainfall and streamflow series, to aid in
building prewhitening filters for the areal rainfall
series, to detect cycles in both series andg to help in
the rainfall-runoff model diagonostic checking. The
cross-correlation function was used to determine the lag
of maximum response between stream flow and rainfall
and to, lay down the initial hypothesis as to the orders
of rainfall - runoff models. Lastly the cross-spectral
density estimates, coherence and phase angle were used
to confirm the significance of the cycles observed in
the spectral estimates of both rainfall and streamflow,
to confirm the assumption of linearlity and to give an

idea as to how the rainfall and streamflow series lead

or lag pbehind each other.

It is necessary that the rainfall and streamflow
series be stationary if the functions mentioned above
have to give meaningful results. A stochastic process

is first order stationary if its mean is constant with

time. The variance should also be constant with time.

It is stationary in the covariance if the covariance

depends only on the time lag and not the position of the

process is second order stationary

time. A stochastic

when it is stationary in both the mean and the covariance.
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If all higher moments are independentof time, tﬁe stochastic

process is stationary in the strict sense and it is simply

referred to as stationary.

If the time series is not stationary the auto-correla
and cross-correlation functions do not approach zero at infinit
(Wiener, 1949) and so no meaﬁingful information can be got fron
the functions. A simple technique commonly used to achieve

stationarity is differencing and this technique was adopted in

this study.

2.2.1, ESTIMATION OF AUTO-CORRELATION FUNCTION

The investigation of the sequencial properties of
a series by auto-correlation analysis is already a classical
technique., The use of auto-correlations in searching for
periodicities is quite old (Craig 1916, Yule 1927 and Walker 19:
It is used to determine the linear dependence among the successi
values of a time series that is usually characterised by
a constant time interval of observation. Though there may be

some disadvantages in using this technique in comparison with

other techniques the auto-~correlation technique is useful in

hydrology, provided it is applied appropriately. There is nothi
unusual in using the linear correlation of the lagged values of
a series although the non-linear correlation may also be used.

However, the simplicity of the linear approach, the already

developed estimation techniques and distributions of the estimate
parameters for this approach, the lack of physical justification

for non-linear correlation and the limitations of sample sizes
give sufficient support for the use in the hydrology of the linear

auto-correlation (Yevjevich, 1972},
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Let X9r Zor X3p eeininn, Xyr be a discrete time
series of N points which is stationary with mean zero
. 14

then the auto-correlation function estimate is given by:

T
ey X(E) . x(t-3)

]
I
|
i
1
1
)
]
)
[
————
[=)]
N

R_(3J)
X T x2
t

j=o’ l, 2,.'.‘.»......-.11'[

where j 1is the lag number and m is the maximum lag number
chosen which does not normaly exceed N/4 (Chatfield 1975)
? -

In this study, the sampling interval is unity(one day)

The autocorrelation function has the following

general properties:

(i) Rx(o) = 1 (follows from the definition)
(ii) [Rx(j)['f 1 for all j
(iidi) RX(?j) = Rx(j) for all j when x(j) is a real
valued function. |
Thus, an autocorrelation function is symmet;h:about the

origin and attains it's maximum value of unity at the
origin,
The autocorrelation measures the serial dependence

between observations j time units apart. Such a correlation

coefficient might be used to test the null hypothesis

of independence against the alternative that there ig
dependence between observations j time units apart, In
most situations however, if there is dependence between
observations j time units apart, it would be assumed that

there is dependence between observations that are
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1, 2, ceeeeen.. and j-1 time units apart. The jth order
autocorrelation would custcmarily be used to test the

null hypothesis of the jth—order dependence

(Anderson » 1971).

-t If Xy X2' ceseeees X . are independent and
identically distributed as random variables with

arbitrary mean, it can be shown that:

. 1
E [ R, (3)] = BVa B (7)

and

var [ Ry (3) ] TN
N = Number of observations
The 95% confidence limits are then approximated by:

1l 2
CL = - 1 e eemereccee e nen o e (9)
95 N T
When N is large, the above equation
is further approximated to: -
2
—— memee e e mcc e ———— (10)

= +
s T /W

All values of Rx (j) which fall outside these limits are

regarded as significantly different from zero at the 5%

level,
The values of the autocorrelation at lag of one
day, [ R, (1)] provides some information on the characteristics
of the time series. Large values of R (1) may suggest
red noise or spectral peaks at long periods while small

values indicate independent series (white noise) i.e.

series with only random variations.
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The graphical plot of the auto-correlation function
Rx (j) against the time lag j is known as the correlogram,
The nature of the correlogram can conjecture about the
generating process of the time series. For a periodic
process, the correlogram is .periodic. It decays exponentially
'for a first order Markov process while it is in form of
damped harmonics for mixed processes. In practice the number of
observations are generally small and the correlograms may
fail to damp out as theoretically expected because the
observed auto-correlations are subject to inflation due to
sampling errors (Granger and Hatanaka, 1964). The rate at
which the auto—correlatioﬁ decays may then be iﬁterpreted
as a measure of the memory of the process. It should be noted
however that there are processes for which the auto-correlation
does not decay to zero as the time lag tends to. infinity but
instead behaves in a sinusoidal manner. This type of

correlogram corresponds to a process which has a sinusoidal

memory (Priestley, 1981).

The auto-correlation functions were computed for

both the daily areal rainfall and streamflow series and

correlograms plotted.

In cases where the series is not purely periodic or

when it has more than one cycle the correlogram may
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fail to show the cycles clearly. Thus in most cases the method
.OP

of spectral analysis is frequently . applied

2.2.2. ESTIMATION OF SPECTRAL DENSITY FUNCTIONS

Spectral analysis may be used to detect cycles
or oscillations in the time series at certain frequencies.
The function used in this case is the spectral density
function, Dx(f). The cycles appear as peaks in the plot
of Dx(f) against frequency (f) and these peaks correspond to
frequencies which account for a large percentage of the

total variance. The significant cycle periods in the

series would then be given by the inverses of the above
frequencies. |

Spectral density function is the fourier
transformation of the autocorrelation function The
autocorrelation function (Rx) and the spectral density .

function (Dx) are theoretically related to each other

in the following form:
< ikt
= R (1) ™ dr eemmme—— o
D, (£) f L (T) e AT ~=—mmemmm—cem e (11)

-
where .
K = 2nf )

f = frequency

T time 1lag

Since the spectral density function and the autocorrelation

function are even functions of their respective arguments
r
the above equation may be expressed as a one-sided cosine

transform in the following form:
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Dy (£} = JJ Rx (T) cos KTAT ==m—mccmmmmeo (12)

Expressed in the discrete form, the above equation

becomes:
. n-1 £
D_(£) = 2h [Rxm) { I R (mh) cos ( TmE
m=1 £
c
+ R_ (nh) cos (£££ L e (13)
X f J
c
where:

m=l' 2, seessese I

h =1
f =% (the cutoff frequency)

In order to get a consistent estimate of the spectral

density functions (D, (f)), the random variables which are
usually superimposed on the cycle peaks in _.the plot of

D. (f) against f must be removed. This is achieved by the
X

use of windows (weights). In this study the Parzen window

was used and it is given by:

2 3
p =1 - 6(%) + 6(%) , m=0, 1,... n/2

3
= 2 [1 - (%)] , m=n/2 + 1, ...n ———

=O' m ~>n

Where n is the truncation point.

The final smoothed spectral density estimates are given

by:
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pfc n-1
D'X(_H—) = Zh[ P, Ry (0) + & P R, (mh) Cos(igg)]—---(lS)
m=0

For normalised records, the area beneath the

autospectral function is theoretically equal to unity.

In this study, the smoothed spectral estimates
Were computed and the graphs of D'(f) against 'f' were
plotted to examine the cyclical components in the areal
rainfall and discharge time series. The statistical
significance of the peaks can be tested using the white-noise

or red-noise hypothesis depending on the process of the

time series concerned. In this study both white and red

noise hypothesés were assumed and the chi-~square test was used

in testing the null hypothesis.

ESTIMATION OF THE CROSS CORRELATION FUNCTION

2.2.3.

If [x(i)] and [ y(i) ] are discrete time series of

N points which are stationary with mean zero, then the

cross-correlation function estimate for the two normalized

series [x(i) ] ‘and [y(i)] is given by:
1 N5 o
Ryey () = §=5~ i=21 x(1). y(it]) ===---meeeneea (16)
j = O’ l, 2, ew o ey m
and .
L9 S ). x(i+h)
i = - i), Xx(1+]) =~ —ccccccccaac—e-
m

j:o, l, 2’ o o o 0 o §
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T _ . . .

he cross-correlation function ny(j) can be used
to describe the intensity of relationship between two
time series at various time lags j. If the series

[x(1)] and [ y(i)] are un-correlated,

E [Ryy (3] =0 mmmmmmmcom e (18)
and
Var [ny (j)] = l/N ------------------------ (19)
The 95% confidence limits can then be approximated
by:
CL = - 1/N % 2 .
95 SR TTTTTTTTTT e (20)

A plot of the cross-correlation function [ny(j)]

against time lag (j) gives the nature of the relationship

between the two series and a peak in this plot at any

lag j may indicate that one series is related to the

other significantly when delayed by time j units. The
cross correlation function is also required in order to

subject the two time series to cross-spectral analysis.

In this study, the cross-correlation functions

wore computed for each' pair of daily areal rainfall and

streamflow series and the cross-correlograms were plotted.

2.2.4. CROSS-SPECTRAL ANALYSIS

Cross-spectral analysis may be used for examining

the relationship between two time series. The theory

of spectral analysis for a single time series can be
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extended to multivariate time series. In this particular
case of bivariate time series, the fourier transformation
is carried out on the cross-correlation function. The
theoretical relationship between the cross-correlation
function (ny) and the cross-spectral density function

(ny) may be given in the form:

(o) -.kT
f) = 2 R e Y e __
ny( ) kg_w xy (T)e (21)
Equation (21) may be split into two parts:

Dy (£) = Cyy(£) = 1Qu () mmmmmmmooomoooo (22)

where the real part ny(f) is called the coincident
spectral density function (cospectrum) and the imaginary

part Qxy(f) is the quadrature spectral density function.

The co-spectrum represents the in-phase
covariance and the quadrature represents the out of

phase covariance between x(i) and y(i) at any given
frequency.

The phase function (phase angle) exy(f) which
describes how the two time.series lead or lag each other

at any given frequency f may be expressed by:

Q. (£)
1o Sxy PN (23)

0 f) = tan
xy ¢ ) an Cxy (£)

The coherence function which is the measure of

the degree of relationship (correlation) between x (i)
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and y(i) over a range of frequencies is given by:

. D2 (£)
coHz  (f) = u3 4
Y D_(£) D_ (f)
X Y
------ (24)
2
Gyt () 0k ()
Dx(f). Dy(f)
This should theoretically satisfy:
-1 = Coh2 xy <1 for all frequencies.

In order to evaluate the discrete approximations
of C v (£) and Qxy(f), it is necessary to first evaluate
X

the two intermediate functions A, (mh) and Byy (mh) which

are given as:

A, (mh) = k% [ Rey(uh) + R (mh) | -mmmmmeeees (25)
and
B, (mn) = % [Ry, (k) - Ry (mh)]  =mmmmmmmnne- (26)
Then 0ol o
= + 22X A h LN L2
Cyy (£) = 2D [ Ay * 2% sy (M) Cos (52E)
£
+ A (nh) Cos (FF5) |  ——=—===---e--- (27)
" 25)]
and Dl e
= . ™
= 2h [2 5y B_,(mh) Sin (=)
Qxy(f) m=1 Xy fc

. T nf
B (nh) Sin (-——-—)] ————————— (2’8)
¥ Xy fC
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As in the case of auto-spectral analysis, Parzen window
(Pm) as deéscribed in Section 2.2.2. was used in smoothing

the above cross spectral estimates.

In this section all the spectral functions described

above were estimated and the correspdnding graphs were
plotted.
After the study of the statistical properties

of the daily areal rainfall and streamflow time series
r

the rainfall-runoff mechanisms were examinegd.

-

2.3. RAINFALL RUNOFF MODELS

Due to the complexity of the various physical
phenomena involved in the natural catchments and also

due to scarcity of data, rainfall runeff systems are

often approximated by a linear system. This means that

the internal details of the physical mechanisms are not
examined, but that the catchment is treated as a lumped
'black box' system converting input into output. The

main input into the system is rainfall and the main

output is streamflow.

Hydrological systems are in general time lag
systems. This means that the output of these systems
at each instant of time depends on the input during

some time before that instant.
Since it is difficult to take into account all

details involved in the rainfall-runoff mechanism, it
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is necessary to accept certain simplifying assumptions

on the basis of which the prediction model for the output
can be constructed. The input and output components may
be considered in a lumped fashion. That is rainfall
input is represented by the average areal rainfall as
measured at certain locations (rainfall gauging stations)
and streamflow output is measured at the outlet of the
Then the process of rainfall - runoff may

catchment.

be considered as a linear system as in the case of the

Wiener-Hopf approach.

2.3.1. WIENER-HOPF EQUATIONS

In the Wiener-Hopf theory, it is assumed that
the input into the system is stationary, that is, it's
statistical properties do not vary with time. So the
linear input-output model, based on this Wiener-Hopf
approach, represents the simplest possible assumption
of a causal relationship between an input x(t) and an
output y(t) both expressed as functions of time. It

implies that:
(i) the effect of a particular input component

will be the same irrespective of when it

occurs and irrespective of the state of the

input or output at the time of occurance

(time invariance).

and

(ii) the effect is propotional to the cause. The

relationship or the operation of transforming
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the input into the output is implied uniquely
by any corresponding input -~ output pair
and in principle at least, this relationship
can be obstructed and used to find the

) output for any.arbitrary input or the input

corresponding to any given output, (linearlity

and stability)

Linear systems have a remarkable property that

given any input=-output record, the operation may be
obtained . analytically without any further assumptions,

If the data are without errors, the expression of the

operation will similarly be error free. Even if the data
are subject to random errors and the system only approximately
linear, an estimate of the operation can still be found

without further assumptions. The reliability of the

estimate depends on the extent of the sample data on the
errors of those data and on the extent and nature of the

deperture of the actual operation from the linear

assumption. The method of analysis best suited to a

particular case depends on the nature of the data, mainly
on whether continuous or discrete, periodic or non-periodic
and whether capable of expression by analytic functions

of time (Nash and Foley, 1982),

The operation of the system on a continuous input
function can be expressed as a linear differential equation

in which case the property of time invariance will be
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reflected in the constancyof the coefficients. For a
system in which the cause preceeds the effect and in which
no input or output occurs prior to time t=0, (physical
realizability), the relationship of the input-output

impulse response is expressed by the convolution integral

equation as:

y(t) = f: x(t) h(t -9 dr

= f: x(t -1 h(t) d1

where:

y(t) output

x(t)

input

h(t) = response function.
i.e. The value of the output y(t), is givep as a
weighted linear sum over the entire history of the input,
When the input function is expressed as a series of
pulses or mean values over successive short intervals T,
the response to a unit pulse of duration T may be a
more convenient expression of the operation than the
impulse response. The input-output relationship
expressed in terms of the pulse response (discrete form)
is:

Yo = I x(n-r) h(r)  ==ceeme e __ (30a)

or
x(n) h(0) + x(n ~1) h(1) + ....,..

yn
t X(n « m) h(m)  —cmemmmmee o __ (30b)



where it is assumed that the effect of a disturbance in
x lasts only through m intervals of duration T. 1In

the presence of data errors or imperfection in the
linearlity of the system described by equations (30)

above, an error term must be added to give:

y(n) = x(n) h(0) + x(n-1) h(l) + ......

* x(n-m) h(m) + e~  —=--eooeemoeaa (31)

This equation expresses the dependence of y on x as a
linear reéression in which the successive terms of

;Y' conS&titute the values of the dependent variable
and the corresponding values of 'x' and {n-1) prévious

values are the 'n' independent variables.

In a true linear system, the unit response
function obtained through solution of equation (30)
is a unigue characterization of the system, which is

independent of the particular x(t) and y(t) used in it's

determination.

The basic problem is to solve equation (30)

for a meaningful h(t) when y(t) and x(t) are related

to a system which is not truly linear. The solution may

be obtained by the maximum likelihood (optimum linear

representation) method.

MAXIMUM LIKELIHOOD METHOD

2.3.1.1.

Let

y(i) = observed output
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predicted output

y(i)
x(1) = observed input
following the development of Wiener (1949), it is required

that the predicted output be an exact solution of the

convolution equation. i.e.

[+

y(i) = R I (32)

In this study the time interval At is equal to one. The

difference between the observed output y(i) and the

predicted -output ¥(i) is given by:

a(i) = y(i) - y(i)

= y(i) - h(t) x(i-t+l)

o g

t=1

The integral sgquare error, e, is given by the sum of the

squares of these differences.
z
t=

oo

T d2 (i) = e = I [y(i)-

h(t) x(i-t+1) | -——u
1 i=1 & )} (34)

t 1

A stable linear system should give the minimum value of

This implies that the differential of e must be equal

e.
to zero.
i.e.
Se .
Sh(J) = 0, ] = 1,2, eeeeey © @ meemmmdemaaooo (35)

and this gives:
y(i) x(i=3j*1) = 5 x(i=J*1). 5 h(t) x(i-t+l) --- (36)
i i=1 t=1 _

©
z
q =

1

for j 21
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Let i-j+1 = t on the left hand side of equation (36)
and also note that x(§) and y(§) are zero for & = O.

Then equation 36 becomes

o oo oo

2 x(t) y(t+j-1) = I h(t) I ox(i=-j+1) x(i-t+l) ---= (:

t=1 t=1 i-j+1

if i~j+1 = VvV on the right hand side of equation (37),

we get:
<]

Tox(t) y(tri-ll= T h(£) I x(v) x(vtj-t) =-mmmm (38)
t=1 t=1 v=1

The discrete time auto-covariance function is given by
definition as:
<o

-Cxx(J) = Vf

x{v) x(v+j) Av, all integer j, -----==--a (39)
1

and the cross—-covariance function is defined as:

x(t) y(t+8) At, all integer §, -~—--eee- (40)

ny(5) =

HSE

1

= At = 1, so equation (38) becomes the

In this study Av
discrete time form of the Wiener-Hopf equation:

h (t) CXX (j't) ———————————————— (41)

cxy(j—l) =

™38

opt

t=1

The solution of equation (41) leads to minimum integral
square error. Thus the unit impulse response determined
through solving equation (41) is optimum and hence stable

and it will subsequently be referred to as'[hy . (t)],
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Equation (41l) is both a necessary and sufficient

condition for defining the optimum linear system ﬁ £ (t)

op
as long as Cxx (§) is neither zero nor constant.

When the theory of minimum mean square error
linear prediction is extended to the case of a finite

observation period T, equation (41) becomes:

T

C (j-1) = I

t) C
vy . (t) ¢,

hopt X

1

In the matrix form, equation (42) becomes:

[ny] = [Cxx] [hopt] -------------------- (43)
where
B b -
ny (0) hopt (0)
ny (1) hopt (1)
ny (2) hOpt (2)
' = e 1  TE===- (44)
[ ny] = . ,[hopt]
Cyy ) hopt (M)
i : L )
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chx(o) Coy (1) Cpp(2) wennnnn C .\ (3)
c..(1) c..(0) c_. (1) .
XX XX XX Cxx(j—l)
Coy (2) cxx(l) cxx(O) cxx(j-Z)
CX._X = . o . . -—= (45)
_ -cxx(j) Cpy (3-1)  Cpp (3-2) | Cxx(o)J

The symbols j,k, and m stand for the numbers of lags

of the auto-covariance function, the cross-covariance

function and the period of the response function

respectively. IB equation (45) the property of the

auto-covariance function is used. It is always an even

function with a maximum at time lag zero.

Since the auto-covariance matrix is generally

a square matrix and the lags of the auto-convariance

and cross covariance are equal,equation (43) becomes:

-1

[ hopt] = [ Cxx] [ny] cectsesscesansass (46)

In this study daily areal rainfall time series

re generated using the daily records of two three
we

geason one extending from April to June

wo extending from August to October
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(92 days) for the Yala river catchment. The daily areal

rainfall was computed using the isopercentile method

For each pair of time series (rainfall and

‘discharge), the auto-covariances (Cxx) and the

cross-covariances (ny) were computed for various time

lags. More than one maximum time lags were used in the

computation of the auto and cross covariances but the

largest was 55 days. It was assumed that the rainfall

after 55 days would no longer affect streamflow.

The computed values of the auto and cross

convariances were then arranged to form the matrix

equations of equation (45). The system of the

simultaneous equations was then solved to obtain

i

hopt(t) by using the computer package F4 ACSL (ICL1900).
Fos
Then for each season the average response'function was )

evaluated.
Finally streamflow was estimated for each season

and for two years using the computed areal rainfall for

the catchment and the average response function with

the help of the following equation:

m
§'(i) - Zo h(i"’t) X(t) ------------------- (47)
t=
i= 0, 1, 2, ¢v.. M

where
estimated discharge

i

vy (i)
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h(i)

response function

x({t) computed areal rainfall

2.3.2. MULTIVARIATE AUTOREGRESSIVE MODEL APPROACH

In this approach which is stochastic in nature,
three stage cycle is often followed namely, the
identification of the rainfall-runoff relationship.

At this stage the initial hypothesis as to the order

of the model is given. The second stage is the

estimation of the un-known model parameters of the

identified model. Finally the adequacy of the model

is tested through diagonostic checking. 1If the
identified model is not statistically adequate, the
cycle is repeated until an adequate one is obtained.

Once a model is found to be statistically adequate,

it can then be adopted for forecasting.

A similar study has already been carried out
by Mutulu (1984) for Yala catchment and for the same

seasons as used in this study but for a different

period of years.

For rainfall-runoff model identification,

he used the prewhitening method described by Box ang

Jenkins (1970). In this method he used a prewhitening

filter for the rainfall series to transform both the

rainfall and discharge time series. From the analysis

of the auto-correlation, partial auto-correlation

a
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and the spectral density functions of the rainfall
series [xt] he adopted the first order auto-regressive

(Markov) process as representative of the series
This model is of the form:

R (1) X(t-}) + a(t) e—emm—mmmemm—o (48)

x(t)

where:
x(t) = computed areal rainfall on day t

«(t) = random disturbance

lag-one autoregressive coefficient

R(1)
(auto-correlation) and it is taken

as the maximum likelihood parameter

of the model (Yule, 1927 and Walker,

1931)

From the above model, the corresponding prewhitening

filter for the rainfall is:

<(t) = x(t) = R(1) x(t-1l) --=-—=——c——ea- (49)

similarly for discharge [y(t)], the corresponding
transformation filter is:

g(t) = y(t) - R (1) y(t=1)  ===eme—o (50)

Note that R(1) varies from one period of study to

another. So using the filter of equations (49) and

(50). He transformed both the rainfall and stream
flow series. He then subjected the transformed series
to auto-correlation and spectral analyses and the

results showed that the rainfall series had been
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converted into white noise (independent series) and
the discharge series was also transformed. These

results justified the use of the above filters.

Mutulu (1984) further found in his study that
. the second or third order distributed lag effects from
rainfall were present in the generating models of the
Yala river basin system and that second order

auto-regressive dynamics were operative in the Yala

river basin. He therefore introduced three tentative

transfer function models of different orders namely:

(1) TF(2,2.): Y¢ =8) Y1 * 8 Y " by X

(ii) TF(3,2): Yy =3y Ye 3 ¥ 3 Yep o *t
* by Xy Y hyx,

(iii) TF(4,2.): Yy = @) Yeg % 35 Yyop * by xy

(52)

where
x = Rainfall
y = discharge
s y, and n, are random disturbances assumed to be
t’ 't

ormally distributed and with zero mean. The notation
n



TF (g, p) is used above and subsequently to denote a transfer
function with distributed lag component of order 'q' and

autoregressive component of order p.

In this study, the above models were recalibrated

for the long term means. The parameters were determined

by the maximum likelihood method. The significance of

the parameters was tested using the students t-test

against the null hypothesis with (N-S) degrees of freedom.
S is the number of parameters and N is the total number

of observations.

The mean models fitted above were lastly used to

forecast discharge during the verification period.

The skill of the models fitted in the above two
methods in forecasting streamflow was tested using the

multiple correlation coefficient (R2) and the Smirnov-

Kolmogorov tests.
The various tests which can be used to test for

goodness of fit are briefly reviewed in the following

section.

TESTING OF GOODNESS OF FIT
Various statistical tests are available to test

2.4.

the goodness of fit. In general the procedure used in

applying these tests is:
(a) State the null-hypothesis (Ho) of goodness

of fit.
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(b) Choose a statistical test.
(c) Select a significance level.
(d) Assume the sampling distribution of the

statistical test under Ho‘

(e) On the basis of b, ¢, and d, define the region
of rejection.

(f) Compute the values of the Statistical test.

If the value is in the region of rejection,

reject H, otherwise accept it,

There are two types of statistical tests, namely,
parametric and non-parametric. Parametric tests are
associated with certain assumptions about the sample

being tested. These assumptions are:

(a) The observations must be independent.

(b) The observations must be drawn from normally
distributed populations.

These populations must have the same variance.

{c)

Generally, non-parametric tests need only assumption

(a) and in addition, non-parametric tests do not require

as high a level of data measurement as do parametric

tests. .
The most commonly used tests are:

(a) Multiple correlation coefficient (R2)

(b) The students t-test.

(c) The chi-square test.

(d) Durbin-watson test

(e) The Portmanteau lack of fit test.

(f) The Smirnov-Kolmogorow test.
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2.4.1. THE MULTIPLE CORRELATION COEFFICIENT TEST (R)

The multiple correlation coefficient (R) is the
measure of linear association of many variables, including
one dependent and the others mutually independent. it
is expressed by the ratio of the standard deviation of
the estimated values to the standard deviation of the
observed values of the dependent variable. This multiple
correlation coefficient R, measures the combined influence
of all independent variables in terms of the difference
between the observed and the estimated values of the

dependent variable. It may be expressed as:

S
_ e _ /1 - B2

szAxle2+b3ZAxle3+.. AbInZAxlem

cereeane. (54)

f

Z(Axl)2

where:
Se =~ standard deviation of estimated values
g = Standard deviation of observed values
p = Standard deviation of residuals.

The multiple correlation coefficient is a

dimensionless measure of linear association while the

standard deviation is a measure having the dimension of

the variable X - Because 'S' is always the same

regardless of the number of variables, a decrease of

the standard deviation of residuals (P) will cause an

increase of the multiple correlation coefficient .
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The multiple correlation coefficient can also
be defined as the correlation coefficient of linear
association of two variables, one being the observed
values and the other being the estimated values of the

dependent variable based on all the other independent

variables.

The square of the multiple correlation coefficient
(R2) is referred to as the coefficient of multiple

determination and (1 - R2?) is the coefficient of multiple
non-determination.

The coefficient of multiple determination (R?)

indicates the percentage of the variance of the dependent
variable (S82) that has been accounted for mathematically
by the multiple linear correlation of the variable x,

on x2, e o o s o) xm'

For use as a goodness of fit test, the coefficient

of multiple determination may be expressed as:

T _ —
R2 = [A]T [y] [Y] N(_Y)z —————————————————— (55)
[y]T [yl - N(y)?2
where
- YO 9
Y1

[yl =
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“Y] "Ypeee-s —y_p Xy Xy eeves x_q
[V] = s (57
—YN-l—yN_Z - . '-YN"'p XN o s o 0 0 0 Xm_q
- a
a2
[A] ap -------------- (58)
bo
Py
bq
and
'17 = mean of ¥ ~ series.
The test oOf significance is given under the
Null hypothesis.
-------------- (59)

HO: Al =
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This assumes that the overall model has no effect on the

system output. The 'F' statistic with (s-1, N-S)

degrees of freedom can be expressed as:

F = R2/ (S-1) _ _Regression mean square
(1-R2) / (N-S) Residual mean square (60)
2.4.2. THE STUDENTS T-TEST
The student's t~test is given by the following
statistic: _ _
] X T %2 |
"""""""""""" (61)

where

X and X,
and predicted data.
are the sample sizes of observed and

nl and n2
predicted data and & is the unknown population standard
deviation estimated from the sample variances Si and S%
as 3
2
n; 83 + Mm% .
--------- (62)

6 =
/ n1+n2-2

If t is greater than the tabulated value of the students
t - distribution at a given significance level « and
of freedom then the null-hypothesis

n, + n, - 2 degrees

1

of goodness of fit is rejected.

THE CHI-SQUARE TEST

2.4.3.

Let a discr
o rirmnane variable be divided into

are the arithmetic means of the observed

ete variable have k mutually exclussive

?
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k class intervals also mutually exclusive events. Let

fi, i =1, 2, ..... k, represent the relative frequencies
of these random events or class intervals for a sample

of size N, and let the discrete or continuous distribution
functions have the probability mass of random events or

the probability of class intevals as P,/ i=1, 2, .. k.
For the observed sample size N, the samples absolute
frequencies are N, = Nfi in which fi are the relative
frequencies and the expected values of absolute frequencies

are NP,. The chi-square parameter can be represented by

the following equation:
2

k N. -~ NP,
_ (i i) .
X2 = I T T (63)
1= i

The above parameter will have chi-square distribution

with the number of degrees of freedom (NDF) equal to

K-1, for a sufficiently large N.

The chi-square test prescribes the critical value

X2 for a given significance level « so that for
x2 < x_2 the Null hypothesis of a good fit is accepted,
otherwise for x2 » X2 it is rejected.

In general, the gumber of class intervals éhould

5 and the expected values of absolute frequencies

be k 2
should be NPi> 5 for the distribution with the number of

degrees of freedom equal to k-1 to well approximate the

distribution of the parameter given in the above equation,

If k < 5, the expected absolute frequency should be

NP. >
P, >5.



- 68 -

2.4.4. THE DURBIN-WATSON TEST

The Durbin-Watson statistic which can be used

to test goodness of fit may be defined as follows:

n-1 n
D= 12X (P.,.-T.)2/ T (T, -T)2 ———--mm 64
1 i+l i j=1 % (64)

where Ty, ..... I are then residuals (i.e. difference

between observed and estimated values) and T is the mean

of the residuals.

1f 'D' is equal or greater than the theoretical

value for a given significance level «. The null

hypothesis for goodness of fit is rejected.

THE PORTMANTEAU LACK OF FIT TEST

20405'
The portmanteau statistic Q which is used to

test whether the residuals of the model form independent

series may be given as:

L
g=N I T2 (&)
k-1 ¥ t

where T, (e ) 1S the autocorrelation of the residual
k

series (e) and L the maximum lag considered. Q is

y distributed as chi-squared with L-S degrees

approximatel
At a given significance level

of freedom (x? (L-S)) .

(] 2 n .
the residual series (e,) forms an 1 dependent series
theoretical value of x2 (L-S).

if Q is less than the

Hence the model is adequate.
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2.4.6. THE SMIRNOV-KOLMOGOROV TEST

If two subsamples are from the same population
then the cumulative probability distributions of both
subsamples should be fairly close to each other. If the
two cumulative distributions are too far apart at any
point, then the subsamples may be from different populations.

Thus a large enough deviation between the two cumulative

distributions is evidence for rejecting HO.

Let the sample data Xl' x2, e e e xn be in

ascending or descending order xi, xé, coe xﬁ and the
plotting positions P(x;) = m/(n+l) be determined for
these values and the emperical distribution plotted.

Also let the true population value for P(x;) be F(x)

and their maximum difference be defined as:

D = max | F(x) - P(xi)[
This statistic 'D' has a sampling distribution. Using
the Smirnov-Kolmogrov statistic in the goodness of
fit test, cumulative probability distributions for both
the observed and computed data are computed and the
solute difference between the cumulative

largest ab
f the observed and computed

distribution functions ©
values is determined from equation (66) over the entire

range of data.

If D exceeds the critical value for a given
le points and a given significance level

number of samp
the Null hypothesis of goodness

in the Lilliefor's table,

of fit is rejected. (YEYTENVI e, 1972) .
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In this study, the multiple correlation coefficient
and the Smirnov-Kolmogorov tests were used to test the

goodness of fit of the estimated discharge at the 5%
significance level.
Finally the results from the two approaches were
compared by computing and comparing their corresponding

standard errors.

2.5. COMPUTATION OF STANDARD ERRORS

_ A measure of variability of the resulting event

magnitudes is the standard error of estimate. The

standard error of estimate can be defined as:

4
(x; - x})2| /N Ceeeeeee. (67)

105}
]
i 2

i=1

where:
X5 = observed value for day 'i'.
xi - estimated value for day 'i'
N = number of points in the series
s = standard error of estimate.

in this study, the values of the standard errors

of estimate 's' Were computed for both methods used in
the prediction. The value of these standard errors of

te were compared and the method which gave

dard error was taken as the best.

estima
the smallest stan

The results obtained from the study are discussed

in the next chapter. ‘
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CHAPTER THREE

3.
0. RESULTS AND DISCUSSION
hapter the results obtained from the

In this c
various i i
analyses will pe discussed under separate s

_ ections

series analyses have been carried

The subsequent time
The data were standardised

ou .
t on standardised data.
in

order to have zero mean and unit variance

E SERIES ANALYSIS

3.1. RESULTS FROM TIM

us studies showed t
rrupted by a first order (Markov)

previo hat the rainfall in

Y . . .
ala river basin 1is €O

1984). So, be
e areal rainfall and streamflow

fore carrying out time

Process, (Mutulu,

series analysis both th

sformed using t
m series (Box and Jenkins , 1968)

he following filter in

series were tran

order to obtain a rando

“© = transformed value for day t

X, = observed value for day t

r. = value of the autocorrelation function at
i

lag one-
anging from one season

Note that the valué of I was ch

to another.

ANALYSIS

3.1.1. AUTO-CORRELATION
s from correlogram analysis

the result
pendix A,

Examples of
7 and 8 and in ap

a .
A AL crmr T TY fiqures 5'6’
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The statistical significance of the autocorrelation

valu : .
es (Rx) observed in this study were tested as indicated

in equation (10).

It was observed that at the 5%

si ifi . s
ignificance level, (Rx) was significantly different

from zero when it was outside the confidence limits of

-0.21 = R, < 0.21l.

(1)

(ii)

(iii)

The following general features were also observed:
The null hypothesis of no significanct correlation

at the 5% significance level for the lag one

auto-correlation values could be accepted for all

the years and in both seasons in the case of the
daily areal rainfall series. For the daily discharge

series, it could be accepted in only some cases

and rejected in others.

This could have resulted from the fact that the

transformation filter was used to prewhiten only

the daily areal rainfall series.

At the 5% significance level, all auto-correlation
values were not significantly different from zero
for both the daily rainfall and discharge records

rst time lag.

after the fi

There were NO purely harmonic fluctuations in the
correlograms. Many correlograms generally failed
to damp out to zero at large time lags. This may
indicate that the fluctuations in the daily rainfall
and discharge gseries could not show purely periodic'
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3.1.2. PATTERNS OF THE SPECTRAL AND CO-SPECTRUM ESTIMATES

some examples of the results obtained from spectral

analysis are given in figures 9, 10, 11, and 12 and

Appendix B. In general the following features were

observed.

(1) The cycles observed in the daily areal rainfall

and streamflow series in season one had dominant

periods centered around 2 - 4 days and 5 - 7 days

(ii) The cycles observed in season two had periods

ranging between 9 - 4.3 days 5 - 6 days and 8 - 10

days.

(iii) In both seasons, the maximum peaks were centered

between 3 -~ 5 days.

since the periods observed in the rainfall series
were also reflected in the streamflow series, it may

cluded that the vyala river basin has little damping

This means that the catchment

be con

effect on the rainfall.

directly to rainf
so indicate that the rainfall - runoff

responds all by rise of flow in the

river. This may al

system for the yala river pasin was fairly linear and
g the two seasons considered.

time invariant durin

¢ from the co-spectrum analysis are

The result
3 - 16 and Appendix C. In

n figures 1

illustrated i
ons observed in the cospectrum

1 the fluctuati
milar +o thos

genera
e observed in the spectra

estimates are si
This confirms the
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physical reality of some of the cycles observed under

spectral analysis.

3.1.3. CROSS-CORRELATION AND COHERENCE FUNCTIONS

Figures 17 and 18 and Tables 2 show the results
* from cross-correlation analysis.

The results obtained for the previous sections

are also reflected in the cross-correlation and coherence

patterns.
TABLE 2a: RESULTS OF SEASON ONE CROSS-CORRELATION ANALYSIS
SEASON ONE
YEAR LAG OF MAX. CR. VALUE OF MAX. CR
1 (1968) 3 DAYS 0.62
2 (1969) 3 DAYS 0.45
3 (1970) 2 DAYS 0.72
4 (1971) 3 DAYS 0.55
5 (1972) 3 DAYS 0.68
6 (1973) 3 DAYS 0.58
7 (1974) 3 DAYS 0.75
.

NOTE: CR = CROSS-CORRELATION



Fig. 17 SEASON ONE CROSS CORRELOGRAMS



---------- Yeor | (1968)
.......... Year 2 (1969)
.......... Yeor 3 (1970)
— —  Year 4 (1971)
--------- Yeor 5 (1972)
---------- Yeor 6 (1973)
,,,,,,,,,,,,,,, Year 7 (1974)

Fig. 18 SEASON TWO CROSS CORRELOGRAMS
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TABLE 2b: RESULTS OF SEASON TWO CROSS-CORRELATION ANALYSIS

l SEASON TWO
L‘ YEAR / LAG OF MAX. CR I VALUE OF MAX. CR
’ 1 (1968) 4 DAYS ' 0.50 7
-2 (1969) 5 DAY$ 0.52
3 (1970) 4 DAYS 0.83
4 (1971) 4 DAYS 0.58
5 (1972) 4 DAYS 0.65
6 (1973) 4 DAYS 0.70
7 (1974) 4 DAYS 0.75
NOTE CR = CROSS-CORRELATION

It can further be observed fro

(1)

(ii)

(iii)

m these figures that:

Rainfall and streamflow were significantly
correlated between the time lags of two to four days

during season one and between three to five days

in season two.

During season oney the rainfall - streamflow
cross-correlations were generally maximum at a lag
of three days with peak lag correlation values

ranging between 0.45 to 0.75.

For season two, the cross-correlation values were
generally maximum at a lag of four days with peak
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lag correlation values ranging between 0.50 to

0.83.

Since the time lags for maximum cross-correlation
values were constant In both seasons, we may assume that
the rainfall - runoff system for the Yala river catchment

may be approximated by a linear system.

Figures 19 to 22 and Appendix D show the results

obtained from the coherence analysis.

Highest coherence generally corresponded to the
periods observed under spectral analysis. This indicates

highest relationship between rainfall and streamflow at

those period ranges.

The linear”™ of the system with statistically

) ) den he inferred from the coherence
stationary input may, also

_ Tn rhp system is truely linear, the
function valves, If

coherence approach unity.
values of the

.._ coherence function obtained in
The values of the

to one) as can be seen from

this study BMI{ (il'zca)nl thereFore be said :Eﬂat l%
the Figures 19 to 22. i -
"9 h to assume a linear approach iIn the

IS reasonable enoug

. ) treamfl°w In this stu Y-
estimation or s

and phase angle

gOADRATURE"
3.1.4. from the quadrature spectrum

The results obtame
Figures 23 to 26 and Atppendix E.

. are 1illustrated
analys is



COH

Fig 19 COHERENCE FUNCTION FOR SEASON ONE

IN YEAR TWO (1969)

Fig.20 COHERENCE FUNCTION FOR SEASON ONE IN YEAR THREE (1970)
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The shape of the quadrature spectrum is opposite
that ot the cospectrum. This indicates that the two series

are 90° out of phase.

Results from the phase function analysis are given

iIn Figures 27 - 30 and Appendix F.

The outputs of the phase function indicate that phase

3 N\
leads dormm,tEthe catchments responses. Ingg means that the

rainfall lag terms are more dominant. Therp jc = _ . .
IS an indication

that rainfall terms up to 4 days lags have a maximum effect
This observation agrees

on the Yala catchment response.
- correlation and

with -the results obtained under cross

spectral analysis.

RESPONSE FUNCTIONS
tthe results of the response functions are illustrated

Theoretically, all the values of the

3.2.

in Figures 31 to 34.
response functions are supposed to be positive and the

area under the curve should be unity. For a system which

Is exactly linear and time iInvariant, the response

functions for all the years are supposed to be the

same.
It should be noted, however, that iIn deriving
response function ordinates by least squares,

instability

it 1s

often found that a condition of numerical

in the estimates of the ordinates of the

results
sometimes taking

recession being very badly defined,
negative values and sometimes oscillating wildly.
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This effect may be more pronounced the greater the degree

°f linear dependence between the independent variables.
input values of Rainfall x(t) with

In this case the
Thus the effect iIs dependent

lags t =0, I1f 2, ...... n.

on the degree of serial correlation which iIs exhibited

by the series of the i1nput values. The longer the Input

and output series/ and the more random the input, the less

marked is this troublesome effect.

A comparison of the ordinates of the response

functions with their standard errors may indicate the
accuracy with which the ordinates have been determined
and this comparison together with the maximum lag of

all positive values of the ordinates can help to indicate

f the Eulse response or the time of

the base "time or
termination of the 8Ffegt of @ disturbance in the

input.
Generally, the following points were observed from

the 1iresults

O] In season one there was a peak In the response

functions at a lag of 3 days. This agrees well

with the results obtained from the previous

analysis.
Fﬂe geaks appear at a lag of four

(") In season two,
gaFees well with the previous

days wh i'cFm\ alsd

results.

1%; results observed from the

The constancy of t
gome indications on the

response functions also gives
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linearity of the rainfall - runoff systenms,

(ii1) The patterns of the response functions across

the various time lags iIndicate that the river

flow was never zero during the study period.

The response functions further show some differences

av)
This may

in the shapes from one year to another.
indicate that the rainfall - runoff system for
the Yala river basin is not exactly linear and

time i1nvariant. This may also be a reflection

of the high interannual variations of rainfall

over this region.

The avarage response fuctions are shown iIn

These were used In the prediction

Figures 32 and 34.
They were

of streamflow during the verification period.

Obtained by averaging the response function ordinates

of all the seven years in the calibration period.

This averaging technique has a limitation iIn
This

that i1t tends to smoother out the extreme values.

may lead to the over-estimation or under-estimation of

some streamflows.

FOR THE RESPONSE FUNCTION

3.3. TESTS OF GOODNESS OF t1j

MODEL
1
The two methods which we »CPpd to test the

goodness of fit of the models iIn this study were the

multxple correlation coefficient and Smirnov-Kolmogorov *

tests.
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The results of the multiple correlation-, coefficient

test (R) for the response function model are summarised iIn

Tables 3 and 4.

TABLE 3* RESULTS FOR YEAR ONE, COEFFICIENT OF MULTIPLE
DETERMINATION (R2)5 VARIANCE RATIO (F) AND
RESIDUAL STANDARD DEVIATION- (&e)

RFSULTS FOR YEAR TWO, COEFFICIENT OF MULTI!

DETERMINATirOIQI] tpéz )» VARIANCE RATIO (F) AND
RESIDUAL STANDARD DEVIATION (Se)

wAm t-hpse results = i )
, h discharge response function model explained

1) The rainfall di i .
m  fAlIal discharge variance in all cases,

over 73% of toe total a

the model explained higher variance M

1) In both years, th
than the second season,

the first seaso 1 the streamflow
This may have resulted from the fact



values were lower In season one than season two

for both years and this led to theilr accurate

estimation by the linear model. It can further

be observed that the differences in the response

functions are smaller 1In season one than season

two. This may imply that the assumption of time -

Iinvariance may have been more accurate for season

one than season two. It 1s also well known that

the rainfall characteristics during the long rain.

season (season one) are more reliable and greater

observed during the short rain®, season
than those o00sexv

(season two).

from the smirnov-Kolmogorov test

The results
response function model fitted the

also showed that the
two seasons used.

data well during the

°f “ e “ a"1
#%@:tests for the
this

|
goodness ofP

t h e

mametes and
-VS models will be discussed

-oregreg}

ition.

models - »
------ .arize some of the results
7 The

= “ led”



TABLE 5: Yala T.F.

- 94 -

(2,2) mean model Parameters, coefficient

of multiple determination (R?), variance ratio (F)

and residual standard deviation (8e)

SEASON | a(1) [ a(2) | b(0) b(1) | YEAR | R? F Se
0.97 1 -0.09 | -0.12 | 0.06 1 10.82 | 131.6 1} 0.47
IR n s n 2 [0.79 | 91.2]0.48
1.13 /] -0.15 0.01 0.12 1 0.75 85.8 1 0.50
o n n s f 2 [0.73 | 78.6 fo.51]
TABLE 6 : Yala T.F. (3,2) mean model parameters, coefficient
of multiple.determination (R®), variance ratio (F)
and residual standard deviation (&e)
SEASON|a(1) { a(2) | b(o) | b(1)|b(2)|YEAR| R? F Se
‘ 1,00J -0.10[-0.,050.01|0.17| 14 |0.86|125.7 ] 0.38
ONE ] } n n s 2 |0.81°111.7]0.34
0.94 ] -0.01 | -0.01[0.07]0.12] 1 0-76 | 6.7 [0.49
TWO . ; n S s 2 10.77 | 70.2|0.41

TABLE 7: Yala T.F. 2
of multiple determination (R*),

d residual standard deviation (&e)
an

variance

(4,2) mean model parameters, coefficient
b

ratio (F)

1 - 7 2
SEASON Ja(1) a(27m ;;o) Eﬁll,giglmé(3) YEAR| R F |se
1.00 -o.11m:6T6§-:O.OE_9LE7 0.14| 1 0f87 111.2(0.36
ONE | — n s s s 2 10.84| 86.5/0.39
1801 _0.01] 0.01| 0.02 0.11 BLEE 1 (0.83| 81.6{0.40
WO  [— . ’ - l - l S__l_f_ 0.80] 76.2]0.43
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The COefficient of discharge at a lag of one day

U)
(a()), was always the largest iIn all cases
(i1) The coefficient of discharge at a lag of two days,
a() and not

was much smaller than

@@,

significant in all cases.

(i) The coefficient of rainfall 1nput at lag zero, b(0)

was not significant in all cases.

(V)  The coefficient of rainfall input at a lag of one day
(b)), was positive In all cases but significant in
only some cases.

~ The coefficients of rainfall input at lags of two and

three days, b(2) and b(3), respectively were positive

and significant in all cases.

From these results it may be concluded that the

daily discharge was significantly related to discharge

st a lag of one day iIn all cases. It was also
significantly related to rainfall input at lags of two

and three days in all cases.

These results agree well with those observed under
time series analysis.

3.4.2 TESTS OF GOODNESS OF FIT FOR THE AUTOREGRESSIVE

MODELS
The results of the multiple correlation coefficient

These results showed

test are summarised iIn Tables 5 - 7.

that:



®

@n

Th« variance

The autoregressive model T.F. (2,2) explained 82% of
the total runoff variance iIn season one of the first
year while 75% was explained iIn season two. The
corresponding proportions of the variance explained

In the second year were 79% and 73% respectively.

The autoregressive model T.F. (@, 2 explained 86%
of the total runoff variance iIn season one of the
first year while 76% was explained in season two.

Thecorresponding proportions of the variance

explained iIn the second year were 81% and 77%

respectivelye

The autoregressive WSQG' T-F. @, 2 explained 87%

of the total runoff variance iIn season one of the

first year while 83% was explained m season two.

zorresponding proportions of the variance

explained iIn the second year were 84% .and 80%

respectively*
L S 3*!!*17 11>I

increased with the orders of the eodels. Similar

characteristics “oe pPrevile x

re,alts of time ..ri« in°lla“d"“ *

the auto-correB&¢ilil, cross-correlation
patterns of tne i

and coherence functions.

, NPd a higher percentage

in all oases, the -dels explain-
- - season one than

Of the total runoff variance m

season two. THE djfferences in
~j=>-HvelV smaller

obtained In season one were relative

the model parameters
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than those of season two. This indicates that the
rainfall - runoff system for the Yala river basin
was relatively more time iInvariant In season one
than iIn season twof during the period of study.

The stability of the rainfall characteristics during

the fTirst season has also been highlighted In some

earlier parts of the text.
The Smirnov-Kolmogorov test was also used to

test the goodness of fif'BF {HS gischarge estimated by

the autoregressive m8d£?§[ The results showed that all

the models had good Fits gE the 5% significance level,

It can be noted that the models used iIn this study

explained between 73% Sﬂg 87% of the total variance iIn

H - The difference of 13% - 27% can be
the discharge. 1né
attributed to:
N
O) Lack of represen
by taking the rainfall i1nput and discharge output

&m of the data wh"ich iIs caused

in a lumped fashion. Rainfall input is taken as

an areal mean rainfall obtained by averaging the

records of a number of raingauges. During the
nf the areal mean rainfall, the non-

computation o )
representativeness ¥k +M recorded rainfall and
n n n e rainfall within the catchment
the distribution OI {Re
, » JThis is further amplified if the
are negfected. Tni
i-ike soil type,

catchment characteristic
vegetation and orography are not homogeneous.

(i1) Inadequacy of the linear assumption which may be



rainfall Into runoff is not truely linear. Other

factors which affeet runoff like catchment storage

and evaporation were not considered.

(ii1) Inadequacy of the assumption of time invariance.
Ip'g fact that the response of a catchment to the
same rainfall event varies from one season to
another can scarcely be doubted. In defining the
wet seasons used In this study, It was assumed that
during these seasons, the soils were saturated such
that most of the rainfall contributed directly to
runoff. Thus the assumption of time Invariance.
But this may not be practically true since the effect:

of other factors like evaporation etc., may not

«e negligible. Bug to thevariability of the rainfall

within the seasons used, variations would also be

expected iIn the response functions. These factors
may iIntroduce some time variance iIn the rainfall -
discharge system and this might have i1ntroduced

the large variations observed in some of the

results.

5. COMPARISON BETWEEN THE MPHE.

in ,,I’d.r « CO,,P(((((( » llxlh
prrors of estimate as

ie various models, the stan

i . .2..h Jor all the models,
ven in Equation (67 )were Compuﬂé& For
Standard errors for
bles 6 and 9 give the c°mPuted

_ la I¥ can BE observed from these tables
e various models. can

that:
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TABLE 8; RESULTS of the standard errors of estimate for
SEASON ONE (APRIL - JUNE)

oo STANDARD ERROR OF ESTIMATE
type of model
YEAR ONE (1975) YEAR TWO 1976

T.F. 4,2 6.9 x 101 3.9 x 101
T.F. 3,2 1.8 x 102 2.1 x 102
T.F. 2,2 2.6 x 102 7.7 x 101
RESPONSE 3.7 x 102 4.2 x 102

j FUNCTION

table 9 results of the standard errors of estimate for
SEASON TWO (AUGUST - OCTOBER)

STANDARD ERROR OF ESTIMATE

TYPE OF NODEL YEAR ONE (1975) YEAR TWO (1976)
T.F. 4,2 1.7 x 102 1.9 x 101
T.F. 3,2 2.3 x 102 4.7 x 101
RESPONSE 2.8 x 102 1.6 x 102
FUNCTION
T.F. 2,2 5.7 x 102 2.5 x 102

0] The T.EF @, 2 model had the smallest standard

error of estimate iIn all cases.
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arn) T.F. (4,2) and T.F. (3,2) models performed better

than the response function model in all cases.

(1i1) For the case of the autoregressive models, the

standard of performance increased with the orders

of the models.

(iv) The over all performance was better in season One

than In season two.

It should however be noted that the performances

of most of the models were generally good as can be seen
from the percentages of the total discharge variance that

was accounted for by the various models and the magnitudes

of the standard errors of estimate.

3.6. VERIFICATION oF THE SK[tis PF_THE MODELS USING

PREDICTED DISCHARGE
iIn order to verify the results obtained from the

ata from another period which was not used

various models, data
1= narameters are often required. In

to estimate the mode
1976 were used to verify the

this study the years 19/
4+e various modelég §8me of the results

performances or tne
} 23 no. It can be observed from
are shown on Figures 35

these graphs that:

] of all the models were reasonabl
(O] The performances o¥ al Y

good.
(i1) The predicted hydrographs exhibited the major

features of the actual hydrographs.



Fig. 35 SEASON ONE YEAR ONE (1975)- PREDICTION BY THE RESPONSE FUNCTION MODEL
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Fig.3c SEASON ONE YEAR ONE (1975) -

PREDICTION BY THE T.F. 4.2 MODEL



Fig. 39 SEASON ONE YEAR TWO' (1976) — PREDICTION BY THE RESPONSE FUNCTION MODEL
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however, displaced flood

The autoregressive models,
This

peaks more than the response function model.
type of model has a disadvantage iIn that it would

fail to accurately predict the actual time of occurance

of a flood peak. Thus a warning of an expected flood

based on such a model will give erroneous '"lead time".

This could make it very difficult for the authorities

concerned to make precise decisions as to the actual
time of evacuation of the people and property from
the danger zone iIn case of an expected flood as it

may occur earlier than expected and therefore take
lead to a loss

them by surprise. Such a mistake can

of lives and property.

The response function MB4El§ were more accurate in
prediction of low-flows than the autoregressive models.

A model which overpredicts low flows has a disadvantage
in that a storage structure constructed on the basis

of such a model could turn out to be too big as the

quer than the predicted ones,

actual flows will be |
Jgss water than was planned for,

This could lead to
to flow downstream of B® SIgkage- In extreme cases
g}oe downstream.

i\\;ities which are

On the other hand

the flow may compfe%:(Q'I)\// This could
paralyse all the downstream %8%
N er.

utilizing water from the r
low flows may lead to

a mode l -which uncperpredic
.--14 Into overbank

overstorage which can even r

flooding iIn the neighbourhood of the reservoi
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This can result into losses due to interuption of

activities in the flooded plain and loss of water

due to increased infiltration and evaporation.

Generally, the prediction” bf floods more accurately

than lowflows would be better because the effects of

floods are very disastrous and take place within a very

short time. The accurate prediction of the time of occurance

of a flood may even be more important than the accurate
more so if the errors

prediction of the flood magnitudes,
On

in the estimation of the flood magnitudes are small.

the other hand, effects of i1naccurate prediction of low-

flows are not as serious as those of floods, they take

place over a long period of time and they can be detected

before i1t is too late. The other advantage of low flows

iIs that 1T an i1naccuracy in prediction is detected, precautions

the effects of such an error.

can be taken to moderat

For example, 1In case of an overprediction, water use

during the dry season can be regulated and thus reduce
the effects caused by the overprediction.

It should be noted that the auto-regressive, models

Jn the estimation of the magnitudes
would be the gest m %ne S
when the standard errors are

of the peak discharges.
model seemed to be the best
@ 3

considered the T.F.
auto-regressive model as it had the smallest standard

error. The auto-regressive models however were poor iIn

Forecasting the actual time of occurance of the extreme

flows.
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°mblning 911 th8Se fact°” «Yy suggest that

reSPOnSe fUnction -dels which give good estimates

6
°f the onsets of extreme flow would be preferable over

Yala basin.

recommendations

77
*7* ACHIEVEMENTS and
This study has provided an apportunity for two

linear models to be fitted and compared for th® river
- discharge system with a view of finding

basin rainfall
The fTollowing

°ut which of the two
recommendations have been suggested based Qn the

in this study;

iIs the best.

results obtained

(@) Real time forecasting:
A model which accurately predicts the actual time

occurance of flood peaks and low Flows would be
recommended for real time forecasting which i1s useful
in flood warning services. The results explained above

indicate that the response function model can do better

in real time forecasting than the auto-regressive model.
Although the results showed that the response function

model was under—predicting flood peaks more than the
auto-regressive model, the effect of this drawback can
be moderated by applying an updating procedure during
the verification period. One example of an updating

iIs to fit an auto-regressive model on the

procedure
residual errors in the calibration period of the form:

UNIVbLxb1ly Oh
L1BRARY
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g. =

where

~
e =

tupdated residual error for date i
i

actual residual error for date i

()
]

After the orde
r of the above auto~-r
-regressive equati
ion

nd the constants a; ---
jed to the forecasts during

is determined a a
n computed, the

correction can then be appl

the verification period.

se function model has an extra advant
age

The respon
infall values as inputs

in that it regquires only ra

(ii)  Synthesis of data
for planning econémic

In synthesis of data
ater dischargé

e flood magnitude
results from this study

s in a river, a model which

utilization of W
s and low flows

accurately predicts th
The

would do better

indicate tha
n this respect. One

response fun
he auto-regr

ction model 1
essive model i
both discharge and

than the
s that iﬂ order

short-coming of t
scharge on &
e available
rds from th
ta is very
ver this limitation

given day .
on the previo
e Yala river

to predict di
us days.

rainfall data must P
he daily reco
ischarge da

Inspection of t
often not

ment showed that d

pared to rain Howe

catch
continuous as com fall.
s to estimate the

mav he over—come bY using the model
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previous missing runoff data required for forecasting.
It should be noted however that this method of filling

in the missing data should be used with caution as the

the observed

estimated data will not be as error free as

data. The performance of the auto-regressive models iIn

the prediction of the actual time of occurance of extreme

flows can be iImproved by including a filter which can

the times of occurance as predicted by the

adjust
model .
It should .I»0 »« Ih"
rginfaH ««>«"“ W "ol “
-0 compute areal r o
omnirical orthogonal factors etc.,

>ther methods based on empiric
(Johnson 1980, Ogallo 1986).

puld be employed (
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CHAPTER_FOUR

SUMMARY , CONCLUSIONS_AND_SUGGESTIONS_FOR_FURTHER_WORK
4 1. SUMMARY_AND_CONCLUSIONS

Two simple linear models have been fitted to

different sets of concurrent daily areal rainfall and

discharge seried Frof the Yala river basin.  Two wet

seasons extending FFBM QSFEI to June and August to

October over the years iSEB ¥8 1974 have been considered

during the calibration of the models.

Before fitting the models, 1t was necessary

the statistical properties of the daily

to investigate )
. c,,Hes fTor the different
gHg discharge sSE&ries
- series analysis. The functions-
SIS {hrough time ser autocorrelation,

o *jqi
areal rainfall

results have «di » N almost similar

md daily discharg ( ciose similarity
operties, 1indicating
statistical Px & . The dominant
. * 11 and discharge series,
between rainfai 1 ralnfall and
m_ting in both the areal
>eriodicities exi centred within
. had dominant peaks cent
tischarge series had a

- 10 days.
cB optimum response function,
in the fTirst approa areai rainfall
the actual daily
ave been computed or onnroach three

In the second appr
nd discharge series. namely,
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TF (2,2), T.F. (@3,2), and T.F. ((4.2) have been fitted
the long term means of daily areal rainfall and daily
ischarge series. Statistical tests were carried out
check the validity of the transfer function models.
° find out the accuracy of the response functions and
hg transfer functions, different rain seasons have
keen selected and used for the estimation of discharge.
e estimated discharge was compared to the actual
discharge during those seasons. The rain seasons
Used i1n testing the skill of the models were chosen
In such a way that they were different from those used

~Uring the calibration stage of the models.

The results have shown that the variations in
response functions for the different seasons are
SmaH and the vaiues of the coherence function are also
relatively high. This may indicate that the rainfall -

discharge system for the Yala river basin behaves 1in

almost linear Tfashion.

The forecasts compared well to the actual
°t>servations for both models. However persistent departures
of the forecasts from the actual hydrographs were obtained

F°r some events of heavy rainfall.

The Smirnov-Kolmogorov and multiple correlation
Coefficient tests have been used to test the goodness
fit of the discharge estimated by the models. The
results showed that all the models have good fits at

5% significance level.
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The results of the computed standard error of
Gstimate have shown that the autoregressive models with
four rainfall and two discharge lag terms (T.F. (4,2))

had the smallest standard error in all cases.
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l+) .SUGGESTIONS FOR FURTHER WORK

The study was based on & relatively short period
14

-th
erefore the performance of the models may not be always

ac -
curate. Thus models similar to these but based on

lo ;
nger durations, say 30 years or more should be

constructed.

The method of using the two sets of three calender

m .

onths each to define the two wet seasons may not have
d .

efined the two seasons correctly. SO another study
can be carried out in which the wet seasons are better

g the daily rainfall totals and

defined like considerin
the number of dry days petween any given two wet days

as some of the conditions for defining the seasons.

-

Lastly the model forecasts may be improved by

procedure dguring the verification

applying an updating
ple of an updating

n the residual errors in the

period. An exam procedure is to fit

an autoregressive model ©

period of the form:

calibration
6- = ' + s +-o- + ., | wmememmmeme=
i a1 €i-1 a, €3-2 an €i-n 70
Where:
é, = updated residual error for date i
e. = actual residual error for date 1

1

Af
ter the order of the auto—regressive Equation (70)
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is determined and the constants a; .-t a, computed,

the correction can then pe applied to the forecasts

during the verification period. Inclusicn of a filter
which adjusts the times of occurance of the flood peaks and

rove the per formance of the

low flows can further imp
models.

pute areal rainfall averages

The methods used to com

Other methods based on empirical

may not be very accurate:
ployed in another study.

Orthogonal factors etc. could be em

M
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APPENDIX B: Extra examples of spectral functions
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APPENDIX C Extra examples
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Exct I of coherence function
APPENDIX D xtra examples






Fig. 88 COHERENCE FUNCTION FOR SEASON ONE IN YEAR FOUR 1971
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APPENDIX E: Extra examples of quadrature spectrum
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function
APPENDIX E EXtra examples of the phase
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