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Abstract

Transforms such as generating functions, Laplace transform, Mellin transform and Fourier
transforms are very useful tools in probability distributions and stochastic processes. The
objective of this work is to use Laplace transform in constructing continuous probability
distributions and/or obtaining their properties. These distributions and their properties
have been expressed explicitly in some cases and in terms of modified Bessel functions of
third kind in other cases. Distributions based on sum of independent random variables
have been constructed. Mixed probability distributions, in particular Poisson and expo-

nential mixtures have been studied.

Probability distributions emerging from birth processes have also been obtained. The
pure birth processes considered are Poisson, simple birth, simple birth with immigration
and Polya processes. Laplace transform has been applied in solving the basic difference

differential equations for each of the special cases.

Two approaches were considered, first the Laplace transform was applied to the basic
difference differential equations directly, this yielded a general expression for P,(t) after
which both the complex inversion formula and the Partial fractions method were used in

determining the inverse Laplace transform to obtain the underlying distributions.

Secondly the Probability generating function technique was used and then Laplace trans-
form was applied to the resulting ODE/PDE . In the cases of simple birth, simple birth
with immigration and Polya processes two techniques were used to solve the ODE ob-
tained, one was using the Dirac delta function whereas the second technique involved the
use of the Gauss hyper geometric function. The different approaches yielded the same
results. For the case of Poisson process a Poisson distribution with parameter A\t was

obtained.

v



In simple birth process the negative binomial distribution with parameters » = ny and
Xt
p=e

X(0) is 1 a shifted geometric distribution with parameters p = e~

was obtained when the initial population X (0) is ny.When the initial population

A was obtained.

In the case of simple birth with immigration where v is the immigration rate the negative

A

binomial distribution with parameters r = ng + ¢ and p = e~ * was obtained when the

initial population X (0) is ng whereas for the case where the initial population is 1 the

A

negative binomial distribution with parameters r =1+ % and p = e~ was obtained.

In the case of the Polya process both methods yielded a negative binomial distribution
although the parameters differed.When the initial population was considered to be n,,

applying Laplace transform to the finite difference differential equations yielded a nega-
A

tive binomial distribution with parameters r = ngy + (ll and p = ¢ Thaa whereas applying

Laplace transform to the differential equations based on probability generating function
Aat
Tonat-

was assumed to be 1, applying Laplace transform to the finite difference differential equa-
tions yielded a negative binomial distribution with parameters r =1+ i and p=-e~ Tt

the parameters were obtained as r = ny + % and p = When the initial population

whereas applying Laplace transform to the differential equations based on probability

Aat

generating function the parameters were obtained as r = 1 + % and p = 955



Abbreviations

ODE: Ordinary Differential Equation
PDE: Partial Differential Equation
[.F: Integrating Factor

PDEF': Probability Density Function
PMF': Probability Mass Function
PGEF: Probability Generating Function
LT: Laplace Transform

ILT: Inverse Laplace Transform
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Chapter 1

Introduction

1.1 Background Information

Integral transforms, mainly originated in the work of Heaviside (Electro-magnetic theory).
They form a pair of operational calculus and are effectively applicable to the boundary
value problems. The Laplace transform is one of the integral transforms that is widely
used in many fields including Mathematics, Physics and Engineering. It was named after
a French mathematician and astronomer Pierre-Simon Laplace who lived between 1749
and 1827.

Similar Integral transforms had been used earlier; in particular Leonhard Euler in around
1744 investigated similar transforms. While working on his work on integrating proba-
bility density functions, Joseph Louis Lagrange being an admirer of Euler investigated
other forms of integrals which some of the current historians have captured in the current
Laplace transform theorem. It is these types of integrals that attracted the attention
of Pierre Simon Laplace in 1782 who was working in the spirit of Euler. Laplace used
integrals as solutions of equations. Three years later in 1785 He took a critical step where
instead of concentrating on solutions in the forms of integrals. He began to examine their

applications. He specifically used the z transform.

Laplace realized that Joseph Fourier’s way of solving the diffusion equation using of
Fourier series worked only to a constrained region of space since the solutions obtained

were fluctuating.



In the year 1809, Laplace was motivated to use his transform to find solutions which dif-
fused indefinitely in the space. This coupled with his earlier work on Probability theory

that he began in 1770 led to the development of what we now call Laplace transform.

The Laplace transform operates on a function of time and yields another function with
complex frequency. It is closely related to the Fourier transform and is used to solve both
ordinary and partial differential equations. It does so by transforming the differential
equations into simple algebraic equations. These types of differential equations are also
found in stochastic processes. Laplace transforms of probability density functions are

5% They are useful in determining moments of a distribution. It

called expectations of e~
has also been very applicable in the analysis and the design for systems that are linear

and time-invariant.

In the early 19th century, transform techniques were used in signal processing at Bell
Labs for signal filtering and telephone long-lines communication by H. Bode and other
researchers. Transform theory also provided the foundation of the theory of Classical Con-
trol Theory as practiced during the World when State Variable techniques began to be
used for controls design. The present-day rampant use of the Laplace transform emerged
immediately after the Second World War even though Heaviside and Bromwich among

others had been used before.

1.2 Problem Statement

The Laplace transform of many distributions cannot be expressed explicitly and thus there
is need to use special functions. In pure birth process a lot of concentration has been on
the linear differential equations based on probability generating function; it is therefore
necessary to consider alternative approaches such as the Laplace transform method. Also,
most books have not considered all the special cases of the pure birth process and even

for those special cases considered, the books provide only sketchy details.

Another challenge is that many books do not give the inversion of functions but rather
rely on the transform pair tables which do not always cater for the type of inversions one
may need. For the Laplace transform of distributions, the books only provide results but

they do not systematically prove them. It is thus necessary to consolidate all this together.



Some of the undergraduate and graduate degree courses contain a lecture course on
stochastic processes, an integral part of which is continuous time discrete state Markov
processes which include the pure birth process. Regrettably the short span of time avail-
able for these courses doesnt allow extensive coverage but rather permits such processes
to be solved only by the usual approach of Lagrange partial-differential equation by the
use of auxiliary equations. On the other hand books that have considered alternative ap-
proaches provide solutions with scanty explanation in scattered sections. This necessitates

the need for detailed alternative approaches.

1.3 Objectives

Main objective

The overarching goal of this dissertation is to apply Laplace transform to various proba-

bility distributions and pure birth process.

Specific objectives

1. To derive the Laplace transforms of various probability distributions explicitly and
in terms of special functions; in particular in terms of modified Bessel function of
the third kind

2. To apply Laplace transform to the finite difference differential equations in all the
special cases of pure birth process namely Poisson, simple birth, simple birth with

immigration and Polya processes.

3. To apply Laplace transform to the differential equations based on probability gen-

erating function specifically for the four cases of pure birth process



1.4 Literature Review

Sarguta (2012) used Laplace transform to construct mixed Poisson distributions. Wakoli
(2015) used Laplace transform to construct hazard functions of exponential mixtures. He
gave the link between hazard functions of exponential mixtures with mixed Poisson distri-
butions through Laplace transform. He also used the Laplace transform in constructing

sums of continuous independent random variables.

Laplace transform has also been used in obtaining the properties of normal mixtures.
Barndorff-Nielsen (1982) used the Laplace transform when the mixing distribution is
inverse Gaussian and General Inverse Gaussian. . Madan (1990) also used Laplace trans-

form in normal mixtures when the mixing distribution is gamma.

Hougaard (1986) came up with Laplace transforms of sums of independent random vari-
ables where the are gamma. Onchere (2013) also used Laplace transform for frailty
models. Ogal (2012) used Laplace transform in binomial mixtures. Irungu (2013) also

used Laplace transforms in studying negative binomial mixtures.

Morgan (1979) used Laplace transform to study linear birth and death process. Feller
(1971) applied Laplace transform to simple birth process



Chapter 2

Definition, Examples and Properties

2.1 Introduction

This chapter covers the definition of Laplace transform, its existence and properties. It
will also focus on various methods of finding Laplace transforms with numerous examples

some of which will be generalized into a table of transform pairs.
Definition

A function K(s,t) of two variables or parameters s and ¢ such that s (real or complex) is

independent of ¢, and that the integral
b
/K(s,t)f(t) dt

is convergent is known as the kernel of the transformation f (s) or F(s) or

b

T{f(t)}z/ms,t)f(t)dt

a

We call f (s) the integral transform of the function f(¢). Choosing different kernels and
different values of a and b, we get different integral transforms. They include the trans-

forms of Laplace, Fourier, Hankel and Mellin.



The Laplace-transform is derived by letting a = 0 and b = oo and choosing the ker-

nel of transformation as

0 t<0
Thus it is defined as

L) = [er

Where f(t) is a function of ¢ defined for ¢ > 0 and

o0

/ e S f (t)dt

0

converges for some values of s

In probability theory, the Laplace transform is derived as an expected value. The assump-

tion made is that X is a random variable with a given pdf or pmf. The Laplace transform
of f(z) is then defined by

L{f(2)} = E[e™7]

If we replace s by —t , then we obtain the moment generating function of X. Replacing
s by —it yields the characteristic function.

A function f(t) is said to be sectionally continuous or piecewise continuous in an in-
terval ¢ < ¢t < b if the interval can be subdivided into a finite number of subintervals in

each of which the function is continuous and has finite right and left hand limits.

If real constants M > 0 and exist such that for all t > N
e f(t)| < Mor|f(t)| < Me”*

Then we say that f(t) is a function of exponential order v as ¢ — oo or briefly is of ex-
ponential order. Intuitively, functions of exponential order cannot grow in absolute value
more rapidly than Me?* as t increases. In practice however, this is no restriction since M
and v can be as large as desired.



Sufficient Conditions For Existence

Let f(t) defined for ¢ — 0 be a real valued function with the following properties

1. f(t) is piecewise continuous in every finite closed interval 0 <t < b ,b >0

2. f(t) is of exponential order there exists an M > 0 and t5 > 0 such that
If ()] < Met >t

Then the Laplace transform of the function f(¢) defined by

L{f ()} =F(s)

= Te“ f@)dt

0
exists for s > a.

If the conditions are not satisfied, however the Laplace transform may or may not ex-

ist. Thus these conditions are not necessary for the existence of Laplace transforms.

2.2 Properties

Linearity

If C; and Cy are any constants while f;(¢) and f2(t) are functions with Laplace transforms
f1(s) and f, (s) respectively, then

L{Cfi () + Cofo (1)} = CLL{fi (1)} + C2L{ f2 ()}
=1 fy (s) + Cofy (5)
Proof
By definition

o0

L{CLf (1) + Cafa (1)} = / e [Cofy (1) + Cafo (1))t

i [ ndc, [y
0 0



= O L{fi ()} + CoL{f> (1)}

= 0171 (s) + 0272 (s)

In general

ii. First translation or shifting property

L{ef ()} =T (s~ )
Proof
By definition



Similarly
L{ef ()} = T (s +a)

iii. Second translation or shifting property

Lif—ap=q T =

0 t<a

Proof
By definition

oo

L{f(t—a)}z/e‘stf(t—a)dt
0
Putu=t—a=t=u-+aand du=dt

Therefore

iv. Change of scale property

L{f @} =7 (2)

Proof

L{f (at)} = / e f (at) dt

Let
U
u=at=1%t=—
a



and

ar = 4
a
We thus have
Lty = [ @rw

v. Laplace transform of derivatives

L{f™ (1)} =s"F(s) = 5" (0) = s"2f/(0) = . = sf 72 (0) = £ (0)

n

=s"F(s) = D" f0(0)

=1

Proof

Using Integration by parts, let
u=e"" = du=—se "dt

and



Thus

o0

L{P (B} = e ()] + 8 / e f ()dt

b)

Using Integration by parts, let

and

Therefore

L{f" (1)}

=—f(0)+sL{f ()}
=—f"(0)+s[sf(s)— f(0)]
= sf (s) — sf (0) — £'(0)

11



o0

L{f/// (t)} — /estfl// (t) dt

Using Integration by parts, Let
uw=e"" = du=—se "dt
and
dv=df'(t) =v=f (1)

Therefore

oo

LU= ey W) v [
0
L{f" ()}

= —f"(0) +sL{f" (1)}

= =" (0) 45 [ (5) = s (0) = £ (0)]

=" (s) = s°f (0) = sf"(0) — f"(0)

3

=T (s) = 35" (0)

=1

12



Using mathematical induction, we assume that

n—1

L{F D (1)} =5 F () = Y05 0)

1=1

But by definition

o0

{0} = [y

Using Integration by parts, Let
u=e" = du=se "dt
and
dv=df" V() = v = f" V(1)
Thus

o0

,stf(n—l)(t)’;o + S/estf(nl) (t) dt

0

™

L{r™ @} =

J/

L{fvrn(t)}
= — "0 (0) + sL{ "V (1)}

n—1

8n—17 (S) . Z Sn—l—if(i—l) (0)

1=1

= —fD0) +s

13



—_

n—

— _f(n—l) (O) + s"?(s) g Sn—l—if(i—l) (O)

1=1

n—1
= (5) = 3O (0) — £V (0)
1=1

n

= ST (5) = 05O (0)

1=1

vi. Laplace transform of Integrals

a)
L{/tf(x)dx} =7 (s)
Proof 0
Let .
L{/f(ar)dar} — L{o (1)}
where O

But by definition

Lo} = [ e ot d
0
Using integration by parts, We let

u=¢(t) = du=dop(t)

and
e—st
dv = e dt = v =
—5

14



Therefore

But

Thus

But

By Leibnitz theorem

Therefore




b) For a double integral, We have

L{ /f dxdu}—f(s)
Proof 0
L{//f dxdu}L{/gb }
- = L{y (1)}
Where .
o) = [ £ @)
And 0

But by definition

Loy = [ ma
0
Using integration by parts, We let

u=1Y(t) = du=dy(t)

and

Therefore

16



But

Thus

Also

implies that

dw(t):d/qﬁ(u)du

0
Which by Leibnitz theorem simplifies to

Hence

= / e 5 (t)dt

0

L{¢(t)}

= ~L{o ()

_! {17 (S)]

S |S

17



= s_2f (s)
vii. Multiplication by powers of t
d™ —
LA f (0} = (—1)" T (5

Proof

By definition

L{f(t)}=F(s)
= / e S f (t)dt

0

Therefore -

d d —st
S =5 [t

But by Leibnitzs rule for differentiating under the integral sign, we have
d i —st _ i d —st
g/e f(t)dt—/[dse }f(t)dt
0 0

o0

= / —te ' f (t) dt

18



Similarly

Extending to the third derivative, we have;

d3 - d [ d?* -
1= |70
= SL{(-17 e (1)
d i —st 2,2
= e (1) ¢f (t)]dt
= d%e—st [(=1)%#2f ()] dt

—te* [(—=1)* 2 f (t)]dt

I
St~ g O — g O —3

e [(=1)° 3 f (t)]dt

Il
h

{178 (1)}

19



By mathematical induction, we assume that

ST = L{ e ()

Then

d o d
Tl ) = LD

= d%/e—st (=D et f ()] dt

(e}

d —st n—1  n—1
Z/@‘f [(~1)" 471 ()] dt

= L{(=1)"t"f (1)}
dn i n
Lo f () = LD (1))

R

viii. LT of Division by t

20



Proof
By definition

= 0/ e S f (t)dt
Therefore
S/f(u) du = S/O/e_“tf (t) dtdu
:0/ -S/ e“tdu] f(t)dt

ix. LT of Periodic Functions

If f(t) has a period T where T' > 0, then

I XTI0) p— / e f (u) du

1 —esT

21



Proof
By definition,

[e o]

L{f () = / e f (1) dt

0

T 2T 3T
= [ e ft)dt+ [ e f({t)dt+ [ e f(t)dt+...
[ o]

Now, in the first integral, let t = u = dt = du

In the second integral, let t = u+ T = dt = du

In the third integral, let t = u + 27T = dt = du

In the k™ integral, let t = u+ (k — 1)T = dt = du

and so on

We therefore have

T T T
L{f(t)}= /eS“f (u) du + /es(“+T)f (u+T)du+ / e~ £ (y 4+ 2T ) du + ...
0 0 0

T T T
:/e‘suf(u)du+e_ST/e_S“f(u+T)du+e_25T/e_S“f(u+2T)du+...
0 0 0

Since f(t) is of period T', it follows that f(t + k1) = f(t), Thus f(u+ kT) = f(u) for all

values of k.

Hence we have

T T T
L{f (t)}:/es“f () du—ireST/es“f () du+e28T/ewf (u) du + ..
0 0 0

22



T
=(14+eT+e T4+ ) /es“f (u) du
0

T
1 —su
0

x. Initial value theorem

The initial value theorem states that the behavior of a time function f(¢) in the neigh-
bourhood of t = 0 corresponds to the behavior of sL { f (¢)} in the neighbourhood of s = 0o

Proof
We know from property (v) above that

o

L{fﬁﬂ=§/e*7%wdt

0

=sf(s) = f(0)
Therefore
T [ e (t)dt = lim [ (s) — f (0)]

0

0= lim [sf (s) — f(0)]

S§—00

lim sf (s) = f (0)

o lim sf (s) = lim £ (0)

§—00

xi. Final Value theorem

23



The final value theorem states that the behavior of a time function f(¢) in the neigh-
bourhood of ¢ = oo corresponds to the behavior of sL{f (¢)} in the neighbourhood of
s=10

Proof

From above

Therefore

tim [ e~ ' (t) de = lim [T (s) — £ (0)]
0

lim [ e f (t)dt = lim [sf (s) — f(0)]

s—>0

s—0

/f’ ydt =lim sf (s) — f(0)
0

[ =tmsF o - £ 0)
FOI = msF ()~ £ (0)
 (00) = £ (0) = lim 5T (s) ~ £ (0)
f (00) = lim 57 (s)
lim f (t) = lim sf (s)

xii. Convolution

Let fi(t) and fy(t) be two functions and L {f1 (t)} = f, (s) and L{fy ()} = f, (s).

24



Then .
L /fl(x)fg(t—:v)dx — T (s) % T (5)

Proof
By definition of Laplace transform

I /f1<x>f2<t—x)dx :/

0

e s fi(x) fo(t —x)dx|dt
/

Where the RHS is a double integral over the angular region bounded by the lines x = 0
and z = t in the first quadrant of the tz—plane. Changing the order of integration, we

write;
L file) ot —x)de p = [ f1(x) e fy(t —x)dr|dt
0/ 0/ x/

Making in the inner integral the substitution ¢ — z = u, we obtain

o0 [e.9]

/G_Stfg (t —z)dw = /e_(“”)SfQ (u) du

T 0
oo

=e / e fy(u) du

0
L{f2(u)}
= 6_8972 (s)

Hence

o0

L /tfl () f2 (t — ) dx :/fl (x)e™*"f5 (s) dz

0

=7, (s) 7 e fi (x) da

L{fi(2)}



Some Special Functions
1. Gamma Function

It is defined as
I'(n) = [y" e ¥dy where n > 0
0

Relationship between gamma and factorial moments

By definition of gamma function

P(n+1) = [y"e vdy
0

Using integration by parts, let
u=y" = du=ny"*
and
dv=eYdy =v=—e"

We now have

o0

I'(n+1)= /y"eydy
0

:uv—/vdu

o0
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Now

T'(2) = 10(1)
= 1(0!)
=1

I'(3) = 2I'(2)
= 2(1)
= 2l

T'(4) = 30(3)
=3(2)(1)
— 3l

I'(5)
= AT(4)
=4(3)(2)(1)
= 4l

I'(6) = 5I'(5)
=5(4)(3)(2)(1)
= 51

And so on, therefore in general I'(n + 1) = n!

Another property of gamma is that I' (%) = /7. The proof is as follows;

o0

D) = [ e vdy

0
00

1 1
o(E) o

0
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= 2/6_“2du
0
But - -
/e‘“zdu:/e v do
0 0
Thus

- (o) (s

0

0
:4//6_(“2+”2)dudv
0 0

To evaluate this integral, we change it from Cartesian to polar coordinates by lettingu =
rcosf, v =rsinf implying that
u? + 0% =r?cos?§ + r?sin® 0
=72 (0082 6 4 sin? 9)

N J/
-~

1

= r2dudv
= rdrdf

The polar bounds are 0 < 6 < 7 and 0 <7 < oo , with this we have,

9 7T/2 oo
1 2
[F (5)1 =4 / /er rdrdf
0 0

7T/2 0o
4 / e~ rdr | do
0

o



Let
x=1r>= dr=2rdr

and
dx

"o

dr
This implies that

oo [e.9]

/e’”Zrdr = /exrd—x
2r

0

=]

1 oo
:—/e_mdx
2
0
1, e
25(_6 {0)
1
=—-—(0+1
S0+ 1)
_1
2
Therefore
T
2
1\1? 1
(= =4 [ =do
2 2
0
T

2. Bessel Functions

A Bessel function of order n is defined by

" t2 t1
Ill) = o) {1 T2ont2) 2M@nt @ ta) }

29



The function satisfies
J_n(t) = (—1)" J.(t) for positive integer n
L gt} = 01 (1)
dt n - n—1

d> d

2_
! dtQJ() dt

—Jo(t) + (£ =n?) J,(t) =0
3. The Error Function

It is denoted by erf(t) and defined as

erf(t) \/_/ e du

4. The Complementary Error Function

This is the complement of the error function defined as

erfe(t)=1—-erf(t)

2 —u?
= ﬁ/e du
0

5. Sine Integral
It is defined by

6. Cosine Integral
It is defined by




7. Exponential Integral
It is denoted by Fi(t) and defined by

Ei(t) = | “—du

u
8. Heaviside unit function
It is also known as the unit step function and it is defined as

0 t<a,
n(t—a) =
1 t>a

9. Dirac Delta Function
This function is also called the unit impulse function, it is denoted by () and defined by
the property

0 t #c,

oo t=c

10. Null Function
Let N(t) be a function of ¢ such that

¢
/N(u)du:O vVt >0
0

Then N(t) is called a null function.

2.3 Methods of finding Laplace Transforms

There are several methods that can be used to determine the Laplace transforms of given

functions. They include;

a) Direct method

This is a primitive approach that requires some basic knowledge of Integral calculus.The
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Laplace transform of a function f(t) is obtained directly by evaluating

o0

L) = [ e s

Examples

Lf(t) =e™

—(s—a)
1
= —1
— 01
1
= s>a
S—a

For a = 1, We have

2. f(t) =1

s>0

32



3.f(t) =t
By definition

L{t} = / e tdt
0

Using integration by parts, let
u=1t=du=dt

and )
dv=edt = v=—=¢*
s
Thus
L{t}:uv—/vdu
1 ®1 1 [
=t [——eSt ] + —/estdt
s 0 s
0
t o 1 1
— |:_ —stj| 0 - |:__e—st:|
s s s 0
:g[_e t“o +?[ € t”o
1
=0+ 5[0 (~1)
1
= 5_2 s > 0
4.f(t) =1t"
L{t"} = / e St dt
0
Let

w=st=1t=— and dt = du/s
s

The limits remain unchanged, thus we now have
u\" du
L{ity = [ e (-) a
= [ (4)
0

33



o
1
=— ¢ “udu
S
0

But by the definition of a gamma function

We therefore have

Sn—i-l

1 o0
I {tn} _ /u(n+1)—16—udu
0

1
= SnJrlr(n + 1)

n!
Sn—i-l

For n = % we have

5. f(t) = sin(at)
L {sin(at)} = /e_St sin(at)dt

0
But it can be shown that

at

- e .
/e "sin(bt)dt = pea [asin(bt) — bcos(bt)]

34



Thus

L{sin(at)} = / tsin(at)d
0

—st

= ﬁ [—ssin(at) — acos(at)]|y”
1

=0 s? + a? [0 =]

o

524 a2
Similarly

L{cos(at)} = /e_St cos(at)dt
0
But ut
a € .
/e " cos(bt)dt = pea [a cos(bt) + bsin(bt)]

Thus

(e 9]

L{cos(at)} = /G_St cos(at)dt

0
—st

(& . o)
- [N [—scos(at) + asin(at)]|,
1
=0- gl to
s
52 + a?

Alternatively from example (1) above we have seen that

L{eat} _

= L {et) =

sS>a
sS—a

1
s —1ia
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B 1 s+ ai
 s—ai \ s+ ai

st
52 4 a?
But
e = cosat + isinat
L{e"} = L{cosat +isinat}
= L{cosat} +iL {sinat}
Thus i
s+ ai
L{cosat} +iL{sinat} = ——
{cosat} +iL {simat} = 5%

Associating real and imaginary parts, it follows that;

s
L t} = —
{cos at} o

And
L{sinat} = ———
s+ a?

6. f(t) = sinh(at)

o0

L {sinh(at)} = /e_St sinh(at)dt
0
But

at e—at

2
% eat _ e—at

= L{sinh(at)} = /e_St (T) dt
0

sinh(at) = ‘

efst (6at o efat) dt

I
DN | —
0\8

e}

/6_(5_“)tdt— /6_(s+“) dt
0

0

N —
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Similarly

But

L e-G—at |© —(star |
2 —(s—a)o —(s+a)0}
1 1 1
== 0+ — |0+
2 s—a s+a
11 1
21ls—a s+a
1 {s+a—(s—a)
2 (s—a)(s+a)
_1 2a
2] 82— a2
a

T2 g2

L{cosh(at)} = /e_St cosh(at)dt

cosh(at)

0

at —at
e e = L {cosh(at)}

/e—st (eat+€—at) dt
2

) 00 00

3 { / ettt + / et gt
0 0

1 ef(sfa)t ef(s+a)t o0

2 [—(S—G) —(5+a)} 0

1 1 1

o+ — )+ {0+ —

2 s—a s+
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7. 9(t) = 0(t — ¢) f(t) where §(t — ¢) is the Dirac delta function and c is a constant.
By definition

[e.9]

L{g®)} = [ e 3l ~ o)ty
0
But by the definition of Dirac delta function, it can be shown that

e f(t) =ef(c)

o0

= L{6(t—c)f(t)} = /e‘scf(c)d(t—c)dt

= e f(c /6t—c )dt
0
1

S LAt =) f(t)} = e f(c)

As a special case when f(t) =1 we have L{6(t —¢)} =e*
When ¢ = 0 we have L{J(t)} =

8. f(t) =n(t — ¢) where n(t — ¢) is the Heaviside step function.

By definition

o0

Lma—@fu—o}zjkﬂ%@—@fu—@ﬁ

But since n(t — ¢) a unit step function it takes the value zero for values of ¢ < ¢ and the
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value 1 for values of t > ¢ .Thus we can rewrite the above integral as

L{n(t — o)f(t — )} = / et (1) £t — o)t

= /eStf(t —c)dt

Cc

Letxr=t—c=t=x+cand de =dt

Changing limits of integration we have
Whent=¢, x=0
When t =00, x=00
With this we have,
L{n(t =)t =)} = [ e f(ayto

0
00

_ e_sc/e_sxﬂz)d:p

0

— ()

As a special case when f(t —¢) = f(z) = 1 we have

o0

L{nt =)} = [ e (1)da
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b) Series method

If the given function f(¢) can be expressed as a power series expansion say;

f(t) = ag + art + agt® + ast® + ...
S
n=0

Then the Laplace transform of f(t) is obtained by simply evaluating the Laplace trans-
form of each term in the series and then summing up the result. Thus

Qo aq 2!&2 3!&3
L{f(t)}Z;—i—?—i-? 8_4+

. Z n!an
5n+1
n=0

Examples

1. We know the exponential function can be expressed as a series expansion; i.e

2 3 4
S TS T L S
20 31 4l
=20
n=0
Which means that our coefficients are;
ag = 1
a; —
1
a9 = 5
1
az = 5
1
p = —
n!
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Thus

geometric series with common ratio r= /S

=n

s—1

» | =

S L{e} =

2. The Bessel function of order n is defined as

" t2 t4
Il = e {1 T 2en+2) 2@Ent2)@ntd) }

Thus for n = 0, we have a Bessel function of order zero defined as

1 t? tt
Jolt) = r(1) {1 T 2(0+2) * 2)(0+2)(0+4) }

2 t4 16
17 T mR@  20@e@0)
t2 t4 6
=1- =+
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Which means that our coefficients are

a():l
CL1:O
1
a9 —§
a3—0
1
“= g
G5:O
1
0T 224262

and so on

Thus

a a 2la 3la 4la 5la 6la
0 1 2 903 Fag  olas | Oldg

L{Jo(t)} = STt

g3 s 80 56 s7

L0 20(x) 300) 4 (mp) |, 51(0) 6 (pame)

= -+ - + - — + .

s 2 53 54 80 56 s7

1 20(y) LA () 6 (zomw)
S s3 55 s7

But from negative binomial expansion

(14+2)" = i (7) o

(1+ :c)fl/2 = % (_;/2> @’



v n—(k—=1)]

o (5/2 - 1) (5/2 - 2)

be shown that

And it can

— —
™ | <t
*

0 | O
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s24+1

Similarly J,, (at) can be obtained directly as follows
L{J, ()} = /Jn Je—tdt(1) (2.1)
0

But J, (z) can be written as an integral as follows

™

1 . .
Jn (x) - /ez(n9x51n9)d9

—Tr

™

1 , _
: Jn (at) e 2— /6Z(n9_atsln9)d9
m

—Tr

Putting this in equation (2.1) yields

oo T

1 . )
L {Jn (at)} _ %//ez(nﬁ—atsmﬂ)e—stdgdt

0 —m

Changing the order of integration yields

™

1 7 -
L{J at — _/ean/eansmeestdth
2
0

—Tr

1 ) —(s+iasin O)t
- Zn S—+1a S1n dtde 2.2
o / e / (2.2)
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But

[e.e]

/6_(S+iasin9)tdt _ e~ (stiasin)t
— (s + tasin )

0 |
— 1 |:e—(s+iasin0)t}oo}
— (s +iasinf) 0
-]
~ —(s+iasin®)
1

s+ iasinf

Therefore equation (2.2) now becomes

™

1 , 1
L — ind
{n (at)} 27?/6 (s+iasin9> 40

-
™

_ / G (2.3)

21 ) s+iasinf '
Let

L i

dz = ie?do

Sap= 2

16’ 12

Also

" (z— 1) = cosf + isinf — (cos — isin6)

z

= 2¢sin 6
1

(z— —) =4sind
z

45
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With this L {J, (at)} now becomes

L{Jn (at)}

Where 2T and 2z~ are the roots of

22

()"

]

— | ——————db
2 ) s+ a(isind)
1 " dz
o | SraGE-D) e
|z|=1
1 Z" dz
271 s+ 9 (z — l) z
|z|=1
1 2" dz
2mi J g ()
|z|=1
2 Z"
— d
2mi 2zs+a(z?2—1) -
|z|=1
2 2"
— ——d
21l 2zs +az2 —a :
|2|=1
2 2"
— dz
2mi ) a(22+2(2)z-1)
|z|=1
1 z"
— d 2.4
i a(z—zt)(z—27) : (24)

|z|=1

+2(f)z—1:0
a

= az’+2sz—a=0

Hence

—2s+ \/(23)2 — 4a(—a)

2a

—25 4+ /452 + 4a?

—2s +

2a
4 (s +a?)

2a
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25+ 2vs? +a?
N 2a
2 (—s + /52 + a2)

2a
—s £ Vs? +a?

a
. —s+Vsi+at | —s— s+ a?
= 2T =
a a

Here, in the contour integration of expression (2.4) only the root of z* lies outside the

unit circle. Hence applying Cauchys Integral theorem we have

/ a(z— zf) (z—2) dz = 27i % [Residue of Integrand]
|z|=1
— 2 lim = (2 = =4)
z—zt Q (Z — Z+) (Z _ 27)

n
=2m lim ————
szt a(z— 27)

Therefore

LA (at)} :% / a(z—z*z)n(z—z—)dz

|z]=1
1 n
== {QM' lim ————
) 2zt a(z—z27)
=2 lim ————
ot (z—27)
2(zH)"

a(zt —z7)

2 (—s—i-\/m)n

a (—s+\/82+a2 . —s—\/52+a2>
a a
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3.f(t) = erfVi

Where

By series expansion

We thus have

48



Therefore

L {erf\/%} =

RN RUINY
\/— 3 \/— 5 \/— 7
%L{ﬂ_ ( ;) ((5;2)! B (<7)2! +}
1 3 5

) ()
2 F(3/2> - F(5/2> . F(7/2> - P(9/2> .
VI G s pase (g

() alla)(le) a)0a ()
2 53/2 335/2 (5)2!57/2
v 7o (50 (30) (L) (1

_2() () (2)r (%)
(7)3ls /2 )
21 (Yo
R
1 1/1 1/3 1 1/3 5) 1
70506506 6) ]
et 72
1 1\ 2
3, (1 + g)
1

Y|

49



c) Method of differential equations

If a given function satisfies a differential equation. Then to obtain the desired Laplace
transform ?(s) . The Laplace transform is applied to the differential equation and its
properties are used to obtain the required solution. This is achieved by making f (s) the

subject of the formula.
Examples

1. The Bessel function of order n satisfies the following differential equation.
CIN(E) + I (t) + (8 —n?) Ju(t) =0
This implies that Jy(t) will satisfy the differential equation

tJy (t) + J(t) + tJo(t) =0

We now take the Laplace transform of both sides of the above equation
LAty ()} + L{Jo(1)} + LA{tJo(t)} = 0

Let

y=L{J(t)}

Then by the property of derivatives,
L{Jo(t)} = sy — Jo(0)
And
L{J5(t)} = s’y — sJo(0) — J5(0)

= DL} =~ (% — s10) — J§(0))

S

= 2L (P = 5o0) = JH(0)) + sy = Jo(0)) = 2 = 0

20



But
Jo(0) =1 and J}(0) =0

Substituting this back to the equation yields

d dy
—%(s2y—s)+(sy—1)—£:0
dy d dy
2
_ _ _J o —1) = 22 —
2sy s ds( s)+ (sy — 1) s 0
d
—2sy——Z(2+1)+1+(sy—1):O
d
—d—z(52+1)—sy20
d
—d—z(32+1):sy
dy _ sy
ds — (s2+1)
dy s
y o (P41

Integrating both sides yields
d
[
Yy (s241)

S
1 =— | ——d
ny /(52+1) ¥

Let u=5>4+1= du = 2sds

Then



1
V1+ 2

S L{do(t)} =

2. The trigonometric function sin (\/z_f) satisfies the differential equation

45—;tsin (\/%) + 2% sin (\/Z) + sin <\/¥> =0

Applying Laplace transform to both sides of the differential equation yields,

L {45—;t sin <\/1_5> + 2% sin <\/E> + sin (\ﬁ)} = L{0}

. d .
i { ftsin (V) b2 { i (v) b 2 fsin (VE) } =0

Let Y (t) =sin (vt) and y = L {sin (V) }

With this substitution the above equation becomes

AL{tY" ()} +2L{Y' ()} + L{Y ()} =0
By the property of derivatives
L{Y'(t)} = sL{Y (1)} — Y (0)
= sy — sin <\/6>

:Sy

52



= L{Y"(t)} = s>L{Y(t)} — sY(0) — Y’(0)
= sy — sY(0) — Y'(0)

And by the multiplication by ¢ property

L{Y ()} =~ LY (1)

= L{tY"(t)} = —% [s%y — sY'(0) — Y/(0)]

By implicit differentiation, this becomes

d
L{tY"(t)} = —2sy — 32d—i’ +Y(0)

With this now, the equation
AL{tY" ()} +2L{Y'(t)} + L{Y(t)} =0

becomes,

d
4 —25y—52d—‘z+Y(0) +2sy+y=0

d
—83y—432d—z+0—|—23y—|—y:0

d
—432d—‘z —6sy+y=0

dy
—4s52—2L — —1) =
s y(6s—1)=0
d 6s — 1
Y (5 )

ds 452
Which is a linear differential equation . Using integrating factor method we have

y=0

(6s—1)
IF =¢l Tamds

But

/(61;1)d52 i/ (638; D

23



Thus

Multiplying both sides of the differential equation by the Integrating factor yields

d 6s — 1
d—isgefls + %ysgeé =0

Integrating both sides we get

Where c is a constant of integration.
But it can be shown that sin v/t ~ v/t for small values of ¢ and

Yy=—5—
s /3

o4



for large values of s. From previous examples

C =
Thus
1
L {sin \/%} = QLe’ /As
s /3
= \/; 671/48
2513

d) Differentiation with respect to a parameter
This method employs Leibnitzs rule for differentiating under an Integral sign along with

the various rules and theorems pertaining to Laplace transforms to arrive at the desired

transform.

Examples

1. f(t) = cos(at)

From a previous example we had seen that

oo
L{cosat} = /e_St cos atdt
0

s
s? +a?

Using Leibnitzs rule

d —st —st :

— [ e cosatdt = | e {—tsinat} dt

da

0 0
= —L{tsinat}

95



d S .
% {m} = —L{tSH’lUJt}

Thus
L{tsinat} = —is (s* + a2)_1
da
= 2as (32 + a2)_2
B 2as
B (52 + a?)?
2. f(t)=Int

By definition

o0

MNa) = /ya_le_ydy
0
Differentiating both sides with respect to « yields,

o0

M) = /ya_le_y Iny dy
0

Setting o = 1 implies

1) = /e_y Iny dy
0
Making the substitution y = st = dy = sdt we get

e}

') = /e_St In (st) sdt

0
o)

/
@) = /eSt In stdt

S

0
z/e_St (Ins+Int)dt
0
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[e.9]

(1 T
= (1) —/e‘“lnsdt:/e_“lntdt

S

0

0
o0 F/ 1 oo
= /e_St Intdt = 1) —lns/e_“dt
0 0

s
——
L{lnt} L{l}:l/s
I"(1) —1
L{lngy = L) s
s
_ - Ins
s

Where ~y is the Euler constant.

e) Miscellaneous Methods

This methods involves the use of the properties of Laplace transform.
Examples
1. By the division by t property

L {@} = 7?(u)du

1
s24+1

L{sint} =

[e.e]

LSiﬂ:/ 1 du
t u2 +1

S

= tan~ ! (1/5>

2. By the property of derivatives

n

L{f™)} =sf(s)—>_s"7 fi1(0)

=1

o7



In particular
L{f'(t)} =sf(s) = £(0) (2:5)
Letting f(t) = 1 implies f(0) =1 and f'(t) = 0 . With this, equation (2.5) becomes

L{0}=sL{1} -1
=0=sL{1} -1

1

Similarly Letting f(¢) = ¢ implies f(0) = 0 and f/(¢) = 1 . With this, equation (2.5)

becomes
L{1} =sL{t} -0
1
= — =sL{t}
s
1
For f(t) = t* we have f(0) = 0 and f'(¢t) = 2¢t . With this, equation (2.5) becomes

L{2t} = sL{t*} -0
2L {t} = sL{t*}

2 2
2
~'-L{t2}282
:g s>0

For f(t) = t3 we have f(0) = 0 and f/(t) = 3t* . With this, equation (2.5) becomes
L{3t*} =sL{t’} -0
3L{t*} = sL{t’}
3
== ? =sL {t3}
3

_I®

s>0
53

o8



By mathematical induction, we assume that for f(t) =¢"!

L(n)

Sn

L{f(t)} =

Then for f(t) = t™ we have f(0) = 0 and f'(t) = nt™' . With this, equation (2.5)
becomes

L{nt" '} =sL{t"} -0

nL{t" '} = sL{t"}

r
= ”S—ff’) = sL{t"
n nl'(n
Lpgry=
r 1
= % 5s>0
3. From a previous example, we had
L{()} =
° V2t
But by the change of scale property if
L{f(t)} = f(s)
then )
—/S
L{ftat)y = =7 (3)
Thus
1
L {Jo(at)} = a 5
(%a)” +1
B 1
T
t
4. f(t) = fSigudu
0
We have f(0) =0 and
int
7 = % tf/(t) = sint
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Thus
L{tf'(t)} = L{sint}
But from a previous example we had

1

L{sint} = 211

By multiplication by ¢ and the property of derivatives we have

L7 (1)) =~ [57(s) ~ (0]

Integrating both sides yields
sf(s) = —tan"ts+c

But by the initial value theorem

lim sf(s) = lim f(t)

S$—00 t—0

= f(0)
=0

=c=

Thus

60



[e9]

5. f(t) = | <tdu

t

we have f(0) =0 and

Thus
L{tf'(t)} = L{sint}

But from a previous example we had

S
s2+1

L{cost} =

Using multiplication by ¢ and the property of derivatives we have

L7 (1)) =~ [57(s) ~ (0]

Integrating both sides yields

But by the final value theorem
lim s f(s) = lim f()

= f(o0)

=c=0
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Thus

sf(s) = %ln (32-1—1)

= F(s) = In (3228—1— 1)
S L{Ci(t) = %

0= [

—t

Ft)= - = tf(t) = -

we have f(0) = 0 and

Thus
L{tf(t)} = ~L{e™"}

But from a previous example we had

_ 1
L{e t}:3+1

Using multiplication by ¢ and the property of derivatives we have

d - —

LAtS'(6)} = = [s](s) = (0]

Integrating both sides yields
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But by the final value theorem

lim s f(s) = lim
s—0 t—o0

f(t) = f(o0)

Thus

= F(s) = In (SS+ 1)
L L{Ei) = 2 (‘9; D

f) Use of tables
The results of the above examples can be generalized into a table of transform pairs which
can be used to determine the Laplace transform of a given function.The table of transform

pairs is as shown below
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f(s)
1
1
S
t
1
52
tn
n!
Sn+l
eat
1
S—a

2s
sin(at)
a
s? + a?
cos(at)
s
s? + a?

Table 2.1: Table of transform pairs
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sinh(at)

cosh(at)
o(t —c)f(t)
e *f(c)
ot —c)
o(t)
1
u(t —c)f(t—c)
e f(s)
u(t — c)
Jo(t)
1
Vs?+1
J,(at) 65
(VT — )
a” (Vs + a?)
er fV/t
1




Chapter 3

Inverse Laplace Transform

3.1 Introduction

This chapter covers the definition of the Inverse Laplace transform, its properties. It will

also focus on various methods of finding Inverse Laplace transform with various examples.
Definition

If f(s) is the Laplace transform of a given function f(t) then f(t) is called the inverse
Laplace transform of f(s) .That is

L{f(t)} = f(s) = L7 {f(s)} = f(1)
Uniqueness of inverse Laplace transforms
If N(t) is a null function, then
L{N(t)} =0

Let
L{f(®)} = f(s)
L{f(®)+ N(t)}

L{f(t)} + L{N(t)} (by linearity)
= f(s)+0=f(s)

From this we deduce that we can have two different functions with the same Laplace

transform if null functions are permitted. In such cases the inverse Laplace transform is
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not unique. On the other hand, if null functions are not allowed then inverse Laplace

transform will always be unique.
Lerchs theorem

For sectionally continuous functions of ¢ say f(¢) in all finite intervals 0 < ¢ < N such
that ¢ < N | these functions are of exponential order. The inverse Laplace transform of

f(s) will always be unique.

3.2 Properties of Inverse Laplace transform

The properties of inverse Laplace transform are analogous to those of Laplace transforms.

i. Linearity Property

Suppose ¢; and ¢y are an two constants and fi(¢) and f»(¢) are functions of ¢ with Laplace

transform f,(s) and f,(s) respectively, then

Lt {01?1(3) + 0272(5)} = ClL_1 {71(5)} + C2L_1 {?2(3)}
= c1f1(t) + c2f2(?)

ii. First translation or shifting property

It
L7 {f(s)} = f(t)
Then
L7 {F(s —a)} = e (1)

iii. Second translation or shifting property

If
L= {f(s)} = f(1)
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Then
flt—a) t<a
0 t>a

L—l {€a87(8)} _ {
iv. Change of scale property

If
L7 {f(s)} = f(#)
Then
L 7} =17 (5)

v. Inverse Laplace transform of derivatives

If
L= {f(s)} = f(t)
Then

O {%7(8)} (1)

vi. Inverse Laplace transform of integrals

If
L {f(s)} = f(t)
Then

vii. Multiplication by s"
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and f(0) = 0.Then
L {sf(s)} = f(t
That is by multiplication by s has the effect of differentiating f(t). Iff(0) # 0 . Then

L™ sf(s) = FO)} = f/(t) = L™ {sF(s)} = /(1) + F(0)3(1)

Where 6(t) is the Dirac delta function or unit impulse function.
viii. Division by s

If
L= {f(s)} = f(1)

)

Thus division by s has the effect of integrating f(¢) from 0 to ¢ .

Then

ix. Convolution property

If

LH{f($)} = f@®)
and if

L™ {g(s)} = 9(t)
Then

} /f gt —u)du = fxg

We call f * g the convolution or faltung of f and g. we note that fxg=g¢gx* f
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3.3 Methods Of Finding Inverse Laplace Transforms

a) Partial Fractions Method

Partial fraction expansion is also known as partial fraction decomposition. It is performed
in situations where a complicated fraction is involved and there is need to express the
fraction as a sum or difference of simpler fractions.

Let

P(s) apsM + a;sM 1+ agsM 2+ assM B+ L+ ay
Q(S) - b()SN —+ blsN_l —+ bQSN_2 + b38N_3 + ...+ bN

be any rational algebraic fraction . Again suppose that the degree of the denominator is

Pls)

less than that of the numerator, then ol0) is called a proper fraction. In order to resolve

this proper fraction into partial fractions we first resolve the denominator into simple

factors. Some factors maybe linear, some quadratic and some of them may be repeated..
The Inverse Laplace transform of % is then obtained as the sum or difference of the
Inverse Laplace transform of its corresponding partial fractions. There are various ways

of decomposing a fraction depending on the nature of its denominator. In cases where
P(s)
Q(s)
it to a proper fraction before decomposing it into partial fractions. This can be achieved

by long division as well as other methods. ggz% can be decomposed into partial fractions

is improper that is the degree of P(s) is more than that of Q(s) , one has to change

according as

Case 1

To every linear factor s — a in the denominator there corresponds a partial fraction of the

form -2

S—a

Case 2

To every linear factor (s — b)" repeated r times in the denominator we have partial frac-

tions of the form
By n By n Bs P B,
s—b  (s=b)* (s—=b* T (s=0b)

70



Case 3

To every quadratic factor of the form s2 + ps + ¢ in the denominator there corresponds a

partial fraction of the form
Cs+ D

s2 4+ ps+q
Case 4

To every quadratic factor of the form (s? + ks + p)™ repeated m times in the denom-

inator there corresponds partial fractions of the form

E18+F1 E28+F2 E38+F3 EmS+Fm
2 2 3 +.t 2 m
s24+ks+p (32—|—k5—|—p) (52—|—/{;s—|—p) (S +k:s+p)

After resolving in the way as given in the cases above we multiply both sides by the de-

nominator. Then to evaluate the constants we equate the coefficients of different powers

of and solve the resulting equations. With these constants we can now express SEZ; as a

sum or difference of its corresponding partial fractions. A method related to this uses the

Heaviside expansion formula.
Examples

1. Consider a function f(t) whose Laplace transform is given as

— s+3
f(s) = s34+ 7s2+10s

We need to determine f(t). Here P(s) = s + 3 and Q(s) = s + 7s* + 10s.

Q(s) can be factorized as s + 7s* + 10s = s(s +2)(s +5) . Thus Q(s) has three distinct

roots namely s = 0,5 = —2 and s = —5 . With this f(s) can be decomposed as follows.

— 543

J(s) = s(s+2)(s+3)
A A, As
_?+s+2+s+5
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The next step is to determine the coefficients A;, A and A3 . For A; we multiply both
sides of the above equation by s which yields

s+3 B SAy n sAs
(s+2)(s+5) ' s+2 s+5
Setting s = 0 implies
3
S —
(2)(5)
_3
FT10

For A, we multiply both sides of the above equation by s + 2 which yields

s+3 Ai(s+2) As(s +2)
= A, BT
s(s+5) s A s+5
Setting s = —2 implies
-2
2ey)
—2(=2+15)
1
A2 = _6

Similarly to obtain A3 we multiply both sides of the above equation by s+ 5 which yields

s+ 3 A1(8+5) A2(8+5)
= A
s(s+2) s * (s +2) M

Setting s = —5 implies
(=5+3)

With these coefficients f(s) can now be expressed as
- 3 (1 1 1 2 1
1) =15 (‘) 6 <s+2> BT (s+5)
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Applying inverse Laplace transform to both sides yields

3,1y 1., 1 2 1
10 =15k {E}_EL {s+2}_ﬁL {5+5}

Which from the table of transform pairs implies that

- s> —10s + 13
M) = 0696 - 3)
Here P(s) is s> — 105+ 13 and Q(s) is (s — 1)(s — 2)(s — 3) . We can decompose f(s) into

partial fractions as shown below.

82—103+13 . Al X AQ n Ag
(s—1D(s—2)(s—3) s-1 s5s—2 s—3

Multiplying both sides by Q(s) yields

s2 =105+ 13 = A;(s —2)(5s — 3) + Az(s — 1)(s — 3) + As(s — 1)(s — 2)
= s —10s+ 13 =A; (s* =55+ 6) + Ay (s* —4s + 3) + A3 (s° — 35 + 2)
= (Al + AQ + A3)S2 + (—5141 - 4A2 - 3A3)8 + (6141 + 3A2 + 2./43)

Equating the coefficients of powers of s on both sides, we have the following equations.

For s2
1=A1+ Ay + A3 (i)
For s we have
Equating constants yields
13 =06A; + 34, + 2A3 (7i1)

Putting A; =1 — Ay — A3 from (i) in (zi) and (iii) we get
—10 = —5(1 - AQ - A3) - 4A2 - 3A3
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And

:>—10:—5+5A2+5A5—4A2—3A3
13:6—6A2—6A3+3A2+2A3

—5 = Ay + 245 .
— (1v)
7 — —3142 - 4A3

245 +4A3 = —10
—3142 - 4A3 == 7

AQZ —3

~[&=3]

From (iv) we had

—5:A2+2A3
—8:2A3

< [l=-1

Therefore from (1)

1=A+B+C
1=A+3-14

- [A=3]

o #-10se13 2 3 4
T (s—-1D(s—2)(s—3) s—-1 s5—-2 s-3
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Applying inverse Laplace transform to both sides yields
-1 s —10s + 13 _ g 2 N 3. 4
(s—1)(s—2)(s—3)) s—1 s—2 s—3

1 1 1
S) FEL g— Lt — 417!
{s—l}+3 {3—2} {3—3}

Which from the table of transform pairs implies that

1{ s —10s + 13
(

:2t 2t_43t
8—1)(3—2)(5—3)} e det = de

<N 4s+5
Gl P T ¥

In this case P(s) =4s+ 5 and Q(s) = (s — 1)*(s — 2). Q(s) has one distinct root at and
one repeated root at s =1 .

We therefore split f(s) into its corresponding partial fractions as follows

4s+5 . A1 i AQ 4 A3
(s—1)2%(s—2) (s—1)? s—1 s+2

Multiplying both sides by (s — 1)*(s — 2) yields

= 4s+5=A1(s+2)+ Ay(s — 1)(s +2) + Az(s — 1)
= 4s+5=Ai(s+2)+ Ay (P +5—2) + A3 (s* — 25+ 1)
4s+ 5 = <A2+A3>82+(A1+A2—2A3)8+(2A1—2A2+A3)

We now equate the coefficients of s corresponding powers of on both sides of the above
equation.

For s? we have

Equating coefficients of s we have

4= A+ Ay — 245 (i)
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And equating constants yields
5=2A4, — 24, + Ay (i41)
Using equation (i) in equations (7i) and (iii) we get
4=A; — A3 — 243

And
b=2A; —2(—A3) + A3

4 - Al - 3143
= (1v)
5 = 2A1 -+ 3A3
A —3A3=4
2A1 +3A3 =5
34, =9

.
From (iv) we had
4=A; —34;
3143 - Al - 4
3A3 =314

Therefore from ()
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With this we now have

(s —418);235— 2) (5—31)2 +é (sil) _% (s}r2>
Thus

L1{(5_41‘3;255_2>}_L1{(5_31)2+%<si1) _%<5i2)}
1

Using the table of transform pairs it follows that

As+5 1.1
-1 — 3tel et _ 2
{(3—1)2(3—2)} ¢ T30 —3e

— 55 +3
IO = G- 55 5)
In this case P(s) = 5s+ 3 and Q(s) = (s — 1)(s* + 2s — 5). Q(s) is a product of a linear

term and a quadratic term. We therefore split f(s) into its corresponding partial fractions

as follows
55+ 3 _ Ais+ A4 As

(s —1)(s24+25+5) 52+2s+5+3—1
Multiplying both sides of the above equation by (s — 1) (s*> + 2s + 5) yields

5s+3=(As+B)(s—1)+C (s*+2s+5)
55 +3 = As’+ Bs — As — B+ Cs?> +2Cs + 5C
55+3=(A+C)s*+(B—A+20)s+ (5C — B)

To obtain A, Ay and Az we equate the coefficients of the corresponding powers of s

Equating coefficients of s? we have

0=A+C (i)
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Equating coefficients of s we have

And equating constants yields

5=B—A+2C (ii)

3=5C—-B (iid)

Putting A = —C from (i) in (ii) and (iii) we get

And

Therefore from (1)

From (ii7) we had

5=B—(-C)+2C

3=5C-B

5=DB+3C
3=-B+5C

(iv)

B+3C=5
—B+5C =3

8C =38

NEE

- —C

=1

3=5C—B
3=5(1)—B

~[B=1]
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With these coefficients we have
55+ 3 2—3s 1

(s —1)(s24+2s+5) _32+23+5+s—1

5s + 3 2—5 1

) (s —1)(s>+2s+5) _82+28+5+S—1

Thus

71 55+ 3 -1
(s —1)(s2+2s5+5)

2—5 1
82+28+5 s—1

_ - 3—(s+1) 1
B S2+28+5 s—1
_ - 3 — s—i—l 1
B (s+1) s—l

L~ 1

{
£
=
t

s+1 . 1
(541244 s—1

:3“{@}”1{—<sff>f+4}+“{sil}

A (e BN e S E)

But from the table of transform pairs we have L (cos at) = i and L (sin at) =

__a _
s2+4a?

. Relating this to the above equation, it follows that

5 3 3
L! { ( 1 (32_:_ %5 1 5) } = §e_t sin2t — e ' cos 2t + €
s — s s
5.
— s
1(s) st + 4at



By factorizing s* + 4a* , f(s) can be expressed as

S S

st +4da* (52— 2as + 2a2) (s + 2as + 2a?)

In this case Q(s) is a product of two quadratic terms, we thus decompose
5
st 4+ 4at
into its corresponding partial fractions as follows

S Als + Ag A3$ + A4

s+ 40t 2 —2as+2a2 s+ 2as + 2a?

Multiplying both sides by s* + 4a* yields

s = (Ars+ Ay) (s* + 2as + 2a*) + (Azs + Ay) (s* — 2as + 24°)

s = A5 + 24,08 + 24, 50% + Ays® + 2Asas + 2450 + Ass® — 2A5a8?
+ 2A33a2 + A482 — 2A4&S + 2A4a2

s = (A1 + Az) s+ (2A1a + Ay — 2A3a + Ay) s%+ (2A1a2 + 2450 + 2A45a% — 2A4a) S
+ (2420® 4 2A40°)

To obtain Ay, Ay, A3 and A, we equate the coefficients of the corresponding powers of s
Equating coefficients of s*

0= A, + As (4)

Equating coefficients of s?

0= 2141& + AQ - 2A3a —+ A4 (ZZ)

Equating coefficients of s we have
1 =2Aa> + 2450 + 2A3a® — 24,0 (i)
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And equating constants yields
0 = 2A45a® + 24,0 (iv)
Putting A = —C from (7) in (i77) we have

1 =2(—A3)a® + 2Asa + 2430 — 2A4a
1 =2A5a —2A4a (v)

But from (iv)
Ay = —Ay (vi)

Substituting Ay = —Ay in (iv) yields

1 =2(—A4)a — 2A4a

1= —4GA4
1
= A4 =——
! 4a
From (vi) we had
Ag - —A4
1
= Ay =—
7 da

From equation (i7) we obtained 0 = 2A;a + Ay — 2A3a + A4 but if Ay = —A, then

0= 2A1& + (—A4) - 2A3& + A4
2A3a = 2A1a
= A = As

But from (i) A; = —Aj; hence

- (A=A =1]
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s (0s+(5) (0)s — (5)
" ost 4+ 4atr s?2 —2as+2a?  s?+2as -+ 2a?

10 1 1
da | 2 —2as + 22 %+ 2as + 2a2}

17 1 1
da [(s —a)®*+a® (s—a)®+a?

Thus

But from the table of transform pairs we have

a
L(sin at) = ——
(sin at) L
= L7} S G L [e’“t sinat — e® sin at]
st +4at | 4a?

b) Series method

If f(s) has a series of expansion in inverse powers of s given by

Qo a1 a2 a3 Qy
S sz g3 gt g



Then under suitable conditions we can invert term by term to obtain

t2 t3 t
f(t) =ao+ ait + as <5) + as (g) + ay (Z) + ...

Example

f(s) can be expressed as an infinite series as follows

= S — et
s 2152 3ls3  4lgt

1
e /s 1 ) 1 1 1 1
S S

111 11

s 82 23 3lgt T 4lg0

1
-/
e s 1 1 1 1 1
L—l — —1 - . _
S {s 52 + 2183 3lst * 4155
Here ag = 1,a; = —1,as = %,(Ig = —%,a4 = %, .... thus we have
1
e s 1 [t? 1/t 1/t
L' — b =1—t+—(=)—= (= — = ...
{s } +21(2> 3!<3)+4!<4)
2
=1—t+———+—
4 18 96
2.
fls)=e"

By infinite series expansion, we have

3 5
1 s s 2 PR
Vs _ 1 _ o/ 2 _2~-4,2 2~
e =1 S2+2! 3] +4! 5l + ...
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This implies

3 5)
1 s s2 2 g7
1 s -t A _ 2~
L {e }_L 1 52+—2' i +4' = + ...

( ) ) 1 B B 3/2 3
pry - (e gy o2 b
L {e*ﬁ} - . (3.1)

\ Vs

From the table of Laplace transform pairs we have

I'(n+1)

L {t”} - gntl

Letting n = —p — % implies that

r (— — 3o+ 1)
L{t—P—?’/Z} B p—="p
S—p—3/2+1

r (—p - 1/2)

7P~ 1/2

L {t p3/2} .
(-

F p— 1/2) s P~ 1/2
3

—p—"/
s Lt {Sp+1/2} — L
r (—p - 1/2)

But using the property that for P > 0 ,
1 2 2 2 2 2
C(—p—=)=(=P(2)(2)(2)(Z2)..
(r=2) = ()G G) G)- () 7

84




But L™ (s?) = 0, Then using (2.1) on (2.2) we have

w5 ()6 st () () 0 i

1 {1 <1>+1<1>2 1(1)3+}
=— 3 '\ talam) —5ile) T
N 22t ) Tar\22) 3 \2% j

[\

1 1
2/t 12
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c) Method of differential equations
This method is applied whenever a function f(s) satisfies a differential equation.

Example
fs)=e"
Differentiating f(s) twice we have
d— d
= = Vs
dsf(s) ds*
6_\/g

C2s
d? — d?
= _ Vs
ds? (5) ds2e

d e~V
Cds <_2_\/§>
sV + Yy

(2y/5)”
e*V§4—¥A/ge*Vg

(2v/5)°
e Vs <1 + 1/\/;)

67\/5 67\/5
s 4(ys)”

It can be seen that )

450 F(5) + T () — Fls) = 0

But by the property of derivatives

 { T ) = e

86



Thus when n = 2 we have

Again by the multiplication by s™ property we have

L™ {sf(s)} = f'(t)
Thus

2

) = LA}

Using implicit differentiation, we have
d* d
— =L —2 2
i) =L { s + 250}

With this, the differential equation becomes

i { G2f@) + 250 | - 2L (170 - L {0} =0
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Letting Y = f(t) , we have

AL{2tY +*Y'} —2L{tY} — L{Y} =0
= 4Y' +6tY —Y =0

dy [6t—1
() y—g
T +( 472 )

dY 6t — 1
:>?+< 172 )dt—O

ay 3

= - T tdt——dt—O

Yy 2 4¢2

Integrating both sides yields
3 1
InY 1 —
nYy + - 5 nt -+ 1 =c

=Y = —6_1/4t
72

L{tY} = —dilsL{Y}

i

67\/§

2V/s

For Large t , tY ~ % and L {tY} C‘f . For small s, Z\f

value theorem c\/_ =so0rc= f It follows that

L! {e_ﬁ} = 1 e_l/4t

3
2/t 2
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d) Differentiation with respect to a parameter

In this method, the inverse laplace transform of a given function is obtained by differen-
tiating a known Laplace transform of a function with respect to a parameter of interest

and relating it to the given function.

Examples
1.

f@zm

Differentiating 7 1az With respect to a, we have
d S _ —2as
da \s>+a?) (2 + a?)?
Taking the inverse laplace transform of both sides yields
-1 d 5 _ - —2as
da \ s? + a? (s2 + a?)?
d
= S i = 2L — 2
da s2 4 q? (2 + a?)

5 1 d 5
S R QUL R G
{(32+a2)2} 2a da {52+a2}

From the table of transform pairs we have

s
52 + a?

S
= L_l {m} = cosat
S a

L{cosat} =

Thus

89



— 1
fls)=——=
(s2 4 a?)?

From the table of transform pairs we have

1
Vet @

Differentiating both sides with respect to a yields

L{Jo(at)} =

d d 1
%L{JO(at)} - %\/m
L {d%Jo(at) - Gaat 122)3
L{tJy(at)} = = ;‘;)g
= L{~tJat)}
(s +a?)2

But by the derivatives property of the Bessel function we had

Jo(a) = —Ji(a)

L—l{ 1 3}:tJ1(at)
(82—|—CL2)§ a

— s2+1
f(S) =In (m)

Taking inverse Laplace transform of both sides yields

Thus

L {F) =1 {7 )
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7o =1 (555)

s? +4
= T(s) = (Sz ; LD {28 - Tg n 42;2(82 i 1)]
6s

(s2+1)(s*+4)

)= () ()

Let
fils) = 52 j— 1
B 2
fals) = s2 44

Consequently
t) = Lil ° -
fi(t) {32+1} ot
2
t)=L" =
fa(t) {32—1-4} s
Thus

L7H{J1(s)F5(5)} = fal8) = fa(t)

= cost *sin 2t



Therefore
L{F6)} =1 {7 6))

3
=7 (cost x sin 2t)

By convolution property of inverse Laplace transforms we have
t
3 , 3 .
n (cost xsin2t) = " cos(t — 7) sin 2tdT

0
t

6 o .
=3 (costcosT + sintsin7) cos 7 sin 7dr

0
t t

/ (COS2 T sin 7‘) costdr + / (sin2 T COS 7') sintdr

6
t

0
t

0
t
6
— " [/ (C082 T sin 7') cos tdt + / (sin2 T COS 7') sin tdt
0

0
3

6 cos® T . sin® 7
= — |cost + sint

t 3 3

6

t

[0084 t —sin*t — 1}

e)Miscellaneous method

This method utilizes the properties of inverse Laplace transforms as well as the table

of transform pairs .

1.
— 3s

f(S):m

From the table of transform pairs we have;

L_l{ 2_|8_ 2}:cosat
s a

:>f(t):L‘1{ i }zcoth

s2+9
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But by the change of scale property we have
— 1 t
L =—f(-
(et =21 (%)
f(t) =cos3t = f (E) = cost
a
1
= —f (E) = 1cost
a” \a 3

3s 1
L7t {—} = —cost
(3s)>+9) 3

Letting

By first shifting property of Laplace transforms we have
L {f(s—a)} =e"f(t) in our casea = 2

From tables of transform pairs we have

n!
Sn+1

= f(t) = L{t’} _z’—i

L{t" =
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2(s —1)e 2

7(3): s2 —2s+2

By completing the square method the function yields

2(s—1) 2(s—1)
s2—-2s+2 (s2—25s+1)+2—1
2(s—1)
C(s—1)+1

From tables of transform pairs we have

ﬂo:L*{ i }:mﬂ

s2+1
By first shifting property of Laplace transforms we have L™ { f(s —a)} = e® f(t)
in our case a = 1

Consequently

(s —1)

From tables of transform pairs we have

Lip(t—c)f(t —c)} = e [(s)

If we let
f(t) = et cost = 7(3) — &
(s—1)2+1
Our expression which was % will now be 2e72%f(s)

Hence ¢ = 2
2L e f(s)} = 2u(t — o) f(t — ¢)
Now
f(t) = e’ cost
= f(t—2)=¢e"2cos(t —2)

-1 {2(5 —1)e 2

_ t—2
2 9510 } =2u(t —2)e' "= cos (t — 2)
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Consequently

o -a(i {5 ()

But from tables of transform pairs we have

Therefore

(52 + a2)?
From the table of transform pairs we have

S
L_l{ o 2}zcosat
s a

~1 a L _1 1 __ sinat
L {S2+a2}—smat:>L {s2+a2}_ .

We can write

Fra) (@ra) (i)
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By the convolution theorem it follows that

t

alt —
i LR 5 (¢ = /cos qu. 2L W ol u)du
(s2 +a?) a

0
t

1
== / (cos au) (sin at cos au — cos at sin au) du
a

0
t t

1 . 9 1 )
= —ginat [ cos®audu — — cosat | sin au cos audu
a a

0 0

t t
1 1 2 1 in 2
= —sinat/ M du — —cosmf/sm audu
a 2 a 2
0 0

1 . t sinZ2at 1 1 — cos2at
= —slnat | = + ——cosat | ——
a 2 4a a 4a

1 . t sinatcosat 1 sin? at
= —sinat §+— — —cosat 5

a 2a a
ot sin at
- 2a

f) The complex inversion formula

This formula is also known as the bromwichs integral formula. By utilizing concepts of the
complex variable theory, the formula provides a very powerful tool for determing inverse
Laplace transform of given functions. If f(s) is the Laplace transform of a given function
f(t) . Then by this formula we have

c+io00
L [ etf(s)ds t>0

f(t) = 2 c—100
0 t<0

The integral above is to be evaluated along a line s = ¢ in the complex plane where s is
a complex number. One chooses the real number ¢ such that the line s = ¢ will lie to the
right side of all singularities of f(s) . Evaluation of the integral uses contour integration
where the contour integral of interest is the bromwhich contour illustrated in the figure

below.
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__A vy—iT
L
Figure 3.1
We thus have
=4 f(s)ds t>0
fy =4
0 t<0

Where ¢ denotes the Bromwich contour. It is composed of the line AB and an arc BJK LA
of a circle centered at the origin with radius R. Let A denote the arc BJKLA , then
since by pythagorous theorem 7' = v/ R? — ¢? we have

1 c+iT
— 1 = st r
0= i 5 [ T
c—iT

o U Lot ge - L [ oot7
= dm 27ri7€6 J(s)ds 2m'/e J(s)ds
A

Cauchy theorem

Let C be a simple closed curve. If f(s) is analytic within the region bounded by C

as well as on (', then we have Cauchys theorem that
]{ f(s)ds=0
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Residue theorem

This theorem forms a backbone of the complex inversion formula. A function f(s) is
said to have a singular point at a certain value of s for which the function fails to be an-

alytic despite being analytic at every other point. The two major types of singularities are
1. Isolated singularity

If f(s) is not analytic at an interior point say at s = a , then the point s = a is called an

isolated singularity of f(s) . As an example consider a function f(s) defined as

_1
(s - 2)°

Then the point s = 2 is an isolated singularity of f(s).

In particular if f(s) has an isolated singularity at the point s = a but there exists an
integer n for which(s — a)” f(s) becomes analytic at s = a , then we say that f(s) has
a pole of order n. In the above example the point s = 2 is a pole of order 2 since

(s —2)* f(s) = 1 and thus analytic.

Such a singularity is termed as a removable singularity. On the other hand if f(s) has
an isolated singularity at s = a which is not removable (not a pole), we call this singular
point an essential singular point. A good example is the case where 7(5) = sin (%) . In

this case the point s = 0 is an essential singular point.
2. Branch point
If f(s) is a multivalued function, any point which cannot be an interior point of the

region of definition of a single-valued branch of f(z) is a singular branch point for exam-

ple f(s) = 672ﬁ has a branch point at s = a .

98



Residues
The residues of a function f(s) at the pole s = a denoted by a_; is given by

a_; = lim ——(3 —a)"f(s)

If s = a is a pole of order n. For simple poles, the residue will be given by

a_; = lim(s — a) f(s)

s—a

Use of Residue theorem in the complex inversion Formula

The residue theorem helps us to simplify the complex inversion formula. We consider

two cases. In the first case we suppose that the only singular points of f(s) are poles all

of which lie to the left of the line s = ¢ for some real constant ¢ . Further assume that the

integral around A in figure (2.1) approaches zero as R — oo . Then by Residue theorem

we have f(t) as the sum of residues of e* f(s) at poles of f(s) .

The second case is where f(s) has branch points, in such a case modifications are made

to the Bromwich contour. As an example if ?(s) has one branch point at the point s = 0,

then the following modified contour may be used.
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Examples

1.
— s> —10s + 13

f(s) = (s—1)(s —2)(s—3)

It can be seen that f(s) is analytical at every other point except when s = 1,2,3

Thus f(s) has 3 simple poles as listed below;

s=1
s =2
s=3

We now obtain the Residues of e* f(s) at poles of f(s) as follows

At s=1
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Re sidue [¢* f(s)] =lim (s — 1)

s—1

)

zlim{

s—1

s2—10s+ 137
— e
(s —2)(s—3)

=Tk

At s=2

Re sidue [e” f(s)] = lim (s — 2)

s—2

)
=iy [y

Ji==

—3 2t
= _16

— 362t
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At s =3

Re sidue [e” f(s)] = lim (s — 3)

s—3

)
i)

- T«

-8
O3t
2

= —4¢%

Therefore summing the residues at each pole yields,

-1 5?2 —10s + 13 B e ide (e
5 {(8—1)(8—2)(5—3)}_ZR due (e* f(s))

= 2¢! + 3¢ — 4¢3

2.
— 3541
1) = @1
It can be seen that f(s) is analytical at every other point except when s = 1, i, —i

Thus f(s) has 3 simple poles as listed below;

s=1
s=1
s = —1

Thus the Residues of e f(s) at poles of f(s) are;
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At s=1

Re sidue [e* f(s)] = llgi (s —1) [ 3s + 1 } st

(s —1)(s*+1)

, {35 + 1] o
=lim|—— e
s—1 8241

At s =1

Re sidue [¢* f(s)] = lslinz (s —1) [(s — 1)?22 i zl)(s — Z)} et

103



At s = —1

Re sidue [e* f(s)] = lim (s + i) [

3s+1 ]e“
(s—=1)(s+1)(s—1)

Therefore summing the residues at each pole yields,

2 —10s+ 13 _
EJ{QjU@—z;&4Q}:E:&wmmﬂgqgﬁ
-3t+1 _, 3i—i—1€

=2t +

942 T o9
But
3i+1 (—2+42i\ 6% —6i+2i—2
—2-2i\—2+2i)  4-—(4?)
88—
8
1
=—1—=4
22
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And

=3t +1 (—2—22’) _6i2+6i—2i—2

2420\ —-2—2 4—(42’2)
_ —8+44i
8

1

=1+ =3

+2z
—3r+1 _, 3t+1 . 1 . 1 .
2 t —it it — 2 t _1 s —it _1 = it
€+—2+2i6 +—2—2i6 e + 2@ e —+ —1—2@ e

=2¢" + (—1 - 1@) (cost +isint) + (—1 + 1@) (cost —isint)
B 2 2

1 1
= 2¢! — cost —isint — §icost— —i2gint — cost + isint

+ —icost Liog t
—17COST — —1 SIn
2 2

= 2¢! — 2cost + sint

. Ll{ s> —10s + 13
(

= 2e! — 2cost +sint
5—1)(8—2)(3—3)} e COSt + sin

It can be seen that f(s) has a branch point at s = 0 we thus use the modified Bromwich

contour.

c+100

ft)=5= [ €' f(s)ds

105



We thus have

( 1 eSt— av/s eSt— a/s estfa\/g
27 f ds +2m f ds +27rz f S ds
L esteays AB BDE EH
T ds =
T S
. 1 est— av/s eSt— a/s estfa\/g
+% f ds + f ds +27rz f ds

\ HJK KL LNA J

Since the only singularity (branch point) of f(s) is not inside C', by Cauchys theorem the

integrand on the left side is zero. It follows that

st—an/s
£(t) = lim i/e ds

R—0 271 S
e—0 AB
c+ioco

1 st—an/s
— ¢ ds
27r7,

est— a\/s est—a\/g est—a\/g

= lim — / ds + / ds —1—/ ds (3.3)

R0 27rz S S
HJK KL

Along EH, s = ze™ /s = \/Ee /2 = i/ and as s goes from —R to —e , = goes from R

to € . Hence we have
€
est—a\/g est—a\/g
/ ds = / ds
S s

EH —R

E eact-l—aiﬁ
= ds
X

R

. 1
Similarly, along KL ;s = xe ™ /s = \/Ee_7T 2 = —i\/r and as s goes from —e to —R, x
goes from € to R . Then

-R
st—a~/s st—a~/s
/6 dS:/6 ds
S S

KL —€
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Along HJK, s = ee? and we have

est—a\/g _ﬁesewt—av ceif/2
/ ——ds = / £

HJK 7r

—T

. 04 11 /reif]2
— /eae t—avVee de
T

Thus equation (2.3) now becomes

€ R -7
1 —xt—ai\/T —xttai/x ; 20/
f(t) = — lim — e—dx + e—d:z: 44 | e Pt-ayee 2d9
R—0 271 T T
e—0 R e T
1 B —xt ( ai/T —ai\/f) _TF 0
e e —e i i/
— _ lim — de+i | e<t-avee 2 gy
R—0 271 T
e—0 6 T
1 R ot -7
— lim — {2 / esnavr, / ecet-aveel gp
g%_j)o 271 T

Since the limit can be taken underneath the integral sign, we have

r i0 Z.6‘/2 r
lim | e t-avee d9:/1d9

e—0
= 27
And so we find
1 Ooe Thsin a\/T
fo=1-— [
T T
0
o
=l—-erf|—=
/ m)
«a
=erfec|l —
re(572)
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g) The Heaviside expansion formula

Let P(S) and Q(S) be polynomials where P(S) has degree less than that of Q(.S). Suppose

that Q(S) has n distinct roots «;, 7 =1,2,3, ......... ,n .Then we have
Lfl {P(S)} — - P(al)
Q(s) — Q' ()
Proof

Since Q(S) is a polynomial with n distinct roots , we can write according to the method
of partial fractions
P(S) _ Al AQ Ag Az An

= + ...+
Q(s) s—m s—a2+s—a3+ +s—ai s — oy,

Multiplying both sides by s — «; and letting s — «a; we find using L hospitals rule

Thus we have
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Taking the inverse Laplace transforms, we have as required

[ P(s)) P<a1)€a1t P (ay) gt P (a3) gt P (o)
t {@<s>}‘@<a1> T T T )
_ - P (a;) it
_;Q' (@)
Examples
1.
76 = e

(s+1)(s—2)(s—3)

In this case P(s) = 25> —4 and Q(s) = (s + 1) (s — 2) (s — 3). Therefore the roots of Q(s)

are o = —1,ap = 2 and a3 = 3. But

Qs) = (s+1)(s=2)(s =3)
=(s+1) (s> —5s+06)
=5 —4s° +5+6

= Q'(s) =35> —8s+1

_ —2 —t 4 2t 14 3t

= 126 _36 + 46
4 7

— et §€2t+§63t
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</ N 3s+1
1) = G-

Here P(s) = 3s +1 and Q(s) = (s — 1) (s> + 1). Therefore the roots of Q(s) are a; =

—1, a0 =17 and a3 = —i. But

Q(s) =(s—1) (52—1—1)
=3P 4+s—1
= Q'(s) =3s"—2s+1

With this, we now have

“{an)-saie

_ 3(1) + 1 et + 3(1) +1 eit + 3(_i) +1 e—z’t
352 —2s5+1 352 — 25+ 1 352 — 25+ 1

4, d+1 ,, =3i+1 _,
= —e + -€ -€
2 —2—2 -2+ 2z

But e = cost + isint

P 3i+1 —3i+1
= ! {_ng;} = 2et+ﬁ(cost+isint) + _22:22. (cost —isint)

Bi+1 (242  6i%—6i+2i—2
—2 -2\ —2+2i 4= (40




—3i+1(—2—-2i\  6i*+6i—2i—2
—2+2fz(—2—2¢>_ 4 — (442)
_ —8+4i
-8
— 141
2

P 1 1
oL { (S)} = 2¢' + (—1 - 52) (cost +isint) + (—1 + 5@) (cost —isint)

T DU P NS U P
= 2e cost —sint §@cost 51 sint Cost+@smt+§zcost 5@ sint

= 2¢! — 2cost + sint

s> —10s + 13

M) = G- 96 -9

Here P(s) = s> — 10s + 13 and Q(s) = (s — 1)(s — 2)(s — 3). Therefore the roots of Q(s)

are a; = 1, a0 = 2 and a3 = 3. But

Qs) = (s = 1)(s =2)(s = 3)
=(s—1) (s*—5s+6)
=5 — 65+ 11s—6

= Q'(s) =35> —12s + 11

We thus have

~{a) - L




4 -3 -8
= éet + _—1€2t + 763t

= 2¢! + 3¢t — 4¢3

_ 6
f(8)252—516

In this case P(s) = 6s and Q(s) = s — 16 = Q'(s) = 2s. We can factorize Q(s) as
(s —4)(s +4) , thus the roots of Q(s) are a; =4 and ay = —4. Also Q'(a;) = 2(4) =38
and Q' (o) = 2(—4) = -8.

We thus have

we“ P(_4) o4

QW Q)
(£ 52
()
= 6 cosh(4t)
D.
1) = 575

In this case P(s) = s and Q(s) = s> +4 = Q'(s) = 2s. It follows that the roots of Q(s)
are o = v/2i and as = —v/2i. Also Q') =2 (\/Qz) and Q' (aq) =2 (—\/51)
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We thus have

P(\/El) V2i P(—\/Ei) —/2i

= ——=€ —€

Q' (V2i) Q' (—v2i)

T 2v/2i —2v/2i

(6\/§it 4 6—x/§it>
2

= % [cos (\/§t> + 2sin <\/§t> + cos <\/§t> —78in <\/§t>}

= COs <\/§t>

h) Use of tables.
This method involves the use of the table of transform pairs in the determination of the

inverse laplace transform of a given function.
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Chapter 4

Laplace Transforms of Probability

Distributions

4.1 Introduction

In this chapter, we define the Laplace transform of a pdf and show how it can be used to
obtain the moment. First the Laplace transforms of distributions are obtained in explicit
forms. The distributions considered include uniform, exponential, gamma and the kth or-
der statistic. Secondly the Laplace transforms of other distributions are derived in terms
of the modified Bessel function of the third kind. The distributions considered in this
case include the inverse gamma, inverse Gaussian and generalized inverse Gaussian. The
chapter also focuses on both fixed and random sums of independent and identically dis-
tributed random variables. In addition the use of Laplace transform in mixed probability
distributions is discussed.The mixed distributions considered are the Poisson, exponential

and normal mixtures

The Laplace transform of a non-negative random variable X > 0 with the probability
density function f(x) denoted by Ly (s) is defined as

o0

Ly (s) = / e~ f (z)dz

0

= B[]
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Using Laplace transform to calculate moments of a distribution

By definition

Lx (s) = E [e™*]

Differentiating both sides with respect to s we have

By mathematical induction we assume that
LGV (s) = B [~(rixnte ]

We thus have
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n d n—
LY (s) = 2 LY (s)
_ d n—1yn—1,-5X
=B [~y

d —sX
=F |:—(1)an”1%6 ]

—E [—(1)“)("@‘“]

Evaluating the results as s — 0 we obtain the moments as

E[X]= Ly (0)
E[X?] = (=1)*Lx (0) = L (0)
E[X*] = (-1)°Lx (0)

4.2 Laplace Transform in explicit forms

4.2.1 Uniform Distribution

Let Xhave uniform distribution in (a, b), the density function of X is

A ifa<a<b
flay=1¢""

0 elsewhere
The Laplace transform Ly (s) of the random variable X is given by

Lx(s)=F [e_sx}

b
1
= /a = ae_Sde

1 b
= 2 / e Xdx
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Moments

Obtaining the first derivative, using quotient rule let

U=¢e 3 —¢ = U = —ae ™ + be™

V=s =V =1

This implies that

, 1 _S<—(l€78a + befsb) o (efsa o efsb)
LX (8) = b —a 82
1 [—ase %% 4 hse b — e=50 4 ¢—sb
Cb—a| 52

1 [(bs+1)e*®*— (as+1)e e
b—a | 52

Therefore

LX(O):E—%b—a 52

, 1 [(bs+1)e s~ (as+1) e_s"]
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By L’Hospital’s rule we have

) , 1 [=bbs+1)e * +be=* + alas + 1) e — ae™**
Ly (0) E—%b—a_ 2s
) 1 [—b%se™ — be=5b + he=50 + 2575 + qe~5% — qe 5@
= lim
s=0b—a | 2s
. 1 [a?se 5 — b2ge—sb
= lim
s—0 b —Qa i 28
) 1 '_a38675a + a2€7sa + bBSefsb _ b2675b
= lim
s—=0b—a i 2

b—a
:bia [—(b—c;)(a—l—b)}
:_a—l—b
2

Similarly the second derivative is obtained as follows

/ 1 [(s+1)et— (as+1)e
—a 52

Using quotient rule let

U= (bs+1) e — (as+1) e =U =be™t —b(bs+1)e ™ —ae™** +a(as+1)e™™

— befsb . 62867517 o befsb o aefsa + a2sefsa 4 aefsa

= a’se™" — be~

V= =V =2s
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This implies that

" 1] (a?se™ — b?se ") s — 25 [(bs + 1) e™** — (as + 1) e™*"]
Lx(s) = b—a st
1 [ (a?se** — b?se ") s? — 2s (bs + 1) e~ + 25 (as + 1) e*°
“b—a s
1 [aPsPem —bPsdemh — 2bs?et — 2se70 + 2as%e ™5 + 2s5¢7%7
S b—a | s
1 e (a?s® + 2as? 4 2s) — e (b%s7 + 2bs® + 2s)
S b—a| st
Therefore
. 1 —sa (423 2 2 25) — —sb b2 3 2b 2 2
LX(O)ZHE%Z) e (as+as—l—s)4e (b°s® + s+s)}
s —a s

Using L’Hospital’s rule we have

—ae %" (a®s® + 2as® + 2s) + e % (3a®s? + das + 2) +
be=sb (b2s3 + 2bs? + 2s) — e=5b (30252 + 4bs + s)

i 1
_sl—I>I(1)b—a

L (0)

453

e % (3a%s? + das + 2) — ae ™ (a®*s® + 2as® + 2s) —
e0 (30252 + 4bs + s) + be? (V253 + 2bs? + 2s)

43

(e (3a?s® + das + 2 — a®s® — 2a%s? — 2as) —
et (3b2s% 4 4bs + 2 — b3s® — 2b2s% — 2bs)

453

675 (a5 + 2as + 2 — a3s®) —e =0 (b?s% + 2bs + 2 — b?s?)

453
—ae™ (a%s* + 2as + 2 — a®s3) + e (2a%s + 2a — 3a3s?) +
be=50 (b2s3 + 2bs? + 2s) — e=5b (2b%s + 2b — 3b3s?)

1252
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e (2a%s + 2a — 3a’s®) — ae™** (a*s® + 2as + 2 — a®s3) —

_ lim 1 e=s0 (2b%s + 2b — 3b3s2) + be~* (1?53 4 2bs? + 2s)

s=0b—a 1252

e (2a%s + 2a — 3a3s? — as* — 2a’s — 2a + a’s?) —

 lim 1 =50 (2b%s 4 2b — 3b%s? — b3s? — 2b%s — 2b + b*s3)

s—0b—a 1252

_ 1 [esa (a's® — 4a3s®) —e=%0 (b1s3 — 4b3s?)
= lim

s=0b—aq 1252

—ae™* (a's® — 4a’s) + e (3a’s? — 8a®s?) +
, 1 |: be=sb (bts3 — 4b3s2) — e~ (3b%s? — 8b3s)

= lim

s=0b—a 24s
— lim 1 [6_5“ (3a*s? — 8ads — a®s® + da*s?) —e =0 (3b*s? — 8b3s — b°s® + 46432)]

s=0b—a 24s
~ lim 1 {e‘sa (Ta*s? — 8a3s — a®s®) —e ™0 (Th*s? — 8b3s — 6533)}

s>0b —a 24s

—ae (Ta's?® — 8a3s — a®s®) + e~ (14a*s — 8a® — 3a°s?) +

— lim 1 |: be=s (Tb*s? — 8b3s — bds3) — e=30 (14b*s — 8b3 — 3b°s?)

s=0b —q 24

:%(bz+ba+a2)

o Ly (0) = é (b* + ba + a?)

Extending this to the third derivative, we have

1 [e % (a?s® + 2as? + 25) — 70 (b?s3 + 20s% + 25)
1

Ly(s) =

b—a s

Using quotient rule of differentiation, we let
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U=e"(a®s®+2as* + 25) — e ** (b°s® +2bs* + 2s) and V =" = V' = 45
U' = —ae** (a®s® + 2as® + 2s) + e** (3a°s” + das + 2) +
be ™ (b2s3 + 2bs* + 23) —e % (36282 + 4bs + 2)
=e (3@232 +4as + 2 — 2a%s® — 2a%s* — 2as) —e % (3b232 + 4bs 4+ 2 — 205> — 2b%s* — Qbs)
=e (a232 +2as+2 — a353) — e (6282 +2bs +2 — b353)

By product rule we have
uv -v'u
Ll(s) =
e % (a2$2 + 2as + 2 — a333) —

e sb (19232 + 2bs + 2 — b383)

1 (1
T b—a \s®

e %@ (a283 + 2as% + 23) —
—43

e~ sP (6253 + 2bs® + 23)

[6_5“ (a%s% + 2as° + 25 — a3s™) — e (4a?s5 + 8as® + 8s?) —}

[—e_Sb (40?s® + 8bs® + 8s*) + €70 (b?s® + 2bs® + 25 — b3s7)]

1 {6_5“ (—3a%s% — 6as® — 6s* — a3s7) — 70 (—3b?s® — 6bs® — 65 — b3s7) }
8

1 {e‘sa (—3a%s% — 6as® — 6s* — a3s7) — 70 (—=3b?s® — 6bs® — 651 — b3s7) }
8
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Using L Hospitals rule we have

4 3\
—ae % (—3@236 — 6as® — 6s* — CL387) +

e ¢ (—18a255 — 30as* — 24s3 — 7a356)

—be " (=3b%s% — 6bs® — 6s* — b3s™) +

e sb (—18b235 — 30bs* — 2483 — 7b386)

\

—18a2s® — 30as* — 24s® — 7a’s® + 3a3s®
e—sa
+6a2s® + 6as* + a*s”
i L (L
0 b—a \ 8s7
—18b%s° — 30bs* — 2453 — Tb3s5 + 30350
e—sb
+6b%s° + 6bs* + b*s” )

e 54 (—12@255 — 24as* — 2453 — 4a3s% + a* 7) —

. 1 1
= lim —
s=0b—a \ 8s7

e~ (—120%s° — 24bs* — 2453 — 46355 + b*sT)
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(

—ae % (—12a2$5 — 24as* — 2483 — 4as5 + a4$7) +

e 54 (—60@234 — 96as® — 72s% — 24a3s® + 7a436) —

L1 |
_slgtl)b—a 5656

—be ™ (—120%s% — 24bs* — 245 — 4030 + btsT) +

e sb (—606254 — 96bs® — T2s% — 24b%s° + 7b456)
—60a%s* — 96as® — 7252 — 24a3s® + Ta*s’

+12a35° + 24a%s* + 24as® + 4a*s® — a°s”

IR 1
~ 30b—a \ 5650

—60b%s* — 96bs® — 7252 — 24b35° + Thtst

+12638° + 24b%s* + 24bs® + 4b*s6 — pOs7

e % [—36@254 — 72as® — 7252 — 12a°s® + 11a*sb — a537} —

1 1
~50b—a \ 5650

e—sb [—361)234 — 79hs® — 7252 — 126355 + 11h4s0 — b%q
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—144a%s® — 216as® — 144s5—\ |
e—SCL
60a3s* + 66a*s® — 7a°sb
—36a%s* — T2as® — 725%—
_ae—sa
_ 1 1 12a3s® + 11a%*s% — a®s”
= lim — - -
s=0b—a (33655)

12635° + 11b%s0 —

—144b%s® — 216bs% — 1445—
efsb
60b3s* + 66b*s® — Th°sO

- (—36b2 st — T2bs® — 725
—o0e
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—144a2%s3 — 216as® — 144s—
e—sa
60a3s* + 66a*s® — Ta’s"
—36a%s* — T2as® — 72s%—
_ae—sa
12a3s° + 11a%*s% — a®s”
L 1 )
T S0b—a (33635) )
—144b%s3 — 216bs? — 144s
—sb
e

—60b3s* + 66b*s® — Tb°s6

—36b%s* — 72bs® — T2s%2—
—be_Sb

126%s° + 11b%s5 — o s7
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/—144@233 — 216as® — 1445—\

60a3s* + 66a*s® — Ta’sf+

—Ssa

36a%s* + 72a%s® + T2as>

\ +12a*s® — 11a°s5 + abs” )

o1 1
~ 0b—a \ 3365

( —144b%s3 — 216bs% — 1443—\

6003s* + 66b*s® — TP 5+
—sb

36b%s* + 7202 + T2hs?+

\ 12645 — 116555 + 0657 )

)

—72a%s3 — 144as? — 144s — 24a>s*

—Sa

+78a*s® — 18a°s5 + abs”

L 1
~20b—a \ 3365

—T72b%s% — 144bs? — 1445 — 24b3s*
—sb

+78b%s% — 18b°s8 + pOs7
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1

1

1m
s—0 b —aQa

(

1680s*

—Ssa

—216a%s® — 288as — 144 — 96a3s®

e

+390a*s* — 108a’s® + Tabsh

—72a2%s3 — 144as® — 144s—

_ae—sa

24a3s* + 78a*s® — 18a°s5 + abs”

—216b%s% — 288bs — 144 — 96b3s3
efsb
+390b%s* — 108h°s® + 7056
—72h%s3 — 144bs?® — 144s — 24b3s*

—be b

+78b%s® — 18b°55 + p0s7
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1

1

= lim

1

1

s—>0b—a

(

1680s*

s>0b—a (168054

)

)

\

—Ssa

—sb

—216a%s® — 288as — 144 — 96a3s®
6-8@
+390a*s* — 108a°s® + Ta’sb
(720353 + 144a2s% + 144as + 24a*s*
+e—sa
i —78a%s® + 18a%s% — b7
[ 216b%s2 — 288bs — 144 — 96b3 s>
efsb
+390b%s* — 108b°s° + 700
72033 + 144b%s® 4 144bs + 24b*s*
_|_€—Sb
—T78b°s° + 18850 — p7s7

Vs

[ 216a2s% — 288as — 144 — 96a3s3 + 390ats? |

—108a’s® + Ta’s® + 72a%s3 + 144a2s? + 144as

+24a*s* — 78a°s® + 18abs® — abs”

[ 2160252 — 288bs — 144 — 96133 + 390bts? |

—108b°s° + Th%s0 + 720353 + 144b%s? + 144bs

+24b%s* — T8V°s® + 18958 — 757
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1 1
m
s=0b—a \ 1680s%
1 1
i
s=0b—a \ 6720s3

)

—T72a%s? — 144as — 144 — 24a3s*+

414a*s* — 186a°s® + 25a%s5 — a7s”

—T72b%s? — 144bs — 144 — 24b3s3+

414b*s* — 186b°s° + 250855 — b7s7

—144a?s — 144a — 72a3s> + 1456a*s3

—Ssa

—930a°s* + 150a%s® — 74756

—72a2%s% — 144as — 144 — 24a3s3+
—ae %

414a*s* — 186a°s® + 25a8s5 — a”s”

—144b%s — 144b — 72b3s% + 1456b*s?
—sb

—9300°s* + 1500555 — TH7 6
—T72b%s% — 144bs — 144 — 2433+

+hesb
414b*s* — 186b°s° + 250855 — b7s7
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[ 144425 — 144a — 720352 + 1456a%s3 |

—930a°s* + 150a%s® — 7a"s% + 72a3s?

—Ssa

+144a2s + 144a + 24a*s® — 414a°s*

+186a°s® — 250755 — aBs”

) 1 1 L J
= lim
s=0b—a (672053> - -
—144b%s — 144b — 720352 + 1456b*s?

—9300°s* + 1508555 — 7b7s® + 72b3s2

+144b%s + 144b + 24b*s3 — 414b*s*

+186b°s° — 250855 + b7s”

% [1680@433 — 1344a°s* 4+ 336a%s® — 324750 + assq

N 1

= 111m

s=0b—a \ 6720s3
s [16806433 — 134465s* + 3360555 — 32b756 + 6837}

(oo [504()@452 _ 5376055 + 1680aSs* — 192475 + 7a836] )

_ae—sa [1680@433 — 1344a%s* + 336a85° — 324758 + agsq

o 1
~20b— a \ 2016052
s [504019452 _ 53760553 + 168055 — 1925755 + 7b856}

b [1680()453 _ 1344b5s% + 3361555 — 326758 + b%?}

7
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5040a*s? — 5376a°s® + 1680a’s* — 192a7s% + Ta®s®
osa
. . —1680a°s® + 1344a5s* — 336a"s® 4 32a%s5 — a°s”
=l <2016032>
5040b%s% — 5376b°s% + 168055 — 19257 s> + 7356
p—
\ —16800°s3 + 1344b%s* — 336b7s5 + 326855 — 1257 )

e % [5040&482 — 7056a°s® + 3024a%s* — 528a"s® + 39a8s® — agsq

1 1
~ 50b— a \ 2016052

s [50405432 705665 + 30240551 — 528b7s5 + 39b856 — b%?}
= [10080a4s — 21168a°s2 + 12096a8s® — 264047 s + 234as® — 7a936} )

—ae= % [5040(1452 — 7056a°s® 4+ 3024a%s* — 528a"s® + 39a8s% — a957]

. 1 1
= lim
s=0b—a \ 40320s

—e~% [100801)43 — 21168b°s* + 120960%s% — 264057 s* + 2340°%s° — 7b936}

Fheb [504()&)432 — 7056b°5% + 3024b5s1 — 5285755 + 306856 — b937]

\ 7

( [10080as — 21168a°s2 + 12096a°s% — 264047 s* + 234a8s°] )

5 —7a°s% — 5040a°s? + 7056a%s® — 302447 s* + 528a8s°

—39a°s% + a'%s”

1 1 i _
= = \ 203205
10080b%s — 211686552 + 120966553 — 26406754 + 234b8 55

—e7 | 7198 — 50400°s2 — 70560%s3 — 302407 st + 52835

—390°s% + 1057
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1

1

m
s=0b—aqa

1

1m
s—0 b —a

(

(

1

40320

403203)

)

—Ssa

—Ssa

_ae—sa

+be—sb

10080a*s — 26208a°s? + 19152a%s® — 5664a”s* + 762a%s®
—46a°s% + a'%s”

10080b%s — 26208b°s2 + 19152b55% — 5664b7s* + 762b°5° |

—46b°s% + p10s7

10080a* — 52416a°s 4 574560552 — 22656a7s3 + 3810a8s*|

—276a°s® + 7a'Vsb

10080a*s — 26208a°s? + 19152a°s® — 5664a"s* + 762a%s°
—46a°s% + a'%s7

10080b* — 52416b°s + 57456682 — 22656753 + 3810a8s" ]

—276%s% + 7h10s5 |

10080b%s — 26208b°s2 + 191520853 — 5664b7s* + 762b°5° |

—46b°s% 4 p10s7
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(100800 — 52416a%s + 574560852 — 22656a7s® + 3810455 |

e %% | —276a°s® + 7a'%s% — 10080a°s + 26208a°s? — 1915247 s3

. ) I +5664a8s* — 762a°s® + 46a'%s% — alls” |
— lim — )¢
s=0b—a \ 40320

[10080b* — 524160%s + 574560552 — 22656573 + 3810a8s* |

—e= | —2760%5° + Tb'0s® — 10080b%s + 26208b%s> — 19152b7s?

L +5664b8s* — 7620%5° + 4651050 — b1 sT

10080a* — 624964a°s + 83664as% — 4180847 s® + 9474a8s*

—Ssa

—1038a”s° + 53a'%s% — a!ts”

1 1
— 50b—a \ 10320

10080b* — 62496b°s + 83664b°s% — 4180867 s> + 9474b%s*
—sb

—1038b%s® + 53b'10s0 — pilsT

1 1
— - 1 4_1 4
— <40320) {10080a" — 100800" }
1

_ 1 4 4
“bh—a <40320) 10080 {a” — 47}
1

= 4(b—a) (_1) [b4 —&4]

Thus in general
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Mean

Variance
1" / 2
Var (X) = L (0) = | L (0)]
W 4bata® (_a+b>2

3 2
VP +bat+a® a4 2ab+ b
- 3 B 4
44 ba + a®) — 3 (a® + 2ab + b°)
N 12
b —2ba+a®
12
_(b—a
12

In Particular if X ~ U (0,1) = a =0,b=1 ,we have

Ly(s) = 1 —Se s
E[X] :%
Var[X] :%

4.2.2 Exponential Distribution

Suppose X is exponentially distributed with parameter A. Then

e x>0,b>0
flz,A) =

0 elsewhere

Therefore Ly (s) is given by

LX(S):/ e " Ae Mdx
0
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Moments

= /\/OO e~ TNz gy
0

|:€—(s+)\):(; OO:|
=5+

:_HL)\ |:6—(s+)\)x‘;°]
— 20— (-1

s+ A

(s+ )3
Ly(s) = (=1)%6A(s + A)™*
3
(s+A\)4

In general it can be shown that

Mean

r I\

(r) _ (_1\7
IR0 = (1 g

o BIX]T = (1)L (0)

)
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Variance

Therefore

Y

4.2.3 Gamma with one parameter

if X has a gamma distribution with parameter cv. Then

A el £>0,a>0
fla) =41

0 elsewhere

Therefore Ly (s) is given by

E
r |
= / e — o leT%y
0

17 1 —(s41)
— « S Z'd
) /J: e x
0

Making the substitution U = (s + 1)z , we have

—d du
x:
s+1 s+1
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The limits remain unchanged. Thus

Moments

Lx(s) = (s +1)™" Li(s)
=—a(s+ 1)_(a+1)
= (-1) a4

—— Lx(s)
(s+1)
= (1) a(a+1)(s+1)"
2 (& (04 + 1) n
(8 + 1)a+2LX(S)
(=1’ a(a+1) (a+2) (s + 1)
sa(a+1)(a+2)
(s + 1)“+3

(=1)

(=1)

In general it can be shown that

a+1)(a+2)(a+3)...(a+r—1)
(S+1)a+r

(a+7r—1)!

(=) (s 4+ 1)**

196 = 1y !

(a+7r—1)!
(o — D)0 +1)**

= (=1 (=1)
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Mean

Variance

Therefore

var(X) = L (0) — [L/)((O)]Q
—afa+1)— (a)

=

4.2.4 Gamma with two parameters

If if X has a gamma distribution with parameter o and S. Then

L2 pole=2B 2> 0,a >0

fl) =4
0 elsewhere
And Ly (s) is given by
LX (8) =F [6_8X:|
— /e”—rﬁ(a)xale’”ﬁdx
0
_ 6 /ma—le—(s—&-ﬁ)zdx
I'(a)
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Making the substitution u = (s + ) x we have

r=— Y = dx = du
s+ s+p

The limits remain unchanged. Thus

Zw 2
i (i) [
F (311> }
-(+)

Lx(s)=p%(s+p)"
L' (s) = —aB® (s + g)~ ™
gy e
- ( 1) <8+6)a+1
L%(s) = (=1)%af* (a+ 1) (s + B) ™2
Y CES
_( 1) (S+B)a+2
L¥(s) = (—1)3 af®(a+1)(a+2)(s+8)" (a+3)
— (—1)® afB* (a+1)(a+2)
(5+B)a+3

" 4+

Moments
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In general it can be shown that

raf(a+1)(a+2)(a+3)..(a+r—1)
(s +8)™"

B (a+r—1)!

(a =1 (s+p)"""

LY(s) = (-1)

= (-1

{1\ 1\ 5a(a_|_r_1)!
= (=D (a — D0+ B>
(a+r—=1)!
e
Mean
_(a+1-1)!
FX="a
B
Variance
9 a+2-1)!
B )=
B (a4 1)!
RO
a(a+1)
_—ﬁz
Therefore

var(X) = L%(0) — [L’(0)]?

-5 ()

o«
A
A special case of this distribution is when « is a positive integer, the distribution in that

case is refered to as Erlang (o, f)
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4.2.5 Rayleigh Distribution

22
Laplace transform of %e™2-% for z > 0

flo) = —e 2
Let
filw) = e
= f(2) = S h(2)

First of all, We are going to find the Laplace transform of transform of fi(z) .
L{fi(z)} = fi(s)
7166 = [ fi)e s
0

J)2

= [ e 2:2¢ **dx
z2

= [ e 227 %%

:/6_%12(x2+2028x)d$

_ /6_2"12(x2+202(x+028)2_(028)2>d.T

0
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Let

x4 o2s

V20
= dx = \/§Udp

Changing limits of integration yields

gs
r=0=p=—

V2

T=00=p=00

Hence
fi(s) = /e_ﬁ[mﬂjs] e dr
0
0'252
= /€p262 (\/§0> dp
L\/%
232 2
=e 2 /ep (\/50) dp
%
But since
fi(s) = /e_Ide =erfe(k)
k
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Hence the expression for

Now for finding the Laplace transform that if

L{g(x)} =73(s)

d
L{xg(e)} = —-9(s)
Hence 1
L{f@)} = L{5h@) ) = SL{zfi)
But
d
L{zh(n)} = ()

=g [ Ferre (G5)]

B T d 02252 s

- (=57) & [ Ferre ()]

— <— ga> 602232 d%erfc (;—%) +erfc (
Computing ;

%e 2 = oglse 2

And ferfe (%) will be Let
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os o
U=—=dU = —ds
V2 V2
g5 = V20
o
Hence
s o d
S U
y erfc(\/i> \/iadUerfc( )
g { 2 _1(0_8)2}
—_ — —_——e 2
V2 [ VT
2 1 2
_V2 (—o) e 309
™

Using this expressions yields

Therefore

7T 0'252
505€ 2 erfc
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oS
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Recall that 5

Terfel(f (2) === VORy 2)

Using product rule of differentiation We obtain L'y (s) as follows

Let
U=se2 =U =e2 +s%0% 2
o’s 2 22
V=erfc|— :>V’:—a\/:e 2
(%) n
Thus
d T %
L'y ( )—% |:1—\/;(78€ 2 erfe (7>]
T d 022
=05, {se > erfc (7 }
T d
=—0o,/=—[UV+V'U
7 2ds[ * ]
0'292 o~s 2 (725'2 0'292
=—0 g[(e > +s%0% 2 )erfc(%)— \/;e 2 se 2 ]
™ ( o%s? 1 202 02;2) f os \/5
—oy/= |le s“o‘e erfe|l —= ) —soy/—
2 V2 N
Similarly
d
I (5) = L (5)
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Therefore

Since erf (0) =1

—rf5 (%)

= 2072

With this we have

Mean
E(X)=—LY (0)
(=y5)
= — —0 a
2
T
= g -
2
Variance
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4.3 Laplace Transforms in terms of Bessel Functions

4.3.1 Modified Bessel Function of the third kind

It is defined as

where v is called the index/ order. The function satisfies the following K,(w) = K_,(w)
This is known as the symmetry property.
Proof

By definition

1 .
Ky(w) = §/x”1e—z(w+i)dx
0
Letting
1 1
t:—:>x:—:>dx:——2dt
T t
we have
LI\ wpyy [ dt
K, (w) = 5/ (;) o5 (i) (_t_2)
0
— l/tvle—g(tﬂ)dt
2
= K_,(w)

4.3.2 Inverse Gamma

Suppose Y has the inverse gamma distribution with parameters o and [, then
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The Laplace transform of Y is obtained as follows,

0
:5—/6 Ve vy dy
(0]
0
Ba 7 —a—1 7[5y+§]
= — o Yy d
Tov Y € Y
0
ﬁa7o —a—1 —s[y+ ]
= — « Yy d
T Y e Y

let

(\/é) _a%/zale_wﬁ[zﬁ]dz
_ QFﬁ: (@) K., (2 Bs)
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_26% ( £>aKa (2\/@)

Ia 16

= 2 s K, (2v/Fs)

_ % 3% K (2\//3_5)
= (V35) e (25

- & (V) K ()

4.3.3 Inverse Gaussian

Suppose Y has the inverse gamma distribution with parameters p and ¢ , then

The Laplace transform of Y is obtained as follows

Ly (s) = E [e™]
[ wfl o \? 6y — p)°
:/6 (2wy3> eXp{_ (gyxﬂm }dy
0
¢ P ¢y —p)°
@) o)
0
6\ [ s & (2 — 2y + 112
:(%> /yzexp{_sy_ (y 2y52y M)}dy

0

149



I
Ve
)
SaES
\—/
)
Tl
Q\
[N
o)
)

o]
—
|
w
Ny
|

bO
-
T|&
|
)
e
——
Ny

g

2s5u% + ¢ ¢
22 )y—i—ﬁ}}dy

Il
N
)
SRS
v
[SIG
o
e
@I
N|wW
@
4
o
—
|
[ e—
VRS

< | =

b 3 o ¥ 3 2 2+¢ [ ¢ 247
(24 el (559) 32 )
0
¢\ ¢ [ _s 2sp + ¢\ | op’ 1
() el () bt

Letting
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Ly(S)




S Ly (s) = (%)262 ( gb—;jj/ﬂ) 2K 1

Using willmots notations, let

pooowl
= epr ——
V2mB \u
m

—¢b (ﬁ‘/l +255> 2K (%\/1 +255>
T
1
p [ 2 2
— b (—g\/1+235) K, (%\/1+253
T
w2 2 us _ & /T¥28s
=ef | —\/1+2 e B
‘ (7? SB) %"\/1—1-2@9
— el VIT20s
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Obtaining the first and second derivatives of Ly (s) with respect to s we have

L (s) = —% (%) (1+28s) "2 2B exp {—% (VIi+28s- 1)}

{7
S L (0) = —#ﬂ((})exp{—%( 1+ 26(0) — 1)}

Using the product rule of differentiation we let

1 1 3 3
14285) 2 5 U = - (__) |25 205 — !
T = P 2092 U= =5 ) (1428s)7 228 Nix=io:

N r_ % < _ﬁ N
{_E 1+255—1)}:>v_ mep{ 5(\/1+258 1)}

Therefore

0= ey o {5 (0} () o {5 (Vi)

U=—

(%exp{ 6 (VIT2500) - 1)} +]
o LY (0) =
2
\( 1+M26(0)) exp {4 (VI+2500) - )}
= uB+
Mean
EY]=—Lx (0)
= p

153



Variance

Var (Y) = LY (0) — [Ly (0))°

= B+ 1 — (1)’
= uB
But by Willnots notation
% 1
p=—7=0=—
B ¢

Thus
Var (Y)=pu <'u—2)
13
)

4.3.4 Generalized Inverse Gaussian

Suppose Y has the generalized inverse Gaussian distribution with parameters A, y and
¥, then

N>

A—1

() X

fly. A x.¥) = ﬁexp{—% (¢y+§)} y>0

The Laplace transform of Y is given by

Ly(S) =F [e_sy]

/y’\lesye_;(w*)ﬁ)dy
0
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(y)% 00 - ))\—1
% 5o 2 *
2&(@);{( 2s+9
X X
exp{_(2;>{ —2sﬁ¢z+(2s+¢)\/2sxwz}} 551y 42
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4.4 A fixed sum of Independent Random variables

Suppose X and Y are two independent non negative integer valued random variables. Let
Lx (s) and Ly (s) denote the Laplace transform of X and Y respectively. Futher suppose
that Z = X +Y , we wish to determine the Laplace transform of Z denoted by Ly (s)

In doing so, we consider both the expectation and convolution approaches.

4.4.1 Expectation approach
By the definition of Laplace transform of a random variable Z
Lz (s)=FE (e7*)

But Z = X +Y implying that

This can be extended to a fixed sum of n random variables. In a similar fashion, we let
Z =X+ Xo+ X3+ ... + X,, where the Xs are independent random variables and n is
a fixed positive integer. Further if Ly, (s) is the Laplace transform of X; , we determine
the Laplace transform of Z as follows.

By definition
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)

(e
[6 s(X1+Xo+X3+.. +Xn)]
e
(

—SXQ —sX3

e

...e_SX"]

[
eSS I e S IIeS

e SXI) ( _SXQ) E (6_8X3) ) (e_SX”)

E (e_SXi)

Il

1

7

If X/s are identically distributed then
Lz (s) = [Lx (s)]"
4.4.2 Convolution approach

Consider three sets of sequences namely {ax}, {bx} and {c;} . If

{ex} = aoby + a1bp—1 + agby—2 + ... + arbo

k
= E a, by,
r=0

Then we say that the sequence {c;} is a convolution of the sequences {ay} and {b;}

Notationwise we write
{er}t = {ax}t * {bx}

Consider three random variables XY and Z . If

{ap} =Prob (X =k)
{bp} =Prob (Y =k)
{cx} =Prob(Z = k)
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Let Lx (s), Ly (s) and Ly (s) denote the Laplace transforms of X, Y and Z respectively,
then

LX (S)

E (e‘sx)

Y P(X=kye*
k=0

o0
= g are "
k=0

Ly (S) =F (e*sy)

[e.e]

Ly (s)=F (e*sz)

=Y P(Z=ke*
k=0

00
— 2 Ckefsk
k=0

Then Lz (s) = Lx (s) x Ly (s) . To Prove this, we start with the right hand side

Lx (s) x Ly (s) = (i ake_Sk) (i bke_5k>

k=0
= (ao +are”® +age”® +aze > + ) (bo + bre ™ 4 bye 2 + bge 3 + )
= aobo + (a0b1 —+ albo) 678 -+ (a0b2 -+ a1b1 -+ a2b0) 67284‘

(a0b3 + a162 + CLle + &3b0) 6_38 + ...

159



but

k
C = E arbr—k
k=0

= Cy = CL()bO
Ccl = aobl + Cllb()

Co = ang -+ a1b1 + CLQbQ

" Lx(s)x Ly (s) = che_Sk

Let X and Y be two independent non negative integer-valued random variables with
probability P (X = k) = a, and P (Y =j) =b; . The sum Z = X +Y is also a random
variable, Now the event Z = r can happen in the following mutually exclusive ways with

the corresponding probabilities. Z = r if

X =0 and Y = r with probability agb, or
X =1and Y =r — 1 with probability a,b,_, or
X =2and Y =r — 2 with probability asb,_» or

X =3 and Y = r — 3 with probability asb,_3 or

X =r and Y = 0 with probability a,bg
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The probability distribution of Z is thus given by

¢ =P(Z=r)
=Prob(X =0andY =r)orProb(X =1landY =r—1)or...
orProb(X =2andY =r —2)

=Prob(X =0andY =r)+Prob(X =1landY =r—1) + ...
+Prob(X =2andY =r —2)

= agbr + ale_l + a2br_2 + a3b7«_3 + ...+ a,.bo
G = Z Ambr—m
m=0

This means that ¢, is a convolution of {a;} and {b;} . From above it follows that
LZ (S) = LX (S) LY (S)

Similarly if Z = X; + Xo + X3+ X4 + ... + X, where n is a fixed positive integer, it can
be shown that

Lz (s) = Lx, (s) Lx, (s) Lx; (s) ...Lx, (s)

Further if the X!s are independent then Ly (s) = [Lx (s)]"

Examples
Let 7 = X1+ Xo + X5+ Xy + ... + X, where the Xs are independent and identically

distributed and n is a fixed positive integer.
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1. If X!s are from uniform (0, 1), then From above if X ~ U (0, 1) then

1—e°
LX (8) = S

= Lz (s) = [Lx (8)]: )
()

We now use binomial expansion to determine the distribution of Z

Il
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o
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N—
=
VR
> 3
~_
)
&
Bl
|
3

The Laplace transform of fL—T is
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And

Let y=2—a=dy=dx
Then

Thus
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Thus if X[s ~ iid unif (0,1) and Z = ) x; where n is fixed then the pdf of Z is given
i=1
by

1o =% () e T s

k=0

2. If X/s are exponentially distributed with parameter A

From above

A
x5 =335

= Lz (s) = [Lx (s)]"

B (Ais)n

But this is the Laplace transform of a Gamma distribution with parameters n and .
Therefore Z ~ Gamma(n, \)

3. If Xs are from Gamma («, f3)

From above if X ~ Gamma («, /) then

Lxle) = (ﬁi)
=Lz () =Lx ("
N Kﬁiszn}
- <5is)

which is the Laplace transform of Gamma distribution with parameters an and # . Thus
Z ~ Gamma(an, )
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4.4.3 Reciprocal of Inverse (GGaussian

Let A = % where Y is inverse Gaussian i.e

Using the change of variable technique we have

1
>

1

=3z

dy
1= |5 -

Therefore the pdf of A is given by

|
|-
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¥
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D=
7N
> =
N
|
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=16
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' M 2

We now obtain the first and second derivatives , using product rule

t~
>
—
»
~—

Il

2 -1
U=(1+—3>
@
-3
, 1 ) 2 9
U =—(1+—s5 X —
2 @ @
1 9 -3
()
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Therefore
() e (B

L (s) =
00 2) P (TE )} 008
2102 | ()

i 3

= [ 2o) (e 20) e (A T0 )

()

= — —_ + —_

o
Similarly from L) (s) we let

1 2\ 2 1 2\ !
U=—=(1+2s (14 Zs
@ © 1 @
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and

Thus

Ly (s)
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Mean

(1+20) Z+2(1+20) +
(1+20) -3 (1+20) 2
2 1 1
pe  p

E[A ==Ly (0)
1 1
T
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Variance

4.4.4 Non Central Chi-Squared Distribution

Let
Y =X{+ X5+ X7+ ...+ X
Where X; s are independent random variables and X; ~ N (p;,1)for i =1,2,3,....,n

Then the distribution of Y is said to be non-central chi-squared distribution with n degrees

of freedom and non-central parameter

0= Z Hi
i=1
Derivation of mgf of Y. if X ~ N (u,1) , then the mgf of X? is given by
Mys(t) = E [etXQ]

oo
2 1 _@w?
= /et‘” e 2 dx
\ 2T
oo

1 n 271[ 2_o Hﬁuﬂ
— _61‘ 3 X X dl‘
/ V2T

1 [t—l] 24 ,u—llﬁ
= —¢ 2 z r 2 dx
/ \ 2T

o0

1 2t—1 2 1,2
- / T e =g gy
—00

V2r
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1 2 —2t
SoMxz () = ——— exp _M_*_
(1 _Qt)§ 2 1-—-2¢

1 tu? 1
:—exp{ s }for 1—2t>0:>t<§

1 -2t

[ NI

(1 —2t)

Now since X/s are independent and X; ~ N (p;,1) for i=1,2,....

Then mgf of Y = > X2 is
=1

(2

MY (t) =F [ety}
= MX% (t) ng (t) Mz (t)

1 t =
= — = €Xp i
(1 20)% {1—%;”}

Therefore the Laplace transform is

—t n )
2%
14 2¢ -

1=

{

|
e (L)

|

|

(1+2t)% 1+ 2t

1 O [1+2t—1]

Ly (t) = . — |
y (1) Atonf DU 2| 1+2 }
1 o[ 1 }

= sexpd —— [1— ——
(1+2t)2 21 142t ]
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N[

p2(1+2w—ﬂ__2

(1+2t)2 2

-|-% (1+ 2t)_% exp {g [ 1

o — 1

—Ly (¢)
Ly (t)

0 n
(1420277 (14 2¢)
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h(t) =
Q (1+2t)*  (1+2t)
B n 0
(1+207° (1420
since
a=1—«

l1=1-a=a=0

2=1l—-a=a=-1

This is the sum of hazard functions of (exponential-gamma) and exponential Hougaard
distribution. This sum gives rise to convolution of Poisson-gamma and Poisson- Hougaard
distribution whose pgf is given by

m
2

H(s,t) = {m} exp{g {ﬁ} - g}

4.5 A Random Sum of Independent Random vari-

ables

4.5.1 Compound Distributions

If a probability distribution is altered by allowing one of its parameters to behave as a
random variable, the resulting distribution is said to be compound. An important com-

pound distribution is that of the sum of random variables.

Let X1, X5, X3, ..., Xy be independently and identically distributed random variables.

Let N be also a random variable independent of the X/s .

If Zy = X1+ Xo+ X3+ ... + Xy then now N and Zy are two random variables to
be studied. Given the distribution of X/s and N , the problem is to find the Laplace

transform, probability distribution, mean and variance of Zy .
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The Laplace transform technique
Let {X;} be a sequence of independent and identically distributed random variables with

common Laplace transform
LXi(S> = E(e_SXi)
and let

where N is a random variable independent of the X/s with pgf
F(s)=E[S"]
We denote the Laplace transform of Zy by Lz, (s) and it is given by
Lz (s) = E [e7*7V]
= EE [e "N IN="]

= FFE [6_3(X1+X2+X3+...+Xn)}

n

=F H E [e7*%] because of independence of X/s

=1

Therefore
Lzy (s) = F[Lx (s)]
Therefore to obtain mean and variance using Laplace transform technique, we find the

first and second derivatives of Lz, (s) with respect to s to obtain
Ly (s) = F'[Lx (s)] L'y (s)
and
Ly, (s) = F"[Lx ()] [Ly ()" + L% (s) ' [Lx (5)]
Setting s = 0, we have
Ly, (0) = F" [Lx (0)] [’ (0))" + L (0) F' [Lx (0)]
= F" [ [Ly ()] + L’ (0) F' 1]
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Therefore

E[Zx] = —Ly (0)

"+ L% (0) F' [1] = [F' [1] L'y (0)])°
"+ L% (0) F' [1] — [F" [1]] [Ly ()]

= [E(X)]*Var (N)+ E(N) Var (X)

4.5.2 Compound Poisson Distribution

Suppose Zy = X1 + Xo + X3 + ... + Xy where X!s are independent random variables
with N being a Poisson random variable. Then Zy is said to have a Compound Poisson

Distribution. Suppose N is Poisson with parameter A . Then the pgf of N is given by,
F(s) = eMemh)
and the Laplace transform of Zy is given by,

Lz (s) = F[Lx(s)]

— MIx(s)-1]

Where Ly, (s) is the Laplace transform of X;
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Hence, the mean and the variance of Zy is given by

E(Zy) = E(N)E(X)
— AB(X))

and

Var[Zy] = E[N]Var (X;) + [E (X,)] VarN
= \Var (X;) + AE (X))
=\ [Var (X;) + [E (X,)]?]

Case 1: If the X/s are uniformly distributed over the interval (0,1) Then

_1—6*5

LXi (5)

Case 2:
If the X/s are exponentially distributed with parameter \*
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Then

Case 3: If the Xs are from gamma distribution with parameter a and /3
Then

179



Var (Zy) = X [Var (X;) + E <Xi)2}

g+(9)2
2 \5
A

=A

4.5.3 Compound Binomial Distribution

Suppose Zy = X; + Xo + X3 + ... + Xy where X/s are continuous independent random
variables, with N being a Binomial random variable. Then Zy is said to have a Compound
Binomial Distribution. Suppose N is Binomial with parameters n and p . Then the pgf
of N is given by

F(s)=[1—-p+ps]"

And the Laplace transform of Zy is given by

Lz (s) = F[Lx (s)]
=[1—p+p[Lx(s)]]"

Where Ly, (s) is the Laplace transform of X;

Hence the mean and the variance of Zy is given by

E(Zy) = E(N)E(X,)
= an<Xi)

and
Var (Zy) = E(N)VarX; + [E(X)]* VarN

= npVarX; + np(1 — p) [E(Xi)]2
=np [VarX; + (1 — p) [E(X;)]’]

Case 1: If the X/s are uniformly distributed over the interval (0, 1)
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Then

Var (Zy) = np [Var (X;) + (1 — p) E (X;)*]

Case 2: If the Xs are exponentially distributed with parameter \*

Then




Var (Zy) = np [Var (X;) + (1 — p) E(X,)’]

Case 3: If the X!s are from gamma distribution with parametera and S. Then

L (s) = (f@)

Lo = [1-p40 (25) ]

Var (Zy) = np [Var (X;) + (1 — p) E(X,)’]

Fra-n(5)
npa [1 +ﬁ<;é (1 —p)]

:np

4.5.4 Compound Negative Binomial Distribution

Suppose Zy = X; + Xo + X3 + ... + X where X! s are continuous independent ran-
dom variables with N being a Negative Binomial random variable. Then Zy is said to
have a Compound Negative Binomial distribution. Suppose N is Negative Binomial with

parameters o and p then the pgf of N is given by
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Fo = (=it=m).

and thus the Laplace transform of is given by

Lz (s)=F[Lx(s)]

Where Ly, (s) is the Laplace transform of X;

Hence the mean and the variance of Z is given by

E[Zy] = E(N)E(X;)

and

Var(Zy) = E(N)Var (X;) + [BE(X,))* VarN

all=n) s 00 -D)

p p?
- 0‘(1 - p) ar (X, 1 12
=T Var (X;) + , [E(X;)]

(B

Case 1: If the X/s are uniformly distributed over the interval (0, 1)

Then
1—¢e%

S

Lx, (S> =
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Case 2: If the Xs are exponentially distributed with parameter \*

Then v
LXi (S)

:/\*—i—s

J— p a
Lzy (s) = (1 —(1-=p) (,\/\+s)>
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Case 3: If the Xs are from gamma distribution with parameter o* and

Then
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4.5.5 Compound Geometric Distribution

Suppose Zy = X1 + Xy + X35+ ... + Xy where X! are continuous independent random
variables with N being a Geometric random variable. Then Zy is said to have a Com-

pound Geometric Distribution. Suppose N is Geometric with parameter p , then the pgf
of N is given by

And thus the Laplace transform of Zy is given by

Lz (s) = F'[Lx(s)]
p
[1—(1—p)Lx(s)]

Hence the mean and the variance of Zy is given by

E(Zy) = E(N) E(X))
:1;]7E(Xi>
p

Var (Zy) = E(N)Var (X;) + [E (X,)]* Var (N)

U Dyar () + L2 o

=P x4 % B (X))

Case 1: If the X/s are uniformly distributed over the interval (0, 1)

Then

1—¢7%

S

LXi (S> -
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12p?

Case 2: If the X/s are exponentially distributed with parameter A\*

Then
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Case 3: If the X!s are from gamma distribution with parameter o and /3
Then

_al-p
Bp
Var (ZN) = ﬂ [VCLT (XZ) + % [E (Xz>]2:|
-5 6)
1-p [ap%—a?
p Bp
_ a(l—p)(a+p)
52
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4.6 Compound Logarithmic Series Distribution

Suppose Zny = X; + Xo + X35 + ... + Xy where are continuous independent random
variables with NV being a Logarithmic Series random variable. Then Zy is said to have a
Compound Logarithmic Series Distribution. Suppose N is Logarithmic Series Distribution

with parameter 7, then the pgf of NV is given by

_ In(1 — ps)
In(1 —p)

and the Laplace transform of Zy is given by

F(s)

Lzy (s) = F[Lx(s)]
_ In[1—pLx(s)]
In(1 —p)

Hence the mean and the variance of zy is given by

E(Zy) = E(N)E(X;)
B p
- —(1-p)log,(1-p)

E(X5)

Var(Zy) = E(N)VarX; + [E(X)) VarN

_ p . P log.(1—p)] g2
T Saplos =) N T plog, 0 —pp )
P VarX, + [p+log,. (1 —p)] [E(Xl)]Q

T —(1-p)log.(1—p) [(1— p)log,(1— p)]

Case 1: If the X/s are uniformly distributed over the interval (0, 1)

Then | s
Ly, (s) = Se
In{l—p 1_:75
==



p

P = i e a
_ p 1
- —(1-p)log, (1—p) (2)
B p
- —2(1—p)log, (1—p)
_ p p+log, (1 —p) 2
Var (Zx) = = (1—p)log, (1 —p) [VM (%) + (1—p)log, (1 —-p) () }
_ P 1, plog,(1-p) (1)2
—(1—=p)log. (1 —=p) |12 (1—-p)log, (1 —p) \2
_ p ’(1—p)loge(l—p)+3[p+loge(1—p)]}
—(1=p)log, (1 —-p) | 12(1 —p)log, (1 —p)
_ p '1oge(1—p)—ploge(l—p)+3p+3loge(1—p)]
— (I —=p)log. (1 —p) | 12 (1 —p)log, (1 —p)
_ p 3p +4log, (1 —p) —plog, (1 —p)}
— (1 —p)log, (1 —-p) [ 12 (1 —p)log, (1 —p)

_ 3p* +4plog, (1 —p) —p?*log, (1 —p)
~12[(1 — p)log, (1 — p)]?

Case 2: If the X/s are exponentially distributed with parameter A*. Then

Lx, (s) = )\*/\jL S
. In [1 -p (A“:\:-s)}
Ean )= =1 =p)
E(Zy) = P E (X))

— (1 —p)log, (1 —p)

_ P 1
~ —(1—p)log, (1 —p) (A)
B P

=\ (1—p)log. (1 —p)
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_ p ar X, — [p +log.(1 —p)] 2
Var () = =0 Tiog.(1 — p) [V X A D log,(1— ) [E(XZ”]

p 1\* [p+log(l—p)] (1)’
- —(1=p)log.(1 - p) (A> T p)log,(1- 1) <_) ]
_ p [(1 —p)log.(1—p)+ [p+log,(1 —p)]}
—(1—p)log.(1—p) | (A*)* (1 = p)log, (1 — p)
_ p 'log, (1 —p) — plog.(1 —p) +p+log,(1 —p)}
—(1—p)log,(1—p) | (A)* (1 = p)log, (1 — p)
plp +2log (1 —p) —plog,(1 — p)]
— (M)?[(1 - p)log.(1 — p)]?

Case 3: If the Xs are from gamma distribution with parameter o and §. Then

b= (575)

L[]

In(1 - p)
E(Zy) = P E(X;)
—(1—p)log, (1 —p)
_ D a
~ —(1-p)log, (1—p) (ﬁ)
_ ap
- —B(1—p)log, (1-p)
_ p Var (x) o P+ 108 (1—p) 2
Var (Zn) = = (1—p)log, (1 —p) :V (%) + (1—p)log, (1 —p)E<XZ) }
B p o ptlog (1-p) ()’
o (1—p) | (1~ p)log, (1 p) (5) ]
_ p fa(1—p)log, (1—p)+a? [p+loge(1—p)]]
—(1—=p)log. (1 —p) | 8% (1 —p)log. (1 —p)
ap

= —62 [(1 _ p) loge (1 _p)]g [(1 - p) loge (1 — p) + [P + 10ge (1 . p)]]
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Chapter 5

Laplace Transform in Pure Birth

Processes

5.1 Introduction

In this chapter, we derive the basic-difference-differential equations for the general birth
process. The chapter will focus on specific cases of the pure birth process namely the Pois-
son, simple birth, simple birth with immigration and Polya processes. Laplace transform
method will be employed in solving the basic-difference-differential equations for each of

the special cases .

Two approaches will be used, first the basic-difference-differential equations are solved
directly using Laplace transform method.This involves determining a general expression
for the Laplace transform of P, (t) by iteration and then use both the complex inversion
formula and partial fractions method to obtain the inverse laplace transform. Secondly,
the probability generating function method is applied and then Laplace transform is used
to solve the resulting ODE/PDE. For this method, two routes have been considered, one
involves the Dirac delta function whereas the other one uses the Gauss hyper geometric

function.
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5.2 The Basic Difference-Differential Equations for
General Birth Process
Let X(t) be the population size at time ¢t and P,(t) = Prob[X(t) = n], therefore
P,(t +h) = ProblX(t + h) = n]

From first principles of differentiation

’

f@) = (@)

~ im flx+h— f(x)
h—0 h
P = }g% P,(t+ h})L — P,(t)

Where h is a small change in time.

The problem is to derive the basic-difference-differential equations for a pure birth process
and solve them using Laplace transform. Symbolically, we wish to derive P,;(t) interms
of P,(t) and P,_1(t). We shall make the following assumptions.

Assumptions

e The probability of having a birth in the time interval ¢t and (¢ + h) when the
population size at time ¢ is n, that is X (t) = n is \,(h) + O(h) where O(h) is of

order h (it is a negligible function) and

lim —O(h) =0
h—0 h

e The probability of no birth in the time interval ¢ and (¢ + h) is 1 — A\, (h) + O(h)

e The probability of having two or more births in the time interval ¢ and (¢ + h) is
O(h), in other words this probability is negligible.

For the population size at time ¢ + h to be n , there can be three possibilities

e The population size at time ¢ was n and there was no birth within the time interval
(t,t+h)
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e The population size at time ¢ was n — 1 and there was one birth within the time
interval (¢,t+ h)

e The population size at time ¢ was n — ¢ and there were i births within the time
interval (¢,t + h)

Mathematically, this can be put as follows;

P,(t+ h) = Prob[X(t + h) = n|
= Prob[X(t+h) =n, X(t) =n|
+ Prob[X(t+h)=n, X(t)=n—1]

+zn:Prob[X(t+h) =n, X(t)=n—1

Therefore

P,(t+h)=Prob[X (t+ h) =n|X (t) = n| Prob[X (t) = n]

J/

TV
no birth

+ Prob (X (t+h)=n|X(t)=n— 1lProb (X (t) =n—1]

~
one birth

+i{3rob[X(t+h):n\X(t):n—l]Pmb[X(t) = n—

/

more than one birth

We thus have
P,(t+h)=[1=Xh+O(h)] Pu(t) + [A—1h + O(h)] P_1(t) + i O(h)P,—i(t)

1=2
n

P,(t+ h) = Py(t) = [=Aah + O(B)] Po(t) + [Nacih + O(R)] Pasi () + Y O(h)Pi(t)

=2
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Dividing both sides by h and taking the limit as h — 0 we have;

n

Po(t + h) — Py(t) [=Anh+ O(h)] Po(t) + [Auah + O(h)] Pooa(t) + > O(h) Poi(t)

lim = lim =2
h—0 h h—0 h
O(h
= P/(t)= |—\, + lim o) P,(t)+ | A1 + lim o) P, 1(t)
" h—0 h h—0 h
0 0
. O(h) &
+ lim == Z P,_(t)
N—— =2
0

2Pt = =M Pu(t) + A1 Paa(t) n>1

For the population size at time ¢t + h to be 0, there is only one possibility. The population
size at time ¢ was 0 and there was no birth within the time interval (¢, t + h).

Therefore

Py(t +h) = Prob[X(t+ h) = 0]
= Prob[X(t+h)=0,X(t) =0
= Prob[X(t+h)=0|X(t) =0]Prob[X(t) = 0]

(. J/

= [L = Mol + O(h)] Po(2)

Dividing both sides by h and taking the limit as A — 0 we have;
. Py(t+ h) — Po(t) [—Xoh + O(h)] Po(t)

A h = im h
O(h
Py(t) = 2o Po(t) + lim 2 py (1)
h—0 h

0
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Thus the basic difference-differential equations for the general birth process are

PY(t) = —o Po(t) (5.1a)
PL(t) = —MPou(t) + Ar Poa(t) n>1 (5.1b)

We shall solve the basic difference-differential equation for special cases using Laplace

transform.

5.3 Poisson process

When the growth rate for a general birth process is constant i.e. A\, = A Vn . The

process is said to be a Poisson process.

The basic difference-differential equations for this process are

Pi(t) = =APy(t) (5.2a)
Pl(t) = =AP,(t) + AP,_1(t) n>1 (5.2b)

We now solve these equations.
Method 1: By Iteration

Using equation (5.2b) we determine the Laplace transform of both sides as follows:

L{P,(B)} = L{APa_1 (£) = AP, (D)}
— AL{P._1 ()} — L{AP, (1)}

By linearity property (property 1)
L{P, ()} = =AL{Pu(t)} + AL{Fa-1(t)} (5.3)
But by property 5 (Laplace transform of derivatives) we had

L{f @)}
L{f ()}

f(s)
sf(s) = f(0)
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This implies that
L{F, (1)} = sL{F, (1)} = P (0)
Substituting this in equation (5.3) we obtain
(s + N)L{P,(t)} — P.,(0) = AL{P,_1(t)} (5.4)

Remark

But for the Poisson process X(0) = 0 (the number of events at time ¢ = 0 is 0). This
implies that

Py(0)=1 and P,(0)=0 VYn#0

Therefore solving equation (5.4) iteratively yields,

For n = 0 we have

(s+A\) L{Py(t)} — 1= AL{0}
(s +A) L{R (1)} =1

= LR} = —

Similarly for n = 1, equation (5.4) becomes
(s + N L{P (1)} = P (0) = AL{P11 (1)}
(s + N L{P (1)} = P (0) = AL{F (1)}
But

Py (0) = 0 and L{Py (£)} = -5

We therefore have

(s+/\)L{P1(t)}—0:/\< ! >

s+ A
(s+ N LR () = —
A

= L{P(t)} = (5 + V)



Similarly for n = 2 equation (5.4) becomes

(s+AN)L{P(t)} — P, (0) = AL{P>—1 (1)}

(s+ANL{R (1)} =P (0)+AL{P (1)}
But
A
P, (0)=0 and L{P (1)} = = )\)2
Thus we have
A
VLR @) =0+ [ =]
>\2
s+ L0} = s
)\2
= LB 0} =

Similarly for n = 3 equation (5.4) becomes

(s+ AN L{Ps;(t)} — P;(0) = AL{Ps_1 (1)}

(s+A)L{Ps ()} = P3(0) + AL{P ()}
But
P;(0)=0 and L{P(t)} = s
S T )

Thus we have

)\2
(s+AN)L{P;(t)} =0+ A {(34—)\)3}
/\3
G+ NP0} = 5
)\3



Similarly for n = 4 equation (5.4) becomes

(s+ AN L{Py(t)} — P, (0) = AL{Py1 (1)}

(s +A)L{Py(t)} = P, (0) + AL {P5(t)}
But

Py (0)=0 and L{P;(t)} = A

T PG

Thus we have

(s+ N L{P, ()} =0+ A { Ag}\)J

(s +
)\4
s+ N PO} =
)\4
> L0} = 5

For n = 5 equation (5.4) becomes

(s+AN)L{Ps(t)} — P5(0) = AL{P5_1 (1)}
(s+A) L{Ps5(t)} = Ps (0) + AL{Py ()}
But

)\4
(s + )\)5

Ps(0)=0 and L{P,(t)} =

Thus we have

(s +\)°
/\5
(SN LR} = s
)\5
:>L{P5()}: (S—{—)\)6



We now use mathematical induction to determine L {P, (t)}. Assume that

)\n—l

L{P,_ (t)} = EFSVQ

By equation (5.4) we have

(s +A) L{Fy ()} = P (0) = AL{P. 1 (1)}

But P, (0) =0 and
)\n—l

LR (0} =

Thus equation (5.4) becomes

(SH)L{Pn(t)}—():A[ Al }

(s+A)"
)\n
LA{P, =
(5 + N LAP () = =5
)\n
L{P, ()} = G (5.5)
Applying inverse Laplace transform to both sides of equation (5.5) yields
)\TL
LY{L{P, (t)}} =L"" {—}
(AR =27 | e
ATL
=P (t)=L"{ —"
- { S
"y 1

We use both the miscellaneous and complex inversion formula to determine the inverse

Laplace transform.
Miscellaneous Method

By the first shifting property
L{etf(t)} = T(s —a)
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and

T+
L{t } - gntl
1 . 1
= s L' = o

I'(n+1)
1

1 n
imL{t }: il

Thus it follows that

1 —atyin\ __ 1 mH
DL e = (SM)

Letting a = A\, we have

l —Atygn\ __ 1 o
n!L{e t}_<s+)\>

Multiplying both sides by A" yields
A" A"
_L —)\ttn —
MG (5 + A)rtt

e_)‘t(At)” A"
L P—
= { nl } (5 + At

L—l )\n _ e—)\t(/\t>n
(5 + A)ntl nl

Relating this to equation (5.6) it follows that

)\TL
P(t)=L""¢ ———
) {<s+A>n+1}
€_>\t>\tn

n=20,1,2 ..
n!

Which is the probability mass function of a Poisson random variable with parameter At .
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Complex inversion formula

By equation (5.6) we had

By the complex inversion formula

r+100

1 1 1 n+1
L—l - = st d
{(s—l—A)”“} 2mi ‘ (s+/\) i
Which is simply the sum of the residues of
est
(s + A)ntt
at the poles of
1
(s + A)ntt
It can be seen that .
(s 4+ )t
is analytical at every point except when s = —\. Thus s = —\ is a pole of order n + 1
The residues of
est
(S + )\)n—i-l
are given by
1 dn+1—1 est
1 =1 ntl_ -
o= 1 (n+1—1)ldsnt1-1 (s+2) (s + A)ntt
) 1 da
n !LH},\ nldsn® (5.7)
But
d
Eest — teSt
d2 st 2 st
E@ =te
d3 st 3 st
Ee =t’e



By Mathematical induction We assume that,

n—1
d - st — tn—lest
s"—
Then
£€St — i [tn—lest]
ds™ ds
_ tn—l iest
ds
— tn—ltest
— tnest

Substituting this in equation (5.7) we obtain

st n
Res{ c ] ' LA

- = lim ——-

(s 4+ \)ntl s——Anlds"
1

= lim —"e*
s—— n!

1

tnef)\t
n!

Therefore

But

= \" |:ﬁe—)\t:|
n!

7)\t)\tn
:e TLZO,]_,Z,...
n!

Which is a Poisson distribution with parameter At

203



Method 2: Using pgf approach

The basic difference-differential equations for the Poisson process as defined by equations
(5.2a) and (5.2b) are

Pl(t) = —APy(t) (5.22)
Pl(t) = AP (t) — APu(t) n>1 (5.2b)

Multiplying both sides of equation (5.2b) by 2™ and summing the result over n, We have

iPT'l(t)z" = )\iPn_l(t)z”—)\iPn(t)z" (5.8)
n=1 n=1 n=1

J/

~~ “~~
1

~
11 117

Let G(z,t) be the probability generating function of X () defined as follows;
G(z,t) = Pu(t)z"
n=0

= Py(t) + i P, (t)2"

0 ™ o
= =G(z1) = ;Pn(t)z

= P(t)+ ) _ P(t)2"
n=1
= 3G(z t) = inP ()" !
0z — "
= Z nP,(t)z"
n=1

We now simplify the three parts of equation (5.8)
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Part I

PR AGES %G(z,t) — P(t)

n=1
Part 11
A Z P, 4(t)z" = Az Z P 1(t)z" !
n=1 n=1
= \zG(z,1)
Part I11

—A) CP(t)2" = —A[G(z,t) — Py(t)]

Substituting the above in equation (5.8) yields

%(;(z, £) = P(t) = A2G(, 1) — MGz, ) — Po(t)]

= A2G(z,t) — AG(z,t) + APy(t)

But from equation (5.2a) Pj(t) = —APy(t). Therefore

962, 1) 4 APy(1) = oGz, 1) = AG(=,1) + ARy (1)
— %G(z,t) = A\zG(z,t) — AG(z,1)
= A(1—2)G(z 1)
Implying that
%G(g,t) FA(1=2)G(2,1) =0 (5.9)

Which is a linear partial differential equation. The next step is to use the Laplace trans-

form to solve equation (5.9) .
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By definition the Laplace transform of G(z,t) is

\8

L{G(z,t)} = [ e *G(z,t)dt
=G(z,8)
and
L {(%G(Z’t)} = /eStatG(z,t)dt

Using integration by parts, let

U=e* dV = dG(z,t)
cdU = e V =G(z,t)

o0

oL {%G(z,t)} =e " G(z,t)|7 + s/e_StG(z,t)dt

=[0—-G(2,0)] +sL{G(z,t)}

But
G(z,t) =) Pu(t)z"
2G(2,0) =) P(0)2"
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And

P(0)=1, Py(0)=0 ¥Yn#0
= G(2,0)=1

oL {%G(z,t}} = 1+ sL{G(z 1)}

=sL{G(z,t)} —1
=5G(z,8) — 1

L {%G(z,t)} = A(1—-2)L{G(z, 1)}

= 5G(z,5) —1=L{-A(1-2)G(z1)}
=—-X(1—-2)L{G(zt)}

=-A(1-2)G(z,9)

= [s+ M1 —-2)]G(z,5) =1

— 1
SG(z,8) = P Y

We now determine the inverse Laplace transform of both sides as follows

160} = 17

= G(z,t) =L {;}

s+A1—2)

Various methods have been considered in solving equation (5.10).
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Miscellaneous Method

In this method we determine the inverse Laplace transform with the help of the properties
of Laplace transforms. We know that

L{e‘“t} = /e‘“e—“tdt
0

Ry -
0

_ 0o
e (s+a)t

s+a
1

s+a

0

Letting a = A\(1 — z), We have

1
L—l — A1)t
{s +A(1— z>} ‘

Relating this to equation (5.11) it follows that
G(z,t) = e A1=2)t

which is the pgf of a Poisson distribution with parameter A\t

—At )\t n
= P,(t) = % n=0,12,..

Use of Tables

By equation (5.14) the Laplace transform of G(z,t) is of the form
k

S—a

L{f)} =
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Where a = —(1 — 2)
Which from the table is the table of transform pairs yields

f(t) = ke
Inourcase k=1 ,a=-A(z—-1)

= G(z,t) = e A2

Which is the probability generating function of a Poisson distribution with parameter At.

-t VA
= P,(t) = % n=012..

Complex Inversion Formula

By equation (5.11) we had

By the complex inversion formula

r4i00
1 1 1
Lfl - - = st - d
{s—i-)\(l—z)} 2mi ‘ (s—i-/\(l—z)) °
Which is simply the sum of the residues of
est
s+ A1 —2)
at the poles of
1
s+ A1 —2)

209



It can be seen that

1
s+ A1 —2)
is analytical at every point except when s = —A(1 — z).
Hence
1
s+ A1 —2)
has a simple pole at s = —A(1 — z2)
Thus the residue of o
e
s+ A(1—2)

at s = —A\(1 — z) is given by
st

;= i Ml —z2)——————
“ s—)—lir(ll—z) st ( Z)S + /\(1 — Z)

st
s—=—A(1-2)
_ 6—>\(1—z)t

Therefore

G(z,t) =L} {m}

_ e—A(l—z)t

By identification, G(z,t) is the pgf of a Poisson distribution with parameter At. Hence

€_>\t()\t)n

Balt) = n!

n=20,1,2 ..

Alternatively, P,(t) is the coefficient of 2* in the expansion of G(z,t). But

2 x3 334

[ee]
Z -
n n!
n=0
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And

G(z,t) = e A==t

— e—)\t+)\tz

— ef)\te)\tz

)t = (At2)"

=€ Z n
n=0

=)t . ()\t)n n

=¢ Z n! o
n=0

—At M\ n
.'.Pn(t):# n=01,2, ..

n:

5.4 Simple Birth Process

The basic difference- differential equations for this process are obtained from the basic
difference-differential equations for the general pure birth process by letting A, = n\A Vn

These equations are

Fo(t)
(1)

0 (5.11a)
—nP,(t)+ A(n—1)P,_1(t) n>1 (5.11b)

We now solve these equations;

Method 1: By Iteration
Taking the Laplace transform of both sides of equation (5.11b) yields

L{P,(t)} = L{(n — 1)AP,_1(t) — nAP,(t)}

But by linearity of Laplace transform (property 1)

L{(n—DAPy(t) — nAPy(1)} = (n — DAL {Pu_y(£)} — nAL {Py(1)}
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And by using Laplace transform of derivatives (property 5)

f(s)
sf(s) = f(0)

L{f(t)}
L{f'(t)}

This implies that
L{P,(t)} = sL{F(t)} — Pu(0)
Using these properties we have
L™HP(t)} = (n = DAL{Poea (1)} — nAL{P(t)}
sL{P, ()} — Pa(0) = (n — DAL {F1(t)} — nAL{P,(1)}
(s +n\)L{P,(t)} = P,(0) + (n — DAL{P,_1(t)} (5.12)

Remark
We assume that the initial population at t=0 is ng i.e X(0) = nyg

= P,,(0)=1and P,(0) =0 Vn#ng

With this assumption, we now solve equation (5.12) iteratively.

When n = ng we have
(s + 10A) L{Pno (1)} = Pro(0) + (no — DAL {Fyy-1 (1)}

But since X (0) = ny and P,,(0) =1 and P,,-1(0) =0

Thus
L{Pm-1(t)} = L{0} =0
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Hence we have;

(s + noA\)L{ Py, (t)} =1+ (no — 1)AL {0}
(s +no\)L{P,(t)} =1
1

= L{Pno(t)} = (s+n0)\)

Similarly for n = ng + 1 we have

(s +nA)L{P,(t)} = P.(0) + (n — DAL{P,-1(t) }
[s 4+ (no + DA L{Pog+1(t)} = Pug11(0) + (no + 1 — DAL { Py 41-1(2) }
[s 4+ (no + DA] L{Pug11(t)} = Pay11(0) + noAL { P (1) }

But since X (0) = ny and P,,(0) = land P,,41(0) = 0 and

1

L{Pno(t)} = (s+n0)\)

It follows that;

1
[s + (no + DA L{ P11 (1)} = 0+ noA {(5 + "OA)]
no)\
[s + (no + DA L{Pos1(t)} = m
no/\

= L{Py(t)} =

(s +1noA) (s + (ng + 1))

When n = ng + 2 we have

(s +nA)L{P. (1)} = Fu(0) + (n = DAL{ P, ()}
[s 4 (no + 2)A] L{Poo12(t)} = Pug2(0) + (n0 +2 = DAL { Papy2-1(1)}

(
[s 4+ (no + 2)A] L{Puy12(t)} = Payr2(0) + (no + DAL {Pryra ()}
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But since X (0) = ng and P,,(0) =1 and P,,12(0) = 0 and

Tlo)\
[s 4+ noA] [s + (ng + 1)A]

L {Pno-l-l(t)} -

We thus have

TLQ)\
[s +noA| [s + (no + 1)A]
noA [(no + 1)A]
[s +noA] [s + (no + 1)A]
Ang(ng + 1)
[s +n0A] [s + (no + DA [s + (no + 2)A]

[s + (no + 2)A] L {Pg42(t)} = 0+ (no + 1)A

[s 4 (n0 + 2)A L{ P 12(t) } =

=L {Pn0+2(t)} -

When n = ng + 3 we have

(s +n\)L{P.,(t)} = P,(0) + (n — DAL{P,—1(t)}
[s 4+ (no + 3)A] L{Poy13(t)} = Puyy3(0) + (no +3 — DAL {Pyyy3-1(1) }
[s 4+ (no + 3)A] L{Pug13(t)} = Pags3(0) + (no + 2)AL{Pry12(t) }

But since X (0) = ng and P,,(0) =1 and P,,;4(0) = 0 and

Nng(ng + 1)
[s +10A] [s + (no + 1)A [s + (no + 2)A] [s + (no + 3)A]

L {Pno-i-?)(t)} =

We have;

)\3710(710 + 1)
[s +noA] [s + (no + 1)A] [s + (no + 2)A] [s + (no + 3)A]

[s 4+ (no + 4)A] L{Po+a(t)} = (no + 3)A

/\471,0 (’I’Lo —+ 1)(%0 -+ 2) (no + 3)

[s+ (no + A L{Poya(t)} = [s +noA] [s + (no + 1)A] [s + (ng + 2)A] [s + (ng + 3)\]

Ang(ng + 1) (ng + 2)(ne + 3)

S L Pga(t) ) = [s + 1M [s + (no + DA [s + (ng + 2)A] [s + (o + 3)A] [s + (no + 4)A]
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The general expression for L {P, (t)} can be determined using mathematical induction.

Let us assume that for n = ng + & — 1 we have

Ne=Ing(ng + 1) (ng + 2)...(ng + k — 3)(no + k — 2)

EF o1} = o N (0 + DAL 5 + (0 + k= 9N s + (o + £ = D

k—2

MN=TTT (ng + 1)

1=0

T s + (mo + )

=0

Thus using equation (5.12) we have
(s +nA)LA{P,(t)} = Po(0) + (n — DAL{P,1(t)}
Then for n = ng + k , it follows that;
[s + (no + k)A] L{Pog+r ()} = Prgx(0) + (no + k — DAL { Pyorr—1(0) }

But by the initial condition X (0) = ng we have P,,+x-1(0) = 0 and from above

k—2
/\ki1 H (’I’LO + Z)
LA{Pagiha(t)} = =

[T [s + (no +i)A]

Thus
k—2
N (g +4)
[s + (no + k)N L{Posi(t)} = 0+ (no + k — DA | — 0
1;% [s + (o +7)A]
At kﬁl (no +1)
[s + (no + k)A] L{Prgs(t)} = - i=0
I1 [s + (no +9)A]

=0



k—1

NTT (g + )
L{Puk(t)} = =
[s + (ng + k)A] 1:[0 [s + (1o + 1) A]
AF [1 (no +1)
S LAPygr()} = = (5.13)
I [s+ (ng+1i)A

1=0

The problem is now to determine P,(t) = P, 4x(t) where & = 0,1,2, this implies

n=mng+ 1,n9 + 2,n9+ 3 and so on.

Using equation (5.13) we apply inverse Laplace transform on both sides

AF kﬁl (no +1)
L™ {L {Pn0+k(t>}} =7 1 ) i=0
I ls+ (no + )X
AF kﬁl (no + 1)
Py (t) = Py () = L' { — i=0
s [s + A (no +1)]
Since
L {of(s)} = a7 {7}
We have
| R (5.14)
~ [T [s+ X (no + )]

The following methods have been considered in solving equation (5.14)
e Complex Inversion Formula

e Partial Fractions Method
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Complex Inversion Formula

By the complex inversion formula,
£ L{F(1)} = F(s) then;
f) =L {f(s)}

1 r+i00
- str d
omi ) € J(s)ds

Which is simply the sum of the residues of e f(s) at the poles of f(s)

In this case

F(s) = 1
II [s + (ng +7)A]
= () = —
Il [s + (no +14)A]

It can be seen that T(s) is analytical at every other point except when
s=—=Ano+1),0=0,1,2...k

Therefore f(s) has k 4 1 simple poles (poles of order 1) at values of s listed below;

s = —Ang

s=—=Ang+1)
S = —/\<n0 + 2)
S = —A(no + 3)
S = —)\(no + ]{7)
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Thus we have

r+i00

1 1 est

L k - k
s+ mot+dN | ™ [T [s + (no+1) A

1=0 =0

~Y

Where a_; are the residues of
st

I1[s+ (ng+i) Al

=0

at the poles of
1

ﬁ[s+(no+z’))\]

=0

We now determine the a_;’s as follows;

In general for a pole of order n say at s = a,

. 1 dn—l Y —
a-; = lim = Dlds 1 (s —a)" f(s)

And for a simple pole at s = a

a_; = lim(s — a) f(s)

s—a

Thus residue of
est

ﬁ[s+(no+z’))\]

=0

218



at s = —Ang is given by

est

a_;= lim (s4 Ang)

T (s + Ang) ﬁ [s + (0 + 9]

1=0

est

= lim (s+ Ang)

s——Ang k

(s + Ang)

)

1 [s + (no +7)A]

est

= lim
s——Ang K .
[s + (no +4)A]

=1

)

e—)\ngt

k
1L [—)\no + (no + 2))\]

=

e—)\’not

k
[—)\n() + /\no + Z/\]
=1

(2

e—Anot

AF k)
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Similarly the residue at s = —\(ng + 1) is given by

€St

a-i= lm s+ Ao+ 1)

ilf[() [s + (no +17)A]

BSt

= lim [s4+ Ang+1)]

s—=—A(no+1) k

(s + Ang) [s + A(ng + 1)]

[s + (ng +7)A]

=
[\

est

= lim [s+ A(no+1)]

s——A(no+1) k .
oo (s 4+ Ang) [s+ A(nog + D] [] [s + (no +4)A]
i=2
st

B lAifn ) k -

s——A(no+1

" (s 4 Ano) TT [s + (no + i) A]
i=2
€_>\(n0+1)t

k
(=Ang — A+ Ang) T [~ Ao — A+ (no + )]
=1

e—)\(no-l-l)t

k
i=1

e—)\(no—l-l)t

k
AT N = A
i=1

e—Ano+1)t

—)\ﬁ/\(i—l)

=1

e—)\(no-i-l)t

ANk f[ (i—1)

=1

e—)x(no—&-l)t

(DN (k — 1)!
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Similarly the residue at s = —\(ng + 2) is given by

a—;

est

lim  [s+4 A(no +2)] —

s——A(ng+2
o) TT[s + (no + )
=0
est
lim  [s+ A(ng + 2)]
s—>—A(no+2) 1 . k .
[s + A(no + 2)] T [s + AMno + )] TT [s + (no + 4)A]
=0 1=3
st
1}1\{1’1 ) 1 ) k
s——A(no+2
IT[s+ Ano+ ]I [s+ (no+4)A]
1=0 =3
€_>\(n0+2)t
1 k
IT[=A(no +2) + A(no + 1)] [T [=A(no + 2) + (no + i) A
=0 =3
e—)\(n0+2)t
1 k
=0 =3
67)\(n0+2)t
1 k
T (N —20) I (N — 2))
=0 =3
67A(n0+2)t
k
“ON=N) [ MG —2)
1=3
e—/\(no+2)t
k
(=1)2A2A%=2(2) ] (2 = 2)
=3
e—)x(no—l—Z)t
k
(=1)2A@2) [T (i —2)
=3
e—)\(no+2)t

(= 1D2XE(2)) (k —2)!
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Similarly the residue at s = —\(ng + 3) is given by

est

a_;= lim [s+A(no+3)]—

s—=—A(no+3) H [8 I (no n Z))\]
1=0

est

= lim [s+ A(no+3)]

[s + A(ng + 3)] ﬁ [s + A(ng + 1) ﬁ [s + (ng + 1) A]

i=0 =4

s——A(no+3)

est

= lim
s——A(ng+3 2 k

TN e Ao + D] T [s + (no + 1)A]
1=0 i=4

6_)\(n0+3)t

f[o [—A(no + 3) + A(no + )] f[4 [—A(no + 3) + (no + i)
- e—)\(no;i’:)t

2 k

[T [=Ano — 33X+ Ang + Xi)] [T [=Ano — 3X + Ang + A
=0 i=4
e—)\(no+3)t

2 k

TT (N — 30) IT (N — 33)

i=0 =4
e—)\(n0+3)t

—3X(=2)) (=) ﬁ A(i — 3)

=4

efz\(no +3)t

(—1)98XE3 (6) [] (i — 3)

=3

6—)\(n0+3)t

k

(=1)PAF 3D IT (7 = 3)

=3

e—)\(no+3)t

(= 1)3XE(3)) (k — 3)!
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Similarly the residue ats = —A(ng + 4) is given by

st

) e
a_; = sa})l\&loﬂ) [s + Alno +4)] — .
[T [s+ (ng+i)A
i=0
est
= lim [s+ A(ng+4)]
s——A(no+4) 3 L .
[s+ Ano+4)] [I[s+ ANno+ )] I][s+ (no+1)A]
i=0 i=5
st
= lim €
s—=—A(no+4) 3 . k .
[T[s+ Ao+ 9)] I [s+ (no+0)A]
i=0 i=5
6_)\(n0+4)t
3 k
i=0 i=5
e—)\(no+4)t
) %
H [—)\no — 4\ + )\no + )\Z)] H [—)\no — 4\ + )\no + )\Z]
i=0 i=5
e—)\(no+4)t
I i
IT (Ni —4X) ] (A —4X)
i=0 =5
e—)\(n0+4)t
- k
—AN (=3A) (=20) (=A) [T AP —4)
i=5
67A(ﬂ0+4)t
- k
(—1)ANN=2(24) T] (4 — 4)
i=5
6—)\(n0+4)t
- %
(=)*AR (4) T (2 —4)
i=5
e—)\(no+4)t

O (=1D)ANE(4) (k — 4)!
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Generalizing the results above, the residue at the pole s = —\ (ng + k) is given by;
e*)\(n0+k)t

(=D)F NeE! (k — k)1
—A(no-{-k)t

Re sidue [e* f(s)] =

e

(—1)" \kE!

Therefore summing the residues at each pole yields,

r+coo
-1 1 B 1 est ds
k ~ omi k
T1[s + (o + i) A Mt | T Is + (o + ) N

=0 =0

= Z Re sidue p €

=0
6—)\1’L0t e—)\(no-i-l)t e—)\(n0+2)t
=+ - +—
MO (CO) NI (k= D) (—1D)Z k2L (k — 2)!
ef)\(no+3)t e*)\(n0+4)t ef)\(noJrk)t

" (—=1)® Ak31 (k — 3)! " (=1)* M4l ( — 4 " (=" NeE! (k — k)

1 —A(no+j)t
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Thus

b1 T e—)\(no-i-j)t
P, (t) = N T] (no +1) x )\kj O{(_l)jj!(k—j)!}

1=0

kol o~ Mno+j)t
Z]l no + 1) Z{(—l)jj! (k_j>!} (5.16)

7=0

But
k—1
T (o + i) = no(no + 1)(ng + 2)(ng + 3)...(no + k — 2)(no + k — 1)

And by the definition of the factorial function

nl=n(n—1)(n—2)(n —3)...(3)(2)(1)

= (no + k- 1)' = (no + k— 1)(710 + k- 3)(”0 + 2)(710 + 1)(710)(710 — 1)'

no+k—1)!
% = (no+k = 1)(no + k = 3)...(no +2)(no + 1)ng
E—1
7’L0 + k - 1)'
11 no ) i) (5.17)
Therefore
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Multiplying the above equation by % we have

TR il o R
Palt) = =) Z{(_l)jj!(k_j)!}xk!

§=0
(no+ &k —1)! i { e Ano+I)tEl }
Fl(no = ) 4= L(=1) 5! (k — 5)!
(o + k= Dle Mo I (—1) e Nt
Kl (ne —1)! | k=)
(no+k—1)e —Anot Zn: ( e’)‘t) k!
a k!(ng —1)! 4 gtk =)
But
(n0+k—1)‘ . n0+k—1
And
()
gHk =)t \J
Thus
k
no _'_ k - 1 —\t k —\t\J
P, (t) = o
n()(no—1> ZJ(€>
7=0
k - 1 n n—m
_ ("Ont_l ) (€)™ (1= ™)™ 1=, mo+ 1, ny +2...
k—1 n
_ (“0 +k ) ()" (1= e k=0,1,2,..
Which is the pmf of a negative binomial distribution with parameters p = e~ and
g=1—e*
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Special case

If the initial population at time ¢ = 0 is 1, then ng = 1 , thus

1+k—-1
P,(t) = N e M(1- e_)‘t)k
1-1
At(1 t)n—l—i—k k=0,1,2,..
N (1—eM) T =1,2, ..
=p¢" tn=1,2,..
Which is the pmf of a shifted geometric distribution with parameters p = e~ and
g=1—¢eM
Partial Fractions Method
By equation (5.14) we had
k—1 1
Pn(t) :)\kH(n0+Z)L !
=0 I1[s+ (no+1)]
=0

But from equation (5.17)

m _ (ng+k—1)
H Tl0+l = —(no — 1),
=0

Therefore

=\ 1:[ (no +4) L7 { — !

i=0 1;[0 [s+ A (ng + )]
o )\ (TL() —f- ]C )!L_l 1

(no —1)! ﬁo [s+ A (ng + )]
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We now determine

)~

1
-1
L k
I1[s + (no +1)]
i=0
But
) () - (=) (5
k B A A 1)) Aj—1 Aj
(s Ay +0)]  NSTAM/ \s+Amo+ D/ s+ A =1/ Rs+A)
i=0
() - (xeem)
s+A(G+1)) " \s+A(ng+k)
Using partial fractions
( 1 1 1 ang (pgy+1
<s—|—)\n0) (S+)\(n0+1)) s+Ang s+A(ng+1) T
1 1 o Clj_l aj
(s—l—)\(j—l)) (s—i—)\j) N —l_s—i-)\(j—l) + S—H\j—'_
1 1 CLjJrll _|_ _|_ ano—i—kz
\sTAGTY) ) 7 st alngrk) ) ) UsTHAGHLD) 77 0 s+A(no+k)

Multiplying both sides by s + Aj yields
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1
s+Ang

1
s+A(ng+1)

) (&

)
)

() (

1
(s+/\(j—1)

1
(5+A(j+1)

1
s+Ang

1
s+A(ng+1)

() ()

1
) e (s—l—)\(no—i-k)

)

)

1
" (s—i—)\(j—l)

1
\ <s—|—/\(n0+k)

)

Setting s = —\j , implies

1
) (5+A(j+1)

( 1 1
(—/\j+>\n0) (—/\j+>\(n0+1)
1 1
(—Aj+)\(j—1)) (—Aj+A(j+1)

1
—Aj+A(ng+k)

- ()

)

).

)..

\
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(ang(s+2j)

L s+A(j+1)

(ang(s+Aj)

aj+1 (S—I—)\j)

an0+1 <S+)‘j)

+ ...

5+Ang

+aj_1(s+/\j)

s+A(ng+1)

+

(s+A7)

s+A(j—1)

aj1(s+Aj)

+ ...+

an0+1(s+)\j) )

5+Aj +

an0+k (S—’_)‘])

+ ...

5+Ang

+aj,1(s+)\j

s+A(j+1)

( an()(_)‘j_'_)‘j)

s+A(ng+1)

s+A(j—1)

+ .+

)

~”

+ a;+

an0+k(3+)‘j)
s+A(no+k) )

an0+1(_)‘j+>‘j) + _{_\

—Aj+Ang

aj_1(=Aj+A\j)
—Nj+A(G—1)

+...+

—Aj+A(ng+1)

aj11(=Aj+Aj)
—Aj+A(j+1)

+ a; +

ano—i—k(_)‘j"‘)‘j)
—/\j+>\(n0+/€) )




( 1 1 1 1 )
(—Aj+)\n0) (—)\j+)\(no+1)) (—Aj+k<j—2)> (—M’H(i—l))

< (Somam) (Somm) - (i)
\ —NHAANGHD) ) \ =N HAG+2) ) o \ =N (g +k) )

(o) (Stwem) -~ (5m) (5m)
—A(j=no) ) \ —Ali—(no+1)) ) 7" \ —A(2 A1

1 1 1
k X (Xas) (X@5>'-'(Aom+k—ﬂ) )

= () ) - O ()
xts (8 (3) - ()

\

1 1
(NG —mo)t N (g k= )

1 1
(7N ()l N (g + k=)

= a; =

1
(1) N (f — ng) I Xth= (g + K — j)!
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(-1
)\] no+no+k—j (] — no) (no + k — ])

B ( 1)]’*710
N —no)! (no+ k — j)!
1\* (=1)/ 7" ,
—= —_ == 9 + 17 + 27
(A)(a—moom+k—w ST e

With this it follows that

no+k

1
k _Zs—i—j)\

[T[s+A(nog+1i)] =m0

_nik( )k J—”o() (l'r)zz_:ok—J) <S+1jA>

Thus
Pn( ) . A (7(1720‘1—_]61; 1)!L71 . 1
’ 1;[0[34—)\(7104-1)]
Mg+ k-1, ”°+’“ (—1)7 "m0 1
et S () e ()

~ M(ng+k—1)! ()Z* (—1)i7me Ll{ 1 }
 (neg—1)! — (7 —no)! (no + &k — j)! 54 JA

(o kDI (T L1
 (no— 1) Z(]—no) (no—l—k:—j)L {8+j)\}

J=no
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But

L {6—>\jt} — /6—st6—)\jtdt
0

oo

_ / o~ )t gy

0

e—(Aits)t o0

—(Aj +s)
1
ENED R
1
R

:>e_’\jt:L_1{ 1. }
S+ JA

0

Thus

I R e VL S o af 1
Bl = - Z(j—no>!<no+k—1>!L {Sﬂ“}

J=no

o+ k=R (-
_ >, ]

(no—l)! ]—no)'(no—i—k’—j)'

Jj=no

Multiplying the above equation by ]Iz—: yields;

. |n0+kf i - j*TLO ] |
P, (t) _ (nO +k 1) Z : ( 1) : e—jAt&
(ng —1)! = _(]—no)!(no—l—k‘—])!_ k!
_ (ot k1) ”i‘“ DG VTR I
(no—l)'k' e _(j—no)!(n0+kf—j)!_
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no+k
no+k—1 ZO+ - E o\
— —1‘7 no J
( ng—1 ) =1 J —ng ‘

Jj=no

no+k—1\" B\ oy
— _1] no J
( k )Z( ) j—no)"

Jj=no

Letting m = j — ng = 7 = m + ng implies

k
k—1 k
Puft) - (”Ont_l ) 1" (m) -
m=0
k

nO _'_ k - 1 —\t 0 m k —\t

— n -1 m
( ng — 1 )e Z( ) m ©

m

(B e

o

But n = ng+ k , hence

n—1

Pu(t) = (

>e"\t”° (1—e )" ™ n=mng,ne+1,m0+2,..
ng — 1

_ (no +: — 1>e‘*t”° (1 _e—At)k k=0,1, 2, 3, ..

Which is the negative binomial distribution with r =ng, p=e * and¢g=1—e*
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Method 2: Using the pgf approach

The basic difference-differential equations for the simple process birth process as defined
by equations (5.11a) and (5.11b) are;

0 (5.11a)
—nP,(t)+An—1)P,_1(t) n>1 (5.11b)

Fy(t)
P,(t)

Multiplying both sides of equation (5.11b) by 2™ and summing the result over n, we have
i P/ (t)z" = =\ i nP,(t)z" + A i (n—1)P,_1(t)2" (5.18)
n=1 n=1 n=1

Let G(z,t) be the probability generating function of X (¢) defined as follows;

G(z,t) = iPn(t)z"
n=0

= Py(t) + i Po(t)"

9 N
= aG(z,t) — nZ_OPn(t)z

S RSV
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We now simplify the three parts of equation (5.18) separately

Part I
iP’ (t)z" = 2G(z t) — Py(t)
il ot 0
Part II
A Z (n —1)P,_1(t)2" = \2? Z (n—1)P,_1(t)z"2
n=1 n=1
0
— V2
= Az aZG(z,t)
Part III
—)\inPn(t)Z" = —)\ZQG(Z t)
— 0z 7

Substituting the above results in equation (5.18) yields

8 / _ 2 (9 . g
aG(z,t) — Pi(t) = Az aZG(Z,?E) )\ZazG(z,t)
=Xz(z—1) %G(z,t)

But
Pi(t) =0
= %G(z,t) = Az(z—1) %G(z,t)
= %G(z,t) —Az(z—1) %G(z,t) =0
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Which is a linear partial differential equation. Appying Laplace transform to both sides
yields.

L {%G(z,t) —Az(z—1) %G(z,t)} = L {0}

L{%G@ﬁ}—kdz—”L{%G@ﬁ}zO (5.19)

But by the definition of Laplace transform

L{%G@ﬂ}z@@ﬁ)

[e.e]

0
_ —st
= /e _8tG(Z’t)dt

0

Using integration by parts

Let u = e % = du = —se™* and

dv = 2G(z,t)dt = v =G(z,1)

ot
Thus
L 2G(z t) e = e Gz t)!oo — ]O—se‘th(z t)
at ) ) 0 )
0
=[0—G(zt)] + S/e_StG(z, t)
N
G(z,s)

= 5G(z,5) — G(z,0)

Similarly



By Leibnitz rule for differentiating under an integral, we have

) d [,
L{&G(Z,t)} - %/e (=, 1)t
0

(. J/

G(z,s)

- 23 s)

z

With this now equation (5.19) becomes

sG(z,5) — G(2,0) — Az (z — 1) dii@(z, s)=10

sG(z,8) — Az (2 —1) diG(z, s) = G(z,0)

z

(5.20a)

Which is an ordinary differential equation.

The remaining task is to find a solution to this differential equation. Two methods are
considered.

e Dirac delta function approach

e Hyper geometric function approach
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Dirac delta function approach

Equation (5.20a) is an ODE of 1% order. It is of the form y’ + Py = @ where

G(z,0)

and © = Az (z—1)

— S
y—G(Z75)7P——m

Now the solution formula for such an ODE is given by

yedez:f+/Q€dez

Where f does not depend on the variable z but can depend on the s parameter which

implies that f = f(s) , in our case y is a function of z and s ,that is y = y(z, s) .

el P4z ig called the integrating factor. We first calculate the P integral.

/sz - /—ﬁdz

-~ [ ey

But using partial fractions
1 A B

z(z—1) z+z—1

Multiplying both sides by z (z — 1) yields 1 = A(z — 1) + Bz which holds for all values

of z . Setting z = 0, we have

1=A0—1)+ B(0)

Setting z =1, we have

Thus

1 1+ 1
z(z—1) z z-—1
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With this P integral becomes

— I

A

z

2—1‘

Thus integrating factor becomes

I.F = ¢l Piz

_ efiln

z—1
z

From above the general solution of the ODE is given by

yefpdz:f+/Q€dez

So substituting y, P and ) we obtain

- _S1p|2=1 G(Z 0) sy 21
In _ o ) In >
Clas)e _f(8>+/ Ae(z—1)° i o
- _S1p|z=1 G(Z O) sy z—1
In o o ) In ~
= G (z,8)e 2 = f(s) /—/\z = 1)6 A dz (5.20b)

We consider two cases
1. when X(0) =1

2. when X (0) = ng
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Case 1: When initial population X (0) =1
Recall that
G(z,t) =Y Pu(t)z"
n=0

= G(2,0) =) P.(0)2"
n=0
= Py(0) + P1(0)2 + Po(0)2% + ... 4+ Py (0)2™ + ...
but for the initial condition X (0) = 1, we have

P(0)=1, P,(0)=0 VYn#]1

5G(2,0) =2

With this equation (5.20b) becomes

G (et = po) = [ gy e

G(z,5) e "

z—1
z

= f(s) —/—A (Zl_ 1)eiln|:1|dz (5.21)

Now this looks like a complicated equation to solve, but at this juncture we can licitly
apply the inverse Laplace transform to both sides.

We observe that f(s) can be regarded as a Laplace transform of some unknown function f(¢)

Applying inverse Laplace transform to both sides of equation (5.21) we have from the

table of Laplace transform in chapter 2 or from examples 7 and 8 (see pages 38-39 )

1. e~ is the Laplace transform of the Dirac delta function 6(¢ — ¢)
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2. G(z,5)e® is the Laplace transform of G(t — ¢)n(t — ¢) where 7 is the Heaviside step

function.

In our case ¢ = %ln ‘Zgl |, With this equation (5.21) can be rewritten as

=G (z,8) e = f(s) — / ﬁe‘csdz

So all together inversely transforming both sides the above equation, we come to

G(z,t —co)n(t —c) :f(t)—//\ ! it —c)dz

(z—1)

s

Substituting the value of ¢ yields

1. |z—1 1
G(z,t—xln . Dn(t—xln

(5.22)

Now this is a pretty large equation but it can be simplified, but to do that we need to
make one big detour. We can free ourselves of this terrible integral by using the Dirac
delta function, but what we have is delta of function of variable z , so we need to first
simplify it to a common delta of variable. To do so, we shall use the following property

of delta function
$o(2) = X b (= ) (5.23)

Where ¢’ (2) is the first derivative of g (2) , z; is a simple root of g (2) such that ¢’ (z;) # 0.
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In our case g (z) =t — +1In|22|. To obtain the roots of g(z) we solve g (z) =0

=1 11
——In
A

=1 11
=—1In
A

z—1

-0
z

z

-1
:>t>\:lnz ‘

z
z—1
=
z—1

= e =

= et =+

z

First root

e =2-1

1=2—ze?

1=2z(1-¢")
Z1 =

1 —et?

Second root

z—1
oA

ze = — (2 —1)
1 =2+ ze
1:z(1+et’\)
)

T 14 e

Therefore
T 1t
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The next step is to determine

d 1 |z—1
"(z2)=— |t — <1
g () dz { A z H
~1d nlZ= 1
Ndz |2
Using the property % In f(z) = % we get
 (151)
/ dz | =z
g () =-5 ( =
A\
/(2) 1 z z—1| (5.24)
z)=—= :
J A\]z—1 z
Now remembering that |x| = xsgn (x) and sgn (z) = 2n(z) — 1, therefore
2 z z
= 2
z—l' z—lsgn<z—1) (5:25)

Also

z—l‘ z—1 (z—1>
= sgn
2 z 2

Where sgn is the sign distribution and eta is the Heaviside distribution .Hence

z—l’_ d |z—1
dz z

HERE)]) e

At this step we need to recall that

z

/ o\ On(z
NMhz) = W (2) 851>
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Use product rule of differentiation, we simplify equation (5.26) as follows Let

1 1 1
U= iU ==
z ya ya

-1
szn(z )—1
z
1 1
:277<1——)—1:>V':%77’<1——)
z z z

We now have

/

-1
Zz —U'V 4+ VU
sl () e ()]
ya ya VA VA VA
sgnzggl)
1 ~1 1 1
= () w2 ()0 (-2
z z z
-1 1 2—1 2—1 1
- :;Sgn( . >+2( = )5<1_;)

But
() =X gt =
Let |
9(2) =1~ %
g'(z) = %
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Solving for roots of g(z), we have

Hence equation (5.27) becomes
1 z—1 z—1
:;sgn( . )+2< = )5(2—1)

We now substitute equations (5.25) and (5.28) in equation (5.24) we have
z—1

9'(2)=_§(z_1 z /)
B R R OVt

[é <zz1)sgn(zz1)Sgn(z21)+2(zzi) (Z;)sgn(Z

z—1/

z

z

Recalling that we obtained the roots of ¢ (2) as

1 1

2l = T, R2 — Ty
1+ et 1— et

And the Dirac delta function is zero everywhere except when its argument is zero.
argd (z—1)=2z—-1
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For both roots, the delta term in ¢’ (z) vanishes because for it to exist it requires that
argument of delta function must be zero. That is

1
lT+etr

which is equivalent to e = 0 and that is never true in Mathematics since both A and ¢

O:Zz‘—lz 1

are non negative, so only one term remains after neglecting delta in ¢’ (z;). Therefore
1 1 z—1 z 2 z
! =—= o — 0(z—1
g ia) A[Z(z—l)sgn( z )Sgn<z—1)+225gn(z—1> 5 )}

sgn () sgn (y) = sgn (vy)

But

This implies that

1 1
/
g (21) = _z(z—l)}
1 1
/ P —
g (21) = A 1 <1 _1>
| 1+eM | 14ert
1 [ 1+ e ]
A ew — 1
1 1+ e
Y m
==
1 [ (1—|—e)‘t)2
B 1— (1+eM)
1 -(1+6>‘t)2
TN | —ex
(1—|—e”)2
T e
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1 1
g (z2) = —<
b (1)
1—ert \ 1—elt
o1 1—e ]
A el
1] 1—eM
Y 1-(1-eM)
[ 1—er
1 (1—6)‘t)2
B 1— (1 —eM)
1 -(1 — e’\t)z
- Y DY
(1)’
- et

Therefore ]

)\ez\t
But ¢’ (z;) must not be zero, and for the initial condition that is at ¢ = 0 the negative

d(z) =+ 1+

root makes ¢’ (z;) to be singular [¢' (z;) = 0] so that root needs to be discarded in the

summation only one root of z; is left and will be from now on z; = z;

It is now time to go back to equation (5.23)

$(9 () = X e (e —5)
I d(z—21)

9" (21)]

1 5 1
= Z e —
‘(1 + e,\t)2 1 1+ eM
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And this is the formula we searched all this time. We can now use the delta function to

eliminate the integral in equation (5.22) In doing so we need to recall that

/ F(2)6 (z — a)dz = f(a)

That is the integral of a function multiplied by a Dirac delta shifted by a units is the

value of that function at ¢ . With this we now have

_/ﬁé(t—iln z_lDdz://\( LAt s [z = (1+ )7 a2

z z—1) (14 eM)
Integral disappears and instead we get value of integrand for z =

_1
1+4etr

B 1 AeM
TAz—1) (1t e
B 1 e

Y @Y

e)\t

1+ e (e — 1)

6)\75

(1+ eM)? [M}

14et?

(14 eM)eM
(14 eM)*[1— (14 eM)]

(14 eM)eM
(14 eM)*[1—1—eM
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6)\1}

T+ [=e
1
(14 e

'./ﬁé(t—%lm )dz:—(1+e”)‘1

But this is not the end of our trouble, with the integral solved, our problem as in equation
(5.22) is reduced to
z—1 ; 1 |
——1In
z g A

1
G <t — —In
There is no harm if we make another substitution. Thus the final step towards the solution

z—1
z

S 1‘) — f(t)+ (147

z

A

is to change the variable from ¢ to

1 z—1
T=t—-1
A & z ‘
Multiplying both sides by A yields
—1
AT = M —In |2 ‘
z
—1
M=\ +1n |2 ’
z

Exponentiating this we get

z—1
z

e)\t — eATJrln

z

_ e,\Teln| z=1

_ 6)\T

z—1
z
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Remembering that for our root

1
T ien
:>z—1:1_1
z z
1
=1-
1
]
=1-[1+¢"]
— ot
._|_etx‘:_(_em>
z=1  z-1
z | z
C ot — T z—1
' z

-1
ﬁl—i—et’\:l—eT”\[z ]
z

Multiplying the last time in the right hand side by 1 = e yields

e—

-1 e—)\T
T =1 M2
+e e . oAT
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z—1
-

ze M — (2 1)
e AT

ze M — 241

o AT
1—2 [1 — e_)‘T]

- e AT
1—z[1—e?T
. 1 + 6t>\ — zz[e_/\Te ]

Described by T variable equation for G becomes

G(z,T)n(T):f(T—{—%ln Z;1D +<1+€t)\)_1
B 1 |z—1 1—2(1—€_>‘T) -
=f (T—i—xln . D + T ]

But we know that f does not depend on z

G(Z,T)U(T):f(T—I—%ln

z—w>+[1—zuzfﬁﬁ]_

21 1—z(1—e©)]"
z + 2e=A0)

When T = 0 it follows that

1

G (z,0)n (0) :f<O+Xln
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G(z,o>=f<§1n z;1)+ {1—2&1)—1)
:f<§m221)+{34
:f<§m221)+2

But knowing that

z:G(z,O):f(lln
1. |1z—1
(=) -

So we have finally eliminated f. Thus the solution is

1—z(1—eAT)]_1

Ze—AT

It follows that

G(z,T)n(T) =

Since T' > 0 it follows by definition of tau that n (7") =1

Thus we have

G(2,T) =

2o~ AT

1—zu—eAU]1

zefAT

- 1—2(1—e?T)

We can rewrite it in terms of ¢ as

Ze—At

T l—z(1—e )

G (z,t)
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Which by identification is the pgf of a shifted geometric distribution with parameters

p= efAt,q: 1 _efAt

The next step is to invert the pgf so that we may obtain P,(t). P, (¢) is the coefficient of

2™ in the expansion of G (z,t) .But

Ze—)xt

Gl =r e

=ze M [1 —Z (1 — e‘M)} !

[e.e]

= ze M Z [z (1 — e’)‘t)]n
n=0
— oM (1 _ e—At)” Sl

— N Z (1 _ 6—,\7&)”—1 on

n=1

oo
—1
_ Z e~ (1 _ e—At)" P
n=1
Therefore the coefficient of z™ is e~ (1 — e*’\t)nfl

Hence

P, (t) = e (1 — e_’\t)n_l n=123,..

Which is the pmf of a shifted geometric distribution
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Case 2: When initial population X (0) = ng

Recall that

but for the initial condition X (0) = ng, we have

Pno(o) = 17 Pn(o) =0 vn?'éno

5.G(z,0) =2

With this equation (5.20b) becomes

z—1
z

G(z,8)exm

- 2" —3In %
— f(s) _/—AZ =k 1= a2 (5.29)

The next step is to appy inverse Laplace transform to both sides of equation (5.29).
We observe that f(s) can be regarded as a Laplace transform of some unknown function f(¢)

Applying inverse Laplace transform to both sides of equation (5.29) we get from the

table of Laplace transform in chapter 2 or from examples 7 and 8 (see pages 38-39 )

1. e~ is the Laplace transform of the Dirac delta function §(t — ¢)

2. G(z,s)e® is the Laplace transform of G(t — ¢)n(t — ¢) where 7 is the Heaviside step

z—1
z

function. In our case ¢ = %ln ‘

With this equation (5.29) can be rewritten as
2"

= G (z,5) e = f(s) —/me_csdz
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So all together inversely transforming both sides the above equation, we come to

o

G(z,t—c)n(t—c):f(t)—/)\z C 5t —c)dz

(z—1)

Substituting the value of we obtain

1 z—1 1
— =1 — =1
G(z,t N — Dn(t 5 o

) (i

z ; 1‘) .
(5.30)

Now this equation looks complicated but it can be simplified with the help of the Dirac
delta function. See that what we have is delta of function of variable z , so there is need
to first simplify it to a common delta of variable. To do so, we make use of the following

property of delta function

5(g() =3 muz ) (5.31)

Where ¢’ (2) is the first derivative of g (2) , 2; is a simple root of ¢ (z) such that ¢’ (z;) .

In our case g (z) =t — 1+ In !%1‘ To obtain the roots of g(z) we solve g (2) =0

:>t—11
)\Il

=t 11
=—-1In
A

z—1

z
z—1
-
z—1
-
z—1
-
z—1
z

-

=tA=1In

= e =

= et =+
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First root

e =2-1

1=2—ze?

1:2:(1—60\)

Second root

Therefore

The next step is to determine

Using the property - 1In f(z) = J;/((;E))
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Now remembering that |x| = xsgn (x) and sgn (z) = 2n(z) — 1, therefore

z

z—1'zzi18gn<zil) (5.33)

z—l‘ z—1 (z—1>
= sgn
z z z

Also

Where sgn is the sign distribution and eta is the Heaviside distribution .Hence

z—l‘,_ d z—l‘

dz | =z
HERE)) e

At this step we need to recall that

z

, . on(z
Uh(z):h(z) g(h)

Use product rule of differentiation, we simplify equation (5.34) as follows Let

—1 1 1
z :1——:>U/:—2
z z z

1
V:2n<z )—1
z
1
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We now have

. =U'V+V'U
1 ~1 —~1[2 1
aln () e ()]
4 4 z z ya
Sgn(z;1>
1 ~1 ~1 1
= e () 2 () ()
VA Z zZ
-1 1 —1 —1 1
Zz :;sgn(zz )+2(223)5(1—;) (5.35)

But
1
d(g(2)) = 70 (2 — )
Let
1
et 1 —_ -
9(2) .
, 1
9'(z) = 2
Solving for roots of g(z), we have
9(z) =0
1
=1—-=0
z
l=-=2=
z
g9 (2) = 12
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Hence equation (5.35) becomes

/:%sgn <%1)+2<Z;31)5(z—1) (5.36)

We now substitute equations (5.33) and (5.36) in equation (5.32) we have
z—1

gl(z):_§(z—1 P /)
(e (5) [5 (55) 2 (57 s}

[é (Zzl)sgn(zz1)Sgn(221)+2(zzi) (z;1>8gn<zi1)5(z_l)}

z—1

z

z

Recalling that we obtained the roots of ¢ (z) as

1 1
- 1+et/\’z2: 1 —et?

And the Dirac delta function is zero everywhere except when its argument is zero.

21

argd(z—1)=2z—-1

For both roots, the delta term in
g ()
vanishes because for it to exist it requires that argument of delta function must be zero.

That is
1

0=z —1=—"—
& 1L e

which is equivalent to e"* = 0

which can’t be true since both A and ¢ are greater than zero. Therefore only one term
remains after neglecting delta in ¢’ (z;). Therefore

/=5 e () w () e () ey
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But
sgn () sgn (y) = sgn (zy)

o (o ()~ [ (2) ()

This implies that

Al 1 (1 g
| 1+ert \ 14ert

o1 e ]
1| 14eM
TN | (1)
iR

1] (14 e)?

ToA|1=(1+eM
1[(1+eM)?
T —ev

(1 + e’\t)2
et
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11—t
e — 1)
1| 1—eM
S\ 1-(1-eXt)
L 1-elt
1 (1— e)‘t)2
B 1—(1—eM)

Therefore

But ¢’ (z;) must not be zero, and for the initial condition that is at ¢ = 0 the negative
root makes ¢’ (z;) to be singular [¢’ (z;) = 0] so that root needs to be discarded in the

summation only one root of z; is left and will be from now on z; = z;
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It is now time to go back to equation (5.31)

$(9(9) = 3 e e - %)

o)
— z —
‘(1 + 6)\t>2 ,\1)\t 1 + BM

/\6/\75 B
= mé [z — (1 +e’\t) 1]

We now use the delta function to eliminate the integral in equation (5.30) In doing so we
need to recall that

/fuww—nmx:ﬂw

That is the integral of a function multiplied by a Dirac delta shifted by a units is the
value of that function at a . With this we now have

2" 1. |z2—1 20 et 1
— sle— 2 — §lz—(1+eM d
//\z(z—l)é(t SNl D dz /)\Z(z—l) (14 eM)? [2 (1+¢e) ] :

Integral disappears and instead we get value of integrand for z =

1
14-etr

Thus

dz =

z Az (z-1) (1+ ekt)2 ’Z:H»let)\

P 1
/)\z(z—l)d(t_xln

z—1 D 2"0 e

1\
<1+e“‘ ) et

() (1) 0
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(1 + 6t/\)_no (1 + eAt) 6/\t
(14 eM)? (H{iﬂ - 1)

(14 €)™ M
(14 ) (e — 1)

(1 + et’\) M0 Xt
1— (14 €M)

(1+e?) ™ e
_ekt

=—(1+eM)™™

"o 1
= ——=o0(t— <1
/ Az (z—1) < A
But this is not the end of our trouble, with the integral solved, our problem as in equation

(5.30) is reduced to
2! t— 1 In
z 7 A

1
G t——1
o
Making another substitution. We let T' = t — %ln ‘Zz;l| . Multiplying both sides by A
yields

z—1
z

z

Z”D =fO)+ (e ™

AN['= )Xt —1In

z

z—l‘

M=)+ 1n
z

Z—l’
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Exponentiating this we get

z—1
A — eATJrln‘

z

z

_ e)\Teln| z=1

_ AT

z—l‘

Remembering that for our root

Multiplying the right hand side by 1 = £4r we have

e—

—1 e AT
T =1 M2
+e e . AT

z—1
=1- {—AT]
ze M — (2 1)
- PV
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ze M — 241

ST
1—2 [1 — e*)‘T}
- o T
1—2 [1 — e*)‘T}
Sttt = g

Described byT" variable equation for G becomes

1

G(z,T)n(T):f(T—i—Xln 21

D + (14
2—1D . 1—2(1—6AT)]”°

:f(T-I—lln

2o~ AT

A

But we know that f does not depend on z

G(z,T)n(T)zf(T—i—%ln

z—1 1—2(1—6*)‘T) o
z + ze= AT

z—1 1 —z(l—e_)‘(o)) o
z + ze—A0)

When T = 0 it follows that

1

G(z,O)n(O)zf(O—i—Xln

But 7 (0) = 1 hence

G(z,o>=f(§1n -1 ) . {M}

1 z—1 1]
-7 (zm[=H) + 3

1 -1

But knowing that




It follows that
z—1

1
f(xln ):0

So we have finally eliminated f. Thus the solution is

1—z(1- e_’\T)] o

G (2, T)n(T) =

2o~ AT

Since T' > 0 it follows by definition of tau that n (T") = 1

Hence

G(z,T) =

Ze—AT

- ze_’\T "o
T 1—z (1 =)

1—2(1—6—”)]_"0

We can rewrite it as

1—2(1—eM

Which is the pgf of a negative binomial distribution with parameters r = ng, and p = e

We now obtain P, (t) as follows;
P, (t) is the coefficient of 2" in G (z,t)

But G (z,1) is of the form

oo (25)"

= (2p)"" (1 = 2¢)7"™
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Letting n = ng + k£ implies

o0

n—1 —ng n
G(zt)=p™ ) (n_no)q" 0z

n=ng

pno(n_1>qn—no
n—"ng

But p = e * and ¢ = 1 — e~ implying that

P = (

Thus the coefficient of 2" is

:_nl) (e—At)no (1_e—>\t)n—no n:no,n0+17n0+27m
— 1o

or

P, (t) = <”°+:_1) )™ (1—e™) k=012

Which is the pmf of a negative binomial distribution
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Hyper geometric function approach

We had from equation (5.20a)

This can be rewritten as

d — s

EG (z,5) (5.37a)

which is an ODE of first order.

Using the Integrating Factor technique it follows that

s s 1
]F o ef /\z(l—z)dz o eif z(1—2)

By Partial Fractions, We have
1 A B

m z * 1—=2
Multiplying both sides by z (1 — z) yields
1=A(1-2z2)+ Bz
Which holds true for all values of s Setting s = 0 we have
1=A1-0+B((0)=A=1

Setting s = 1 We have
1=A(1-1)+B(1)=B=1
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Thus

/ 1_Zdz—/ —dz +

lnz—ln 1—2)

:ln(ljz>

Multiplying both sides of equation (5.37) by the integrating factor yields

(12) diza<2 s+ (1iz>iAz(18—z)a(Z’s): (1jz>ixf(<1zf))z)

d . 1G(2,0

< z G(z9)| = ZA—(z’}

dz |\1—=z )\z<1_z)>\+1
Integrating both sides with respect to z we have

/%[(1iz);a(2,8) dz:/MdZ

Az (1—2)3 "t

( . )Amw):%/z”&@ (5.37b)

269



We consider two cases

1. when X(0) =1

2. when X (0) =ng
Case 1: When initial population X(0) =1
Recall that

G(z,t) = Pu(t)2"

= G(’Z? 0) = an(O)Zn
n=0
= Py(0) + P1(0)2 + Py(0)2* + ... + B, (0)2™ + ...
but for the initial condition X (0) = 1, we have

P0)=1, P(0)=0 Vn#1

2G(2,0) =2

With this equation (5.37b) becomes

z S 1 ZXz
<1_z) G@’S)—x/m_—z)wdz

z X 1 Zx
(75) Beo=5 [ e

We first simplify the right hand side as follows Recall that

/ z° I 2SR (a+1,a+ 150+ 2;2)
(1

= + constant
—x)"*! a+1
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Where oF) (a 4+ 1,a + 1;a + 2; x) is the gauss hyper geometric function

Thus

/ ELS O EZSE TSN O T D Sk
( A S

Where ¢ is a constant of integration. Using this in equation (5.38) We get

( Z >§@(2 9= [Ziﬂ 2F1 (R + L+ L3 +22)
D

sS4

( P )Aé(z 2 = AT LR (541,54 154 2;2)
1—2 ’ AE+1)

&1

A

But
2F1 (CI')b;C; Z) = (1_2)0*60*5 2F1 (c—a,c—b; G Z)
We now use this property to simplify the term
S s s
F (— 1,241,240 )
211\ + \ + \ + 2z

Here
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s
=3 Q—X—lzl
c—b=S+2—(3+1)
:§+2—§—1=1
c—a—b:§+2—<§+1>—<§+1>
:§+2—§—1—§—1
__5
A
Thus
o Fy <§+1,§+1;§+2;2)=(1—2)7§ 2F1 <1,1

With this equation (5.39) becomes

A

;£+2;z

11—z A(341)

AT (1—2)72

( Z )Aa(z,S) B [Ziﬂ(l_z)A 211 (1,155 + 2:2)

= o (1,1;£+2;z>

A+ A
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But since for all ¢, z < 1; G(z,t) <1, It follows that ¢; =0

Thus
— z
G <Z7 S) = m
R (1,1, 42 z> (5.40)

But according to Euler the Gauss hyper geometric series can be expressed as

abr a(a+1)b(b+1)z* a(a+1)(a+2)b(b+1)(b+2)z?
HPETI clc+1) o c(c+1)(c+2) 3!

Where a, b and ¢ are complex numbers and
k—i
Ha—i—z ala+1)(a+2)(a+3)...(a+k—1)
=0

Thus Letting a = 1,b =1 and ¢ = § + 2 implies
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a(a+1)b(b+1)£+

\

22

+ ..

( b
L+ Ta+ o 2
) =F(a,bcz) =
a(a+1)(a+2)b(0+1)(b+2) 23 4
\ c(c+1)(c+2) 3! )
PN 212! 2_2 N 313!
(3+2 G+2)GE+3)2 G+2)E+3) G+ 3
14 z N 2122 n 3123
G+2 G+2)G+3) G+2)GE+3)(G+9)
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With this equation (5.40) becomes

S
G(Z,S):W 2F1 (1,1,X+27Z>

. B 91,2 3123
:W{” G2 G+)G+3) G+ G+3)(G+a) +}

oz {1+ z n 2122 n 3123 N }

T T GG GGG

oz {1+ z N 2122 N 3123 N }
s+ T(s4+2X0) 5 (s+2N)(s+3X) 5 (s+2X) (s+3N\) (s +4A)

z " ZA n 2122 )\2 n 3123\3 n
s+ A (5+2\)  (s+2\)(s+3))  (s+2\)(s+3N\)(s+4)) 7

( 2\ 21z3)\2 )
Sj—)\ + (8+A§(S+2A) + (s+)\)(sf2)\)(s+3>\)+
G(z,8) = 3
312403
\ GV (2N (BN (1) T ,

Applying inverse Laplace transform to both sides We get
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( 2\ 21232 )
s W A Py T, VB e VTGN VT owE: Sy
LG (zs)}=L"

312403
\ AN (2N (BN (s ,

Gl =17 {sjA},+f_l{(s+A§2<2+2A>}+L_1 {<s+A> <s2!+z?;> <S+3A>},

(. J

P;;t[ Pa;‘rtII Pa;t,II[
L 31z4\3 n
ALV (53N (s+an [
Pa;‘trIV

The next is to simplify the four Parts of the above equation

Part 1

Miscellaneous Method

By the first shifting property

L{e g (1)} = F(s +a)
and L{1} =

—_

s
S L{e) = —

S+ a

Letting a = A , we have
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Use of tables

1 z I 1
L {5+A}ZL {5+A}

The Laplace transform of f(t) is of the form

k
L{f(t)} =
oy = ——
Which from the table is the table of transform pairs yields
f(t) = ke
In our case k =z, a = —A\
z
L—l _ At
{ s+ A } =
Part II

L { (s + 52 +2)) } = { (52 ts 2 }

Complex Inversion Formula

The function )

(s+\) (s +2))
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has simple poles at s = —\ and s = —2\
Its residues are given by

At the pole s = — A\

est
—q = 1 )\
a-i = lim, (s + )(3+A) (s +2\)

€St

li
s—1>111)\ s + 2\
e~

A+ 2\

efAt

A

Similarly at s = —2A

est
¢ s (s +2) (s+A)(s+2X)

est

lim
s——2\ § + A
e—?)xt

—2X+ A

67)\t

—-A

Thus
o—2)t —\t

. 1 B e e Y
L {(s+)\)(s~|—2)\)}_za_i_ R Sl Gl

O e
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Part 111
1 2123\ o13h27 -1 1
L {(5+)\)(s+2)\)(s+3)\)} = 2ENL {(s+)\)(s+2)\)(s+3)\)}

The function ]

(5+A) (5 +2\) (s + 3)\)

has simple poles at s = =\ s = =2\ and s = —3\
Its residues are given by

At the pole s = —\

6st
_; =1l A
ai = lim s+ )(s—l—)\)(3+2)\)(s+3)\)

6st

;
S (5420 (s + 3N

e—)\t

(“A+2\) (=A + 37)

efAt

2 (2))

efAt

~ 22

For s = =2\

st

€
=i 27
a-i= M (s+ )(3+A) (s+2X\) (s + 3N)

st

e

y
=2x (51 A) (5 + 30
6—2)\15

(—2A+ A) (=2 + 3))

e—2>\t

EYOY

6—2)\15

= _AZ
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Similarly at s = —3A

est

_i= i A
“ SJI_%A(SJF?’ >(s+)\)(s—|—2/\)(s—|—3/\)
i est
5 (s+A)(s+2X)
o3t

(=3A+A) (=3X+2))

6—2)\15

T 20 (=N

6—2)\15

o

Thus
1 efz\t 672)\t 673)\1&
Lt = = —
{(s+/\)(s+2>\)(s+3>\)} 2.0 = 5pE ~ e T g
-\t
= ;!—)\2 (1 —2e™ M+ 6_2)‘t)
e~ M a2
“oe (=)
2) 1
Lt i — 2N\L7! { }
{(3+A)(s+2x)} : (s+ M) (s +2\)
efAt
2 pa— (1 — e_’\t)
— ZQG—)\t (1 o e—)\t)
Part IV

1 RIPAP ot An 1 1
{(s+>\)(s+2A)(s+3A)(s+4A)}?’!ZAL {(s—l—/\)(5+2>\)(3+3)\)(5+4)\)}

The function .

(5+A) (5+20) (5 + 3\) (s + 4\)
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has simple poles at s = =\ s = =2)\ s = —3X and s = —4\
Its residues are given by At the pole s = —\

I A o
ai = lim, (s+4) (5+ M) (5+2\) (s +3\) (5 + 4N
est
= lim
s (54 2X) (s + 3XA) (s + 4N)
e—)\t

(A +20) (A 130 (—A+ 4))

e—)\t e—)\t

X(20) (3)) A3

Similarly at s = —2\

st

a_;= lim (s42)\) ‘

s—r—2A (s+ X)) (s+2X) (s+3X) (s +4)N)

est

;
o (54 A) (5 + 3X) (5 + 40)
6—2/\t

(—2X 4 A) (—2X + 3X) (=2 + 4))

6—2)\t 6—2/\t

AN (2)) 0 =32l

Similarly at s = —3\

st

a_; = lim (s+ 3\) ‘

s——3X (s4+ X)) (s+2X) (s+3X) (s +4)\)

est

y
B (51 A) (5 + 20) (5 + 4N)
673)\15

(—3A+ A) (=3 + 2X) (=3X + 4))
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—3)t

=2XA(=A) (V)
e—3>\t
~ a2
Similarly at s = —4\
est
= AN\
A= i ) T G o T e 5 E Ay
est
= lim
s=>—a\ (s + A) (s 4+ 20) (s + 3))
6—4)\t
T (CANEA) (—4AX +20) (4N + 3))
e—4>\t
=30 (=20 (=)
e—4>\t
~ A3
Thus
-1 1 Za B e~ 2t N e~ 3At B At
(5 4+ A\) (5+2X) (s 4+ 3X) (s +4)\) - 3'>\3 2003 T 2103 3IN3
;1)\3 (1 3N | 32N _ 6—3,\t)
efAt B 3
g 17

3124)3

-1 _ 4y37—1 1
L {(sH)(s+2A)<s+3A)(s+4A)}_3!“L {(s+/\)(s+2/\)(s+3>\)(s+4)\)}
—At

— 3[24)\33|/\3 (1 - e*)\t)3

— AN (1 _ e—)\t)3
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Consolidating the above results we get

Gzt)=ze M+ %M (1—e™) + 2% M (1—e™) + 2% (1- e—/\t)3 -
e e e e (T I

geome;‘?cseries
1
_ —At
- 1—2(1—eM)
Zef/\t
G (zt) = =

M and

Which by identification is the pgf of a shifted geometric distribution with p = e~
g=1—e* . Thus

Prob[X (t) =n]=pq" ',n=12,....

Alternatively, P, (t) is the coefficient of 2™ in G (z,t) .But

oM
Gt =T g e
= ze M [1 —z (1 — e”\t)]fl
= ze M Z [z (1 — e’)‘t)]n
n=0

— N Z (1 . e—At)” Ll
n=0

— oM Z (1 . e—)\t)”_l on
n=1

_ Z oM (1 . 67)\1})"_1 on

n=1

Therefore the coefficient of 2™ is e~ (1 — e_At)n_l
Hence
P = (=) =12

Which is the pmf of a shifted geometric distribution
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Case 2: When initial population X (0) = ng
Recall that
G(z,t) =) Pu(t)z"
n=0

= G(z,0) = an(o)zn
n=0
= (0) + P1(0)z + P2(0)22 + ..+ P (0)2"0 4 ...
but for the initial condition X (0) = ng, we have

P,,(0)=1, P,(0)=0 VYn#ng

5G(z,0) = 2™

With this equation (5.37b) becomes

5 \x_ 1 S3+no—1
=— | —— 42
<1—z) G (z,5s) A/(l_z)ﬁldz (5.42)

We first simplify the right hand side as follows. Recall that

ot atr | 2F1 (@,a+ 150+ 7+ 1;7) ofi(atlatrtliatr+ 2o
———dr == Tz
(1_33)(1 a+tr CL+T+1

+ constant

Where oF (a,a+r;a+7r+ 1;2) and oF) (a+ 1,a+ 7+ 1;a+ r+ 2;x) are gauss hyper

geometric functions
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With this, we have

2F1(§,§+n0;§+n0+1;z)
s s T+n
1 Z§+n071 d Zx+n0 A 0 + Co
N B Z = -~
YTt A A
2P ($41, 5400+ 155 +n0+252)
o gt

where ¢, is a constant of integration

But
oF1 (a,byc;2) = (1 — Z)C_a_b oFy (c—a,c—b;c;2)

We now use this property to simplify the terms in the RHS, We start with

s S s
oI (X,X+n0;x+n0+1;z>
Here
S s S
(sz, bzx—i-no, c:x+n0—|—1

s+ 1 S
c—a=—+n - =
P A

:7’LO+1

c—b:£+n0+1—<£+ng)

A A
S S
:X+n0+1—x—n0
=1
S S
c—a—b:X+n0+1—X—<X+no>
S S
B W W
S
=1 —
A
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Thus

£,£+n0;£+n0—|—1;z> =(1-2)""% 2R (no—l—l,l;f—l—no—i—l;z)

ﬂq(x A A A

Similarly for

2Py (5415 +mo+ LS +mo+2:2)
We have
azf—i—l bzi—i—n +1 c:i—i—n +2
)\ ) )\ 0 ) )\ 0
S S
a5 0)
c—a )\+no+ )\+
S S
S 22 4
N Tretemy
:no—l—l
S s
=2 2—(— Q
C /\—|—n0+ >\+n0+
S S
S 2% -1
>\+n0—|— \ N
=1
S S S
= (o) (e
C a )\—F?’Lo—i— )\+ )\+n0+
S S s
S y A DA |
N Tretemy N
__3
D
Thus
S S s s s
2F1<X+1’X+"°+1;X+”°+2;2):(1_2) A 2F1<n0+1,1;x+n0+2;2’
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Using the above results, We get

( _s
(1—2)1 A 2F1(n0—|—1,1;§+n0+1;z)
S s é""77/0
1 zatno—1 i o A N C
A=)t A ) A
Z(l—z)_X 2F1(ﬂ0+171;§+n0+2;2)
k §+Tlo+1 )
Therefore

)

( _s
(l—z)1 A gFl(n0+1,l;§+n0+l;z)
%""ﬂo +

Zatno Co
= 4+ =
A . A
Z(l—z) A 2F1(n0+1,1;§—|—n0+2;z)
\ §+n0+1 y,
(1-2) 2F1(no+1,155+no+1;2)
s _ s §+n
2T (1 — 2)7A AT e
N A A

2F1 (n0+1,1,§—|—n0+2,z)
%‘Fﬂo‘i’l

(1—2:) 2F1 (n0+1,1,§+n0+1,z)
30

Z2F1 (n0—|—1,1,§+n0+2,z)

§+n0+1
(1-2) 2P (no+1,155+n0+1;52)
$+no _s
A
J— Z”O CQ z A
2 F1 (n0+1,1;§+n0+2;z)
§+n0+1
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But since for all ¢,z < 1 we have G (z,t) < 1, It follows that ¢ =0
We thus have

al 2" _(1_2) 2F1(n0+1,1;§+n0+1;2)+ 2F1(n0+1,1;§+n0+2;z)_
- N z
A i‘i‘no §+n0+1

2Mo _<1—Z) 2F1 (n0+1,1,§+n0+1,z) 2F1 (n0+1,1,§+n0+2,z)_
B 1 +z 1
A 1 (5 + Ang) 18+ A(no +1)]

z"o )\(1—2) QFl(n0+1,17§—|—no—|—1,Z) 2F1<7’L0—|—1,1,§—|—7’L0+2,Z>
— + Az
A (s+)\n0) [S‘F)\(%Q‘i‘l)]

Az | (1 —2) gFl(n0+1,1;§+n0+1;z)+ gFl(n0+1,1;§+n0+2;z)
= 2z
A (s 4+ Ang) [s + A(no+1)]

o F (n0—|—1,1;§+n0—|—1;z) N oy (n0+1,1;§+n0+2;z)

- [(1 =) (5 + Ano) : [s + A (no + 1))

But according to Euler the Gauss hyper geometric series can be expressed as

(o) = 30 OO

(©) K

k=0

_1+a_b£ afa+D)bd+1)a* a(a+1)(a+2)bd+1)(b+2)a®
B c 1 cle+1) 2! cle+1)(c+2) 3!

Where a, b and ¢ are complex numbers and
k—1i
Ha+z ala+1)(a+2)(a+3)...(a+k—1)
=0

We shall use this property to simplify the terms in the RHS For

s
o [y (no +1,1; +

1;)
)\+n0+ z
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Thus Letting a =no+1b=1and ¢ = 3 +ng + 1 we have

F(n0+1,1;§+n0+1;z> = F(a,b;c; z)

a(a+1)b(b+1) 22

1+ c(c+1) %—i_

YR
o £

7 1

a(a+1)(a+2)b(b+1)(b+2) 23
c(e+1)(c+2) 3!

+ ...

(no+1)z (no+1)(no+2)2! Z—2+
$+no+l)  ($4n0+1) (5+n0+2) 2!

1—|-(

(no+1)(no+2)(np+3)3! £_|_
(3+no+1)(3+no+2) (3+no+3) 30 © 7

(no+1)z (no+1)(no+2)2>

1+

+

$sFAmo+1)] T SlsHA(no+1)][s+A(no+2)]

(no+1)(no+2)(ng+3)2>

3 [sHA (Mo +1)][s+A(no+2)][s+A(no+3)]

(no+1)Az
s+A(no+1)]

(no+1)(no+2)A222
s+A(no+1)][s+A(no+2)]

1+ +1 +
S
.'.F(n0+1,1;—+n0+1;z> =
A
(no+1)(no+2) (ng+3)A323

[s+A(no+1)][s+A(no+2)][s+A(no+3

—— N ———  ————

Similarly for

S
2F1 <n0+1,17x+n0+2,2>

We let a =nog+1b=1and c = § + ng + 2 which implies that
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F<n0+1,1;§+n0+2;z> = F(a,b;c;z)

a(a+1)b(b+1) 22

1+ ! + c(c+1) 2! +

|5
}—‘lN

a(a+1)(a+2)b(b+1)(b+2) 23 +
c(c+1)(c+2) 3!

1 (ng+1)z (no+1)(no+2)2! Z_2+
($4+n0+2)  (3+n0+2)(3+no+3) 2!

(no+1)(no+2)(no+3)3! i_l_
(3+n0+2) (3+no+3) (5+no+4) 30 7

(no+1)(no+2)2>
528+ A(no+3)][s+A(no+4)]

(no+1)z

1+ %[s—&—/\(no—i—Q)}

_|_

(no+1)(no+2)(no+3)2>
)\% [s+A(no+2)][s+A(no+3)][s+A(no+4)]

(no+1)Az
s+A(no+2

(no+1)(no+2)A222
s+ A (no+2)][s+A(no+3)]

s
,',F(no—l—l,l;x—l—no%—Z;z) =

—— Y ———  ————

(no+1)(no+2)(ng+3)A32>
[s+A(ng+2)][s+A(no+3)][s+A(no+4)]

+ ...
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Using the above results, We get

% 2F1 (n0+1,1,§+n0+1,2)+
G (z,8) = 2"
MTU] 2F1 (n0+1,1,§+n0+2,2)
( (nog+1)\z (no+1)(no+2)A\222 )
. N P Ycresy Ragl en v ayeny) FES YT
(s+Ang) o +
(no+1)(no+2)(ng+3)A32> 4
[s+A(no+1)][s+A(no+2)][s+A(no+3)] *
= "o
(ng+1)Az (no+1)(ng+2)\?22
L+ it T A s3]
[s+A(no+1)]
(no+1)(no+2)(ng+3)A323 +
L [s+A(no+2)][s+A(no+3)][s+A(np+4)] )
( 1 + (no+1)Az + (no+1)(ng+2)A\222
(s+Ang) © (s+Ano)[s+A(no+1)] * (s+Ano)[s+A(no+1)][s+A(no+2)]
(1—2)
+ (no+1)(no+2)(ng+3)A323 +
(s+Ano) [s+A(no+1)][s+A(no+2)][s+A(no+3)] v
— .m0 [ 1 (no+1)Az ]
? e D] T A F T e
(no+1)(ng+2)A\222
+z FESYCYESY) | (RS ares)) A ycre:)
(no+1)(no+2)(ne+3)A323 +
L | [s+A(no+1)][s+A(no+2)][s+A(no+3)][s+A(no+4)] * "
From this it follows that G (2, s) is of the form
G(z,8)=2"[(1—2)A+2B] (5.43)
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Where

(

(ng+1)(ng+2)A\%22 )

(ng+1)Az 4
s+Ang)[s+A(ng+1)][s+A(ng+2)]

s+Ang)[s+A(ng+1

1
(s+Ang

)T T I

(n0+1)(n0+2)(n0+3))\323 +
L (s+Ang)[s+A(ng+1)][s+A(ng+2)][s+A(ng+3)] e J

and

( 1 (no+1)Az \
ESYCEsy I RS es y) reny v

N (no+1)(no+2)A222
B = e DI Ao s o3 T

(no+1)(no+2)(ng+3)A323 +
C[s+A(no+1)][s+A(no+2)][s+A(no+3)][s+A(no+4)] * ")

The next step is to apply inverse Laplace transform to both sides of equation (5.43).

LG (z,8)} =L {z™[(1-2) A+ zB]}
=2"[(1—2) L' {A} + L™ {B}]

LGz t)=2"[(1—2) L7 {A} + L7 {B}]

Various methods can be used, We shall however use the complex inversion formula . For

convenience purposes We deal with A and B separately.
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Dealing with A

1
(s+Ang)

LA =1

(no+1)Az
s+Ang) [s+A(no+1)]

(n0+1)(n0+2))\2z2
(s+Ang)[s+A(no+1)][s+A(no+2)]

+1 +

(no+1)(no+2)(ng+3)A%23
+ (s+/\n0)[s+§(n0+13}][s+/\(210+2)][S+)\(n0+3)] AR

-1 1 -1 (no+1)Az
L { (s+Ang) } + L { (8+)\n0)0[s+)\(n0+1)] } +

-1 (no+1)(no+2) 222
= L {(5+>\n0)[sOJr)\(noSrl)][er)\(noJrQ)]} +

-1 { (no+1)(no+2)(ng+3)A3 23 } 4
i (s+Ang) [s+A(no+1)][s+A(no+2)][s+A(no+3)]

We again simplify the above first four terms separately
First term

From the table of transform pairs

Second term

71 (no+ 1) Az B . 1
L {(s+>\n0)[s+)\(n0+1)]} = (o + 1)L {(s+)\n0)[s+)\(no+1)]}
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The function .

(s + Ang) [s + A (no + 1))

has simple poles at s = —Ang and s = —A (ng + 1)
Thus its residues at each pole are obtained as follows

At s = —Ang

: (s+ Ang) e
a_; = lim
s=—xno ($ 4+ Ang) [s + A (ng + 1)]

6st

= 1
s%lfn)-\lno [S —+ )\ (no + 1)]
e*)\not

e*)\not

" [“Ano + Ang + A

67/\n07f

A

Ats:—)\(n0+1)

: s+ A(ng+1)] e
a_; = lim
s==A(no+1) (s + Ang) [s + A (no + 1)]

€St

lim @ ——
s—=—X(no+1) (S + /\no)
e—/\(no—l—l)t

[—A(no + 1) + Ang|

e—A(no—i-l)t
[—)\Tlo -+ )\’I”L()]
e—)\(no-‘rl)t

—-A
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Thus

LA{w+MmbiAmeﬂ}:§:Li

67)\77,025 67}\(77,04»1)1‘/
D)
—Angt
= ¢ 3 (1 — e‘”)
Therefore
_ + 1) )\Z —)\not B
L (no = 1) A 1—e™M
{(s+)\no)[s+)\(no+1)] (o +1) A2 (1=e™)
= (ng + 1) ze~ ! (1- e”\t)
Third term

71 { (no + 1) (ng + 2) A2
(s 4+ Ang) [s+ A(no+ 1) [s+ A(ng+ 2)]

} = (no + 1) (ng + 2) A?2%x

-1 1
. ﬂwdmm+Mm+mw+Mm+m}

The function )

(s+Ang)[s+ A(ng+1)][s+ A(ng + 2)]

has simple poles at s = —Ang ,s = —A(ng + 1) and s = =\ (ng + 2)

Thus its residues at each pole are obtained as follows At s = —Ang

I (s + Ang) €
a_; = lim
s—o—Ano (8 + Ang) [s + X (ng + D)] [s + A (ng + 2)]

est
pu— l.
om0 [s - A (o + D] [5 + A (10 + 2)]

67)\n0t
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€_>\n0t

[—Ang + Ang + A] [=Ang + Ang + 2]

e*)\not
YN
67)\7101‘/
~ 2
At s=—-A(ng+1)
4= Lm [s + A (ng + 1)] e

s==A(no+1) (8 4+ Ang) [s + A (no + 1)] [s + A (ng + 2)]

est

p— l.
HJ%OH) (s 4+ Ang) [s + A (ng + 2)]

6—/\(n0+1)t

[—A(ng 4+ 1) + Ang) [=A (nog + 1) + A (ng + 2)]

e—)\(no-i-l)t

[—Ang — A+ Angl [—Ang — A + Ang + 2]

e—)\(no-l-l)t

VG

67A(n0+1)t

_AZ
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At s = —A(ng+2)

[s + A (ng + 2)] e

=i
¢ HJ%OH) (s 4+ Ang) [s+ A(no+ 1) [s+ A(ng+ 2)]
est

= lim

s=—A(no+2) (8 + Ang) [s + A (ng + 1)]
e—)x(no+2)t
A (no 4 2) 4 Ang) [ (no + 2) + A (ng + 1)]
e—)\(n0+2)t

T 2o — 22+ Angl [“Ang — 2X + Ang + A
e—)\(no+2)t

Y ESY)
ef)\(n0+2)t

T

Thus

—1 1 B

e—)\’not €—>\(7L0+1)t e—)x(?’bo-‘y-?)t

)
—Anot
= e/\zl (1 —2e M 4 6_2’\t)
€—>\n‘0t 9
= 1-— e_)‘t)
22! (
Therefore
B + 1) (no + 2) A222 e—)\not B 9
L 1 (no —_ 1 9 )\2 2 1 — At
{(s+)\n0)[s+)\(n0+l)][s+>\(n0+2)] (m0 +1) (o +2) X" =5 (1= ™)

22 2
:(n0+1)(n0+2)§e Anot (1 — g™

Fourth term
o { (no + 1) (ng +2) (ng + 3) A323
(s+Ang)[s+ A(no+ D] [s+ A(ng+2)] [s+ A(ng + 3)]

} = (ng + 1) (ng 4+ 2) (ng + 3) A\32*

-1 1
<L {(s+)\n0)[s+)\(ng+1)][s+)\(n0+2)][s+)\(ng+3)]}
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The function

1
(s+Ang)[s+A(no+ D] [s+ A(ng+2)] [s+ A(ng + 3)]

has simple poles at s = —Ang ,s = —A(ng+ 1), s = —A(no+2) and s = =\ (ng + 3)
Thus its residues at each pole are obtained as follows

At s = —Ang

o= lim (5 + Ang) ”
T s no (5 Ang) [s+ A (ng + D] [s + X (no +2)] [s + A (ng + 3)]

est

- ilglno [s + A(no +1)] [s + X (ng +2)] [s + A (ng + 3)]

e—)\not

ef)\not

X (20 (3N)

efAnot

©A33!

At s=—=A(ng+1)

0 —  lim [s +A(no +1)] e
T s Amo+) (8 Ang) [s A (ng + 1D)] [s + A (no +2)] [s + A (ng + 3)]
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€St
p— 1‘
s—Amo+D) (5 - A10) [5 + A (1o + 2)] [ + A (mo + 3)]

e—)\(no-‘rl)t

=X (1o + 1) + Ag) [=A (0 + 1) + X (mo + 2)] [=A (0 + 1) + A (10 + 3)]

e*/\(n0+1)t

e—)\(no-i-l)t

BYSSIEN

e—A(no-l-l)t

—A32!

AtS:—)\(n0+2)

lim [s+ A (ng + 2)] e
s=—Ano+2) (s + Ang) [s + A (ng+ 1)] [s + X (no + 2)] [s + A (ng + 3)]

a_; =

est
= ]_.
HJ%W) (s 4+ Ang) [s+ A(ng+ 1)] [s + A (no + 3)]

efA(no+2)t

[=A(no +2) + Angl [=A (ng + 2) + A (no + 1) [=A (ng + 2) + A (ng + 3)]

e—/\(no +2)t

T [=Ano — 2X + Mgl [“Ano — 2A + Ang + A [ Ang — 2\ + Ang + 3]

67}\(TL0+2)25

S SYESYP)

€_>\(n0+2)t

A32!
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At s = —X(ng + 3)

W —  Tim [s+ A (ng+ 3)] e
T s A(mo+3) (54 Ang) [s A (ng + 1) [s + A (ng + 2)] [s + A (g + 3)]

est

pr— 1.
sA(no+3) (5 + A10) [ + A (0 + )] [5 + A (mo + 2)]

e—)\(no+3)t

e—)\(no +3)t

" (=0 — 3A+ Angl [“Ang — 3X + Ang + A [ Ang — A+ Ang + 2]

67)\(77,0 +3)t

TIN (20 (—N)

e—/\(no +3)t
A33!
Thus

-1 1 — .
. {<s+Ano>[s+A<nO+1>][s+A<nO+2>Hs+A<no+3>]}‘Z“@

but
e—/\not e—/\(no-‘rl)t e—)\(n0+2)t €—>\(n0+3)t
2= e et wa

e Aot 3 e 30 o s

= (1—56 T e )
67/\n0t

— A33' (1_367)\t+3672)\t_673)\t)
—/\n(')t
6 _)\t 3

= o 17
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Therefore

= { (no + 1) (ng +2) (ng + 3) A323 }
(s +Ang) [s + A(no + 1)] [s + A(ng + 2)] [s + A (no + 3)]
= (no + 1) (no + 2) (n() —+ 3) )\323 6)\3;? (1 — G_M)g

3

= (ng+ 1) (no+2) (no +3) %e"\"ot (1 — e_)‘t)3

Consolidating the above results We get

L*l {A} — ef)mot 4 (n() + 1) Ze*)\not (1 o ef)mot) 4 (n() 4 1) (nO 4 2) %ef/\not (1

3 3

2

+ (no + 1) (no + 2) (no + 3) %e*mot (1—e )"+ ..

Similarly

Dealing with B

L~ {B}

L

( 1 (n0+1)/\z )

(no+1)(no+2)A\222

CESYCTEs ) IR P Y Cywn 3| PRy

N

_1<

(no+1)(no+2)(ng+3)A323

[stA(no+1)][s+A(ng+2)][s+A(no+3)]

_|_

\ [s4+A(no+1)][s+A(n0+2)][s+A(no+3)] [s+A(no+4

/

__ ,—Angt

1 1 1 (no+1)Az 1
L {_[5+)\(n_0+1)]} +L {[s+/\(no+g)][s+)\(no+2)] } +

-1 { (no+1)(no+2)A\%22
[s+A(no+1)][s+A(no+2)][s+A

(no+1)(no+2)(no+3)A323

(n0+3)]} +

L {
T Ao T D] s+ Al +2) ][5+ A(m0 1 5]
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We again simplify the above first four terms of separately
First term

From the table of transform pairs

L—l 1 _ e—at
s+a

1
L—l — —A(no+1)t
- {[s+A(no+1)]} ‘

Second term

. (ng+1) Az —(n L1 1
L {[S—I—)\(n0+1)][s+)\(ng—l—2)]}_(0+1))\L {[s+)\(ng—l—1)][s+)\(no+2)]}

The function

1
[s+ A(ng+ 1)) [s+ A(ng+2)]

has simple poles at s = —A (ny + 1) and s = =\ (ng + 2)
Thus its residues at each pole are obtained as follows

Ats:—)\(n0+1)

a_; = lim 5+ A (no + D] e’

s==Ano+l) [s + A (no+ 1)] [s + A (no + 2)]
st

(
I °
im
s==A(no+1) [s + A (ng + 2)]
—)\(no—l-l)t

[—)\ (n() + 1) + )\ (n() + 2)]
—)\(n0+1)t

€
C[=Ang — A+ Ang + 2]
ef)\(no%*l)t

A
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At s = —A(ng+2)

W —  Tim [s + A (ng + 2)] e
T s Amet+2) [s+H A (ng + D] [s + A (ng + 2)]

6st
= lim
s==A(no+2) [s + A (ng + 1)]

e—)\(no+2)t

[—)\ (no + 2) + A (no + 1)]

e—)x(no +2)¢

[—Ang — 2X + Ang + A

87)\(%0+2)t
N -
Thus
L' { ! } = Z a—;
[s+ A(no+ 1)) [s + A(ng+2)]
67/\(n0+1)t 67)\(71404*2)1‘
D)
e—)x(no-‘rl)t .
.
Therefore
_ +1)\z e~ Mno+1)t -
L (mo = DAz——— (1—e
T ey | = o+ DA (1=
— (TLO + 1) ze*)\(no+1)t (1 o e*)\t)
Third term

_1 { (no + 1) (ng + 2) A222
[s+A(no+1)][s+ A(ng+2)][s+ A(ng+ 3)]

} = (710—1— ].) (n0+2) )\22’2 X

—1 1
L {[s+)\(n0+1)][3+)\(n0+2)] [s+)\(n0+3)]}

303



The function .

[s + A(no + D] s + A(no +2)] [s + A (no + 3)]

has simple poles at s = =X (ng+ 1) ,s = =X (ng+2) and s = —A (ng + 3)
Thus its residues at each pole are obtained as follows
At s=—-A(ng+1)

4. —  Lm [s + A (ng + 1)] e
T s Amo+) [s A (ng + D] [s + A (no + 2)] [s + A (ng + 3)]

est

y
Ao+ [5 + A (o + 2)] [5 - A (120 + 3)]

6—)\(TL0+1)t

67A(ﬂ0+1)t

e—A(no-l-l)t

CA(2))

e—)\(no-i-l)t

A22!

Ats:—)\(n0+2)
a;= lim s + A (7o +2)] e

so=A(no+2) [s + A (ng + )] [s + A (no + 2)] [s + A (ng + 3)]

6st
p— 1.
asA(mo+2) [5 + A (1o + 1)] [5 + A (no + 3)]

304



67)\(n0+2)t

6—/\(no+2)t

[—Ang — 2X + Ang + Al [=Ang — 2\ + Ang + 3A]

€_>\(n0+2)t
=0
6—)\(n0+2)t
e _)\2
At s = —)\(n0—|—3)
4 —  Lm [s + A (ng + 3)] e

s==Amo+3) [ + A (no + 1)] [s + A (ng + 2)] [s + A (ng + 3)]

est

y
sAmo+3) [+ A (1o + D] [5 + A (no + 2)]

efk(n0+3)t

€7>\(n0+3)t

[—Ang — 3X + Ang + Al [=Ang — 3\ + Ang + 2]

e—)\(no +3)t

Y ESY

e—)\(n0+3)t

A22!
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Thus

—1 1 B
- {[5+>‘(n0+1)][3+)\(n0+2)] [s+)\(n0+3)]}_z@i

e*)\(n(ﬂ*l)t 67)\(%0+2)t 67A(n0+3)t

D v S VRN R V5T
6—A(no+1)t
= o (1 — 2 M 4 6_2/\t)
7)\(n0+1)t

Therefore

(n() + 1) (TLO + 2) )\222

(no + 1) (ng + 2) A\222 }

_1{[s—i—)\(no—{—l)][s+)\(n0+2)][s+)\(n0+3)] N
S (1 Ny

(no+1) (no +2) %

o~ Ano+1)t (1 _ e—At)Q

Fourth term

(no + 1) (ng +2) (ng + 3) A323
[s+ A(nog+1)][s+ A(ng+2)]
[s+ A(ng+3)][s+ A(ng+4)]

L—l

= (ng+1) (ng +2) (ng + 3) A\32*

1

b {[8+A(n0+1)] [s + A(no +2)][s + A (no + 3)] [S+A(no+4)]}

The function

1
[s+A(no+1D)][s+A(no+2)][s+A(no+3)][s+ A(ng+4)]

has simple polesat s = —=A (ng+ 1) ,s = =A(ng +2) ,s = =A(nog +3) and s = =\ (ng + 4)
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Thus the residue of

1
[s+AX(no+1D)][s+A(no+2)][s+ A(no+3)][s+ A(ng+4)]

at each pole is obtained as follows

At s=—-A(ng+1)

W=  lim [s + A(ng+ 1)] e
T s Ao+ [s A (ng + D] [s + A (no +2)] [s + A (ng + 3)] [s + A (ng + 4)]

est
= li
s Ao+ 5 + A (o + 2)] [5 - M (10 + 3)] [5 + A (120 + 4)]

6—)\(n0+1)t

[=A (o + 1)+ A(no + 2)] [=A (o + 1) + A(no + 3) [=A (n0 + 1) + A (no + 4)]

e—)\(no-i-l)t

[—Ang — A+ Ang + 2A] [=Ang — A + Ang + 3A] [-Ang — A + Ang + 4]

e*)\(nO‘i’l)t

X (2N (3N

67A(n0+1)t

A33!

At s =—=X(ng + 2)

4. —  Tim [s + A (ng + 2)] e
T e Amo+2) [s F A (ng + D] [s + A (ng +2)] [s + A (nog + 3)] [s + A (ng + 4)]

6st
p— 1.
s Am+2) [5 + A (o + D] [5 + A (120 + 3)] [5 + A (120 + 4)]
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67)\(n0+2)t

e—)\(no+2)t

[—Ang — 2X + Ang + A] [=Ang — 2X + Ang + 3A] [=Ang — 2X + Ang + 4]

e—)x(no—l—Z)t

A (2N

€—>\(TLO +2)t

O —)\32!

AtS:—)\(n0+3)

4=  lim [s + A (ng + 3)] e*
T s Amo+d) [s A (ng + D] [s + A (no +2)] [s + A (ng + 3)] [s + A (ng + 4)]

est

= L Ao T s £ A (o £ 2[5 £ A (g £ 4]

e—)\(n0+3)t

=X (no+3) + A (0 + 1)] [=A (120 +3) + A (110 + 2)] [=A (10 + 3) + X (ng + 4)]

e—A(no +3)t

[—Ang — 3\ + Ang + A] [=Ang — 3X + Ang + 2A] [—=Ang — 3\ + Ang + 4]

67)\(n0+3)t

Y YESYP)

6—)\(n0 +3)t

A32!
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At s = —A(ng+4)

B, 4+ A (o + 4]
T s Amo+) [s F A (ng + D] [s + A (no +2)] [s + A (ng + 3)] [s + A (ng + 4)]

est
p— l.
s Almo+d) [5 + A (o + D] [5 + M (10 + 2)] [ + A (120 + 3)]

67A(ﬂ0+4)t

67)\(77,0 +4)t

[—Ang — 4N + Ang + A] [=Ang — 4N + Ang + 2A] [=Ang — 4X + Ang + 3]

e—)\(no+4)t
=30 (=20 (=)
e—)\(no+4)t
IS REY
Thus
L ! Y a,
[s+A(no+1D)][s+A(no+2)][s+ A(no+3)][s+ A(ng+4)]
But
_ e*)\(n0+1)t 67)\(TL0+2)15 67)\(”0+3)t e*)\(n0+4)t
> a-i= Nal o awl  wal el
e Mot 3 3 o s
:W<1—56 T e )
e—)\(no-i-l)t
_ )\33' (1 . 36—>\t + 36—2)\t . 6—3)\t)
B 6—A(no+1)t . 3
= )
Therefore

= { (no + 1) (ng +2) (ng + 3) A323 }
[s+A(no+ D] [s+A(no+2)][s+ A(no+3)][s+ A(ng+4)]

309



will be

= (ng + 1) (ng + 2) (ng + 3) A\*2*

67/\(n0+1)t

A33!
3

Consolidating the above results We get

LB} =

|+ (no + 1) (no +2) (no + 3)

e Mot L (ng 4+ 1) zeMrot D)t (1—e

+ (no 4 1) (ng +2) e Mot Dt (1 — ¢

By equation (5.43) have

G(z,t) =2" [(1—z) L7 {A} + 2L~ " {B}]

no

I
w

(1—2) +(no +1) (no +2) 5

+z

|+ (TL() + 1) (no + 2) (no + 3)

—|‘(TLO+ 1) (n0+2)

|+ (TLO + 1) (no + 2) (TL() -+ 3)
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—A(no+1)t (1 _

e Mot 4 (g + 1) ze

1 — efkt)‘?’

—A(ng+1)t (1 . 67,\15)3

“Amol (1 —e
e Ml (1 —e
e~ Anot (1 _
“Amot1)t (] —
“AMnotlE (] — e

—A(ng+1)t (1 _

—/\not)

—)\not)2

e_/\"ot) S

J

)
—)\not)2
e Anot)? g
e~

—)\not)Q

e‘A”(’t) ; + ...




no

We thus have

(nO + 1) (nO + 2) ;_Te—)\not (1 _ e—)\not)2 +

(no + 1) (ng + 2) (ng + 3) ’?,)—Te_mot (1- e‘mot)3 —

Ze—)\not . (n() + 1) Z26—)\n0t (1 . 6—/\n0t) .

(ng+ 1) (ng + 2) ;—Te_)‘”ot (1 — e_)‘”ot)Q —

(no + 1) (ng + 2) (ng + 3) Ze 0t (1 — et 4

Z€—>\(n0+1)t + (nO + 1) 22€—>\(n0+1)t (1 _ e—)\’not) +

(no + 1) (ng + 2) 22—?6_/\(”0+1)t (1- e_>‘”0t)2 -

(0 + 1) (9 +2) (g + 3) e Aot (1 — emnot)?

G (z,t) =2"C
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(5.44)



Where

e*)\not + (no —l_ 1) Ze*)\not (1 . e*)\not) _|_

(no + 1) (ng + 2) Zz—?e_m‘)t (1 — e‘Anot)Q +

(no + 1) (ng + 2) (ng + 3) g—fe_)‘”ot (1- e‘mot)g —

(no + 1) (ng + 2) Zre 0t (1 — eMnot)® —

(mo+ 1) (no + 2) (ng + 3) =" (1 — e=!)” +

Ze*)\(n()‘i’l)t + (nO + 1) 2267>\(7”L0+1)t (1 _ e*)\not) +

(no + 1) (ng + 2) Ze Mot (1- e_’\”ot)z +

(o + 1) (no + 2) (ng + 8) e Mot Dt (1 — e Mt
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1+ (ng+ 1) 2 (1 — e Amot) +
(no+1) (o +2) & (1 — e0t)* +
(no + 1) (ng +2) (ng + 3) g_? (1- e—)\not)3 B
z—(ng+1) 2 (1 _ 6—/\n0t) B
—e (no+ 1) (ny +2) 2 (1 — e not)?
(no + 1) (no +2) (no +3) & (1 — e—/\not)3 n
ze M+ (ng+ 1) 22 M (1 _ G*Anot) n

(no + 1) (no + 2) ;—?e—” (1 — 6—/\7107,‘)2 4

(0 + 1) (0 +2) (0 + 3) e (1 — e ) 4

/
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The next step is to simplify C, this involves equating corresponding powers of (1 — e*)‘t).
To make our life easier we express this in a table as shown below where the terms of each

power of ( 1— e‘”) are specified in the corresponding columns.

Power of (1 — e’)‘t) Coefficient

0 1 — 24 ze ™M
1 (no+ 1)z — (ng+ 1) 2% + (ng + 1) 22
2
2 .3

3
z
+ (ng+ 1) (ng + 2) EB_M

3 4

z z
g—(”0+1)(”0+2)(”0+3)§
4

y4
+ (TZO + 1) (TL() + 2) (no -+ 3) ge_kt

(nop+1) (ng +2) (no + 3)
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From the table above, it follows that

C’ — G—Anot

1— 2+ ze M+

(0 +1) 2 — (no + 1) 22 + (ng + 1) 2] (1— ™) +

(no+1) (no +2) (n0+3)§_?_ -

(no—l—l)(n0+2)(n0+3)§_‘!‘+

(o + 1) (ng +2) 5 —

(o + 1) (no +2) 5+

315

| (no + 1) (no +2) Z—Te_)‘t_

| (no + 1) (no + 2) (ng + 3) g—Te_At_

(1- 6_)‘t)2 +




But by equation (5.44) we had

G (z,t) = z"C

)

l—z+zeM+(ng+1)z[l—z+ze M (1—e )+

= Moot (no + 1) (ng + 2) ;—? [1—z+ze ™M (1- e"\t)2 +

[ (no +1) (no +2) (ng + 3) g—? [1— 24 ze ] (1 - e‘”)g + ..

/

Factoring out 1 — z 4+ ze~** in the RHS implies that
1+ (ng+1)z(1—e)+
(no +1) (g +2) 5 (1 — e‘”)2 +

G(z,t)=2"e " [1—z(1—e)]
(no + 1) (ng + 2) (no + 3) é_?" (1 _ e—,\t)3

+...

(1D e+

_ 0~ Anot [1 _ (1 _ 67)\16)] (n0+1)2(!n0+2) [Z (1 o e_At)}z I

(no+1)(no+2)(no+3) 2 (1— e—At)]?’ 4

\ 3! ")
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To simplify this, We use the binomial expansion properties, Let us multiply the RHS by

1 in a nice way that is 22! . This yields
ng!

7’L0!

G (2,t) = z"0e Aot [1 -z (1 — e’)‘t)] -1 $
0-

\

= Mo Anot [1 —z (1 — e’)‘t)]

14 @t T (1 — e )] 4
ot [ (1))

(o Do 2)n0+3) (1 _ o=M)]* 4

Ve

3!

(no+1)ng!
n0!1!

— e_)‘t)] +

= (1

Lottt [ (1 - )]+

(o)t Dot [, (1 _ g=2)]% 4
L e
G (21) = 2ot [1 _ . (1 B ef)\t)] (no+11)1(OT!Lg!+2)no! [Z (1 . G_At)}Q n
\ (no+1)(m;;;!23)!(no+3)no! 2 (1 - e—At)]?’ + .

Since

(5.45)

(1) = "mm
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We have

ny + 1 :M
()

B (ng + 1) ng!

ng + 2 :M
(")

(no + 2)! (ng + 1) no!

(no +3) (ng +2)! (ng + 1) ng!

And so on With this equation (5.45) becomes

G(z,t)=2"e ™" [1—z(1—e )]

;

Ve

1

(

= Mo Anot [1 —z (1 — e_)‘t)} Z

J

318

0

+(

2

no+3
3

) (e

(") [ (1= )]+

) [z (1—e )] + ..

) - e))
()

\




But

Thus

Al
()=
(7o s 1) ap = (ol +T )
Therefore
ey = e s (=) 3 (T )y e
oo (1 (1 e )] f: (C ) e ey
= e - (-] 3 (TP ) ey

J
= 200 [ =z (1= M) [L— 2 (1— )]

= (ze_kt)no [1 —z (1 — e_’\t)} e

Gl =[]

By identification, this is the pgf of a negative binomial distribution with r = ng and

p=eN
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P, (t) is the coefficient of 2" in the expansion of G (z,t)

But G (z,t) is of the form
p \"
G (z,t) =
0= ()

= (2p)"" (1 —2¢)™™

Letting n = ng + k implies

o0

n—1
e 35 (P e

n=ng

no(n_1>nng
p q
n —"nyo

But p =e* and ¢ = 1 — e~ implying that

P, (t) = (n -1 > (e’)‘t)no (1 — e”\t)n_no n=mng,ng+1,n9+2,...

n —"no

Thus the coefficient of 2™ is

Which is the pmf of a negative binomial distribution
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5.5 Simple Birth Process With Immigration

The basic difference-differential equations for this process are obtained from the basic
difference-differential equations for the general birth process by An = n\ 4+ v for all n

where v is the immigration rate.

The equations are

Pi(t) = —vRy(t) (5.46a)
Pl(t) = [(n— DA+ 0] Pui(t) — (mA+0)Pa(t)  n>1 (5.46D)

We now solve these equations;
Method 1: By Iteration
Taking the Laplace transform of both sides of equation (5.46b) yields;
L{P/(t)} = L{[(n — L)X\ 4+ v] P,_1(t) — (RA + v) P,(t)}
But by the linearity property of Laplace transform (Property 1)
L{[(n—=DA+v|P_i(t) — (nA+v)Pu(t)} = [(n— DA+ v] L{Py—1(t)}—(nA+v)L{P,(t)}

And by the Laplace transform of derivatives (Property 6)

It

L{f )} = f(s)

Then

L{f' ()} =sf (s) = f(0)

This implies that
LA, ()} = sL{P, (1)} — P, (0)
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Hence we have;

L{P, ()} = [(n =) A+ 0] L{Poa (1)} — (nA+v) L{F, (1)}
L{P, ()} = P, (0) = [(n = DA+ 0] L{Po1 ()} — (nA +v) L{E, (1)}

s+ A+ 0)] L{P, ()} =P, (0)+[(n—1) A+ 0] L{P,_1 (1)} (5.47)

Remark
Assume that the initial population at time ¢ = 0 is ng i.e. X(0) = ngy thus P, (0) =1
and P,(0) =0 V n # 0. With this initial condition we solve equation (5.47) iteratively
as follows.

For n = ny equation (5.47) becomes;
[s + (noA +v)| L{P,, (t)} = Pn, (0) +[(no — 1) A+ v] L{P,,—1 ()}
But
Py (0) =1 and Py,_; (0) =0
= L{P,-1(0)} =L{0} =0
We thus have

[s 4+ (noA + ) L{Py, ()} = 1+ [(n0 = 1) A+ 0] L{Pyy1 (1)}

(. J/
-~

0

[s+ (noA+v)] L{P,, (t)} =1
1

= LB O} = T

For n = ng + 1 equation (5.47) becomes;

[s + (no + D) A+ 0] L{Pays1 (1)} = Pags1 (0) + [(no + 1 = 1) A+ v] L{Pogs1-1 (1)}
[s + (n0 + DA+ 0] L{Pagi1 (1)} = Pag1 (0) + [n0A + 0] L { P, (1) }

But
Pn0+1 (O) =0
and .
L{P, (t)} = —————
{no()} S—I—(no)\—f—v)
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Thus we have

(5 + (no + D) A+ 0] L{Pog+1 (1)} = 0+ [noA + 1] {m}
(5 + (no + D) A+ 0] L{Ps1 (1)} = [n0A + 2] {ml
noA + v

= P ()} = [s + (noA +v)] [s + (no + 1) A + ]

For n = ng + 2 equation (5.47) becomes;

[s 4 (no +2) A+ 0] L{ B2 (1)} = Pagy2 (0) + [(n0 + 2 = D) A+ 0] L{ P21 (8)}
[s + (10 +2) A+ 0] L{Bgra (1)} = Pagy2 (0) + [(n0 + DA+ 0] L{ B (1)}

But
Pry2(0) =0

and
oA + v

LB O} = e T s + (o DA 0

Thus we have

noA + v
[s + (noA 4+ v)] [s + (no + 1) A + 0]

[s+ (no +2) A+ 0] L{P,y42 (£)} = 0+ [(no + L)X + ]

[(no + 1) A+ v] [noA + v

[s + (no +2) A+ 0] L{ P12 (1)} = [s + (noX +0)] [s + (no + 1) A + 1]

(oA + 0] [(n0 + 1) A + 0]

= L{Pur2 (1)} = [s -+ (noA + V)] [s + (no + 1) A+ ] [s + (no + 1) A+ v]

For n = ng + 3 equation (5.47) becomes

[s+ (no +3) A+ 0] L{Poo13()} = Prors(0) + [(n0 +3 = 1) A+ 0] L { Pagy3-1(1)}

[s+ (no +3) A+ 0] L{ B 15(t)} = Puot3(0) + [(no +2) A + 0] L{ Py 1a(1) }
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But
Pn0+3(0) 0

and [noA + 0] [(ng + 1) A + 0]

LA{Pay42(t)} = [s + (RoA + 0)] [s + (no + 1) A+ 0] [s + (o + 2) A+ 1]

Thus we have

[(no +2) A + v] *

[s+ (no+3) A+ 0] L{Py,43(t)} =

(noA4v)[(no+1) A 4]
[s+noAv][s+(no+1) A +v][s+(no+2) \+v]

= L{P,,3(t)} = (noA +v) [(ng + 1) A+ v] [(no + 2) A + v]

[s +ngA+v][s+ (no+ 1) A+ v][s+ (no +2) A+ v] [s+ (ng + 3) A + v]

Similarly for n = ng + 4 we have;

[s 4+ (no +4) A+ 0] L{Pu1a(t)} = Puy14(0) + [(no +4 — D) A+ 0] L{Fpy1a-1()}
[s 4+ (o +4) A+ 0] L{Puy14(t)} = Pryra(0) + [(no + 3) A+ v] L{Poyy3(t) }

But
P,,+4(0) =0
and
L{Pay13(t)} = (noA +v) [(no + 1) X+ v] [(ng + 2) X + 0]

[s +noA +v] [s+ (ng + 1) A+ v] [s + (ng +2) A+ v] [s + (ng + 3) A + 0]
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Thus

[s + (n0 +4) A+ 0] L { P 14(1)}
(oA + ) [(no + 1) A+ v]
[(no +2) A+ v]
[s+noA+v][s+ (ng+ 1) AN+ ] [s+ (ng+2) A+ ]
[s+ (no+3) A+ v][s+ (ng+4) X + 1]

= [(no +3) A+ ]

(noA +v) [(nog + 1) A+ 0] [(no + 2) A+ ]
[(no + 3) A + v]
[s + noA + 0] [s + (ng + D) A+ 0] [s+ (ng +2) A + v]
[s 4+ (no + 3) A + 0] [s + (ng + 4) A + ]

= L{Psa(t)} =

Zli[o[(no—l—i))\—i-v]
f[()[s—i—(no—l—i))\—i-v]

By mathematical induction, We assume that;
[s + (nA+0)] L{P,(1)} = P, (0) + [(n = 1) A+ 0] L{P,1(1)}
Setting n = ng + k we obtain

s+ (0 + k) A+ 0] L{ Py ()} = Pagsr (0) + [(no + k — 1) A+ 0] L{ Prys (1)}

But
Pno-i-k‘ (0) =0
and
k—2
[T [(no + i) A+ o]
1=0

L{Pno+k—1(t>} T %

|
|

[s+ (no + 1) A+ 2]

.
I
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Thus

[1 [(no +12) A+ v]
[s + (o + k) A+ 0] L{Porx(t)} = 0+ [(no + k — 1) A+ 0] .=
' 0[s+(n0+i))\+v]
[ [(no +17) A + 2]
[+ (10 + k) A+ 0] L{Pag (D)} = [(no + k — 1) A+ 0] ==
‘ O[s+(no+i))\+v]

k—1

[1 [(no +12) A+ v]
[s+ (no+ k) X+ 0] L{P,, k(1) } = i=0

I:]j;[s+(ng+i)>\+v]

k—1

IT [(m0+ ) A+l
= L{Poar(t)} = £

f [s 4+ (ng + 1) A + v]

Letting n = ng + k, We have
k=1
[1 [(no +2) A + 0]
L{P,(t)} = = (5.48)

i];[o[s—l—(no—i-i))\—i—v]

The next is to determine the inverse Laplace transform of L { P, (t)}. Applying the inverse

Laplace transform to both sides of equation (5.48) , we get
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lfﬁl [(no +14) A + v]
LHLAP) = L7
[s + (no +1) A+ v]

B

@
Il
o

’fﬁl [(n + 1) A+ 0]
= P,(t)=L"{ =
[s + (no + 1) A+ 0]

b

1=0

o Put) =L [0+ ) A+ o)L —

i=0 :]_[()[s+(no+i)A+v]

1

(5.49)

We now solve equation (5.49). The following methods have been considered
e Complex Inversion Formula

e Partial Fractions Method

Complex Inversion Formula
By the complex inversion formula, If

L{f(t)} = f(s)

f(t)y=L7"(f(s))

r+i00



Which is simply the sum of the residues of e* f(s) at the poles of f(s) . In our case;

F(s) = — !
:1_[()[8+U+A(n0+i)]

= () =
i];[()[3+v+)\(no+i)]

It can be seen that f(s) is analytical is analytical at every other point except when

s=—[v+ X(ng+1)], 1=0,1,2,3,...k

Thus f(s) has k + 1 simple poles as listed below;

v+ Ang]
v+ A(ng+1)]
U+)\<n0+2)]

=
=
=
s=—[v+A(no+3)]

s=—[v+A(nog+ k)|

We now determine the Residue of e f(s) at each pole. In general for simple poles say

s = a. The residue of e f(s) is given by

Residue [¢* f(s)] = lim(s — a)e” f(s)

s—a

Thus the Residues of e f(s) at poles of f(s) are;
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At s = — v+ Iy

Residue [e* f(s)]

s——(v+Ang)

s——(v+Ang)

est

lim  (s4+ v+ Ang)—

i];[(][s+v+)\(no+i)]

est

lim  (s+ v+ Ang) -
(s+v+Ang) [[[s+v+A(ng+1i)]

i=1

est

= l(im/\ )R
s—=—(v+An .
“TIs + v+ X(ng+1)]

i=1
e—(v—i-/\no)t
%
[— (v + Ang) +v + A (ng + 7)]
i=1
e—(v+)\n0)t
Tk
[—v — Ang + v + Ang + A
i=1
6*(’U+)\n0)t
- r
[T N
i=1
6—(v+)\n0)t
- k
AT
i=1
e—(v+)\n0)t
Ak!
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At s=—[v+ A(no+1)]

est

Residue [e* f(s)] = lim [s+v+A(ng+1)] —

s—=—[v+A(no+1
ol Aot T [s + v+ A(no + )]
1=0

st

e
— A 1
5[0t Ao+1)] |5+ v+ A(no +1)] (s5+0+Mo)[s+0+A(no+1)]
k
[T[s+v+A(ng+1)]
=2

est

[ li/\( )]
s——|v+A(no+1
(s + v+ Mng)

)

[s + v+ A(ng+1)]

k
=2

e~ [v+X(no+1)]t

[—(v+ A(nog+ 1)) + v+ Ang|

)

[= (v +A(no + 1)) + v+ A(ng +1)]

k
=2

e~ Ao+ 1)]t

k
[—v—Ang — A+ v+ ng| [[ [-v — Mg — A+ v+ Ang + Ai]
i=2

e~ [v+X(no+1)]t

—Aﬁ(Az’—A)

e~ [v+X(no+1)]t

—)\f[)\(i—l)

=2
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e~ [v+X(no+1)]t

ANk ﬁ (i —A)

=2

e—[v+)\(n0+1)]t

k

(DA TG -1)

1=2

o~ A (o +1)]t

CON(k—1)!

At s = —[v+ X (ng + 2)]

Residue [e* f(s)] is given by

Res =

est

lim ; [s+v+ A(ng+2)]

s—=—[v+A(no+2 k

il;[o[s—l—v—i-)\(no—l—@')]

st
lim [s+v+A(ng+2)]e

s=—[v+Amo+2)] | (s +v+ Ang) [s+v+ A(ng+ 1) [s +v+ X(ng+2)]
k

[T[s+v+ X(ng+1)]
| =3
st
[hl&r(l 2)] : k
s——|v+A(no+
T (s v+ o) [s+ v+ Ao+ D] TL s+ v+ A(ng +1)]
=3

e~ [v+A(no+2)]t

[—(v+A(no+2))+v+ Mng|[— (v+ A(no+2)) + v+ A(no + 1)]

ig[—(v+A(no+2))+v+>\(n0+z')]
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ef[v+)\(no+2)]t

[—v — Ang — 2A + v + Ang| [—v — Ang — 2X + v + Ang + )]

k
[T [—v—Ang — 2\ + v + Ang + Ai]
i=3

e~ HA(no+2)]t

[—v — Ang — 2A + v + Ang| [—v — Ang — 2X + v + Ang + )]

k
[T [—v—Ang — 2\ + v+ Ang + Ai]
=3

6—[v+>\(n0+2)]t

CoX (=) T (N — 23)

=3

e~ [v+A(no+2)]t

NN A G—2)

=3

67[v+)\(n0+2)]t

k

(=1)*2X2 ()" I (i~ 2)

=3

e~ [v+A(no+2)]t

k

(~1)? 23 [T (i - 2)

1=3

e—[v-i-)\(no-‘r?)}t

(—1)% 20Nk (k — 2)!
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At s = —[v+ A(no + 3)]

Residue [e* f(s)] is given by

st

Res = lim [s+ v+ A(ng+ 3)] ‘
s——[v+A(no+3)] k .
[T[s+ v+ A(no+1i)]
i=0
6st
= lim [s+v+A(no+3)] |
s——[v+A(no+3)] .
[s+v+A(ng+4)][s+v+ A(no+3)]
i=0
k
[T[s+v+A(no+1)]
L i=3 ]
est
e hIAI% 3)] 2 k
s——|[v+A(no+
U s+ v+ Ao+ )] T1 s + v+ A(ng + )]
i=0 i=3
e—[v+)\(no+3)]t
- k
[T[-(w+AX(no+3)+v+A(no+9)][[[— W+ A(no+3))+v+ A(ng+ 1)
i=0 i=3
e—[v+)\(n0+3)]t
2 k
[T[=v—= Ao —=3A+ v+ Ang+ Ni] [] [-v — Ang — 3X + v + Ang + A
i=0 1=3

o~ [FA(o+3)]t

2 k

TT (xi — 30) T (N — 3))

=0 1=3
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o~ [vHA(o+3)]t

k

(=30 (=20) (=M [T A (i = 3)

1=3

6—[v+)\(n0+3)]t

o—[vHA(no+3)]t

(—1)*(3)(2) 2 [T A (i - 3)

=3

o[ HA(no+3)]t

(—1)*308 (A T (i — 3)

=3

o~ [oHA(no+3)]t

(—1)° 31Nk ﬁ (i —3)

1=3

6—[v+)\(n0+3)]t

(—=1)% 3Nk (k — 3)!

Generalizing the results above, the residue at the pole s = — [v 4+ A (ng + k)] is given by;

e—[v—l—)\(no-i-k)]t
E ]

Residue [e f(s)] =

e~ [v+A(no+k)]t

(—1)" kINE
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Therefore summing the residues at each pole yields,

L™t p ! = Z Re sidue (e f(s))

1;[()[s+(n0+i)/\+v]

e—[v-l—)\no]t e—[v+)\(no+l)]t 6—[U+)\(no+2)]t

= -

MOLEL (= 1) ARLL (K — 1)! * (—=1)* Ak2! (K — 2)!

6—[v+>\(no+3)}t —[v+A(no+k)]t

* (=1)* \k3! (k — 3)! et (=1)" AR (k — K)!

—[v+A(no+j)lt

QMw

(n—j)!
e [U+>‘(n0+.7)]

Lk
:)\_Z —j)!

But from equation (5.49) we had

k—1

1
P,(t) = || [(no + i) A +v]L7* -
i=0 I1[s+ (ng+i) A+ v
i=0
Thus
k-1 k
1 e~ [HA(no+j)]t
no+i)A+v] | — (5.50)
le AF Z )J!(n—J)-]
But
k-1

[(no+ i) A+ 0] = (neA+v) [(no+ 1) A+ 0] [(no+2) A+ 0] ... [(no + k — 1) A+ 0]

-
Il
o

:)\<n0+§>A((n0+1)+;>)\<(n0+2)+§>...A((n0+k—1)+

335

(%

3)

A



3 (0 +2) (o D+ ) (042 + L) o (0 + k= 1)+ 2)

:Ak(”OJF;) (”0+1+§> <no+2+§>...<no+k—1+§>

— M (n0+§> [<n0+§>+1} [(no+§>+2} ...[<n0+%>+k—1]

] [(r0+5)

Letting
u:no—l—;
We have
ﬁ[(no+i))\+v]—)\kﬁ(u+i)
=N uu+1)(u+2)(u+3) .. (ut+k—2)(u+tk—1)
But
(u+k—1)=@w+k—-1)(u+k—2).. (u+2)(u+1)u(u—1)!
%I)!l)!:(u+l€—1)(u+k—2)...(u+2)(u—l—1)u
=N uu+1)(u+2)(u+3)...(ut+k—2)(utk—1)
Thus
k-1
le[(no+i)>\+v]_Ak(u(ZfI)!l)! (5.51)
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Therefore using equation (5.51) in equation (5.50), we get

o~ [vFA(no+i)lt

L&
¥

k—1
I17m+zA+v
=0 3:0 TL - j)

B )\k (k +u— 1)[ i i 6—[v+)\(no+j)]t
(w=1! [ A= (1) jl (n - j)!

k e —[v+X(no+5)Jt

(u+k—1)!
B (u—1)! Z

p (n—j)!
(u+ k — 1)le= o)t eI
(u—1)! = (=15 (n = j)!

(U + b — 1)!6—(v+>\n0)t k (_1)] e—Atj
(u—1)! = 3t =)

(u+ k — 1)le(v+Ano)t k (—e*)‘t)j
-1 2l )

(u+ k — 1)le(v+Ano)t k (—e‘”)j k!
; ~ X 77
(u—1)! = jl(n—7) k!

(u+k — 1)le-(v+Ano)t i _’\t) k!
- 3

k! (u —1)! = (n—j)!

But
(u—i—k—l) B (u+k—1)!

u—1 )  Kkl(u—1)!
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and
<k) B k!
J (k — )5t

(u+ k — 1)le~(v+Ano)t i _’\t) k'

k! (u—1)! gl (k —

But

Pu(t) =

Jj=

u+k—1\ _ (i "k W
Qe

Jj=0

From binomial theorem

e 3 () ey

=0
Thus L1
U+ K — —(v+An, —At\k
Pn(t):< y 1 )e (FAno)t (1 — =)
But
u:no+§:>)\u:/\no+v
Hence

u+k —dut (1 _ —At\k
L)

wt k- ) "

n0—|— —i—n—no—l —At\no+y Y k
ST e e e

(no—i— —i—k—l) (e,,\t)noJrg (1 _e—)\t)k k=0,1,2,..
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Which is the pmf of a negative binomial distribution with parameters p = e

g=1—¢"
Partial Fractions Method

By equation (5.49) we had

k—1

1
=0 IT[s+ (no +9) A+ v
i=0
But from equation (5.51)
k-1
: +k—1)!
RSl b
1 [(no 4+ 0) A+ 0] =D
Where
u=ng+ 2
T
Therefore
k-1 1
P.(t)= || [(no+i) X\ +v]L7*
i=0 IT[s+ (no+9) A+ v
i=0
:)\k(u—l—k:—l)!L_1 1
(u—1)! k

1=0
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We now determine

1

L—l

[s 4+ (no + i) A+ v]

k
=0

1

But

( 1 1 1 )
<s+)\n0+v> (8+/\(n0+1)+v) (S+)\(j—1)+v>
1

U[s+)\(n0+i)+v] 1 1 1
\ (s+)\j+v) (s—i—)\(j—l—l)—l—v) (s—i—)\(ng—i—k)—l—v) )

Using partial fractions

k

)

any, ng+1 )
p . . \ s+Ang+v + s—i-/\(no—i—l)+v+
(s—l—)\ng—l—v) <3+)\(n0+1)+v>
an0+1 aj—1
parsy Y rver; i T iy ey e
1 1 _
: (3+)\(j—1)—|—v> <s+)\j—|—v) N
aj aj+1
+s+/\j+v + s+/\(j—i-1)+v+
() - (sovmommrs)
stAJ+D)+v ) 0 s+ A (ng+k)+v
\ (7+1) (no+k) / aji1 + 4 Ano+k
L SFAG+2)+v " 7 s+ A(ngtk)+v

340



Multiplying both sides by s + A\j + v yields

).

1 S5+A\j+v
T\ sHA(-1)+o s+Aj+v

(
1 1
(s—l—)\ng—l—v) <3+)\(n0+1)+v

1 1
\ (s—l—)\(j+1)+v) <s+)\(n0+k)+v) )

( 1 1 )
(s—i—)\no—i—v) <8+)\(n0+1)+v>

1 1
(s+)\(n0+2)+v> (s—i—)\(j—l)—i—v

N———

1 1
{ (3+)\(j+1)—|—v> (3+A(n0+k)+v) )

341

[ ang(s+XAj+v) | ang1(stAj+v)
s+Ang+v s+A(ng+1)+v
an0+1(8—|—>\j+v) aj_l(S-i—/\j-H))
s+A(ng+2)+v " sHA(-1)+v
aj(s+Aj+v) | ajy1(s+Aj+v)

+ s+Aj+v + s+A(j+1)+v +
aj+1(s+Aj+v) NI g4k (STAJFV)
[ sHA(J+2)+v s+A(ng+k)+v
[ any(sHAj+v) | angi1(s+HAj+0)
s+Ang+v s+A(ng+1)+v
an0+1(3+/\j+v)
s+A(np+2)+v

_’_

aj—1 (s+Aj+v)

+ aj+1 (s+Aj+v)

[T s G v

sHA(j—1)+v

+ ...+

‘|‘CL]'

\

Ve

Apg+k(5HAj+V)

s+A(no+k)+v |




Setting s = — (A\j + v), implies

( 1
( —)\j—v+)\n0+v) (

1
(—)\j—v+>\(n0+2)+v

)..

1
—)\j—v—i—/\(no—i—l)—i—v)

\

1
<—)\j—v—|—)\(j—2)+v)

1
{ (—)\j—v+)\(j+2)+v>

1
(—)\j—v+)\(j—1)—l—v> (

1

1
—/\j—v+)\(j+1)—|—v)

1
(—)\j—v+)\(n0+k)+v

)

(
1
(—)\j—v+/\n0+v) (—/\j—v+)\(n0+1)+v

ang (—AJ—v+Aj+v)
—A\j—v+Ang+v

ang+1(—Aj—v+Aj+v)
—Aj—v+A(ng+1)+v

aj_l(—Aj—v+)\j+v)

+ —Aj—v+A(j—1)+v

+a,;+

aj_H(—)\j—U-f—)\j-H))
—Aj—v+A(J+1)+v

Apg+k(— A —v+Aj+v)

+ ...

—Aj—v+A(ng+k)+v

1

\ (—/\j—v+)\(j+2)+v) """ (—/\j—v+)\(n0+k)+v) )

J



(

1

1
(—)\j—v+)\n0+v> <—)\j—v—|—)\n0+)\—|—v>

(

1

1

1
—)\j—v+/\j_2)\+v) (

1
—)\j—v+)\j+>\+v) (—)\j—v+)\j+2)\+v) (—)\j—v+)\no+/\k+v> )

< (3) () - (

( 1 1
(=) (s

—)\j—v+/\j—/\+v) X

1

) ()

.

o)

) VN Ve Y Are

(_

X (1) (

DO —
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= () (7o) - @
A0 \j—no ) \Jj—(no+1) ) =* \2

(=)




1 1
N (G —ng)l N (gt k)l

1 1

T T N G =gl AT (g k=)

1
(—1)?7" M=o (j — mg)IAno+k=i (ng + k — j)!

_ (=)™
- N Tetreth=i (j — o)l (ng + k — j)!

N
M (4 —no)! (no + k — j)!

1\" (1) "
() Tomern I et e

With this it follows that

1 no+k

_ a;
k _Z i\
TTls+A(no+i)+v] d-m® TIMTY
i=0

:§%<%)k0—n$i£zl—jﬂ<&t;+v)
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R e
' i];[o[s—l—(no—i-i))mtv]
ol k= I 1 (—1)7™ 1
BCES VI {Z(Q G =) (o + = )] (smw)}

J=no

(ko DIRR (T a1
 (u—1)! Z(j—no)!(n0+k—j>!L {5+j)\+v}

J=no

But

L {6—(/\j+v)t} _ /e—ste—()\j-l-v)tdt

0

o0

_ / e—()\j-i-v-‘rs)tdt

0

e—()\j+v+s)t o0

~(\j ot

0

= L 0—-1
gECETET L

1
s+ jA+v
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= e—()\j+v)t _ L_l{

Thus

1
s—i—j)\—i-v}

(~1y~"

J=mno

Multiplying the above equation by

yields;

Atk — 1) et
(u+ )Z(

1
. ]
Jj—mno)! (ng+k—7)!

no+k i—n,
_ (u+k—1) i (=1’ o UA+O)t
(u—l)' =m0 (j—no)'<n0+k—j)‘
k!
k!
no+k [ 1—n, 7
(utk—1) i (=1 " k! ot

_(] — no)' (TL() + k’ —j)!_

(1) k!

(k-1
o (u— 1) Z

Jj=no

_(] — no)' (TL() + k’ —j)!_

3+j)\+v}

e—(]>\+v)t

u—'—k-l no+k - k ‘
_ _ 1) —(GA+v)t
(e E (L) -

Jj=no

wtk—1 no+k - k ‘
— —1) "0 —(JA+o)t
( u—1 ) Z (=1) (j - no) ‘

Jj=no
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Letting m = j — ng = 7 = m + ng implies

k
u+k—1 m( k l(mno) A
pn(t):< o )Z(_l) (m) o [(mAno) ol

m=0
u+k—1 b k
- 1) Ot § (_pym xim
() e ()
u+k—1 b k
— - —(Ano+v)t —At\™
() () )

But

v
u:no+x,n:no+k:>k:n—no

implying

P,(t) = Mot 5 —v_i__ e~ (Ano+o)t (1- e*)‘t) " n=ng, ng+1, ng+2,..
ng + By 1

_ n0+x+l€—1 e_At(no-i—%) (1_6*)\75)]{ k=0, 1, 2,..
Tlo‘i‘%_l

_ (U,—l—k — ].> (efAt)’u (1 . efz\t)k k= O’ 1, 2,

u—1

Which is a negative binomial distribution with p = e and ¢ =1 — e=

Method 2: Using the pgf approach

The basic difference-differential equations for the simple process birth process as defined
by equations (5.46a) and (5.46b) are;

Pi(t) = —vPy(t) (5.46a)
P(t)=[n—1DA+0v]P,1(t) — (nA+v)P,(t)n =1 (5.46b)
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Multiplying both sides of equation (5.46b) by 2™ and summing the result over n, We have

Y P()z" = > [(n—1DA+v] Pooi(t)z™ — > (nA+v)Py(t) 2"
n=1 n=1 n=1
=AY (n=1P,1()2"+v Y _ Poa(t)z" = A>_nP(t)z
n=1 g n=1 g n=1 g P 552
I II I1I
—v) P(t) 2
n=1
v )

Let G(z,t) be the probability generating function of X () defined as follows;

:ZPH@)Z
= Py(t +ZP

—Gzt ZP’

=P(t)+ ) Pi(t)2"

n=1
= 0
P(t)z" = o-G(z,t) — Fy(t)
; 0z
QG(Z, t)=> nP(t)"""
0z —~
1l — .
= ; nP,(t)z

1
We now simplify the four parts of equation (5.52) separately

348



Part I

Part 11
v i P, 4(t)z" = vz i P 1(t)z" !
- = vzg?:(,lz, t)
Part III
A i nP,(t)z" = Az i nP,(t)z" !
n=1 n=1
= /\Z%G(Z, t)
Part IV

VY Pu(t) 2" =0[G(z,t) — Py(t)]
n=1
= vG(z,t) — vPy(t)
Substituting the above in equation (5.52) yields

0 sy 20 0
aG(z,t) — Py(t) = Az (92G(Z’ t) +v2G(z,t) — )\zazG(Z,t) —vG(z,t) —vPy(t)

But by equation (5.46a)

Pé(t) = —vF(t)
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Hence we now have

0 50 9,
§G<Z’t) +oP(t) = Az gG(z,t) +v2G(z,t) — )\ng(z,t)

—vG(z,t) +vP(t)

0 5 0 0
aG(z,t) = Az &G(z,t) — )\ng(z,t)%—

vzG(z,t) — vG(z,t)

Grouping the like terms together yields

QG(z, t)y=Xz(z—1) %G(z,t) +v(z—1)G(z,1t)

ot
8Gt A 18Gt HG(z,t) =0 5.53
5 G ) = A (5= 1) - Gle,t) — v (s = 1) G(z1) = (5.53)

Which is a partial differential equation. Appying Laplace transform to both sides yields.

L {%G(z,t) —Az(z—1) %G(z,t) —v(z—1) G(z,t)} = L{0}

L{%G@ﬁ}—Adz—UL{é}%aw}—Mz—DLﬂXaﬂ}:O

But by the definition of Laplace transform

L{%G@ﬂ}z@@ﬁ)

[e.e]

0
o —st
= /e —atG(z,t)dt

0

Let u =e % = du = —se™*

and 5
dv = aG(z,t)dt = v =G(z,1)
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Thus

[e.e]

L {;G(z t)} = e Gz, t)|, —/—se‘StG(z,t)dt

0

=10—-G(z,t)] + s/e_StG(z,t)

Similarly

By Leibnitz rule for differentiating under an integral, we have

8 d Oo—st
0

J/

e
= diza(z,s)
With this now equation (5.53) becomes
sG(z,8) — G(2,0) — Az (2 — 1) jza(z, s)—v(z — 1)G(z,5) =0
[s —v(z—1)]G(z,8) — Az (2 — 1) dizé(z, s) = G(z,0)
—Az(z—1) dilza(z, s)+[s —v(z — 1)]G(z,5) = G(2,0)
d— [s—v(z—=1)]— G (%0)
@G (2,9) D) G(z,s) = =D (5.54a)

351



Which is an ordinary differential equation.

The next task is to find a solution to this differential equation. Two methods are consid-
ered.

e Dirac delta function approach

e Hyper geometric function approach

Dirac delta function approach

Equation (5.54a) is an ODE of 1% order. It is of the form 3 + Py = Q where

G(z,0)
Az(z—1)

s—uv(z—1)

y:a(z,s),P:—m

and Q) = —

Now the solution formula for such an ODE is given by

yedez_f+/Qedez

Where f does not depend on the variable z but can depend on the s parameter which

implies that f = f(s) , in our case y is a function of z and s ,that is y = y(z, s) .

el P42 ig called the integrating factor. We first calculate the P integral.
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But using partial fractions
1 _ A B
z(z—1) 2z =z-1
Multiplying both sides by z (z — 1) yields 1 = A (z — 1) + Bz which holds for all values

of z . Setting z = 0 , we have

1=A(0-1)+ B(0)
= A=-1

Setting z = 1 , we have

Thus

1
:/——dz—l—/ dz
z z—1
1 1
:—/—dz+/ dz
z z—1
=—In|z|+1In|z — 1]
-1
—Tn|Z ’
z
With this P integral becomes
1 -1
/sz:—— {sln : ‘—vln\z[}
A
—1
:—%lnz ’—i—%ln]z[
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Thus integrating factor becomes

I F = edez _ e—iln‘zgl‘—l—%lnm

—$ 10|22+ 2 Inj¢|

= € z
—Sn|2=L] 2injg
= e A z leA njz
—1 v
:67§1n = 6ln|zM
v s z—1
et ’2‘)\6 )\ln z ‘

From above the general solution of the ODE is given by
yedez _ f+ /Qedez

So substituting y,P and () we have

— rvo_s z—1 G(Z O) v s z—1
A )\11’1 z ‘ = -\ A Aln z
G (z,8)]z|* e f(s) +/ (=T |z|> e dz
o v s z—1 G(Z 0) v s z—1‘
A /\ln z = — —, A )\ln z
= G (z,8)]z]* e f(s) /)\z =D |z|> e dz

We consider two cases

1. When X (0) =1

2. When X (0) = ng
Case 1: When initial population X(0) =1
Recall that

G(z,t) =Y Pu(t)2"

= G(z,0) = iPn(O)z"

= Py(0) + P (0)z + Py(0)2% 4 ... + P,,(0)2" + ...
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but for the initial condition X (0) = 1, we have

P(0)=1, P,(0)=0 VYn#1

5.G(2,0) =2

With this equation (5.54b) becomes

z—1
z

S

ral T —<In
G(z,8)|z|X e

o N z 2 —$In 2771|
1) [ s e @z

z—1
z

s

Gz, )|z} e 3l

z—

“ldz (5.55a)

1 v sy
:f(8>_/—/\(z—1) |z|* e™ >

Now this looks like a equation to solve, but at this juncture we can licitly apply the inverse
Laplace transform to both sides.

We observe that f(s) can be regarded as a Laplace transform of some unknown function f ()

Applying inverse Laplace transform to both sides of equation (5.55a) we have from the

table of Laplace transform in chapter 2 or examples 7 and 8 (see pages 38-39)
1. e~ is the Laplace transform of the Dirac delta function 6(¢ — ¢)

2. G(z,s)e* is the Laplace transform of G(t — ¢)n(t — ¢) where 7 is the Heaviside step

function.

z—1

In our casec:iln‘ -

With this equation (5.55a) can be rewritten as

Val X ,—cs 1 X —cs
= G (z,9)]z]> e :f(s)—/mwke dz

So all together inversely transforming both sides the above equation, we come to

G@J—@m%w—azﬂw—/A 236(t — ¢)d=

b
(z-1)
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Substituting the value of ¢ we obtain
1 -1 v 1
G(z,t—xln )|Z|An(t—xln

Now this is a pretty large equation but it can be simplified, but to do that we need to

z

Zng :f(t)—/ﬁmié (t—im
(5.55b)

make one big detour. We can free ourselves of this terrible integral by using the Dirac
delta function, but what we have is delta of function of variable z , so we need to first
simplify it to a common delta of variable. To do so, we use the following property of delta

function

S =3 jzma(z 2 (5.56)

Where ¢’ (2) is the first derivative of g (2) , 2; is a simple root of g (z) such that ¢’ (z;) .

In our case g (z) =t — +In |21|. To obtain the roots of g(z) we solve g (z) =0

A z
1 z—1
=t——In
z

A
Z—l‘

-0

:>t:11n
A z
z—1
-
z—1
-
z—1
z

=tA=1In

= e =

= e =+

Case 1
-1
ot z

e =2-1

1=2z—2e?
1:z(1—eM)

7 =—-
1 —et?
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Case 2

N z
ze* = —(z—1)
1=2z+ ze?
1=z (1+¢%)

1
29 = ———
2T 14 eth
Therefore )
A Txen

The next step is to determine

dz A
~1d | z—1
Adz " z
- a _ F@
Using the property = In f(x) O]
1 i z—1
g (z)=—+ (dij_f‘ ‘)
1 z z—1f
/=3 (|| (5.57)

Now remembering that |x| = zsgn (z) and sgn (z) = 2n(x) — 1, it follows that

2 z z
2—1'—z—18gn<z—1> (5:58)
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Also

z—l‘ z—1 (z—1>

= sgn

z z z
1 1
z z

Where sgn is the sign distribution and eta is the Heaviside distribution .Hence

z—ll_ d|z—1
Cdz| 2

HERE))

At this step we need to recall that

z

, . on(z
Nh(z) = h (Z)%

Using product rule of differentiation, we simplify equation (5.59) as follows Let

—1 1 1
z :1——:>U/:—2
z z z

U:

We now have




But
59 () =Y o (= =)
e
Let
1
—1-=
9(2) .
1
g'(z) = 2
Solving for roots of g(z), we have
9(z) =0
1
=1--=0
z
l=—=2=1
z
g (2) = T2

Hence equation (5.59) becomes

-1 1 z—1 z—1
. :;sgn< . )+2< = )(5(,2—1) (5.60)
Substituting equations (5.58) and (5.60) in equation (5.57) we get
1 z z—1/
/ [
g(2) = A < z—1 z )

() B () 2 ()]}
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Recalling that we obtained the roots of g (z) as

1 1

=g = ——
14 etr’ 1 —et?

And the Dirac delta function is zero everywhere except when its argument is zero.
argd (z—1)=2—-1

For both roots, the delta term in
9 ()

vanishes because for it to exist it requires that argument of delta function must be zero.

That is
1

RE

which is equivalent to saying e’ = 0 where both X and ¢ are greater than zero. This can

O:Zi—l

never be true in Mathematics so only one term remains after neglecting delta in ¢’ (z;).

Therefore

=4 g (2 (7))o

But

=sgn (1)
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This implies that

Al (1 g
| 1+eM | 14ert

1 [ 1M
1| 1M
D\ 1—(1+4eMt)
TiFe
1 [ (1—1—@”)2
B 1— (14 eM)

[’
- N

(1+ e”)2
T e
Similarly
1 1
9 (22)=—<
e (2 1)
| 1—eM | 1—eMt
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(1-e)’
e

Therefore
A2
g (z) =% (1xe") o
But ¢’ (2;) must not be zero, and for the initial condition that is at ¢ = 0 the negative
root makes ¢’ (z;) to be singular [¢' (z;) = 0] so that root needs to be discarded in the

summation only one root of z; is left and will be from now on z; = z;

It is now time to go back to equation (5.56)

5@“@)=§:E%Zﬂﬂz—a)
Z 1

RTTEEA
1 1
- Sz ——
REESEEIRN 1+@J
e 1
= —(1 n GM)25 [z — (1 + e/\t) ]

And this is the formula we searched all this time. We can now use the delta function to

eliminate the integral in equation (5.55b). To do so we need to recall that
[ 1@)6 @ - ayds = 0
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That is the integral of a function multiplied by a Dirac delta shifted by a units is the

value of that function at ¢ . With this we now have

1 v 1 z—1
- A [ —
/)\(z—l) || (5(t )\ln . D dz

Integral disappears and instead we get value of integrand for z =

1 v )\)\t
I e 1A oo

) [z - (14 eAt)fl} dz
o

)\eAt
2 o
A (Z — 1) (1 + @M) Ttetn

—_
M

B 1 AN < 1 )A
—)\<1 1)<1+e”>2 L+ et

T4etr

SE=Eas)

14-etr
1 >
< 1+ et/\>

(1 + e’\t)
Y

:[ujZWJ

1 1+3
::_(TIEJ)

—— (14N H

1 v 1
S S O N
: /)\(z—l)|z| 5( 3 n

But this is not the end of our trouble, with the integral solved, our problem as in equation

(5.55b) is reduced to
. z|*n 3 In

1
G (z, t——1In
Multiplying both sides of the above equation by |z|7§ we have

A
GGJ‘lmZglbnc‘imZ_lb—fmvrﬂwdﬁu+aw11

Z;l’) dZ:_<1+€t)\)_1—§

z—1

D =)+ 1+ etx)—1_§

A
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There is no harm if we make another substitution. Thus the final step towards the solution

is to change the variable from ¢ to

1 z—1
T=t—-1
P ‘
Multiplying both sides by A yields
/\T:)\t—lnz_l‘
z
—1
M = AT +1n|= ’
z

Exponentiating both sides we get

oM — AT N[22

— e)\T

z—1
2

Remembering that for our root

. |_et>\‘ _ (_et/\)
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Multiplying the right hand side by 1 = % we have

e—

=T
tA m|2—1] (e

z—1
SaEs
e — (2 1)
o 2= AT

ze M — 241

AT
1—2 [1 — e_’\T}
- o T
1—z[1—e?T
14 = Zz[e_ATe }

Described byT variable, equation for GG becomes

1 —1 v v —1=-2
G(Z,T)n(T):f(T—l—Xln : D B (1_{_6”\) =3
)
e 1, |z—1 Lo | 1=z (1=eT) *
— e (7 g ) e [
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But we know that f does not depend on z

G(2,T)n(T) = |z "> f (T+ %m

When T = 0 it follows that

G (2,0)n(0) = |z|"> f <o+ %m

2e—0)

But 7 (0) = 1 hence

But knowing that

It follows that

So we have finally eliminated f. Thus the solution is

S

Since T' > 0 it follows by definition of tau that

T
n(T) =
T

NNV

1 0
0 0
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ZjD e [1 —z(1-e20)

1 v
z—1 e 1—z(1—e?) .
z : ze= AT

v

A



Thus we have n (T) = 1 hence

-1-2

—1 —z(l —e_/\T)_
2o~ AT

-1 —z(l —e*’\T)-

>

G(z,T)n(T) ==z

>l

G(z,T)=2z"»
(1) = -
L ST 1+5
= Z A
1 —2(1—eT)
_ 1+
_ z*§+1+§ e AT X
1—2z2(1—e?T)
o~ +5
=z
{1 —2z(1— e—)‘T)}

We can rewrite it as

et 1+5
1—2(1- e)‘t)}

G(z,t):z[

Which by identification is the pgf of a negative binomial distribution with parameters

p=eMandg=1—e*

G (z,t) can be expressed as

p r“

G(z,t):z[l_qz

P, (t) is the coefficient of 2™ in G (z,t). But

G (z,t) =zprtt(1 - qz)*@“)
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o
— (’I’L + % o 1>p§+1qn—lzn
- n—1

S
I

Therefore the coefficient of 2" is

(n + 3 - 1>p§+1qn1 _ (n + 35— ><€)\t)§+1<1 o ef)\t>n71

n—1 n—1

Hence
v .
P, (t) = ("J” )(e_M)AH(l—e_’\t)”_l n=123,..
n—1
L4 l4k—1 .
_ (A* Z )(e_At)A“(l—e_)‘t)k k=0, 1,2,3,..

where k=n —1

This is the pmf of a negative binomial distribution with parameters r

p=e N
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Case 2: When initial population X (0) = ng
Recall that
G(z,t) =) Pu(t)z"
n=0

= G(z,0) = an(o)zn
n=0
= (0) + P1(0)z + P2(0)22 + ..+ P (0)2"0 4 ...
but for the initial condition X (0) = ng, we have

P,,(0)=1, P,(0)=0 VYn#ng

5G(z,0) = 2™

With this equation (5.54b) becomes

no

G(z9) |23 e 511 = p(s) - / s A e e (5.62)
z

(z—1)

Now this looks like a complicated equation to solve, but at this juncture we can licitly
apply the inverse Laplace transform to both sides.

We observe that f(s) can be regarded as a Laplace transform of some unknown function f(¢)

Applying inverse Laplace transform to both sides of equation (5.62) we have from the

table of transform pairs in chapter 2 or examples 7 and 8 (see pages 38-39)
1. e~ is the Laplace transform of the Dirac delta function 6(¢ — ¢)

2. G(z,5)e® is the Laplace transform of G(t — ¢)n(t — ¢) where 7 is the Heaviside step
function.

z—1

In our casec:iln‘ -

369



With this equation (5.62) can be rewritten as
— v z" v
=G (z,8)]z]* e = f(s) — / oD |z|> e7dz
So all together inversely transforming both sides the above equation, we come to

no

Glet— )|  nlt — o) = £(t) / e - o)

-1

Substituting the value of a we obtain

1 z—1 1 z—1 P 1
G(z,t—xln . Dn(t—xln . D:f(t)—/m5(t—xln

=)

(5.63)

Now this is a pretty large equation but it can be simplified, but to do that we need to
make one big detour. We can free ourselves of this terrible integral by using the Dirac
delta function, but what we have is delta of function of variable z , so we need to first
simplify it to a common delta of variable. To do so, we use the following property of delta

function

@)=Y <121.>|5<Z ) (5.64)

Where ¢’ (2) is the first derivative of g (2) , z; is a simple root of g (z) such that ¢’ (z;) .

In our case g (z) =t — +In |21|. To obtain the roots of g(z) we solve g (z) =0
1 z—1
St— 2] —0
P ’
oy 11 z—1
=—In

A z
-1
= tA=1In|>
z
SN
z
:>et)‘::|:z_1
z
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Case 1

z
ze* =21
1=2z— ze
1=2z(1-¢€")
1
T 1 —et?
Case 2
tA__Z_]‘
N z
ze = — (2 —1)
1=z+ ze?
1:z(1+et’\)
1
Zg = ——
2T 14t
Therefore )
“S TEen

The next step is to determine

dz A
__liln z—1
Adz z

—

Using the property & In f(z) = J;,((;

~
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() = =+ (|2 -1 (5.65)
g A\|z—1]| =z '
Now remembering that |z| = xsgn (x) and sgn (z) = 2n(z) — 1, therefore
z z z
= 5.66
z—1 z—lsgn<z—1) (5.66)
Also
z—1 ‘ z—1 (z —1
= sgn
z z z

Where sgn is the sign distribution and eta is the Heaviside distribution .Hence

z—l‘/_ d z—l'

dz | 2
:%{221{277(2;1)—1“ (5.67)

At this step we need to recall that

z

on(z)
772(2) = N(2) oh

Use product rule of differentiation, we simplify equation (5.67) as follows Let

1 1 |
U=l U ==
z z z

—1
vz2n<z )—1
z
—2n<1—1)—1:>V'—%77’(1—1>
z z z
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We now have

—1
ZZ —U'V+V'U

s () e B ()

VA VA zZ

sgn(‘zrgl)

= () 2 () (-

VA VA zZ A
1" 1 -1 -1 1
ZZ :§sgn<zz )+2(Zz3)5(1_2) (5.68)

But
59 () = Y 0 (=~ =)
Let
1
—1-=
9(2) .
1
g'(z) = 2
Solving for roots of g(z), we have
9(z) =0
1
=1—-=0
z
l=-=2z=
z
1
g (2) = 12
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Hence equation (5.68) becomes

,zésgn(z;l)—l—Q(z;l)(S(z—l) (5.69)

z—1
z

Substituting equations (5.66) and (5.69) in equation (5.65) yields

so3 (=)
) () 2]
(5 (129) 229) ()5
Al (5 (59 ()

Recalling that we obtained the roots of ¢ (z) as

z z—1

z—1

z

1 1

21 = TR — Ty
1+ et 1—et

And the Dirac delta function is zero everywhere except when its argument is zero.
argd (z—1)=2—-1

For both roots, the delta term in ¢’ (z) vanishes because for it to exist it requires that

argument of delta function must be zero. That is

1

i l=——
0=z 1L et

which is equivalent to e* = 0 and that is a Mathematical lie since both \ and t are greater

than zero, so only one term remains after neglecting delta in ¢ (z;).
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Therefore

But

This implies that

1)

sgn () sgn (y) = sgn (vy)

z—1

= sgn (1)

z

1 _
| 1+ert

1 + e)\t
1—<1+6>‘t>
e

[ (1+ e”)z

1—(1+4eM)
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1 (1 + e’\t)2

Y —eMt

(1 + e’\t)2
T et

Similarly
1 1
9 (22) = —<
1 ( 1 1)
| 1—ert | 1—ert
o1 r—e ]
Ry ==y
1] 1—eM
DY 1-(1-eM)
| 1—eXt

[ -
a 1—(1—eM)

1 [ (1 — e/\t)2
-y et

(1—eM)’
- et

Therefore

/ _ a2 1
g (z) =% (1xeV) TN
But ¢’ (z;) must not be zero, and for the initial condition that is at ¢ = 0 the negative
root makes ¢’ (z;) to be singular [¢’ (2;) = 0] so that root needs to be discarded in the

summation only one root of z; is left and will be from now on z; = z;
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It is now time to go back to equation (5.64)

N=>

FIC R

1 5 1
= Z——
‘(1 + eAt)Z 1 1+ e

AeXt

)\6)\15
:HI§$5F

And this is the formula we searched all this time. We can now use the delta function to

_ (1 + ekt)—l]

eliminate the integral in equation (5.63) In doing so we need to recall that

[ 1@t - ayis = fia)

That is the integral of a function multiplied by a Dirac delta shifted by a units is the

value of that function at ¢ . With this we have

Zno v 1 z—1 20 v eM —1
_ _ = - - — x ) —(1 At d
/)\z (z—1) |Z|k6<t )\ln z ’) dz /)\z (z—1) 12 (14 eM)? [Z (1+¢%) } -

Integral disappears and instead we get value of integrand for z =

1+e“‘

Z"o | |§ e
= z
Az (z—1) (14 eM)?

z=

1
14etA

1\ v
<1+et>‘> AeM ( 1 >A

- 1 1 AY2 A\ 1+ et
A<@><W—1>(l+e ) +e

1\ v
(1+et>‘> eM < 1 )*

1 1-(1+etr) | (1 + e/\t)2 1+ etA
(1+etk> 1+et?
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(1 + 6)‘t)2
Y

1\ et 1 \*
_(1+€tA) {(1+ekt)2} (1+etk)

1 n0+§
- (1 + 6”‘)

=—(1+ e”)_no_%

S e Y Y PR
' /)\z(z—l)lz| 5( A

But this is not the end of our trouble, with the integral solved, our problem as in equation

(5.63) is reduced to
1 z—1 v 1 z—1 —np—2
(- o] et~

There is no harm if we make another substitution. Thus the final step towards the solution

z—1

D de = (14e%) 7

is to change the variable from ¢ to

1 z—1
T=t—-1
P ‘
Multiplying both sides by A yields
/\T:)\t—lnz_l‘
z
—1
M =\T+1n|> ’
z

Exponentiating both sides we get

z—1
M — e)\T+1n|

z

z

— 6)\Telnl z=l

_ AT

z—1
2
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Remembering that for our root

B 1
1t
2—1_ 1
z z
1
=] ———
1
E=
= —[1—|—et’\]
—
Thus
’_et)\ :—(—e“)
z—1 B z—1
2 | z
I _ T 2_1‘
z

e*AT

Multiplying the right hand side by 1 = &=z we get

—\T
A |z 1] (e

z—1
-]
ze M —(z-1)
o 2= AT

379



ze M — 241

ST
1—1=2 [1 — e*)‘T}
- ze= AT
1—2 [1 — e_)‘T}
. 1 + et/\ — Ze—)\T

Described by T variable, equation for G becomes

G(z,T)n(T):f<T—i—%ln

z—1

- —no—x
Z;1D+|z|_§ [1—2(1—6)‘T)] A

A

_v 1
= |2| Af<T+—ln Se—AT

But we know that f does not depend on z

G(z,T)n(T):|z]_§f<T+§ln :

1 . 1—2 (1 — e‘AT) B
+ 12| ST

When T = 0 it follows that

1

G (2,0)n(0) = |z| "> f (o+ Tl

ze—A0)

z—1 o [ 1—2(1—e?O) T
+ 27>
z
But 7 (0) = 1 hence

6.0 = el £ (i [F2H] ) e [

z

. (1 -1 L 177703
— a7 (5] ) ]
A z z

r 1 _1 A v
=|z|"* f (—ln & ) + |z|7X 2M0FX
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But knowing that

It follows that

So we have finally eliminated f. Thus the solution is

[1 —2(1- e_’\T)] e

B

G(z,T)n(T) =z

2= AT

Since T' > 0 it follows by definition of eta that 1 (7') = 1 hence

[1 — (1 e_’\T)]

2o~ AT

>

G(z,T)n(T)==z"

(1—2(1— )] "7
ze AT

ze AT ]nﬁ;
)

1—2(1—e T

We can rewrite it as

e no+3x
]

l—z(1—e

G (2,) = 20 [

By identification, this is the pgf of a negative binomial distribution with p = e™* and ¢ =

1— e—)\t
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P, (t) is the coefficient of 2" in G(z,1)

But G(z,t) is of the form

= z"op"otR i (_ [nif ﬂ) (—q2)"

n=0
= 2Pty (["0 Flrns 1) (=" (=1)" (0)"
n=0
— ZNopno+§ Z ([no + ﬂn—i_ n—= 1) (2q)"
n=0
_ i ([TLO + %} +n— 1)pn0+;’\qnzn+no
n=0 n
— i <|:n0 + §:| + (7/;_ nO) - 1)pn0+iqn—nozno
n—"no
n=ng
— i <|:n0 + §:| + (T;_ nO) - l)pno—kiqn—nozno
n—"ng
n=ng

Thus the coefficient of 2™ is

[no + %] + (n - no) —1 pno+§qnfno
n —"nyo

But p = e and ¢ = e implying that

[n0+§]+(n—n0)—1
n —nyo

P (t) = (

k y Ly 4y ee

Which is the pmf of a negative binomial distribution
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Hyper geometric function approach

From equation (5.54a) we had

d— [s—v(z—1)]= G (z,0)
EG(Z’S)_ Az (z—1) Gz )__/\z(z—l)
This can be re-expressed as
d— [s+v(l—2)]— G (2,0)
%G (z,s) =2 G(z,8) = (= 2) (5.70a)

which is an ODE of 1% order. It is of the form ¢’ + Py = @ where

and 9 = 220

s+vu(l—2)
Az (1—2)

y=GClas), P= Az (1—2)

Using the Integrating Factor technique it follows that

s+v(l—=2) dz

I.F =el 505

1 s+v(l—=z)
— ex f z(1—2) dz

But

/—Sig’l(i;)”dz:/ﬁdw/gdz

By Partial Fractions, We have

z(1—-2) =z * 1-=z
Multiplying both sides by z(1 — z) yields
1=A(1-2)+ Bz
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Which holds true for all values of s

Setting s = 0 we have
1=A(1-0)+B0)=A=1

Setting s = 1 We have
1=A(1-1)+B(1)=B=1

Thus
/ ——dz = dz—l—
1—2
lnz—ln(l—z
(i)
11—z
1 [s+v(l—2) s z
dz = —1 —1
)\/ z(1—2) : n<1_z)—|—>\nz
by
:ln( i ) +1nzx
1—=2
§
=1In [( - > zil
11—z
Therefore
[F = x5
_ ol
z Ay
= ZX
(i)
— (1-— z)_§

Multiplying both sides of equation (5.70a) by the integrating factor yields
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stv _s d— stv _s S+U(1—2)— stv _s G(Z,O)
1— P 1— X = 1— X
zx (1—2) de(Z,S)—f—ZA (1—2) =2 G(z,8)=2z~* (1—2) (=2
Simplifying this we get
s+v
_ stv _s 2 x G(z,0
Integrating both sides with respect to z we have
d _Ss st+v—= ZS:(UG(Z 0)
- 1_ A d frd !
/dZ [( 2 G<Z7S)} : /)\Z(l—z)*Jrl
_ S s+v— Z§+KG Z,O
/d[(l—z) X zZx G(z,s)] _/)\z(l : §+1d
_Ss s+v—= 1 Z§+§G(z O)
1—2 *Z*GZ,S——/—;CZZ 5.70b
(1-2) CORSY Brrps:=- (5.700)

We consider two cases
1. When X(0) = 1
2. When X (0) = nyg
Case 1: When initial population X (0) =1
Recall that
G(z,t) =Y Pu(t)2"
n=0
= G(2,0) =) _ P,(0)2"
n=0
= Py(0) + P (0)z + Py(0)2% 4 ... + P,,(0)2" + ...
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but for the initial condition X (0) = 1, we have

P(0)=1, P,(0)=0 Vn#1

5.G(2,0) =2

With this equation (5.70b) becomes

We first simplify the right hand side as follows

Recall that

/ xot? J 2 SR (a+1,a+b+1;a+b+2;7)
—_———dx =
(1—z)* a+b+1

+ constant

Where oF; (a + 1,a + 1;a + 2; x) is the gauss hyper geometric function.

Therefore
1/ e ; 123 SR (341544415 +2+2;2) dy
— | ——dz = — BN
AJ (1= )3 A yta+l A

Where d; is a constant of integration
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Using this in equation (5.71) We get

S+¥41 S s v .S v .
(1_2)_§Zs§va(z S):l ZA+>\+ 2F1(X+1’X+X+1’X+X+27z) +ﬂ
A 4241 )
ARG LE R s E3 429 4
= Pa— +)\ (5.72)
AGFE+D
But

oF (abe;2) = (1—2)"" 4F (c—a,c—bie; z)

We now use this property to simplify the term

P (S LT+ LT+ +22)
Here
a=F+1 b=S4s+l c=S+1+2
c—a:§+;+2—(§+Q
=§+§+2—;—1
=L+

S S S
C—a—b—x+x+2—(X+X+1>—(X+l)
S v S v S
—X+X+2—X—X—1—X—1
__5
DY

387



Thus

s s v s v s v s v
F<— | JRAE P 2;):1— -3 F(— L1240 2;)
241 /\+ )\‘i‘)\"— )\+)\—|— ¥ ( Z) 21" >\—|— >\+)\+ z
With this equation (5.72) becomes
(1—2)_XZ§G(Z,S):Z A=) 15 A2 2)+_1
AME+4+1) A
— 1 AR (1 —2) % R (S 41,15 4422 1
... G <Z7 S) = _ 5 s+v ( ) : - 1(})\ A A ) + _ 5 s+v
(1—2)"~2% )‘(X+X+1) (1—2)"227%
z v s v di (1—2)%
. F<—+1,1;—+—+2; )+—T
NEETES ) X a )TN T
z v s v di {1 —2\*
= LR (L +22) 4 S
ot (X hEY TR Z+)\(z>

But since for all ¢, z < 1 we have G (z,t) < 1 it follows that d; =0

Thus
— z (% S (%
G(Z,S)—mgFl <X+1,1,X+X+2,Z> (573)

But according to Euler the Gauss hyper geometric series can be expressed as

=0 ()
_1+a_b£+a(a—|—1)b(b+1)$_2 af@+1)(a+2)b(b+1)(b+2)a*
B c 1 clc+1) 2! cle+1)(c+2) 3!
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Where a, b and ¢ are complex numbers and
k—i

[+

=0

(a)k

a

a+1)(a+2)(a+3)...(a+k—1)

Thus Letting a = { + 1,0 =1 and ¢ = § + { +2 We have

S

v
— 2:
)\—I- + 252

(Y
—+1,1;
+ 1L L \

£ (3

> = F(a,b;c; 2)

/

ab z

1+

a(a+1

)

c 1!

(a+2)b(b+1)(b+2) 23

4 a(a+1)b(b+1) 22

_|_

c(e+1) 2!

L C

(c+1)(c+2)

Z o+ ..
31 )
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\

\

With this equation (5.

%(U—F)\)Z ylz(v"‘/\)(%Lz)\)Z?

1+

_|_

%(34—1}—1—2)\) le(s—l-v—l—Z/\)(s—l—v-l—B/\)

13 (U (0422) (0+34) 8
(s+v+2X) (s+v+3X\) (s+v+4N)

1
A9

() (v42)) 22
s+v+2N) (s+v+3)

(v+N\)z

L+ ooy

+ 1 +

(04 N) (042X) (v+3X) 23 4
(s+v+2A)(s+v+3N) (s+v+4A) 0

73) becomes
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z

G(28) = S+u+ N

s+v+ A

\

1

A (

l—l—(

v s v
LTSS P A 2-)
A—i_ Y ’A+)\+ 72

(V)2

(V) (v42)) 22

storzy T

(04 A) (02X (0+3)) 23

s+v+2N) (s+v+3A

(s+v+2X) (s+v+3AN) (s+v+4A

(v+N)z

)—i—...

)—i—

/

(04 X) (V4+2)) 22

Gz, s) = 24 STUTA i

ot lsroray T 7

(V) (v42X) (v+3X) 23

s+v+N) (s+v+20) (s+v+3X)

T

sHv+A) (s+v+2N) (s+v+3N) (s+v+4A

Applying inverse Laplace transform to both sides We get

(

1

(v+A)z

)Jr...

(V4N (42X) 22

LG (z,s)} =2L7"

sto+A + (s+v+A)(s+v+2\

7T

s+U+N) (s+v+20) (s+v+3))

(V+A) (042X (v+3X) 23
s+0+N) (s+v+2X) (s+v+3X) (s+v+4A

+( )—l—...

G (z,t)=2zL71(D)

(5.74)
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Where

! (v+A)z

(V) (v4+2X) 22

S+U+A + (

sHv+N) (s+v+2A

(V) (v+2X0) (v+3X) 23

)T

T

Thus

( 1
Lt —
{s+v+A

s+v+N) (s+v+2N) (s+v+3N) (s+v+4X

)+-“.

}+J;1{@+vi3;jfv+2ﬂ}

Partl

PartlI

+E4{@+

(v+A) (v+2N) 22 }
v+ A)(s+v+2N)(s+ v+ 3N

PartIIT

(v+A) (v+2N) (v+3)) 23

+L_1{(s+v+)\)

(s+v4+2X) (s+v+3)N) (s+v+4N)

s+v+A) (s+v+2N) (s+v+3X)

|

PartlV

+...

The next step is to simplify the four Parts of the above equation

Part I

Miscellaneous Method
By the first shifting property

1
— > !
} : {5+)\

L{ef(t)} = f(s +a)

and

L{1}:%
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1

= L{e ¥l =
(-
Thus Letting a = v + A , we have
L{e i = b
s+v+A

= [t o — e~ (PN
s+v+ A

Lt S G ze~ (WA
s+v+ A

Use of tables

The Laplace transform of f(¢) is of the form

k
S+ a

L{f(t)} =

Which from the table of transform pairs yields
f(t) = ke

Inourcase k=2, a=v+ A

! { . z+ /\} IR GESNY
s+uv

Part 11

L1{(s+v+(UA;r(j)+Zv+2A)}:(HA)ZL1{(8+“+A)18+”+2A)}

The function 1

(s+v+A)(s+v+2)\)

has simple poles at s = — (v + A) and s = — (v + 2))
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Its residues are given by
At the pole s = — (v + \)

a_;

Similarly at s = — (v + 2))

a_;

lim [s + (v 4+ N)] e
s——(v+A) (S +v+ )\) (S + v+ 2)\)

st
- i -
s——(vA) [s + v + 2]

B e—(v+)\)t

= A) v +2)

67(v+)\)t

[—v— A+ v+ 2)]

— i [s + (v+2X)] e
Cso—(r2)) (sF v+ A) (s v+ 2)0)

est

= lim —
Hfglﬂ) [s +v+ Al

e~ (v+2M)t

= (w20 + v+ 2)]

e~ (v+2M)t

[—v —2XA + v+ )
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Thus
L! ! = Z a_;
(s+v+ ) (s+v+2)) -
e~ (v+A)t e~ (v2A)t
YR
—(v+A)t
= 3 (1 — e’”)
_ + )z e~ (vHA) _
= (v _ \ 1 X
{(s+v—|—)\)(s+v+2)\)} (v+24)z A (1=e™)
=(v+\) 6_(”+’\)t§ (1- e_’\t)
Part III
o (v+A) (v+2N) 22 N 1
= A 2)\) z°L
(s+v+A)(s+v+2)\) (v+A) (v +23) 2 (s+v+A)(s+v+2N)
(s +v+3\) (s +v+3X\)

The function .

(s+v4+A) (s+v+2X) (s +v+3))

has simple poles at s = — (v + A), s = — (v + 2)A) and s = — (v + 3))

Its residues are given by

395



At the pole s = — (v + \)

4. — lim (s+v+A)e
T s (s v+ A) (s v +2)) (s + v+ 3)N)

6st

I
Hfglﬂ) (s4+v+2X)(s+v+ 3N

6—(v+)\)t

[—(v+A)+v+27\ [ (v+ ) + v+ 3}

e—(v-‘r}\)t

[—v—=A+v+ 27\ [-v— A+ v+ 3]

6—(v+)\)t

2 (2N

ef(er)\)t

22!

Similarly at the pole s = — (v + 2\)

2)\ st
a_; = lim (s+v+2)e

so—(r2)) (S +F v+ A) (s +v+2N) (s+v+3N)

est

y
oA (5 -0+ A) (5 + U+ 3N

ef(v+2/\)t

[—(v+2X\) + v+ A [— (v+2)) + v + 3]

e~ (v+2X)t

[—v = 2A+ v+ A [-v — 2\ + v + 3)]
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67(v+2)\)t

—A(A)

e—(v+2)\)t
e
Similarly at s = — (v + 3)\)

s~ lim (s+v+3)\) e
T sl (s v FA) (s v 420 (s +v 43N

st
= lim ¢
s=—(+3)) (s + v+ A) (s + v+ 2))

67(v+3/\)t

[—(v+3XN) + v+ A [— (v+3X) + v+ 2)]

e~ (v+3N\)t

[—v=3XA+v+ A [—v =3\ + v+ 2)]

e—(v+3)\)t
Y ESY
B e—(v+3)\)t
21N
Thus
L ! ~Y
(s+v+A)(s+v+2)\) ’
(s +v+3)\)
6—(v+)\)t e—(v-i-/\)t 6—(v+)\)t
e e T
e—(v+)\)t
= (1—2e M4 e2M)
(0N
e Y 2
= ome (7
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L_l{ (v 4+ A) (v+2X) 22 }_ (v+A) (v+2X) 2%x
(s+v+A)(s+v+2N) (s+v+3N)

(o 22 a2
=W+ (wv+2N\)e (+)‘)t2!)\2 (1—e™)
Part IV
( )
(v+\) (v +2)) (v+A) (v+2X\) (v +3)) 23x
71 (v+3X) 23 B
(s+v+X)(s+v+2)) B .
s+v+3N)(s+v+ 4\ L1
( )( ) (s+v+A)(s+v+2))
\ (s+v+3\)(s+v+4N) ) )

The function

1
(s+v+A)(s+v+2N\) (s+v+3XN)(s+v+4N)

has simple poles at s = — (v + A), s = — (v +2)), s = — (v +3A) and s = — (v + 4)\)
Its residues at each are given by

At the pole s = — (v + \)

4. — lim (s+v+A)e
T et (sH v+ A) (sH v+ 2)0) (s+v+3)) (s + v+ 4))

est

I
s%jg}ﬂ) (s+v+2\) (s+v+3\)(s+v+4N)
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ef(v+)\)t

[—(+A)+v+2\[—(v+ ) +v+3N[—(v+ ) +v+4)]

o— (Nt

[—v = A+ v+2\ [-v = A+ v+ 3\ [-v—A+v+4)]

e—(v-i-/\)t

X (2\) (3N

e—(v—l—)\)t

)33l

Similarly at the pole s = — (v + 2))

i (s+v+42X) e
a_; = im
so—(wt2) (s F v+ A) (s+v+2N) (s +v+3N) (s+v+4N)

est

i
s (s+v+A)(s+v+3\)(s+v+4N)

e—(v+2)\)t

[ (H20) v+ N [= (v +20) v+ 3\ [~ (v +20) + v+ 4]

e (v+2X)t

[—v =2 X+ v+ A [—v =2 X+ v+ 3\ [-v — 2XA + v + 4)]

6—(U+2)\)t

EESYSNICIY

e—(v-‘,—Z)\)t

—A32!
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Similarly at the pole s = — (v + 3)\)

4=  lim (s+v+3N\) e
T e Sw3n) (5H v+ A) (s+v+20) (s+ v+ 3N) (s + v+ 4N)

est

= lim

s=—(3N) (S + v+ A) (s +v+2X) (s+v+4N)

e—(v+3)\)t

[— (43N +v+ A [—(v+3N) +v 42X [— (v+3)X) + v+ 4)]

e~ (v+3X\)t

[~ =3A+ v+ A [~v = 3N+ v+ 2\ [~v — 3N+ v+ 4)]

e—(v+3)\)t
EESIYESYIPY
v+3A\)t

67(

A32!

Similarly at the pole s = — (v + 4\)

y (s +v+4\) e
a_; = lim
s=—(+d)) (s+ v+ ) (s+v+2X) (s +v+3)) (s + v+ 4N)

est
pu— 1‘
s (o)) (s+v+A)(s+v+2X) (s+v+3))

67(v+4)\)t

[—(v4+4N) + v+ A [— (v+4N) + v+ 2)] [— (v +4X) + v+ 3)]

e~ (v+4N)t

[—v —4XN+ v+ A [—v—4X+ v+ 2\ [-v — 4X + v + 3)]
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Thus

-1

67(v+4)\)t

3N (=20 (—N)

6—(v+4)\)t

— 33!

1
(5+v+N)(s+v+2N =D o

(s+v+3\)(s+v+4N)

Therefore

o~ (Nt o

v+2A)t

6_(

v+3A)t

e_(

v+4A)t

67(v+)\)t

3103 21)3

T o0

313

— (1 o 36—)\t + 36—2)\t o 6—3)\t)

3IA3

o— (Nt

= — (1 — e‘”)3

313

(v+ ) (v+2N)

(v+3X) 23

(s+v+A)(s+v+2))

(s+v+3\)(s+v+4N)

= (v+ ) (v+2)) (v +3)) e TV

Consolidating the above results we get

e—(v—M)t 4 (U + )\) 6_(U+>‘)t§ (1

=(w+A)(v+2)) (v+3))z

A33!

— e_’\t) +

(04 A) (v +2)) eI (1 — =) 4

222!

3

L(V+ ) (U4 2)) (v + 3\) e FV E
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(1 — e"\t)3 + ..

—(v+A)t
3€

A33!

(1 — e_’\t)3

(1 — e_)‘t)3

7



But by equation (5.74)
G (z,t) = 2L~ (D)

6—(’U+)\)t + (U + )\) 6—(U+)\)t§ (1 _ e—At) +

(v+ ) (v+2N) e_(”*’\)t/\é—z! (1 — e"V)Q +

L(v+ ) (v+2X) (v+ 3A) e_(”’\)t/\zg—; (1- e_’\t)3 + ...

= ze~WHV! L+ (3+1)z(1—e™)+(5+1) (5+2) 22_? (1- G_M)Q +

G+D)G+D (G +3 50—+

Multiplying the RHS by ES;: yields
o)

( 3\

1+ (24+1)z(1—e?)+
v

N GG

>

G (z,t) = ze~ (N

>

((2+1) (2+2) (2+43) 5 (1—e)" + ..

G (z,1) = ze” V! (241)(2+2)21 2
GA)GH)Y
A




Since

We have

= ze_(

v+A)t
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And so on

With this we have

G (z,t) = ze~ WV

But ]
(§+3) _ ([§+1]+j—1>
J J
Therefore
G (2,1) = ze S ([§ + ”jﬂ - 1) (=1 [z (1 — )]
§=0
But
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We have

z

>l

oM xtl
1—2(1—eM)

Which by identification is the pgf of a negative binomial distribution with p = e~
t

A and

g=1—¢?

G (z,t) can be expressed as

B D $+1
G(z,t) ==z L —qz]

P, (t) is the coefficient of 2™ in G (z,t). But

G(z,t) = zprtt(1 - qz)*@“)
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Therefore the coefficient of 2" is

n+t3—1\ vyy 0y n+3-—1 VNN | “Myn—1
A = A 1_
( n—1 >p ¢ n—1 (7 )

Hence

E - ]. v
P, (t) = (" :; * . )(eﬂ)x“u —e Mt n=1,23, ...

:([§+1]+k—1

N )(e—”)iﬂu —eME k=0,1,2,3,
where k =n — 1.

This is the pmf of a negative binomial distribution with parameters r
—Xt
b=e¢
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Case 2: When initial population X (0) = ng
Recall that
G(z,t) =) Pu(t)z"
n=0

= G(z,0) = an(o)zn
n=0
= (0) + P1(0)z + P2(0)22 + ..+ P (0)2"0 4 ...
but for the initial condition X (0) = ng, we have

P,,(0)=1, P,(0)=0 VYn#ng

5G(z,0) = 2™

With this equation (5.70b) becomes

(1—2)3"
_ S s+v— 1 Z§+%+n071

We first simplify the right hand side as follows;

Recall that

- o F (a,a+r;a+r+1;7) 4
/ u—dx = gt a+tr > -+ constant

T oF1(a+1,a+r+1;a+7r+2;x)
\ a+r—+1 J
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> =

But

2F1 (a,by032) = (1 -

Z§+(n0+§)—1d
/ TR

Zxtnotsx

A

o F1(§+1,5+no+%+1:5+ng+5+2;2)

S+no+y+1

Z)C_a_b oFy (¢ —a,c—byc; 2)

We now use this property to simplify the above integral, We start with

Here

F (

a = —,

Thus

A

S

ATA

S v S (Y
,—+%+ﬂ—+m+—+hﬁ

ATA A

S v S v
b=<+no+~, c=~<+no+-+1

A

A

A A A

s v s
c—a=—+n+—~-+1——

A A

(Y
=no+~++1

—b=Z4ng+s+1-(S+no+ )
cTvEN TN PN
= et atl—2—py— =
ATy SR
—1
S v S S v
C—a—b:X—i-no—i-X—{—l—X—<X+n0—|—x>
S AT AN N A A
PEDY DY
_1_53
IR
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Thus

s s v s v 1_s v s v
P‘QU— v.2 v 1;): 1— )% F( Yol Y
21 )\)\+n0+)\>\+no+)\+ z ( ) 21n0+>\+ >\+no+)\+ z
Similarly for

F(f—kli—l—n +E+1'£+n +2—|—2'z>
241 \ 7)\ 0 \ 7/\ 0 \ )

We have

S, b= fmp4e1 > tng 4~ +2
a = — = — n, — C = — n -
P PN W PN

implying that

c—a=£+no+2+2—<f+1>

A A A
S S
v
:no—FX—l—l

S (Y S (Y
c—b=—+no+—+2—<—+no+—+1>

A A A A

S v S v
Sy trmetytEo Ty
=1

S v S S v
c—a—b:—+ny+—+2—<—+1>—<—+ny+—+1)

;y ) \ ;\ y
S v S S v
_$ Vig S 45 _ v
MRS WY N

S

A

Thus

S S (% S (% —
2F1<X+1,X+n0+x+1;x+no+x+2;z>:(1—2)

P

X

v S v
F( Y118 v z)
21710-1—/\-1— /\-I—no-f—)\—i— z
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consolidating the above results, We get

( _s
(1—2)1 A 2F1(n0+§+1717§+n0+§+172)
S v s v é_’_n +2
1 Z;+no+x—1d Zxtno+x S +no+x . 0
Y B z = dy
A (1 o Z)X_Fl )\ . )\
(1-2)"% oFi(no+§+1LL5+n0+5+22)
\ < Sino+2+1 )

(1=2) 2 (n0+§+171§§+n0+§+1;z)

s v _ s §+n +E
Zxtno+x (1_2) p) Ty 4
= + dy
A A
2F (no+ 41,155 +not+§+2:2)
: F+no+x+1
¢ 1— F V4118 +U4T: ) \
(1-2) 2 1(n0+)\+ L5 +no+241;2 N
5 3 -3 %(S‘FU‘F)\’I’L())
2T (1 —2) 7 ds
pu— + do
A A
2F1(no+§+1,1;§+n0+§+2;z>
X L[s+o+A(no+1)] )
(172) o Fy (Tlo+§+l,1;§+n0+§+1;z)
s v s by
ZX+TZO+X (1 _ Z) B )\ (8+7}+ TLO) d2
pr— _|— dy
A A
2 F1 (no+ 341,14 +n0+4+2;2)
[s+v+A(ng+1)]
(1-2) 21 (no+ 5 +11; 5 +no+{+1:2)
(S-H)-l-/\no) d
= s (1) +5
211 (n0+§+1a1;§+no+§+2;z)
[s+v+A(ng+1)]
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Therefore

stv _ 5 —= 1 Z;""”U“F%—l
> (1= rG -5 ——d
zx (1—-2) (2,9) /\/(1_2)/\-1-1 2
(1-2) 23 (no+5+1,1; 5 +no+§+1:2)
(5+’U+>\Tl0) + d
_ ittt (1 - ) -
AP (LI o §42:2)
[s+v+A(no+1)]
Thus
(1-2) 21 (”0+§+171;§+n0+§+1;z)
= ZATOTR (1= 2)72 (s+v+Ang) 0
G (Z, S) N = Y + stv _5
Z>\(1—Z)>\ /\ZT(l_z>)\

2F1(no+ 341,15 +n0+3+2;2)
[S+U+)\(TL0+1)]

(1-2) »F1 (n0+§+1,1;§—|—n0+§+1;z)

(5+’U+)\TL0) +
J— no + d2
- )\ZS-;‘-v (1 — Z)_§
2P (mo+ 411 5 +no+§+2:2)
[s+v+A(no+1)]

But since for all ¢,z < 1 we have G (z,t) < 1, It follows that dy =0

Therefore
(1-2) oFy (no+§+1. 15 +no+5+1:2) +
(5+'U+An0)

G(z,8) =2"
o (mo 3 +LL§ o+ 3+2:2)
[s+v+A(no+1)]
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But according to Euler the Gauss hyper geometric series can be expressed as

oo "
o F (a,b; c; ) Z k
k=0
_1+a_b£+a(a+1)b(b+1)$2 ala+1)(a+2)b(b+1)(b+2)3

c 1! cle+1) 20 cle+1)(c+2) 3!

Where a, b and ¢ are complex numbers and

=a a+1)(a+2)(a+3)...(a—l—k‘—1)

We shall use this property to simplify the terms in the RHS

For

v S v
F( Yi112 v L)
2By (o 5+ L LT o+ 5 4 Lz

Weleta:no—i—%-f-l, b=1andc:§—|—n0—|—§—|—1

Thus

v S v
F( T +HLL < L)ZF,;;
%+A+’ A+%+A+ z (a,b;c; 2)

a(a+1)b(b+1) 22
c(c+1) ot

a(a+1)(a+ )b(b+1)(b+2)z_ 4+ .
(c+1)(c+2) 3!

Q
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Therefore

(

\

/

(no+§+1)z

(no+3+1) (no+3+2)2!

2

1—|-(

S+no+3+1)

($+no+2+1)(3+no+3+2

(no+3+1) (no+3+2) (no+4+3)3!

3

(no+§+1)z

(no+3+1) (no+3+2)22

2t

z°
($+n0+3+1) ($4+n0+3+2) (§+n0+3+3) 3! T

)

1+
($+no+3+1

)—i—

(no+3+1) (no+3+2) (no+3+3)2>

(3+n0+3+1) (5+n0+242) (5+n0+3+3)

1 (Ang+v+A)z

($+no+2+1)(3+no+3+2

)+

)\% (Ang+v+A) (Ang+v+2X)22

1+

1 (s+Ang+v+A)

+

25 (Ano+v+A) (Ano+u+A) (Ang+u+)z°

A3

F<n0—|—2+1,1;£+n0+§+1;z)

A

Similarly for

A

(Ang+v+A)z

L (s Ano+v+A) (s+Ang+0+2N) (s+Ang+v+3N)

37 (s Ano+0+A) (s+Ang+v+2))

3\

(Ang+v+N) (Ang+v+2X) 22

1—|-(

s+Ang+v+A

(Ang+v+A) (Ang+v+A) (Ang+ov+X) 23

7T

s+Ang+v+N) (s+Ang+v+2A

(s+Ang+v+A) (s+Ang+v+2X0) (s+Ang+v+3N)

(Ang+v+A)z

+ .

(Ang+v+A) (Ang+v+2X) 22

1—|-[

s+tv+A(no+1

(Ang+v+N) (Ang+v+N) (Ang+v+N) 23

7T

[s+v+A(no+1)][s+v+A(no+2)|[s+v+A(no+3)]

v S v
2B (no+ 5+ 1,15 4o+ 5 +22)

A

A
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_|_

stu+A(no+1)][s+v+A(no+2)]
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Letting a = ng + 5 +1, b=1 and implies that ¢ = § +ng + 3 + 2

v s v
F<no+x+1,1sx+no+x+2;z> = F (a,b;c; 2)

a(a+1)b(b+1) 22

L+ Cn+ @ ot

o8
=l

a(a+1)(a+2)b(b+1)(b+2) 23

c(c+1)(e+2) 3! + .
(1 (no+3+1)2 (no+3+1) (no+3+2)2! z_2+\
($4n0+2+2)  (3+no+3+2)($+no+3+3) 2!
(no+3+1)(not+3+2) (no+%+3)3! 3 4
(5 +no+342) ($4+n0+3+43) (5+not3+4) 31 7 77

’1+ (not+2+1)z (no+3+1) (no+3+2)22 +‘
($4+n0+2+2)  (3+n0+3+2)($+no+3+3)

(no+3+1)(no+3+2) (no+3+3)2°
( (5+n0+342) ($4+n0+3+3) (5+not+3+4

)+...

( )

)\% (Ang+v+A) (Ang+v+2X)22
sz [sHAno+u+2A][s+Ang+u+3)]

T (Ang+v+A)z
T s+ Ano+v+2)]

1+ +

55 (Ao +v-+A) (Ang+u+20) (Ang+u+3))2°

)%3 [s+Ang+v+2A]|[s+Ano+v+3A][s+Ang+v+4A] )

(Ang+v+A)z (Ang+v+X) (Ang+v+2X) 22
s+Ang+v+2] [s+Ang+v+2A][s+Ang+v+3A

(Ang+v+A) (Ang+v+2X) (Ang+v+3X) 23
[s+Ang+v+2\|[s+Ang+v+3A][s+Ang+v+4A

7t
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Therefore

[v+A(no+1)]z
stv+A(no+2)

[V+A(no+1)][v+A(no+2)] 22
s+v+A(no+2)][s+v+A(no+3)]

1+ +

v S v
F( Y4118 Yo ):
n0+)\+ )\—i-no—i-)\-l— z

]

[v+A(no+1)][v+A(ng+2)][v+A(ng+3)]23
[s+v+A(no+2)][s+v+A(no+3)][s+v+A(no+4)]

+ ..

Using the above results, We get

(1—2) 2F1 (no+§+1,l,§+n0+§+l,z)
(s+v+Ang)

G (z,8)=2z"

o F1 (no+§+1,1;§+n0+§+2;z)
[s+v+A(no+1)]

[v4+A(ng+1)][v+A(no+2)]22
stu+A(no+1)][s+v+A(no+2)]

( [v+A(np+1)]z
L+ o D)

+1 +
(1-2)
(s+v+Ang)
[v+A(no+1)][v+A(no+2)] [v+A(ng+3)]23

[stv+A(no+1)][sHv+A(no+2)][s+v+A(no+3)]

+ ..

no

(Ang+v+)z
stv+A(no+2)]

(Ang+v+A) (Ang+v+2X) 22

L+ PETNIS Y Gepra;) | PR Y gy

T

_|_

CEYey) ,
(Ang+v+\) (Ang+v+2X) (Ang+v+3X) 23 4
L [s+v+A(no+2)][stv+A(no+3)|[s+v+A(no+4)] ~ )
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( i 1 [v+A(no+1)]2 1)
(s+u+Ang) + (s+v+/\n0)[s-ﬁv+/\(no+1)]+

(1-2) [v+A(no+1)][v+A(no+2)]22
(s+v+Ang)[s+v+A(no+1)][s+v+A(ng+2)]

_|_

[v+A(no+D][v+A(no+2)][v+A (0 +3)]2° +
| (s+v+Ang) [sto+A(no+1)][sHv+A(no+2)][s+v+A(ne+3)] T

[v+A(no+1)]z
stv+A(no+1)][s+v+A(no+2)]

1
T

EERESYCTEs) +

[v+A(no+1)][v+A(no+2)] 22
[sFv+A(no+1)][s+v+A(no+2)][s+v+A(no+3

N

[v+A(no+1)] [+ A (o +2)][v+A(no+3)]2° n
\ L [s+v+A(no+1)][s+v+A(ng+2)][s+v+A(no+3)][s+v+A(no+4)] ]

From this it follows that G (2, s) is of the form

G(z,8)=2"[(1—2)E+ zF] (5.77)

Where

[v+A(no+1)]z + )
stv+Ang)[s+v+A(ng+1)]

( 1
oy T 1

F— [v+A(no+1)][v+A(no+2)] 22
(stv+Ang)[s+v+A(no+1)][s+v+A(ng+2

N

[v+A(no+1)][v+A(no+2)][v+A(no+3)] 23 +
\ (s+v+Ang)[stv+A(ng+1)][stv+A(ng+2)][s+v+A(no+3)] )
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and

( 1 [v+A(no+1)]z )
FERTEE Y Crowrs §3 Sl prwy Yoo § | i Y e,
F— [v+A(no+1)][v+A(no+2)]22 +

[stv+A(no+1)][sHv+A(no+2)][s+v+A(ne+3)]

[v+A(no+1)][v+A(no+2)][v+A(no+3)] 23
\ [s+v+A(no+1)][sHv+A(no+2)][s+v+A(ng+3)][s+v+A(no+4

Vs

The next step is to apply inverse Laplace transform to both sides of equation (5.77).

LG (z8)} =L {z™[1-2)E+zF]}
=2"[(1—2) L7 {E} + 2L7 ' {F}]

Gz t)=2"[(1—2) L7 {E}+ 2L~ {F}]

Various methods can be used, We however focus on the complex inversion formula . For

ease of computations We deal with both E and F separately.

Dealing with E

[v+A(no+1)]z + )
stv+Ang)[s+v+A(no+1)]

( 1
(s+v+Ang) + (

-1 -1 [V (o +D)] [v+A(no+2)] 2>
L71E}=1 (s+v+Ano)[s+31+A(no+1)} [Oerer(noH)]+

[v+A(no+D)][v+A(n0+2)][v+A(no+3)]2° 4
\ (stv+Ang)[s+v+A(no+1)][s+v+A(ng+2)][s+v+A(no+3)] )
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-1 1 -1 [v+A(no+1)]z
L {(s+—v+/\no)} +L {(8+v+)\n0)[s—|(iv+)\(no+1)]} +

_ ~1 [v+A(no+ D[+ (no+2)] 22
L { o) o Ao T ][50t Mg 2] } +

71 { [0-+A o+ D][0+A(no+2)][v+A(no +3)]2° } X
(sFv+Ang)[s+v+A(no+1)][s+v+A(no+2)][s+v+A(ng+3)] e

We now simplify the above first four terms separately

First term

= L—l 1 _ e—(v+)\n0)t
(s +v+ Ang)

Second term

[v+A(ng+1)] z =

Ll{( [v+ A (ng+1)] 2 }:

s+v+Ang) [s+v+A(ng+ 1)

-1 1
L { (sFv+Ano)[s+v+A(no+1)] }

The function )

(s+v+4+Ang)[s+v+A(ng+1)]

has simple poles at s = — (v + Ang) and s = — [v + X\ (ng + 1)]

Thus its residue at each pole is obtained as follows

418



At s = — (v + Any)

: [s + v+ Ang| e
a_; = lim
s=—(vtAno) (S + v+ Ang) [s +v + A (ng + 1)]

est

= lim
s——(v+Ang) [S + v+ (Tlo + 1)]

e~ (v+Ano)t

[— (v + Ang) + v+ A(ng + 1)]

e—(v—l—)\no)t

[—v — Ang + v+ Ang + A

6f(v+)\no)t

A

At s=—[v+ X(ng+1)]
[s + v+ X(ng+1)] e

a_; = lim
s——[v+A(no+1)] (s + v+ Ang) [s + v + A (ng + 1)]

est

= lim —_——
s——[v+A(no+1)] (S + v+ )\n(])
e~ A (no+1)Jt

[—[v+ A(nog+ 1)] + v+ Ang|

o~ Ao +1)]t

[—v — Ang — A+ v + Ang|

o~ Ao 1)t

-A
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Thus

L_l{(s+v+An0)[sl+v+A(no+1)]}:Za—i

ef(er/\no)t ef[v+)\(n0+l)]t

A )
—(v+Ano)t
=y e
Therefore
_ +A(ng+1)] 2 e~ (v+Ano)t _
-1 [v _ A\ 1 1 _ oM
{(s+v—|—)\n0)[s+v+)\(n0+1)] [t Ano + 1)) 2 A (1=e™)

= [v+ A (ng + 1)] e~ HAmot ; (1—e)

v n z —
A ] e
= [; + no + 1} em(HAm)tz (1 — ™M)

Third term

Ll{ [v 4 X (ng + 1)) [v+ A (ng + 2)] 22 }
(s+v4+Ang)[s+v+A(ng+1)][s+v+ A(no+2)]

[v+ A(ng+1)] v+ A(ng+ 2)] 2%

e 1 j
(sFv+Ang)[sHv+A(no+1)][s+v+A(no+2)]

The function .

(s+v+Ang)[s+v+A(ng+1)][s+v+ A(ng+2)]

has simple poles at s = — (v + Ang), s = —[v+ A(ng+ 1)] and s = — [v + X (ng + 2)]

Thus its residue at each pole is obtained as follows
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At s = — (v + Any)

! (s4+ v+ Ang) e
a_; = 1m
s=—(v+Ang) (S + v+ Ang) [s+v+A(ng+1)][s + v+ A(ng + 2)]

est

= 1.
Hf(ﬂlmo) [s+v+A(ng+1)][s+ v+ A(ng+2)]

6—(v+)\n0)t

[—(v+ Ang) + v+ A(ng + 1)] [— (v+ Ang) + v+ A(ng + 2)]

e~ (v+Ano)t

[—v — Ang + v+ Ang + A [—v — Ang + v + Ang + 2]

6—(v+)\no)t

X (2N

ef(er)\no)t

A22!

At s = —[v+ A(ng+ 1)]

st
0. - lim [s+v+A(ng+1)]e

s=—l+A(no+1)] (8 + v+ Ang) [s +v + A (ng + 1)] [s + v + A (ng + 2)]

est
= lim
s——[o+A(no+1)] (s + v+ Ang) [s + v+ A (ng + 2)]

67[v+)\(n0+1)]t

[—[v+A(no+ 1] 4+v+Ing)[—[v+A(ng+ D]+ v+ A(ng+ 2)]

e~ [v+X(no+1)]t

[—v — Ang — A+ v+ Angl [—v — Ang — A+ v + Ang + 2]
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e~ [v+X(no+1)]t

VG

6—[v+)\(n0+1)]t

_)\2

At s = —[v+ A(no + 2)]

st
0. - lim [s+v+A(ng+2)]e

so—[o+A(no+2)] (s + v+ Ang) [s+ v+ A(ng+ 1) [s+ v+ A(ng + 2)]

est

lim
s——[o+A(no+2)] (8 + v+ Ang) [s + v+ A (ng + 1)]

e~ [v+A(no+2)]t

[—[v+A(no+2)]+v+Ing|[—[v+A(ng+2)] +v+ A(ng+ 1)]

e—[v+)\(no+2)]t

[—v — Ang — 2A + v + Ang| [—v — Ang — 2A + v + Ang + )]

o~ Ao +2)]t

VeV

—[v+A(no+2)]¢

e
A22!

Thus

. 1 _
L {(s—i—v—i—/\no)[s—l—v—i—)\(no—i—l)][s—i—v—l—)\(ng—l—Q)]}—Zai
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But

67(v+)\no)t ef[v+)\(ng+1)]t 67[v+)\(n0+2)]t
D T S €]
e—(v-l-)\n())t Y Con
B e~ (v+Ano)t (1 B 6—)\1&)2
A22!

Therefore

Ll{ [v+A(no + D] [v+ A(ng +2)] 22 }

(s+v4+Ang)[s+v+A(ng+ 1] [s+v+ A(no+2)]

26—(v+>\no)t
A22!

2
z
= [+ Ao + D] [o+ A (g + 2)] P
2
_\ Y v —(vtAng)t =
—AB+M+QAL{HM+Q6 Opmu
2

v v —(v+Ang)t # —At) 2
:[X+n0+1] [X+n0+1]e (vt O)ta(l—e t)

=[v+A(no+1D)][v+A(ng+2)] 2 (1— e’

(1 — e_)‘lt)2

. —At)2

Fourth term

L*{ [0+ A (0 + D)o+ Ao + 2)] [0+ A (o + 3)] =° }
(s+v+Ing)[s+v+A(ng+ 1) [s+v+A(ng+2)][s+ v+ A(ng+ 3)]

[+ A (no+ D] [v+ A(no+ 2)] [v+ A (no + 3)] 2%

Ly | }
(s+v+Ang)[s+v+A(no+1)|[s+v+A(ng+2)|[s+v+A(ng+3)]

The function
1
(s+v+Ang)[s+v+A(ng+ 1) [s+v+A(ng+2)][s+v+ A(no+3)]
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has simple poles at s = — (v + Ang), s=—[v+A(no+1)], s=—[v+A(ny+2)] and
s=—[v+A(no+3)]

Thus its residue at each pole is obtained as follows

At s = — (v + Any)

o=  lim (s + v+ Ang) e
T s (s v+ Ang) [s+ v+ A(no+ D] [s+ v+ A(no+2)][s+ v+ A(ng + 3)]

est

pu— 1.
4 (v-mo) [s+v+A(nog+1)][s+v+X(no+2)][s+ v+ A(ng+ 3)]

e—(v—l—)\no)t

[—(v+Ang) +v+A(nog+ 1) [— (v+ Ang) + v+ A(no +2)] [— (v + Ang) + v+ X (ng + 3)]

ef(er)\no)t

[—v — Ang + v+ Ang + A [-v — Ang + v + Ang + 2A] [—v — Ang + v + Ang + 3]
67(v+)\n0)t
T A(20) (3))
6—(v+)\n0)t

A33!

At s=—[v+ X(ng+1)]

w - lim [s+v+A(ng+1)] e
T s Aot D)] (s v+ Ang) [sFv+ A(ng+ D] [s+ v+ A(ng +2)] [s + v+ X (ng + 3)]

est

.
Hf[vff%nom] (s+v+Ang)[s+v+A(ng+2)][s+v+ A(ng+ 3)]
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67[v+/\(n0+1)}t

[—lv+A(no+ )] +v+Ing][—[v+A(no+ 1)+ v+ X(no + 2)]
[—[v+A(no+ 1)+ v+ A(no+ 3)]

e—[v+)\(no+1)]t

[—v — Ang — A4+ v+ Ang| [—v — Ang — A+ v+ Ang + 2N\ [—v — Ang — A + v + Ang + 3]

e~ [v+X(no+1)]t

YSVIEN

e~ [v+X(no+1)]t

—A32!

At s = —[v+ A(no + 2)]
st
o — lim [s+v+A(ng+2)]e

so—lutA(no+2)] (S + v+ Ang) [s+ v+ A(ng+ 1) [s+v+ A(ng+2)][s+ v+ A(ng+ 3)]

est

.
s—>—[v—|1-I)\r(lno+2)} (s+v+Ang)[s+v+A(no+1)][s+v+ A(ng+ 3)]

e~ [v+A(no+2)]t

[—[v+A(no+2)]+v+ g [—[v+A(no+2)] +v+ X(ng+ 1))
[—[v+ A(no+2)] + v+ A(no + 3)]

e~ [v+A(no+2)]t

[—v — Ang — 2X\ + v + Ang] [—v — Ang — 2A + v + Ang + ]
[—v — Ang — 2A + v + Ang + 3]

e~ [v+A(no+2)]t
ECSYESVD

e~ [v+A(no+2)]t

32!
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At s = —[v+ A(no + 3)]

st
a_i=  lim srvtA(m+3)e

s=—[o+A(no+3)] (S + v+ Ang) [s+v+ A(ng+ 1) [s+v+ A(ng+2)] [s + v+ A(ng + 3)]

est

.
sﬁf[vig%no+3)} (s+v+Ing)[s+v+A(ng+ 1)][s+v+ A(ng+ 2)]

e~ [v+A(no+3)]t

[— v+ A(no+3)]+v+ g [—[v+A(no+3)] +v+ X(ng+ 1))
[—[v+A(no+3)]+v+ A(no+2)]

o~ lvFA(o+3)]t

67[v+)\(n0+3)]t

TIN(—20) (N

e—[v+/\(no+3)}t

A33!

Thus
8 1 -5
(s+v+Ang)[s+v+A(no+1)][s+v+A(ng+2)][s+ v+ A(no+ 3)]
But
B ef[er)\ng]t 67[v+)\(n0+1)]t ef[v+)\(n0+2)]t e*[v+)\(no+3)]t
D I I
—[v+Ano]t 3! 3!
_ € 9 Lt 9O —oat | —3Xt
BEEDYE (1 ¢ Tt T )
¢~ iAol Y —\t _ _-3Xt
= W (]_ — 36 + 36 — € )
—[v+Ano]t
e )
A33!
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Therefore

L_l{ v+ A(no+1)] [v+ A(ng+2)] [v+ A(ng +3)] 2° }
(s+v+Ang)[s+v+A(ng+1)][s+v+A(ng+2)][s+v+ A(ng+ 3)]

67[v+)\no}t

_ 3
s )

=+ X(ng+D][v+A(ng+2)] v+ A(ng+3)] 2°

= [+ Ao + D] o+ Ao + 2)] [+ A (no + 3)] []/\_?,l (1=’

3
= % + (no + 1)} [; + (no + 2)} [; + (no + 3) 6_[U+)‘n°]t% (1 — 6_)"5)3

Consolidating the above results We get
(L4 + 1] [2 4 np+ 1] etz (1 — e=M)? 4
LB =4 [+ (o + 1)) £]

5+ (g +2)] x| eI (L— )

| [5 + (o +3)] ]

Similarly

Dealing with F
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L7YF} =

The next step is to simplify the above first four terms of F' separately

First term

L*l

L

( 1

[v+A(ng+1)]2

[s+v+A(ng+1

T

[v+A(no+1)][v+A(ng+2)]22

stv+A(no+1)][s+v+A(no+2

[v+A(no+D)][v+A(no+2)][v+A(n0+3)]2°

[s+v+A(no+1)][s+v+A(no+2)][s+v+A(no+3)]

N

-1 1
L { [s+v+A(no+1)]

\ [sto+A(no+1)][sHv+A(no+2)][s+v+A(ng+3)][s+v+A(no+4)]

+ ...

/

-1 [v+A(np+1)]z
} + L { [s+v+)\(no+1)}E9+U+A(no+2)] } +

[v+A(no+1)][v+A(no+2)] 22

-1
L { [s+v+A(

no+1)][sHv+A(no+2)][s+v+A(np+3)]

[v+A(no+1)][v+A(no+2)][v+A(no+3)] 23

b+

1 {
[s+v+A(

From the table of transform pairs

Second term

Lfl 1 — efat
S+ a

1

:>L1{
[s+ v+

/\(ﬂ0—|—1

[v4+A(no+1)] 2

L1{[s+v+>\(n0+1)][5+U+/\(n0+2)]
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=+ A(no+1)]t
=€

|

no+1)][s+v+A(no+2)][s+v+A(ng+3)][s+v+A(ng+4)]

b




[v+ X(ng+ 1)] 2%

—1 1
L { [stv+A(ng+1)][s+v+A(no+2)] }

The function 1

[s+v+A(ng+ D] [s+ v+ A(ng+ 2)]

has simple poles at s = — [v+ A (ng + 1)] and s = — [v + A (ng + 2)]
Thus its residue at each pole is obtained as follows

At s=—[v+ AX(ng+1)]

[s + v+ X(ng+1)] e

a_; = lim
s——[v+A(no+1)] [S +v+ A (no + 1)] [S +v+ A (no + 2)]

st
= lim c
s—=—[v+A(no+1)] [S +v4+ A (?7,0 + 2)]

e~ A (no+1)Jt

[~ v+ A(no+1)] +v+ A(ng+2)]

e~ [v+X(no+1)]t

[—v—Ang — A+ v+ Ang + 2]

v+A(no+1)t

A
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At s = —[v+ A(ng + 2)]

W [s+ v+ X(ng+2)] e

€St

lim
s——[o+A(no+2)] [s + v + A (ng + 1)]

e—[v+)\(no+2)]t

o+ A(no+2)] v+ A(ng +1)]

e~ HA(mo+2)Jt

[—v — Ang — 2A + v + Ang + A

e~ [v+A(no+2)]t

-

Thus

1

[s+v+)\(n0+2)]}zzai

e~ [v+X(no+1)]t

L_l{[s+v+)\(no+1)]

lim
s—=—[v+X(no+2)] [S +v+ A (no + 1)] [8 + v+ A (no + 2)]

e—[v+)\(n0+2)]t

A

A

Therefore

L o+ A(ng + 1) 2
. {[s+v+A<no+1>][s+v+x<no+2>1}

e—[v+)\(n0+1)]t

=[v+ A(ng+1)] zf (1 — e_’\t)

= [v+ A (np +1)] e—[v+)\(no+1)]t§ (1- e—At)
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e~ Ao+t

A

(1)



— [% + (g + 1)] ef[er)\(noJrl)]t; (1— e

_ [; + (no + 1” e~ A0, (] _ o)

Third term

_1{ [0+ X(ng+ D] v+ A(ng +2)] 22 }
s+v+A(ng+1)][s+v+A(ng+2)][s+ v+ A(ng+3)]

[v+ X (ng+1)] [v+ X(ng+ 2)] 2%

L—l { 1 }
[s+v+A(no+1)][s+v+A(no+2)][s+v+A(no+3)]

The function

1
[s+v+A(ng+1)][s+v+A(ng+2)][s+ v+ A(ng+ 3)]

has simple polesat s = —[v + A (ng+1)] , s = —[v+ A (ng+2)] and s = — [v + X (ng + 3)]
Thus its residue at each pole is given by

At s = —[v+ A(ng+1)]

0 — lim [s+v+A(no+ 1) e
T st [s v+ A (ng+ D] [s v+ X(ng+2)] [s + v+ A (ng + 3)]

€St
= i
[t Almo+1)] [5 + U + A (g + 2)] [5 + v + A (mo + 3)]

o~ oA (o+1)]t

[—v+A(no+ D] +v+A(no+2)][—[v+A(no+ 1] +v+ A(ng+ 3)]
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e~ [v+X(no+1)]t

[—v — Ang — A+ v+ Ang + 2A\] [—v — Ang — A+ v + Ang + 3]

6—[v+)\(n0+1)]t

X (2)\)

e~ [v+A(no+1)lt

A22!

At s=—[v+ A(ny+2)]

[s+v+ X(ng+2)] e

—7 = l
o2 s+ 0+ Ao+ D] [5 -0+ A (ro + 2)] [5 + 0+ A (1o + 3)]

est
= lim
s——[otA(no+2)] [$ + v + A (ng + 1)] [s + v+ A (ng + 3)]

e~ HA(o+2)Jt

[—v+A(ng+2)]+v+A(ng+ )] [—[v+A(no+2)]+v+ A(ng+ 3)]

e~ [v+A(no+2)]t

[—v — Ang — 2A + v+ Ang + A [—v — Ang — 2X + v + Ang + 3]

ef[v+)\(no+2)]t

VG

v+A(no+2)]t

_>\2

6_[
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At s = —[v+ A(no + 3)]

W - lim [s + v+ A(ng+ 3)] e
T e utAmord)] [s v+ A (ng+ D] [s v+ A(ng+2)][s+v+ \(ng+ 3)]
[s+v+ A(ng+4)]

est
p— ]_'
s[4 Am0+3)] [5 -0+ A (o + D] [5 + 0+ A (10 + 2)] [ + 0+ A(ng + 4)]

o~ [vFA(o+3)]t

[—v+A(ng+3)]+v+A(ng+ )] [—[v+A(no+3)]+v+ A(ng+2)]
[—[v+ A(no+3)]+ v+ A(no+4)]

o~ [ A(no+3)]t

[—v — Ang — 3N+ v+ Ang + Al [—v — Ang — 3A + Ang + 2]
[—v — Ang — 3 + v + Ang + 4]

e—[v+/\(no+3)]t
EG)VESYPY

e—[v+>\(n0+3)}t

A32!

At s = —[v+ X (ng + 4)]

- lim [s+v+ X(ng+4)] e
T s tAmeta)] [s U+ A(ng+ )] [s + v+ X(ng + 2)]
[s+v+A(ng+3)][s+ v+ A(ng+4)]

6st
pu l.
ot Ano-+4)] [s+v+A(ng+1)][s+v+ X(ng+2)][s+ v+ AX(ng+ 3)]
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67[v+)\(n0+4)]t

v+ A(no+4)]+v+A(no+ )] [—[v+A(ng+4)]+v+ A(ng+2)]
[=A(no +4) + v+ X(ng+ 3)]

e~ [v+A(no+4)]t

[—v —Ang — 4N+ v+ Ang + A] [—v — Ang — 4\ + v + Ang + 2]
[—v — Ang — 4N 4+ v + Ang + 3]

e—[v+)\(no+4)]t

M (—20) (<)

e—[v+>\(no+4)]t

—A33!

Thus
1

_J{b+v+A0m+1ﬂb+v+A0m+2ﬂb+v+A0m+3ﬂb+v+AOm+4ﬂ}

~Y

ef[er)\(noJrl)]t 6*[®+)\(n0+1)]t 67[v+)\(no+1)}t 67[v+)\(n0+1)]t

T ooe T wal T am el
S EEY 2! 2

e~ [v+X(no+1)]t

— A33' (1 o 367/\15 + 3672)\15 - 673)\15)

B 6—[v+>\(no+1)] (1 B e—At)?’
IRREI
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Therefore

L_l{ v+ A(ng+ )] [v+ X(ng +2)] [v+ A(ng + 3)] 23 }
[s+v+A(ng+ D][s+v+A(ng+2)][s+v+A(ng+3)][s+v+A(ng+4)]

67[v+)\(n0+1)}t

3
33! (1 —¢ )\t)

=+ Ang+1D][v+ X(ng+2)] v+ A(ng+3)] 22

oA 23 3
= [0+ A0 + D] [0+ A (10 + 2)] [0+ A (g + 3)] DT (1 o)

=X |5+ o+ D] [5+ (o +2)| A |5+ (m0 +3) e—[vwoﬂﬂt;_; (1—e M)

=[5+ o+ 1] [+ o +2)] [+ (0 +3)] e—[”“WO“W;—T (1- e

Consolidating the above results We get

( )

e‘[v—l—)\(no-l-l)]t + [% + (nO + 1)} 6—[v+)\(n0+1)]tz (1 . 6_>‘t) n
[% + (ng + 1)} [% + (no + 2)] e*[v+)\(no+1)]t,;_2! (1 B ef)\t)z n

L' {F} =4 (% + (no +1)] * X

2+ (ng + 2)] * 6—[v+)\(no+1)]t§_? (1- e—At)?’ T

L[5+ (no+3)] |

We now have
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G(z,t)=2"[(1—z) L7 {E} + 2L7 ' {F}]

Thus

no

(1-2)

(% +ng+1] [$4no+1] e_(”“"")t;—? (1- e_’\t)2 +

[%‘i— (ng + 1)} *

L[5+ (o +3)]

[+ (no+1)] #]

_ 6_[u+)\n0t] + & + ng + 1} e—(v+)\no)tz (1 _ e—)\t) +

3

[% + (no + 2)] N e—[v—h\no]t% (1 _ 6—)\15)3 4o

[§+ (n0+2)} « 6—[u+A(n0+1)]t§_f!5

L[5+ (o +3)]
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(1 — 6_)"5)3 + ...

_ 6_[v—|—)\(no+l)]t + [% 4 (nO + 1)] e—[v+)\(n0+1)]tz (1 _ e—)\t) n -

[%+ (mo + )] [§ + (no +2)] e[ Dltz (1 — e220)" 4




G (z,t) =2z

e—[v-l—)\not] + [% +ng + 1] e—(v+>\no)t2 (1 o e—)\t) +
[§ +ng + 1} [§ + ng + 2] e’(”’\”‘))tg (1 — e*)‘t)Q +

[2 4 (ng +1)] =

[$ + (g +2)] x| it (1 o) -

[% + (no + 3)]

Zef[er)\not} _ [% +ng + 1} ef(er/\nO)tZZ (1 _ 67)\1‘,) _

[% +ng + 1] [% +ng + 2} e_(”+”\"0)t‘;—i (1 — e_At)2 —

[% + (ng + 1)} sk
[+ (ro-+2)] | oo (1)

(% + (no + 3)]

ze~[TAmOFIE L T2 4 (g 4 1)] e7loFAmodIE2 (1 — e=M) 4
[§ + (no + 1)] [§ + (no + 2)} e’[“Jr’\("O“”t;—f (1 — e*)‘t)z +

[2 4 (ng+ 1)] =

5+ (2] | o

[% + (TL() + 3)}
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We can rewrite the above equation as G (z,t) = 2" H, where

/

ef[er)\not} + [g +ng + 1} ef(er/\no)tZ (1 _ 67/\15) +
[% + ng + 1] [% +ng + 2} 6_(v+>\n0)t§ (1 — G_At)Q +

3+ (no+ 1) *

(L4 (ng + 2)] *| e lormliz (1— e)" —

(% + (no + 3)]

26_[U+>\n0t] _ [% +ng + 1] e—(v+>\no)t22 (1 . e—At) .

[% +no + 1} [§ + ng + 2] 6’(”+)‘”0)t§ (1 _ 67/\1&)2 _

[%—I— (ng + 1)] *

54 (0 4 2)] | g (1= )

[% + (ng + 3)]

e~ A (no+1)]t + [% + (nO + 1)] e~ +A(no+1)]t 2 (1 _ efz\t) +

[2 4+ (ng + D] [2 4 (ng + 2)] e~ Aotz (1 — g=31)2 4

3+ (no + 1)) *

[% + (no + 2)] * 6*[U+)\(n0+1)]t§_‘; (1 _ 67>\t>3 1

[+ (no + 3)]

\ L .
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—= 6_[

U-‘r)\not]

1+ [ +no+1]z(1—e ™)+

[+ no+1] [2+no+2] 25 (1

[%Jr (ng + 1)} *

3+ (no +2)] *

[% + (no + 3)]

2= [24no+1]22(1—

(84 mnp+ 1] [ +no+2] 5 (1—e)

3+ (no+ 1)+

[§ + (n0+2)} *

[% + (ng + 3)}

— e_)‘t)2 +

2

31 (1 - e_M)g -

e—At) _

2

F -’

ze M 4 [% + (no + 1)] e A2 (1 — 6_/\t) +

(24 (no +1)] [L+ (no +2)] e M2

[§+(n0+1)}*
[§+(n0—|—2)}* e

+ (TL() + 3)}

B
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At z*

(1- 6_>‘t)2 +

2!

21—’ 4.




To simplify H we group together the coefficients of corresponding powers of (1 — e*’\t) To

make our life easier, we express this in a table as shown below where the terms of each

power of ( 1— e‘”) are specified in the corresponding columns.

Power of (1 — e"\t)

Coefficient

0

1—z24ze ™M

| ot )z (Grmo+ )2+ (5 mo+1) e ™
2
2 3
<E 1)(3 2)2——(3+n +1>(3+n +2)Z—+
)\+n0+ )\—i—no—i— o1 h\ 0 )\ 0 91
3
v v P
(o) (Gomed) 5
3

4

v 1 v 9 v 3 z
(5+m0+1) (+mo+2) (5 +m+3) g+

4

v v v yA _
(5+m0+1) (5 +m0+2) (+5m0+38) e
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Therefore

H = e—(v—i-/\no)t

1 — 2+ ze Mt

(44no+1)2—

(44+no+1) 2%+ | (1—eM)+

| (% +no+1) 2%
[ (Lo +1) (B +ng+2) 5]

(Gtmot 1) (F4mo+2) 5+ | (=)

(5 0+ 1) (5 +n0 +2) e

[ (g +1) (B +no+2) (L 4np+3) 45—

(54 m01) (54 n0+2) (5 mo+3) 5+ | (L= )+

4

(5o +1) (5 +m0+2) (5 +n0+3) e
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H = e—(v—i-/\no)t

(X +n0+1) (X +n0+2) %

(§+n0+3)

Factoring out 1 — z + ze~** in the RHS implies that

(

l—z+zeM+ (3 +no+1)z[l—z+ze M (1—eM)+

(Ltno+1) (B+np+2) 5 [1—z2+ze M (1—e ™)+

g—? [1 —z+ ze_”} (1 — e_”)3 + ...

H = e—(v—l-)\no)t [1 — 4 Z€_>\t}

— e—(’u—l-)\no)t |:1

—z+ze

1+ (24ng+1)z(1—e™)+
(§+n0+1) (§+n0+2)‘§—?(1—e*”)2+
(% +ng+1) (¥ +no+2)=*

(§+n0+3)

1 B e -]+

(K+”0+1)2!(§+”0+2) [z (1—e)] +

(% +ng+1) (% +no+2)=*

[z (1— e_”\t)]g + ...

(%+no+3)
3!

442
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To simplify this, We use the binomial expansion properties, Let us multiply the RHS by

1 in a nice way that is

This yields

—(v+Ano)t

12 (1—e™)]

(3 + no)!
(X +no)!

1+ (2+no+1)z(1—eM)+
(F+m0+1) (5 +m0+2) 5 (1-e) +

_(g +ng + 1) ]

(14m)
(i)
o (§+n0+2)* g—?(l 6_/\t)3+
L | (% + no + 3) i
( L4ng)! (no+1)( $+mno)! _
(frmd Lol [ (1 o] 4.

(1m01) b 42) (5 470):

(%4n0)12! [z (1 _ e—)\t)}Z N

(2 4+ng+1) (¥ +no+2)x

IEPESVARE
(3em53) (3470) [z (1 e )} + ...
(£-+no)13!
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Therefore

(no+1)( 2+mng)! _
1+~Jt;%ﬁ§l[z0.—ekﬁ]+

i (1) (b 2) (5 40): e
(v+Ano)t - (g\—l—no)!Q! ; [Z (1 —e t)} +

[1_2(1_6_”)} (%—i—no—l—l) (%—l—nO—I—Z)*

c(1—e )]+
(4+n0+3) (4+no)! [ ( )} "
(%+n0)'3!

Using the fact that

(1) = oo

1

We have

%-Fno—l—o
0

(§+n0+1) (% +mng+1)!
1 (% +no)!1!
(5+m0+1) (5 +n),
(% +no)!!

<§+n0+2) (34 ne+2)!
2 (§+no)!2!
(+m0+2)L (5 +m0+1) (3 + )
(2 +ng)!2!

444




(§+n0+3) (24 no+3)!
3 (2 +n)83!
_Brm+3) E o+ (Frne+D) (3 4+m)
(% 4 ng)!3!

And so on, with this equation H can be expressed as

( 3\

L+ () [ (=] +

- () [ (1= ) +

Y [ (1= e )P

— o~ (wtAno)t [1 _ (1 _ e_’\t)} f: (§ + @o +j) [z (1 _ e_’\t)]j
- J
7=0
It’s now time to go back to G(z, t). Remember we had
G(z,t)=2"H
Thus
G(Z, t) — 50— (v+Ano)t [1 i ( + TLO + J) (1 . e*/\tﬂj
7=0
But
(§+no+j) _ ([§+n0+1] +j—1)
J J
Thus

G(z,t) = 20 WP [T — 2 (1—e )] > (& T .1] - 1> [z (1—e))

j=0 J
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Also

_ Znoe—(v-‘r)\no)t [1 — 5 (1 _ G_At)} Z

J
_ Znoef(v+>\no)t [1 — 5 (1 _ ef)\t)} [1 . (1 . ef)\t)]f(§+no+1)

_ Znoe—(v-‘r)\no)t [1 . (1 _ e_/\t)}_(§+n0)

— no A §+no) [1 — (1 _ 6—At)}‘(§+no)

oM no+x
G () =2 [1 - e‘/\t)]

By identification, this is the pgf of a negative binomial distribution with p = e™* and ¢ =

1— e—)\t
P, (t) is the coefficient of 2™ in G(z,t)

But G(z,t) is of the form

no+5
G(z,t):zno( P ) '

1—gz

_ znopno—i-% (1 _ qz>—<n0+§)
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Z < no + - l)pnoJr)\qn n+ng

_ Z ( Un + (n — nO) - ]->pn0+;’\qnnozno

n—no

. Z ( Un + (n — nO) - 1>pn0+§qnnozno
n —"nyo

n=ng

Thus the coefficient of 2" is

[no + %] + (n - no) —1 no+% n—ng
( n—ng p q

At

But p = e and ¢ = 1 — e~ implying that

P, (t) = <[n0 + ﬁ]; (T;_ no) = 1) (e’)‘t)noJr% (1 — e’)‘t)n_no n=mng, nog+1, ng+2,...
— Mo

_ ([no - g]; (k) — 1) () (1— e k=0, 1, 2,..

Which is the pmf of a negative binomial distribution
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5.6 Polya Process

The basic difference-differential equations for this process are obtained from the basic

difference-differential equations for the general birth process by letting

1+ an
An = A
" [1+/\at ]Vn

These equations are

By(t) = - (1 ﬁM) Po(t) (5.784)
Pl(t) = - (11:;;) Pat) + A (%) Pou(t) n=1,23..  (5.78)

We now solve these equations;
Method 1: By Iteration

Taking the Laplace transform of both sides of equation (5.78b) yields;

L{P()} =L {—A ( L+ “") Pa(t) + A (w) Pn_l(t)}

1+ Aat 14+ dat

But by the linearity property of Laplace transform (Property 1)

1+ an
1+ dat

l+a(n—1)
1+ Aat

L{RO} =3 (T ) DR} 44 ) LAP)

And by the Laplace transform of derivatives (Property 6)

If
L{f(t)} =[(s)
Then
L{f'(t)} =sf(s) = f(0)
This implies that
LAP, ()} = sL{P, (1)} — P, (0)
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Hence we have;

1+ an
14+ dat

1+a(n—1)
1+ Aat

L{F, ()} = —A L{P,(t)} + A L{P, (1)}
() ()

1+ an
1+ dat

1+a(n—1)
1+ Aat

sL{P,(t)} — P,(0) = —A\ ( ) L{P,(t)} + A ( ) L{P, (1)}

{s A (f:;‘;)] L{P.(0)} = P(0) + A (%) L{P, () (5.79)

Remark
We assume that the initial population at time ¢ = 0 is ng i.e. X(0) = ng thus P, (0) =1
and P,(0) =0 Vn # ny. With this initial condition we solve equation (5.79) iteratively

as follows.

For n = ny equation (5.79) becomes;

{s A (1 - “”0)] L{Pu(t)} = Pao(0) + A (W> L{Py 1(t)

1+ Aat 1+ Aat

But
P,(0)=1

and
PNO—l(t) =0= L{PnO_l(t)} = L{O} =0

We thus have
[s A <1 + Cmo)] L{Pu(®)} =1+ (M) L{P, 1(1)

14 Aat 14 Aat

0

A (EER)]
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For n = ng + 1 equation (5.79) becomes;

oA (D P a0} = R+ (P Lp )
s ()| L R0} = P04 (T ) £APw (0}
But b0
h APt} = s
o (M )] s =003 (1) [t
o ()| ) = S e

= L{Puya(t)} =

)\(1 + Gno)

(14 Aat) [s + A (5355

Similarly for n = ng 4+ 2 equation (5.79) becomes

s+)\(
s+)\(

1+a(n0 + 2)

14 Aat

1+a(n0 + 2)

14 Aat

)
)

L{Payialt)} = Paysa(0) + A(

L{Payialt)} = Paysa(0) + A(

450

1+a(no+1)
[3 +A ( 1+)\(;t ﬂ

1—|—a(n0+2—

14 Aat

1—|—a(n0+ 1)

14+ Xat

”) L{Paias (1)}

) L AP0}



But

and

L {PnoJrl(t)} =

Thus we have

F+A(1+amm+m

14 Aat

F+A<1+&mm+m

1+ Aat

= L{Pn42(t)} =

)}Lﬂ%ﬂﬁﬂ:O+A<

)] £ Rt -

Pn0+2(0) =0

A1 + anyg)

(1+ Aat) [s+ A (12m)] [s+)\<

1+a(no+1)
1+Xat

)\(1 + ano)

1+a(ng+1)
14+ Aat

(1+ Aat) [s+ A (9o

1+Aat

S + )\ <1+a n0+1)

1+Aat

A1+ ang) A [(1 + a(no + 1)]

(14 Xat)? [s + X (a0 [s

1+ Aat

A1+ ang) A [(1 4+ a(ng + 1)]

1+a(no+1)
(M)

1+Aat

f[ M+ a(ng + 1))

=0

(1+ Aat)? 12[ [5 + A (1+1a+—1;b\(;t+1)>}

1=0

Similarly for n = ng + 3 equation (5.79) becomes

14 Aat

14 Aat

S+)\<1+GJ(TL0+3)

S+)\<1+&<n0+3)

)
)

L {Pasa(0} = Paosa0) + 1

L {Pasa(0)} = Paosa0) + 1
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(1+ at)? [s+ A (11920)] [ +A<”f+—’;°j”)} [s

1+a(n0+3—

Y ( 14a(no+2) > }

1+Aat

14 Aat

1+ a(ng+2)

14+ Xat

”)Lﬂaﬁqw}

) £ APualt)

)l




But Pno+3(0) =0

and

1

[TA[(T+ a(no+ )]

1=0

L {Pn0+2(t)} =

Thus We have

[s T\ <M)} L (P alt)} =

1+ Mat

[8 A (M)] LA{P,43(t)} =

1+ Aat

= L {Pn0+3(t)} -

Similarly for n = ng + 4, we have;

1+ Aat

1+ Aat

But

(1 + Aat)? 12[

i—0

1+a n Jrl)
[S +A (Wﬂ

1

[T A1+ a(ng + )]

2

A(1+a(no+2)) 1

1+ Aat

(1+ Xa

[TAI(1+ a(ng + )]

=0

2
0211 [s+ 2 (Heiser

2

(14 dat)? I

1=0

[s + A (Ha—”ﬁz)ﬂ

1+MAat

[TA[(1+ a(no+ )]

i=0

Pry+4(0) =
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3

=0

(e oo (S52)

1+ Aat

:S+A (w) L{Pryra(t)} = Pogya(0) + A (1+a(no+4—

1+ Aat

_s+)\ (W)- L{Pn0+4< )} Pn0+4( )+)\ (M

1)) L {Pno+4—1(t)}

) LA{Poy43(t)}

)



and

ﬁ[()A (14 a(no +1)]

L{Poys(t)} = :
T e T ()]
Thus
[T A1+ a(ro + )]
1+ a(ng+4) B 1+ a(ng+3) i=0
{8 o ( b at )} F =2 ( b At ) (14 Aat)* [] [s A <—1+f+(§?f)ﬂ

li[o)\ [(1+ a(ng +1)]

{s +A (%@;4))} L{P, a(t)} =

3 .
(14 Aat) 1:[0 [s + A (%)}

ﬁ M1+ a(ng + 1))

= L{Pay+a(t)} = = ‘
(1+ Aat)? 11 [s +A (”ff;‘;j ’)}
By mathematical induction, We assume that;
k—1—1
[T A1+ a(ng +1)]
i=0

LA{Pogsr(t)} =
1+a(no+i)>]

k—1
(1 + )\CLt)k_l 1_[0 [S + A <W

’:];[z A1+ a(ng + 1))

k—1 .
(1+ daty = IT [+ (M)

Thus by equation (5.79) we had
{s A ( L +an )} L{P.(t)} = Pa(0) + A (%) L{P, 1(1)}

14 Aat
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Setting n = ng + k we obtain

[s a (W)] L {Payoil0)} = Proii0) 1A (1 el b )) L{Pp (1))
But
Pno+/€(0) =0
and o
TT AL+ alng + )]
LA{Pe-1(t)} = =
(1+ Aat)k-! H [+ 1 (Ml
Thus we have;
1+a(ng+k—1) )
)\ ( 1+O/\at ) X
s 1+ a(no + k) _ B
[ O (—1 (ot )} L{Poys(0)} s
1=0
k—1 .
\ (1+Aat)k—1 il;[O [sﬂ(#ﬂimj )>] )
LA+ a(ng + )
+ a(ng +1
[s a (w)] L{Ppslt)} = —0
1+ Aat (1 + Aat)" k]:[I

1+a(no+1)
L [5 +A ( 1+>\Zt )]

go [(1+ alno + 1)
ot 1 [o (S5
52 (et} |
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= L{P.(t)} = L{Pog ()}

TT A1+ alrno + )
= = (5.80)
(1+ Aat)k ] [s +A (—”“("0“))]

T+ hat
i=0 Hha

The next step is to determine the inverse Laplace transform of L {P,(¢)} Applying the

inverse Laplace transform to both sides of equation (5.80) , we have

| kﬁl A1+ a(ng + 1)) \
LTHL{P(t)}} =L i=0 |
v o (425
et
= P,(t) = Lt i=0 _
s oo (222)]
k—1 ,
S PL(t) = M1+ a(ng + )] L7 )
g (1+Aat)k;lﬁ[0[s+)\(%ﬂ

We now solve equation (5.81). The following methods have been considered
e Complex Inversion Formula

e Partial Fractions Method

Complex Inversion Formula

Using the complex inversion formula, If

L{f(t)} = f(s)
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Then

f&) =L (f(s))
100
1 st r
=5 ‘ e f(s)ds

Which is simply the sum of the residues of % f(s) at the poles of f(s) In our case;

f(s) = : 1 —
(1+ Aat)kil;lo [s + A (Wﬂ

- est7(8> _ : st |
oo o ()

It can be seen that f(s) is analytical is analytical at every other point except when

1 .

R o R 0D
14+ Aat

Thus f(s) has k + 1 simple poles as listed below;

B 1+ ang)
°T A(l—i—)\at)

= (Ll

1+ Aat

Y

1+ Aat
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S:_)\<1—i—a(no+3))

14 Aat

SE_ Y <1+a(no+k:))

1+ Aat

We now determine the Residue of e**f(s) at each pole. In general for simple poles say

s = a, The residue of e* f(s) is given by

Residue [¢* f(s)] = lim(s — a)e™ f(s)

s—a

Thus the Residues of e f(s) at poles of f(s) are;

At s = —\ (Ltom)

1+ Aat

( 1_|_ )

[s+ A (T3] x

Residue [eStf(s)] = s%—ii(r?i‘m) { "
\ [s+>\( 1ﬂ“;a2) )] (1+Xat)* I [s+)\( 1+fi’;%t+i) )] }
st
= hlﬂan €
SH*)‘(TM&J) (1 + )‘at>kzl;[1 [8 + A <1+1a—~(_7>t\(()1—t|—i)>:|

67)\( 11:‘;\7;2 )t

k .
(14 xan)* TT |- (i) + A (H5550)

€_>‘( 11:(;\7;? )t

ko

(l + )\at)k 1 (—A—Aanol-i;r&z?ano-i-)\ai)

]
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()

k
(14 Xat)s=* T Aai

=1

(e )

(Aa)* zlf[ll

=

(Qa)iR

1+Aat

Ats:_A<M>

14+a(no+1) s
~ | |:S+>\<T>\(;t>] e
Res [e f(s)} = lim 1 1 1
s—r—A(Hsetl) [s + A ( 1ia;£t)>i| [S +A <%)]

(14 Aat)* ] s+ 2 (M5t |

1+Aat
1=2 e

st

I -

= 11m

1+a(ng+1) g ‘
M) (14 dat) [s A (ﬁ“fjﬁ)] I1 [S +A (%)}

=2

1+a(ng+1)
e*A(Wﬁ

(1 dat) | =x (M) + 1 (S |

k 1+a(no+1) Lta(no+i)
a(ng a{nort
H [—)\ <W> + A ( 14+Aat >] ]

1=2
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1+a(ng+1)
67>\< 1+Xat )t

(1 + )\at)k (—)x—)xan(i——i_izi—)\—&-)\ano)

1%2 ( —A—Xang —i\i—;\—i\t—&—)\ano—k)\ai )
1=

)

B
(14 rat)* (553%) T (352¢)

(1 dat) () 11 (24 =)

1=

1+a(ng+1)
67)\< 1+Xat )t

(14 Aat)(—1) (22 (2) 7 T - 1)

=2

M)

(DO LG - 1)

1=2

JRYCEEIHE

(=D (Ma)k(k —1)!
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_ 1+a(no+2)
At s =—A ( 1+>\Oat )

Residue[e® f(s)] is given by

o ()

. 1+Aat
Res = hm( ) -

14+a(ng+

s%—A(ﬁ) (1 + )\at)k l:[o [S + Y <1+1a+1;\z;|-1)>}
k
14+a(no+2 1+a(no+i
s (M) I [+ (M)
st
= lim( : - © -

s——\( ralnot2 1+a(no+i 1+a(no+i
- (M5 >(1+Aat)kno[sﬂ< liii))} 113[8“( ralnut

(),

1
k 14+a(no+2) 14+a(no+1)
(1+ Aat) 11:[0[ >‘< T hat > +)‘< 1+A(c]n ﬂ
k

14+a(no+2) 1+a(no+i)
I | () o ()

1

(TS

(1 + )\at)k ll[ (*)\f)\ano*%)_\f;i\Jr)\anoJr)\ai) ﬁ (7)\7)\an0721)—\;1;;i\+)\an0+)\ai)

1 k
(1+ xat)* T (3550) TT (355°)

1= =3
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(1+a(n0+2) )t
1+Aat

a+wmwuﬁmngxgﬁ<umgu—m

=2

1+a(ng+2)
6_)\ < I+ Xat )t

(14 At (—1)2 (22) (22 (22) 2 [ (1 - )

=3

AR

k

(=1)2(Aa)*(2) [T (i = 2)

=3

1+a(ng+2)
67)\< T+ Xat >t

—(—=1)2(Na)*2!(k — 2)!

At s= -\ (%ﬁ;g))
Residue [e*'f(s)] is given by
e ()
o ()] [+ (o)

k
fi o+ ()]

=4

Res = lim
S—)—A( 1+a(ng+3)

2
) (14 Atk [

1=0

est

= lim
1+a(n ) 2 . k
=) (14t [T o+ A (R )] 1T [+ 0 (Hetze)]

1=0 =4

1+a(ng+3)
€7>‘ ( T+ Xat )t

2 k
1+a(no+3) 1+a(no+i 1+a(no+3) 14+a(no+i
(e atp T LA () o () I [ () o0 (e

A =4
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(),

(1 + )\at)k 12[0 (—/\—)\ano—?i)f)-\z)t\-ﬁ-)\ano—i-)\ai) I (—)\—)\ano—ii/}f;l;\—i—)\ano-i—)\ai)
1= 1=

1+u(n0+3)
6_)\( T+Xat )t

2 , k ,
(1 na)t T () TT (52)

1=

)

k
(L dat) (75) (782) (72) 11 (%) (- 9

1+a(ng+3)
67)\ ( T+ Xat )t

(1+ Aat)(—1)* (2% (%) (124) (2%)" "1 6 - 3)

=4

(3,

k

(=1)*(Aa)*(6) I (i = 3)

1=4

(),

—(=1)3(Ma)*3!(k — 3)!

At s = —\ <M>

1+ Aat

Residue [e*f(s)] is given by
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[s + A (Ha(’f\zH))} e’
Res = lim IHAat

oA (HEEE) (14 Aat) f[ [s +A (1+ a(no+i) )] [s +A (H“(”O*‘”ﬂ

E 1+ Aat 1+MXat
=0

k
1+a(no+1
T |s+ A (M) |

=5

est

= lim
a(n ) 3 . k
s——a(Hnerd)) (1+ Aat)* [T [S Y (%)] I [3 Y (1431_7;3;%”

=0 =5

(),

3 k
() T [ (S) o0 () T [ () 0 ()

=5

().

(1 + )\at)k ﬁ (*A*Aan0*4>\a+>\+>\an0+)\ai) ﬁ (fkf)\anof4)\a+)\+)\ano+)\ai)

T+Aat , I+Aat
i=0 i=5

(),

3 A k ,
(1 dany IT (352 11 (4552)

1=5

(),

k
(U4 dat) (55) () (mie) () 1L (55) (6= 4)

14a(ng+4)
e_k( I+Xat )t

a a a a a_\k—4 : )
(1 + )\Gf)k(—l)Zl (11);\,1,5) (1i§\at) (1i>;\at) (1+)\)\at) (1?)«175) 11;15 (Z o 4)
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e_A<

14+a(ng+4)
1+Mat

)t

k
(=1)*(Aa)*(24) [T (i — 4)
i=5
)
—(=1D)A(a)k4!(k — 4)!
Generalizing the results above, the residue at the pole s = —\ (W) we have;

Residue [e* f(s)] =

e~ [v+A(no+k)]t

(_

DY EINE (k — k)!

e~ [v+X(no+k)]t

(

—1)" kINk

Therefore summing the residues at each pole yields,

1

o

L*l
1+a(no+4)
1+Aat

(14 Aat)k ﬁ

=0

)

7}\( 1+an0
e 1+)at

)t

Z Residue (¢* f(s))

1+a(ng+1) '
6 1+MXat

(Aa)*k!

A( 1+a(nQ+2 )
e 1+Xat

(—1)()\a)’f1!(k; 1

1+a(nQ+3)

—A 14+ Aat )

(=

1)2(Xa)k2!(k—2)!

)"

1+a(ng+4)
I+at

-
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t CipeamsGa T

)t

1+a(ng+k)
1+Aat

e

|\ Crewra=a T T e




k D)
=2 { (1 (Aa)*j!(k — j)! }

1 & e—)\(%)t
= Gay 2 { (=1)7 ! (k j>!} o5

But from equation (5.81) we had

1)\[(1 a(ng + )] L7" -
g : (1+ Aat) [T [3+A<1+f+—§0£“ﬂ

=0

1

o

—~
~

SN—
I

Thus using equation (5.82) in equation (5.81) we have

k-1 k ,A(M)
Pn(t):H)\[(1+a(n0+ kZ{ ) }
But
1:[)\[(1+an0—|—2 H)\a{ no—l—z')}

\

(M) (L +n0) (E+no+1) (4+ne+2) ..

E+ng+k—2)(E+no+k—1)
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And

\

(Lrng+k—1)Lt4ng+k—2)..

1
<—+n0+k—1)!— (
a

\ (%—F?’Lo—l—l) <%—|—n0) (%—Fno—l)! )

1
SR P min1) (Smer—2) o (Phmor 1) (o
(E‘i‘no—l)' a a a a

k—1 1 no _ '
=TI + atro + )] = (a) (G(Lni 1)!1> (5.83)
Therefore
Po(t) = T AL+ a(no + )] kZ{ ( i)}

(Gt E—1) A(i“f‘i?““))t
_(/\a) (a+n0_1) )\akZ{ —])'

) (%+no+k1)!i{(—l)j6A<W) } K
= 1 T

gt (k —j)! k!

(L tng+k—1)1 ga [ k1 (1) ()
(L — 1)k 2 gl (k — j)!

—~



( + ng + k' — 1 i { )] _)‘(lliiz(t))te_(li%tﬁ}

k! (-e’( 1iitat)>j

1 k
:<@2®+*5éfewﬁmﬁ§:
2 Ng — O

_(etmotk- 1)!6—)\(1+a"0)ti

TR

1 _ gy,
o Ttk 16—A<im;z>tz
i—f—no—l

l _ an a k
(wﬁ?+klveﬂﬁﬁﬁ6hw(@@» k=0,12,..
a0

1 no+ ¢
([n0+;}k k- 1> ()" (1- @) k=02,

Which is the pmf of a negative binomial distribution with parameters r = nyq —i—% and p =

ei( 1«?121& )

Partial Fractions Method
By equation (5.81) we had

P,(t) = T M+ a(ng + i) L1 -
g : (1+ Aat)* I [s + A <—1+1“+§3Lj >>}

=0

1

467



But from equation (5.83)

k—1 .
N k(a—Fno—i—k—l)!
EA[(Ha(noﬂ)] = (\a) T
Therefore
k—1 X
Po(t) = [T A1+ a(ne +4)] L7 .
i=0 (1 _|_)\at)kzl;[0 [S Y <1+1a+r;\(;:r1)>]
L +no+k-1)1 | 1
Pu(t) = (Aa)" (5.84)
=+ mno— 1)1+ Aat)* .
ey I [+ (M)
We now determine
L 1
k
I [sa (M)
But
( 3\
1+ 1+a(ng+1
5+)‘( 1+?\Zg) 3+)‘< {l—g\at )>
1 _ < 1 ) ( 1 ) >
— - —
I [s +A (”“—"W)ﬂ S“‘(%) s+ (1)

14+ Aat
=0

1 1
<S+A<1ti<i;:”>> ()

) /
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\

(==
(=

1+ang

1+ Aat

1

1
>) ((4&»

1

(o

1+a(j+1)

1+ M\at

1
) ) <S+A< r i) )

1
) (e
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( b ) \
"o +
1+ang
<3+)‘< 1+)\at)

)

b

no+1 _|_

1+a(np+1
<5+)‘<_+1i/\%_;r ))>

bj—1
+ I—— +
(SJ”\ ( 1451(/]\“1)) )

by
—— |+
<3+)‘(11:/\d7t)>

bjt1
- -+ ...
(m(ﬁig;ﬁ) )

bno—i—k‘

1+ Aat

1+a(nQ+k:)> )
J



Multiplying both sides by s + A (

p

1+aj
1+ Aat

) yields

1
1—|—anQ
<3+)‘( T+Xat

1
)) <S+A(”{‘S%I”

(o

1

\

1
1+a(j+1)
(SJF)‘( T+ Xat

>> -

1 ) (S—H\(—‘f’at
1+a(j—1 1+ay
1+(>\at )) st (T

) ) <S+)\(1+a(ng+k)

1+ MAat
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)

1+aj

( (bno [3”‘1( )] ) \
A (%)

Esvd)

+< - n0—|—1))

S+)\<1+a(

1+Aat

E5vi))

(bjl [S—i-)\( .
5+)‘< 1+)J\;t1))

14a(

+/\<

1+a(j+1)
1+Mat

1+aj

1+)at

)

>+...+
)+

. <bn0+k[s+)\(

s+)\<

1+a(n0+k)
1+ Aat

)

)




p
1
<s+)\<%> > (5—1—)\(

(o

(o

1 1
1+a(j+1) ) ( 1+a(j+2)
IEDYT; ) S+)‘< T+Xat

1

\
1

1+a(ng+1) e
1+ M\at

1 1
1+a(y—2 1+a(yj—1
16—7—(§\at )>> (S+>\< 1Cj—(§\at )

)

(o

1+a(ng+k)
14+ Aat

)
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14+aj

1+ Aat

14aj

m)])

( g [+ (
s—i—)\(m)

4 <bno+1 [s+A (1)

S+)\<1+a(ng+1))

1+ Aat

=

bj 1 [stA( i
(Al ) 4

3+)\<

T+ Xat )

S+

(%’H[SH(%)]

E2)

)

g2vid)

+ (bn0+k[3+)‘(1+

S ( 1+a(nQ+k)>

1+ \at

)



Setting s = —A\ (

1+aj

1

1+Aat

) , implies

| (
14aj
_/\( T+ Xat

1+an0

1

)+A<

1+Aat

)

1+aj

€

1+Aat

)+A<

1+a(ng+1)
1+Aat

)

1

|

1+aj

14a(y

_2)

X(A<

1+ M\at

1

)+A<

1+MAat

)

(5

14aj
14+ Aat

1

)+A<

14+a(j—1)
1+Aat

)

(5o

14-aj
T+Xat

1

)+A(

T+a(j+1)
14+ Aat

(5

14aj
1+ Aat

)+A(

1+a(j+2)
1+ Aat

1

)

>)xm

\X <A<

14+aj )
14+Aat

1A ( 1+a(n

1+ Aat

+k)

)

X ...

Ve
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bg[=A(

1+aj

1+aj

1+ )\at

)HA(

1+ )\at

N

bn0+1

A+aj
1+Aat

M )+A(

ES VI RRARES

=X

1+ang

T+ )at

)
)

T+Xat

14-aj

_)\(

(

1+aj
1+Mat

)+A(

ESvidha

Mo

1+a(ng+1)
14+Aat

1+aj
1+/\at

)
)

e

1+a(j

et

1+aj

1+)\at

Y)

14+aj

JHA(

1+ )\at

T3 )]

<bj+1 [
_A(llifdyt

1+a(j+1)

)+A(

1+aj

1+ Aat

)

1+aj

bno+k [_)‘( T+Xal

JAR

1+)at

)

1+a(ng+k)

o (Lra
A( 1+ Aat

)+A(

1+ Aat

)

NP
=
)+
)

)



(

1

(5

1+aj

1+ang

1

14-aj

1+Aat

)+A<

1

1+Aat

)+A(

1+a(n0+1)

1+ Aat

QX<A<

X(w

14aj
1+ Aat

)+A<

1

14+Aat

1

14+a(j—2)
14+Aat

QX(A<

(5

We now have;

1+aj
14+Aat

)+A<

X X (}\(

T+a(j+1)

14aj

14+a(j—1)

1+ MNat

)+A<

1

1+ Aat

)

QX<A<

1+Aat

1

1+aj

)

1+a(j+2)

1+ Aat

)+A<

1+aj

lJra(nOJrk)

)+A(

1+ Aat
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1+ Aat

)

1+Aat




(
1
( —A(14-aj)+A(1+ang)

)(

)\(1+a])+)\ [14+a(ng+2)]

1+ MNat

1
( —A14aj)+A[1+a(j—1)
1+Aat

1+Aat

1
( —A1+aj)+A[1+a(j+2)]
\ 1+ \at

1
A(1+aj)+A[1+a(n0+1)]>
1+MNat

)

)~
)

1 1
Hiztu)) 8 (ﬁm) (

A(14+ayj) +/\ 1+a(j—2)]

)

1+)\at

)

A(1+aj) +>\ 1+a(j+1)]

(=
(=
(=

1+>\a,t

A(1+aj) +)\ 1+a(ng+Fk)]

1+>\at

3\

)




)
1 1 1 1Y) (1
— () () - O G)
1+Aat
— b,
1 1 1
X( Aa )n0+k—j (T) (5) (n0+k—j>
\ 1—|—)\at )
1 1
Jj—no Xa \J—no /. | X Aa \no+k—j N - bj
(_1) (1+)\at) (j - nO)‘ (1+)\at) (no + k - ])
! =b
— PR =b;
(=1)7" (2)" " (G = no) (no + k= j)!
1
= bj - j—n A k. .
(1) (%) (5 — no)! (no + k — j)!
(-1
o a k N .
(12%)" (G —no)! (no+ &k —5)!
With this it follows that
1 no+k
F o ()] 22 e
=0 1+Aat
noik (-1 ( 1
- 1+aj
j=no 1+)\at) (j — o) (no +k —j)! 5+)‘(1+A5t
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)



Thus

(X4 ng+k—1)!
(L +mp— 1)1+ Nat)k

-1

P,(t) = (\a)"

(Aa)*

1

k

1+Aat
=0

(2+ng+k—1)!

no+k

(L4+n0—1)1(1+Aat)k X

11 [s Y <1+a(no+i))i|

)

_ —1)/7"0 1
R ) ppm— (e
F . T+aj
\ jomy (5) " G=no)mo k=)t \ s+ (550

( ko (E4notk—1)!
(Aa)" =X
(L4+n0—1)1(1+Aat)
no+k -

— Ll ! OZ (—1)/ "0 ( 1
da_ \F —ng)! (ng+k—7)! 1+aj
() S (G=no) (o +k=p)! \ s+A($5L

(~1y~"

)

/

/

Jj=no

no+k

XL_l{Z (G —70)! (n0 + ki — J)!

Jj=no
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1

(

1+aj
1+Aat

)

( 1
1+aj
s+ A (1—1—)\;75

)

(—1™™ G
x> G = o) (o + k= 1™ {s—l—)\—



But

0
1
- _ 0-1]
()
B 1
RERYEA

A(EEL ) 1
= e et )" = [, _—
{SH(—HW)}

Thus

(G Ametk-1)l (=1)"™ . 1
Pn(t)_ (%—F?’Lo—l)! XZ(]—?’Lo)'(ﬂo—i—k—])'L 3—|—)\(m)

j:no 1+/\at

- - 1+AXat
(L +ny—1)! j—mno) (ng+k—j

Lpng+k—1)1 ot —1)iTme (it
(& )XZ ( (1) )!16 (2e)

Jj=no

Multiplying the above equation by % yields;
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1 no+k j—mn
(L 4+no+k—1)! (—1)7 7" N k!
Pn t) = =2 X € (H_)\at)t X
0= ) 2 (7 = n0)! (no + k = j)! e

Jj=no

no+k j—n
SRR L L 4%
(E + no — 1)'k' j=no <j B Tlo) (no Tk j)

(4 no—1)k! J—no

Jj=no

Letting m = j — ng = 7 = m + ng implies

1 k 14a(m+n
Pty = etk =Dl (—1)m(k)€‘*[ ]

(%—Fno—l)'k' m=0 m
But
(2 4+no+k—1)! +no+k—1
( —|—n0—1 ‘k"
£+n0+k—1
%—l—’flo—l
Thus
1 k
_+n0+k‘—1 Y 1+ang k Aamt
P,(t)y=1"¢ e (Trsas )t 1™ € ltxat
(¥ (%+no—1) ;0( v
l —_ an, i a m
- (e e e (1) ()
E"—no—l m=0 m
1 _ angy, m
= (R ety (F) (comin)
i—f—no—l m=0 m
l —_ an, a k
:<a41rno+k 1)6_A(111M3)t(1_6—11;m) k=0,1,2,3,..
—+n0—1
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But n =ng+ k= k =n — ng hence

1

- + n — 1 an, a n—n

Pn<t) = (1a+n 1)6—)\(11-:>\a(t)>t <1_€_1i/\2t> ’ n=mng,Ng+ 1,19+ 2,...
a 0~

1 _ no++ k
_ ([no+a] +k 1) (e—lii’;t> o+ <1_6—1i‘;zt) k=0, 1,2 ..

k

Which is the negative binomial distribution with r = ng + = and p=e T

Method 2: Using the pgf approach

The basic difference-differential equations for the polya process as defined by equations
(5.78a) and (5.78b) are;

P(;(t):—( A )Po(t)n:O

1+ Aat
, 1+an 1+a(n—1)
P — P -~ VP =12
n(t) A(l—l—)\at) n(t)+)\( 14 \at ) nei(t) - om 2,3,

Multiplying both sides of equation (5.78b) by 2™ and summing the result over n, we have

> 1+an—1 1+ an
P’t P,(t)z"
n; a() Z[ 1+ Aat } Z[Hm} )2

N 14 a(n—1)] N [14 an]P,(t) 2"
Ja{Z #-Svmino |

( > )
S Ptz +azd  (n— 1Py (t)"
n=1 n=1
P (t)2" = 5.85
; (02" =T N N (5.85)
=Y Put)z"—a) nP,(t)z"
n=1 P \n:l ,
\ I‘Irl I‘\r/ 7



Let G(z,t) be the probability generating function of X(t) defined as follows;

:iPn(t)z

= Ry(t +ZP 2"
—Gzt ZP’

= Pyt ZP’ "

PR AGERE %G(z, t) — Pi(t)

We now simplify the four parts of equation (5.85) separately
Part I

Y Pa(t)" =2 Pua(t)z"
n=1 n=1

= zG(z,1)

Part 11

a) (n—1)P(t)z" =az® ) (n—1)Pyy(t)z""



Part I11

Part IV

Substituting the above in equation (5.85) yields

%G(Z,t) — Bj(t) = . —1—/\/\at {zG(z,t) + a22%G(z,t) — [G(z,t) — Py(t)] — az%G(z,t)}
2G(Z t) — Pi(t) = A {ZG(Z t) + azQQG(Z t) — G(z,t) + Po(t) — ang(z t)}
ot 7 0 1+ Aat ’ dz 7 ’ 0 dz 7
But by equation (5.78a)

, A

() = Y b(t)

Hence we now have

0 A A 5 0 0
EG(ZJ;) + g )\atPO(t) = Tl {zG(z,t) +az $G<Z’t) — G(z,t) 4+ Py(t) — azaG(z,t)}
0 A 5 0 0

EG(Z,t) = 15l {zG(Z,lf) +az gG(z,t) — G(z,t) — azaG(z,t)}

Grouping the like terms together yields

0 A 0

&G(z,t) =TTt {az(z — 1)&G(z,t) + (2 — 1)G(z,t)}
0 Aaz(z—1) 0 Az—1) B

= aG(Z,t) Toal &G(ZJ) T 7 hat G(z,t) =0
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0 Aaz(z—1) 0

PTACA G R wray v A Gl

Which is a partial differential equation. Multiplying both sides by 1 + Aat , we have

2G (z,t) — daz(z — 1)

(1+ Aat) T

0z

Factoring Aa out we have

Xa K ! +t> ;G(z,t)—z(z—l)%G(z,t)—

z

= ( ! —i—t) ;G(z,t)—z(z—l)gG(z,t)—

_ 1
Leta—m

aG’(z,t)—

(z—1)

Az —1)G(z,t) =0

(= 1>G(z,t) =0

a

G(z,t) =0

a

With this substitution, the above equation can be expressed as

2G (z,t) —2(2 = 1)

(t+ «) T

0z

To kill the persistent term (¢t + o) &G (z,t) where Aa = 1

WithT:hl‘HTal
0G(z,7) 0t 0G(z,T)
or  or ot
But
or ||
ot e
1 «
= |—| X |——
« t+ «
B 1
T tta
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ag(zt)_L

Yt =0

. We need to change variable



Where G(z,7) = G(z,t) just expressed in new variable. With this substitution the PDE
is reduced to

0 9 (1) B
aTG(Z7T> —2(z — 1)EG (z,7) — TG(Z,T) =0
0 0 G(z,71)

= gG(Z,T) =(z—-1) {z%(} (2,7) + M}

T

Which is an ODE. Taking Laplace transform of both sides yields

sG(z,8) — G(2,0) = (2 = 1) |:Zdié (2,8) + Gz, 8)}

z a

sG(z,8) —z(z — 1) diié(z, s) — (z=1)

G(z,8) = G(z,0)

a

Collecting like terms together yields

(1) dilz@(z,s) + [s— (2= 1)} Gz, s) = G(=,0)

i_zs 1 S_z—l Tlos 7_G(z,0)

G (z5) z(z—l)[ a }G(’) z(z—1)

i_zs i _ L G(z,s :—G(Z’O)

de< ') L(Z—l) az}G( ,8) z(z—1) (5.86)
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The remaining task is to find a solution to this differential equation. Two methods are

considered.

e Dirac delta function approach

e Hyper geometric function approach

Dirac delta function approach

Equation (5.86) is an ODE of 15 order. It is of the form y’ + Py = @) where

G(z,0)

y=C(zs).P=— [——i] md Q =~

Now the solution formula for such an ODE is given by

yedez _ f+/Q€dez
Where f does not depend on the variable z but can depend on the s parameter which

implies that f = f(s) , in our case y is a function of z and s ,that is y = y(z, s) .

el P47 is called the integrating factor. We first calculate the P integral.

fre=-le]
s 1
/{ma]‘f

But using partial fractions

z(z—1) z+z—1
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Multiplying both sides by z (z — 1) yields 1 = A (2 — 1) + Bz which holds for all values

of z . Setting z = 0 , we have
1=A0-1)+ B(0)

=>A=-1

Setting z = 1 , we have

Thus

=—In|z|+1In|z — 1]
z—l’

=In
z

With this P integral becomes

/sz = —sln

= —sln

z—1

1
‘+—ln|z|
a

z —

1
’—Hm|z|i
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Thus integrating factor becomes

z—1

1
1.F = edeZ = 6781n| z |+ln\z|ﬁ

z—1

—sln|
z

= \z|ée

From above the general solution of the ODE is given by

yedez:f+/Q€dez

So substituting y, P and ) we have
G(z,0)

z—1

G é _81n’z7_1| = —_ % —sln z

G(z,8)|z]"e f(s) +/ P |z|= e dz
— % _Sln‘z;1| _ . G(Z, 0) é —sln z;1|

= G (z,8)|z]ee f(s) /—z o1 |z|= e dz

We consider two cases
Case 1: When initial population X (0) =1
Recall that

G(z,t) = Pu(t)z"

= G(z,0) = ZPn(O)z”
n=0
= Py(0) + P1(0)2 + Po(0)2% + ... 4+ Py (0)2™ + ...
but for the initial condition X (0) = 1, we have

P(0)=1, P,(0)=0 VYn#1

2G(2,0) =2
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With this equation (5.87) becomes

E(Z,S) |Z|%€_Sln|%‘ = f(s) _\/;1 |Z|é6_sln’%1’dz
Z_

z—1

“laz (5.88)

— 1 21 1 1
G z5) el = = o) = [ it

Now this looks like a complicated equation to solve, but at this juncture we can licitly

apply the inverse Laplace transform to both sides.
We observe that f(s) can be regarded as a Laplace transform of some unknown function f(t)

Applying inverse Laplace transform to both sides of equation (5.88) we have from the

table of transform pairs in chapter 2 or examples 7 and 8 (see pages 38-39 )
1. e~ is the Laplace transform of the Dirac delta function 6(¢ — ¢)

2. G(z,5)e® is the Laplace transform of G(t — ¢)n(t — ¢) where 7 is the Heaviside step

z—1

function. In our case ¢ = —In ‘ -

With this equation (5.88) can be rewritten as

G (z,5) \z|é e = f(s)— / (Z—il) |z|% e “dz

So all together inversely transforming both sides the above equation, we come to

1

o) |z|20(T — c)dz

G@m—@mhw—@zﬂﬂ—/

Substituting the value of a we obtain
—1 1 z—1 1 1
an(t—1 = f(t) — af(t—1
isten (1= ==H) = g0 - [ A leti o (-
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(5.89)



Now this is a pretty large equation but it can be simplified, but to do that we need to
make one big detour. We can free ourselves of this terrible integral by using the Dirac
delta function, but what we have is delta of function of variable z , so we need to first
simplify it to a common delta of variable. To do so, we shall use the following property
of delta function

5(g(2)=>_ 7 (1%”5 (z — 2z) (5.90)

Where ¢’ (2) is the first derivative of g (z) , z; is a simple root of g (z) such that ¢’ (z;) .

z—1
z

In our case g (z) =7 —In|%2| . To obtain the roots of g(z) we solve g (z) =0

z—1
z

=7 —1In

-

z—1
z
z—l’

7=In

7=1In

z
z—l'

e =

z
z—1
z

el =+

First root
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Second root

- z—1
el =—
z
zem = —(z—1)
1l=2z+ze
l=2z(1+¢€")
1
2o =
2 1+4em
Therefore )
T 1 ter
The next step is to determine
d z—1
/
=—|7—1
/6 =g |r-m =]
dl z—1
=——1In
dz z

Using the property % In f(z) = J;/((;))

/> (5.91)

Now remembering that |x| = zsgn (z) and sgn (z) = 2n(z) — 1 , therefore

z z z
2—1'—z—18gn<z—1> (5:92)
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Also

Where sgn is the sign distribution and eta is the Heaviside distribution .Hence

z—ll_ d
z - dz

AP e

At this step we need to recall that

z—1
z

, . on(z
nh(z):h(z) g(h)

Using product rule of differentiation, we simplify equation (5.93) as follows Let

—1 1 1
z :1——:>U/:—2
z z z

U:

We now have




/:%sgn<27_1>+2(z;1>5<1—%) (5.94)

But
1
5 (g(2)) = 0(z = )
2 5
Let
1
9(z) =1~
1
g(z) = 2
Solving for roots of g(z), we have
9(2) =0
1
=1—-=0
z
l=—-=2z=
z
9 (2) = 12

Hence equation (5.94) becomes

,:%sgn(Z;l)—i—Q(z;l)cS(z—l) (5.95)

z—1

z
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Using equations (5.92) and (5.95) in equation (5.91) we have

g (2) = —( /)

z z—1

z—1

z

Recalling that we obtained the roots of g (z) as

1 1
= — 2o =
T+e’ ™ 1—¢

21
And the Dirac delta function is zero everywhere except when its argument is zero.
argd (z—1)=2z—-1

For both roots, the delta term in ¢’ (z) vanishes because for it to exist it requires that

argument of delta function must be zero. That is

1
1 der

which is equivalent to e” = 0 which can’t be true since 7 > 0 so only one term remains

after neglecting delta in equation (5.96) . Therefore

/)= [y (5w () wae () o)

sgn () sgn (y) = sgn (vy)

But
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This implies that

I ]
| e (e — 1)

1+e

1
| 1+e™ 1

[ 1+¢€
T1—(1+e7)
L 1+e7

[ (1+e)
11— (1+em)

[(1+e7)?
_67'

(1+e7)?
e‘l’
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Therefore

1
J(z)=x(1=e) —
eT

But ¢’ (z;) must not be zero, and for the initial condition that is at ¢ = 0 the negative
root makes ¢’ (z;) to be singular [¢' (z;) = 0] so that root needs to be discarded in the
summation only one root of z; is left and will be from now on z; = z;

It is now time to go back to equation (5.90)

5(g(2)) :Zmuz—z»




And this is the formula we searched all this time. We can now use the delta function to

eliminate the integral in equation (5.89) . In doing so we need to recall that

/ f(@)6 (z — a)dz = f(a)

That is the integral of a function multiplied by a Dirac delta shifted by a units is the

value of that function at a , With this we now have
1 1 z—1 1 1 e’ 1
/<Z_1)|z|ﬂ(5<7—ln . Ddz:/(z_l)\z|a 50 [z—(1+e) |dz

1+e)
Integral disappears and instead we get value of integrand for z =

1
1+e™

o e (1 )
C(mE o) are)? \lte

B 1 e’ 1 a
B [1—<1+ef>] (14+e)> \1+em

1+4e™

- [(1 +>] {(1_25)} (1+1 )
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1 1+1
- <1+6T>

=(1+ eT)_l_%

"_/(zin |z|_‘115(7'—1n

But this is not the end of our trouble, with the integral solved, our problem as in equation
(5.89) is reduced to
z—1 1 z
D |z|=n (T —In
z

Multiplying both sides of the equation by |z\_% we have

z—lD ( 2
n|7—In
z

There is no harm if we make another substitution. Thus the final step towards the solution

z—1

D dz=(1+ eT)_l_%

G(z,T—ln

;ﬂ)zﬂﬂ+u+wli

G(z,T—ln

-1 _1 _1 y—1-1
) = e

is to change the variable from 7 to T'=7 — In !%1 ‘

T=T+1In

z—1
z

Exponentiating both sides we get

o — 6T+1n|z7*1|

z—1
z

— eTeln

T

e
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Remembering that for our root

B 1
o l4em
2—1_ 1
z z
1
=1
1
|:1+e"']
=1-[1+¢€]
:—eT
|—e| = — (=€)
z—1 B z—1
z N z
—1
eT:eTZ ’
z

Multiplying the right hand side by 1 = e yields

e—

-1
:>1+GT:1—€T|:Z ](
z

ze T — 241
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:1—z[1—e_T]

ze T

1—z[1—e]

ze T

Sl+em =

Described by T variable, equation for G becomes

z—1

G(Z,T)U(T):f(T—i—ln

_1 _1 11
2l e (L en) e

_1-1
z—1 1 l—z(l—e*T) ¢
+ |2 —
z ze

But we know that f does not depend on z

= |z|_%f (T—i—ln

1

11
-1 1 1—z(1—e‘T) ¢
z D + 1l [ ze T ]

G@JUMT%ﬂaﬁf(T+m

When T = 0 it follows that

1

11
2 —1 1 1—z(1—e_(0)) ¢
+ [2] e —
z 2e—(0)

G (2,0)5(0) = ||« f (0+ln

But 7 (0) = 1 hence

—1-1
G (2,0) =27 f (ln i > I {1—2—1—”}

,1,%
= ()
z z

—1
In |= ) + |z|7% P

But knowing that

It follows that




So we have finally eliminated f. Thus the solution is

ze T

G(=T)n(T) ==+ ll—zu—e—T)]—

Since T' > 0 it follows by definition of tau that 1 (7) = 1 hence

_ 4 -1-1
1—2 (1 — e*T) ¢
G(2,T)n(T) =2«
(2, T)n(T) == Py
_ 4 -1-1
1—2 (1 — e_T) ¢
G(2,T)=z
(1) ==
1 Z€7T H_%
- L—z(l—ﬂ)]
— yatlte e’ S
B l—z(1—eT)

We can rewrite it as

Go7) = 2 [ ¢’ )}Hi

l—z(l—e"

We are now close to the final solution, the remaining task is to rewrite G(z,7) in terms

of the original variable ¢. Its now time to go back to our initial substitution

‘t—l—oz
7T=In|——
«

Where
1
o= —
Aa



Thus

= (\at 4+ 1)7"

Therefore

Got) = (14 Aat)™ )1}] e

_1—z[1—(1+/\at

_ ) 141
= (1 + Aat) (1 -z [1 - 1+1)\at])]

1+Aat

_ ' 141
=z (1+)\at) (1_Z[1+)\at—1])]

1
a

1+
1
=z )\ zAat
(14 Aat) (1 — £5%)

200



1 14+
=z
|14+ Aat — /\atz]

- 1
1 I+
1+Xat

1— Aatz
1+Xat

We finally have

1— Aatz
1+Aat

e
G (Z, t) _ Zﬁé [ 14+Nat ]

1
1+Xat

_ 1 _ 1 _ _Aat
and q= 1 1+Xat ~— 1+Mat

Letting p =

G(z,t) can be expressed as

14+
_1 zp “
G t) = a
(1) = - [1_qz]

P, (t) is the coefficient of 2" in the expansion of G(z,t). By binomial expansion

1

G(z,t) =z az"Taplta[l — qz]_(H%)
RS o S L A Y

— pith § (_ [1]: ﬂ) (= 1) g2

Recall that
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Thus

From this it follows that

N+k-1
Py (t) = (["0“}; )p”iq’“ k=0,1, 2

but n =1+ k, Thus

141 k—1
O AL M S

(Y 4kt 1 1*’1_ LN
N k 1+ A\at 1+ Aat S

which is the pmf of a negative binomial distribution with parameters r = 1 + % and

_ 1
b= 14+-Aat

Case 2: When initial population X (0) = ny
Recall that
G(z,t) = iPn(t)z”
n=0
= G(z,0) = iPn(O)z"
= ZEO) + P1(0)2 4+ P(0)2” + ... + P, (0)2" + ..
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but for the initial condition X (0) = ng, we have

P,,(0)=1, P,(0)=0 VYn#ng

5G(z,0) = 2™

With this equation (5.87) becomes

Val % —slan;1| _ . 2" % —sln z;1|

G (z5) |2l e 1) = [ i el

G (z, ) |z|% e[| = f(s) —/ G |z|% e gz (5.97)
7 N (z-1) '

Now this looks like a complicated equation to solve, but at this juncture we can licitly

apply the inverse Laplace transform to both sides.
We observe that f(s) can be regarded as a Laplace transform of some unknown function f(¢)

Applying inverse Laplace transform to both sides of equation (5.97) we have from the

table of transform pairs in chapter 2 (for details see pages 38-39 )
1. e~ is the Laplace transform of the Dirac delta function 6(¢ — ¢)

2. G(z,5)e® is the Laplace transform of G(t — ¢)n(t — ¢) where 7 is the Heaviside step

z—1

function. In our case ¢ = —In ‘ -

With this equation 4 can be rewritten as

A O e

no 1
|z|e e”dz

So all together inversely transforming both sides the above equation, we come to

Gmf—@m%m—@zﬂﬂ—/

zZ™o

por P |z|28(T — ¢)dz
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Substituting the value of a we obtain

Zgll)n(t—ln Z;D :f(t)_/%(S(t—ln

G(z,t—ln

Now this is a pretty large equation but it can be simplified, but to do that we need to
make one big detour. We can free ourselves of this terrible integral by using the Dirac
delta function, but what we have is delta of function of variable z , so we need to first
simplify it to a common delta of variable. To do so, we shall use the following property

of delta function

@)=Y (1%”5(2 2 (5.99)

Where ¢’ (2) is the first derivative of g (z) , z; is a simple root of g (z) such that ¢’ (z;) .

z—1
z

In our case g (z) =7 —In || . To obtain the roots of g(z), we solve g (z) =0

-1
=7—In|> ‘:O
z
—1
7 =In i
z
—1
7=In :
z
. z—l'
e:
z
—1
eT:iZ
z
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First root

Second root

Therefore

The next step is to determine

Using the property % In f(z)

(=

f=

[\

)

zem = —(2-1)
1=2z+4ze"

l=z(1+¢€")

Z9 =

1+em

205




> (5.100)

Now remembering that |x| = xsgn (x) and sgn (z) = 2n(z) — 1, therefore

z z
= 101
z—lsgn<z—1) (5.101)

z—l‘ z—1 (z—l)
= sgn
z 2 2

- ()

Where sgn is the sign distribution and eta is the Heaviside distribution .Hence
z—1] _d|z—1
z Cdz| oz

2] o

At this step we need to recall that

z

z—1

Also

On(2)
n;z(z) = h’l(z) oh
Use product rule of differentiation, we simplify equation (5.102) as follows Let
—1 1 1
U=l U ==
z z z

—1
vz2n<z )—1
z
—2n<1—1)—1:>V'—%77’(1—1>
z z z
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We now have

1
: — UV VU
A
1 —1 —112 1
— o (Z Y “nl1-2=
22 z z 22
sgn(zzl)
= e () +2 (55 ) (1)
VA zZ VA A
1" 1 -1 -1 1
S S 122 s(1-= (5.103)
z 22 z 23 z

Since 0’ (z) = § (x)

But
1
d(g(2) = 0 (2 — z)
25
Let
1
= 1 — =
9(2) .
g'(z) = 2
Solving for roots of g(z), we have
9(2) =0
1
=1—-=0
z
l=-=2=
z
g (z) = 12
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Hence equation (5.103) becomes

/:lﬂ@(221)+2<2_1)ﬂz—n (5.104)

We now use equations (5.101) and (5.104) in equation (5.100). This yields

d@%=—( )

z—1
z

z—1
z

z

z—1

Recalling that we obtained the roots of ¢ (z) as

1 1
= 72’ —=
1+e’ 2 1—er

21
And the Dirac delta function is zero everywhere except when its argument is zero.
argd(z—1)=2z—-1

For both roots, the delta term in ¢’ (z) vanish because for it to exist it requires that

argument of delta function must be zero. That is

1
1 4er

which is equivalent to e = 0 and that is never true in Mathematics so only one term

remains after neglecting delta in Therefore

R R En
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But
sgn () sgn (y) = sgn (zy)

This implies that

__' 1
e (e 1)

1+ €™

| 1+e™

[ 1+e”

1—(1+4e7)
L 1+e™

(1+e)
|1- (1+em)

(1+e7)?

_6’7'

(1+ €T)2
67—
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/22:—_ 1
g() 1(;_1)]

| 1—e™

B _1—67—]
E
e 1

Therefore 1
d(z)=+t1=+e) =
eT

But ¢’ (2z;) must not be zero, and for the initial condition that is at ¢ = 0 the negative
root makes ¢’ (z;) to be singular [¢' (z;) = 0] so that root needs to be discarded in the
summation only one root of z; is left and will be from now on z; = z;

It is now time to go back to equation (5.99)

5(g(2)) =Zma<z—z»
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:m5[z—(1+67)_]

And this is the formula we searched all this time. We can now use the delta function to

eliminate the integral in equation (5.98). In doing so we need to recall that

[ 1@)6 @ - ayds = (0

That is the integral of a function multiplied by a Dirac delta shifted by a units is the

value of that function at ¢ . With this we now have

/(MIﬂ'(T‘mffiDdWZ/zfﬁlﬂdi C o[r— (e dz

z (1+e7)
Integral disappears and instead we get value of integrand for z =

1
1+e™
’

A 1 e

- z(z—1) l21* (1 +eT)2

_ 1
= 1+eT

- <H67(>+<1;)67 ity i)

— (1—5—16"') ’ e’ ( 1 )a
1—(1+e™ \2 1 T
(1-:87—) [ 1(+e‘r ):| (1+€ ) te
() Tl [ )
= 1+6T (1—|—€T)2 1+€T

1 TLO"F%
:(HwJ

—(14e) ™ a

(1+e)’

67’
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z—1

Zn()—l 1
— [ ——— |z 0 (7—1In
[l
But this is not the end of our trouble, with the integral solved, our problem as in equation

(5.98) is reduced to
z—1 1 z
D |z|=n (7‘ —In
z

Multiplying both sides of the equation by |z|_% we have

z—lD <
n 7 —1In
A

There is no harm if we make another substitution. Thus the final step towards the solution

D dz=(1+ 67)7"07%

G(z,T—ln

;1‘) =)+ (1 +e) ™ s

1

z—1 _1 _1 P —ng—1L
=) = e

G(z,r—ln

z—l‘

is to change the variable from 7 to T'=7 — In ’ -

7T=T+In

z—1
z

Exponentiating this we get

T 6T—Hn| z—1

e z
— T
z—1 ‘
=e
z
Remembering that for our root
1
S l4er
z—1 1
z z
1
1
1
[1+e"']
=1-[1+¢€]
= —GT
7| == (=¢")




-1
:>1—|—eT:1—eT{Z }

Multiplying the right hand side by 1 = i:—; yields

-1 =T
=>1+eT:1—eT{Z }(e—T)
z e

ze T
B 1—=2 [1 — e’T}
N ze T
- 1—2 [1 — e*T}
Sltet = po

Described by T variable, equation for G becomes

z—1

G(z,T)n(T)zf(T—i—ln

D 2] 2| (L en) T

1

z—1 1 1—Z(1—€_T) O
+ |2 —

z ze

= |z f (T+ln
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But we know that f does not depend on z , we know that

o1
z—1 1 1—2(1—€_T) e
+ |z e —
z ze

G(z,T)n(T) = |z = f (T+ In

When T = 0 it follows that

a1
z—1 1=z (1—e© o
+ |2| a (_ )
z ze—(0)

G (2,0)5(0) = |z« f <0+1n

But 1 (0) = 1 hence

6(e.0) = ol f (1 | ) o [

z

1
_1 -1 1]
:|z|if(1nz )+|z|i _}

_1 -1 _1
=Mif(mz )+V|%m%

But knowing that

20 = G (2,0) = 2| " f (m

z—lD "
+ 2"
z

—1

)=

z

So we have finally eliminated f. Thus the solution is

It follows that

|z|_% f <1n

G (5. Ty (T) = £~ [1—2(1—6— )] :

ze T
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Since T' > 0 it follows from definition of eta that n (7') = 1 hence

1

[1—z(1-e")] ™"
G(2,T)n(T) =2«
(2, T)n(T) == P
v -1—2(1—67T)_7n07§
G(z,T)=z%
(2,T)=2z"7» popy

T no+=
= 27%+n0+% |: ¢ :|

l1—z(1—-¢T)

€_T no+%
p— TLO
: [1 —=( —eT>]

We can rewrite it as

6—7' n0+%
]

Which is the pmf of a negative binomial distribution
We now have something to smile about! The remaining task is to rewrite G(z, 7) in terms

of the original variable ¢. Recall the initial substitution we made

t+ «
7=In
«
Where .
OJZE
Thus
‘H—a‘
«Q
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Therefore

G (z,t) = 2"

no

I
w

no

no

= (Nat +1)7"

1

(1+ Aat)™" ot
l—z[1-(1+ )\at)fl]

1

no—i—%
(14 Xat) (1—=z[1— ﬁ})]

1 no-&-%
(14 Aat) (1 -2 Hiiiﬂ)]

1

1 no+,
(1 + Aat) (1 - 11\;;)]
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We finally have

1+ Xat

1 _ _JAat

Letting p = I+Xat — I+rat

and g =1—

1+/\at

G(z,t) can be expressed as

no+L
TP e B
1—gqz

P, (t) is the coefficient of 2" in the expansion of G(z,t). By binomial expansion

G (Z,t) — Zfazno%*apn(ﬂr% [1 _ qz]—(no-l-%)

= gt Z( el ooy
_ oot Z( [no + ¢ )(_1)quzk

Recall that
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Thus

> 1 —
G(Z, t) — ZnopnoJré Z ([TLO + a} +k 1) qkzk

k=0

WE

([no + §:| + k — 1)pn0+1 k _no+k

B
Il
o

From this it follows that

H+k-1
Pn()+k (t) — ([no + ai|k+ )pn0+}1qk‘ k, — 0’ 17 2

but n = ng + k, Thus

1 —1
Pn (t) _ ([no + a]]{"'k )pn°+‘1’qk - O7 1’ 2)

_ [+ i+ k-1 1 \™ta 1 b o1 o
k 1+ dat 1+ dat R

which is the pmf of a negative binomial distribution with parameters r = ng + % and

!
P =1
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Hyper geometric function approach

From equation (5.86) we had

d —

—G(z5) {m - @} Gl(z,8) = —— 2

but this can be rewritten as

S

F0CI [ ] G =

This is an ODE of 1% order. It is of the form y + Py = @ where

—C(zs),P = {ﬁ*?ﬂ an dQ—%

We use the integrating factor technique. The integrating factor is given by
[.F = el P2
We first calculate the P integral
1
/sz:/ [L%——]dz
1—2) az
1 1
/ - / —dz
1 —2) a) z
1
/ dz +—-Inz
(1—2) a

Using PF we have

1=A(1—-2)+ Bz

219
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Which holds true for all values of z

Setting z = 0, we have

Setting z = 1, we have

Thus

1 1 1

dz+

=Inz—In(l-2)

:1n(1fz)
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Multiplying both sides of equation (5.105) by the integrating factor we get

) dii@ (2,8) + 25 (1= 2)° {—Z (13_ 5+ al—z] Clos) = 2 (1—2) —ﬂz;o;

Z#+a1G(z,0)

— 2T (1 —2)"G(z,s)| = -
127G )] - T2

Integrating both sides with respect to z yields

d [ g1 - [ 2eIG(,0)
/E [z a(1—2) G(z,s)] dz—/wdz

/d [ﬂi (1 —z)—S@(z,sﬂ — /Mdz

(1 . Z)s+1

1 o s—l—%—l
2Ta(1-2)"G(z,s) = /ZG—G)(:F’lo)dz (5.106)
—z

We consider two cases
1. When X (0) =1
2. When X (0) = ng
Case 1: When initial population X (0) =1
Recall that
G(z,t) = Pu(t)2"
n=0
= G(2,0) =) _ P,(0)2"
n=0

= Py(0) + Py(0)z + Po(0)2% 4 ... 4+ Py, (0)2™ + ...
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but for the initial condition X (0) = 1, we have

P(0)=1, P,(0)=0 Vn#1

5.G(2,0) =2

With this equation (5.106) becomes

s+i-1

-+ constant

s_;,_l —s z a z
2Ta(l—2) " G(z,8)= | ————=dz
=970 = [ 1
s+ lel 2ta d
AR —Zz zZ,8) = z
1-97TC0= [ o
We now simplify the RHS of equation (5.107) Recall that
/ xoth p @t SR (a+1,a+b+1;a+b+2; 1)
— —dxr =
(1— )" a+b+1

(5.107)

Where oF; (a4 1,a+ b+ 1;a + b+ 2;x) is the gauss Hyper geometric function. Thus

/ 25te J Zstatl 2F1(s+1,s—|—%+l;s+%+2;z)+
Y=
(1-=2)

s s++1

Where k; is a constant of integration

But

2 F1 (a,by¢;2) = (1 — Z)C_a_b oF1 (¢ —a,c = b c; 2)
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We now use this property to simplify o F} (3 + 1,5+ % +1;s+ i + 2; z) as follows.

Here . )
a=s+1, b=s+-4+1, c=s+—+42
a a
1
c—a=s+-+2—(s+1)
a
1
=s+-+2-s-1
a
1
-~ 41
a
c—b:s+—+2—(s—|——+1)
a
1 1
=s+-+2-s5—-—1
a a
=1
1 1
c—a—b=s+-+2—(s+1)—|s+—-+1
a a
1 1
=s+-+2-5—-1—-s5—--1
a a
= —5
Thus

1 1 ., 1 1
o F (s+1,s—|———|—1;s—|——+2;z) =(1-2) o F <—+1,1;s+—+2;2)
a a a a

With this equation (5.108) becomes

— +k
s+141 '

l/ Zta . et (1= 2) R (145 18+ L4 2;2)
( )S+1

1—=2

Remembering equation (5.107), we had
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Fratl(1—2)7° LR (1+11s4+1+22)

= e (1-2)G(z,5) = +k
120 (=) s+1+1 '
_ 1 et (1= 2) R (142 s+ 1422 k
Glos) = — _ (1=2)" o 11( . a )+ L
i (1 - 2) s+ +1 25Ta (1 = 2)
_ 2ol (1+ 2 1is+1+2;2) K (1—2)°
',G(z75): 21( a1 a )+ 1( 1Z>
S+E+1 25ta
But since for all ¢,z < 1 we have G (z,t) < 1, It follows that k; =0
Thus
_ zoF (141 1;s+1 422
G(z,8) = 2 NG - ) (5.109)
S—i-a-i-l
But according to Euler the Gauss hyper geometric series
oo (@) () 2
2Py (a, b ) = ) 0, W
k=0
_1+abx+a(a+1)b(b+1)$2 ala+1)(a+2)b(b+1)(b+2)23
B c 1! clc+1) 2! cle+1)(c+2) 3!

Where a,b and ¢ are complex numbers and

o

<.

(a),=]](a+i)=a(a+1)(a+2)(a+3)...(a+k—1)

=

Thus Letting a = 1 +

Q |~

,bzlandc:s+;11+2wehave

024



1 1
o F1 <1+—,1;s+——|—2;z) = F(a,b;c; z)
a a

But by equation (5.109)

G (z,s)

a(a+1)b(b+1) 22

L+ cle+1) 2!

oS
=l

an

a(a+1)(a+2)b(b+1)(b+2) 23
c(c+1)(c+2) 3!

(|

_|_

+ ..

(1+41)(L+2)2

L+ (s+1+2)

(141)(242)(L+3)3!
L (s+2+42)(s+2+3)(s+2+4)

( (l+1)z

(s+242)(s+1+3

Fd
3!

(1+1)(1+2)22

1+ (sj—%—&-?)

(141)(242)(1+3)23
L (s+242)(s+243)(s+2+4)

Z2oF (141 s+ 1 422)

\

(st r2) (st 148) (o0 i) -

925

s+i+1
(1 + (é—!—l)z (é+1)(%+2)z2
(s+242) = (s+i42)(s+1+3)
(141)(L+2)(2+3)2°

(s+§+2) (s+5+3)

\

Ve

2

j7t

3\

)




;

1

(%+&)z

(1+1)(142)22

s+2+1

We can rewrite this as

T

s+141)(s+242)

(1+41)(L+2

(s+241)(s+21+2)(s+1+3

)(249):

(s+241)(s+2+2)(s+243)(s+2 +4)

)

G (z,8) =2zR
Where
(4 (+1): (t)(1:2)2
s+I41 T (s+2+1)(s+2+2)  (s+2+1)(s+1+42)(s+243
R =
(141)(242)(1+3)2°

(s+241)(s+21+2)(s+2+3) (s+1+4

)+

)-l-

3\

To obtain the explicit form of G(z,t) we apply inverse Laplace transform to both sides of
equation (5.110). This yields;

=z2L7' (R)
But
(1 (i +1)2 (G+1)(3+2)° ‘
s+i41 T (s+1+1)(s+1+2) (s+§+1)(s+§+2)(s+§+3)+
L' (R)y=L"
DI ER
\ (s+241)(s+2+42) (s+243) (s+2+4) 7 )
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1 1 -1 (%—&—1)2 1
L {s+}1+1} +L {(s—&-}l—i—l)(s—i—i—ﬂ) } .

(141)(142)22

_ L { GHi1)(sr242) (54 113) } "

R o e T .

)(s+2+2) (s+243)(s+21+4

We shall solve the first four terms of the above equation separately

Remark

Remember that our variable is in terms of tau and not ¢

Part I

From the table of transform pairs in chapter 2.

Part 11

L_l{(s+§i%1)+(13j§+2)}: (éﬂ) ZL_I{(H%H;(H%”)}

The function .

(s+i+1)(s+1+2)

has simple poles at s = — (i + 1) and at s = — (% + 2)
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Its residue at each pole is given by

At s=—(1+1)

At s=—(L+2)

1 ST
o= lim (s+1+2)e

so—(L42) (s+2+1) (s+ 31 +2)

ST

-
so—(L42) (s + 2 +1)




Therefore
L1 L = Z a_;
(s+i+1)(s+1+2)
= e_(%"'l)T e_(1+2>7—
— 6*(%+1)T (1 6—7')
Thus

-1 (i—l—l)z _ (1 —(+1)r —r
- {<s+;t+1><s+g+z>}‘(a“)“ )

Part 111

(L+1) (427 }

L_l{(s+§+1) (s+1+2)(s+1+3)

() ¢ frras e

The function 1

(s+2+1)(s+L2+2)(s+1+3)

hassimplepolesats:—(%4—1), s:—(§+2) ands:—(é—i—?))

It’s residue at each pole is obtained as follows
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Ats=—(L+1)

1 ST
o= lim (s+Li+1)e

o) (s g+ (s +2) (s 45 +3)

ST

e

= i
() 5+ 3 +2) s+ 1 +3)

e_(é+1>7

At3:—(§+2)

1 ST
o= lim (s—l—a—|—2)e

o) GHEFD) G+ 24D (4259

eST

= i
co(be2) (s 4 24 1) (s + 1 43)

@7(é+2)‘r

RS EDESTR IS CEPEEEE
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At s=— (1 +3)

a_; = lim (S+%+3)687
Tl BRI (1R D G E )

ST
= i
Hf@s) (s+14+1)(s+1+2)

6*(é+3)‘r

B EDEEER IS DR

e—(%+3)7'

e TIEE T

Therefore

o 1
L {(8+£+1) (s+1+2) (s+§+3)}22a4
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_(%—1-1)7' 1 _<%+3)T
== 2 e (a2 4.2 2
—(z+1)7
_ ¢ i (1—2e7" e %)
~(a+)7
€ —T
=5 (=)
Thus
= (1) (3 +2)
(s+:4+1)(s+2+2)(s+3+3)
(1 1 26_(%“)7 -7)?
-G o)
B 1 —(L41)r § ™\ 2
‘(a“> (a”)e(“” o (1=¢7)
Part IV

(E+1)(2+2) (2 +3) 7 }

L_l{(5+5+1) (s+2+2) (s+5+3) (s+5+4)

:<§+Q(3+9(§+Qz%1{@+5+n@+5+§c+é+@@+%+®}

The function 1

(s+2+1)(s+142)(s+L+3)(s+1+4)
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has simple poles at
s=m () = (42) s == () 5= - ()

It’s residue at each pole is obtained as follows
At s =— (i + 1)
a_; = lim (s—i—%—i—l)e”
) (i) (s 42) (s +3) (s+2+4)

687‘

= 1i
H_I(I?H) (s+1+2)(s+1+3)(s+1+14)

e_(%'H)T

S R I S GRS E R

Ats:—(C—IL—FZ)
o~ lim (s+2+2)e7
T e () (I ) s+ 4+2) (s+143) (s+1+9)

eST

o(irz) (5+ L+ 1) (s+L+3) (s+L+4)
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;= lim

e_(%"m)T

) I+ -G D+ L+ [F G rD + i+

67(%+2)T

Iz T -2+ Era [E-2 i ed

-(+)r

(s—i—é—i—?))e”
) G I (72 (42 +0) L+ )

ST

e

— 1
S_>_1(H£+3) (s+1+1)(s+1+2)(s+1+14)

e_(%+3)T

GO ][ Gra) F i+ [ (49 T+

e_<%+3)7

I3+ Ir ] [F-3+E+g [FE-3+3+d
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a_; = lim (8+§+4)68T
e ) (s ) s+ +2) s+ 1 4+3) (s+ 1 +49)

ST

€
— 1
H_I(I?H) (s+24+1) (s+2+2)(s+1+3)

e_(%+4)T

S R e IR R T | S CER R R

e_<%+4)7

| T | SR S A

67(%+4)T

- (=3)(=2) (=)

e_(%+4)7

—3!

Therefore
1

(s+L+3) (s+§+4)}zza‘i

L_l{(s+§+1) (s+1+2)

67(%+1)T 67(é+2>‘r 67(%+3)T 67(%+4)T
= — + —

3! 2! 2! 3!
1
6_(54_1)7— 3' —T 3' —27 —37
B (1‘56 T e )
~(&+1)7
— ¢ (L3¢ 437 —¢7)
(4+1)7
e _m\3
= (=)

935



Thus

- GrDE+2)(E+3)
L {(s+ L11) (s+ §+2)(s+§+3)(s+§+4)}

Consolidating the above results we get

(

a

o~ (G t1)T I (1 4 1) o~ (G, (1—e )+ w

L7 R} = (£+1) (2 +2) e_(%H)T;—T (1—e ")+

(D) G+ (B3 B ga—en’+

(1) 0m e+ () (4 S0
FEED G G-
T+ (D) (1 —e)] + ENED g oy
L)

N z(1—e ) +...
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Recall that
G (z,t) =z2L ' {R}

But

Implying that

G+2) G+Y
]

(i+3)_ﬂ
3 ) (L+3-3)13l

(G+3) G+ @+ Y
113

(3+3) (3+2) G+)
3!
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Relating this to the above equation for G(z,t) we get

Recall that

Thus

We are now close to the final solution, the remaining task is to rewrite G(z,7) in terms

of the original variable ¢. Its now time to go back to our initial substitution

t+ «
7=In
«Q
Where
1
o= —
Aa



Thus

Therefore

G(z,t) =z

[ (14 Aa)™! e
1—=z 1-(1+ /\at)_l]

. 1+
(1+ Aat) (1—2[1—m])]

1 ta
(14 Xat) (1 -z [H’\“tl])]

1+Aat

. 1+
a+Amﬂ1—2Mw]

14+ Aat
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1 14+
=z
|14+ Aat — /\atz]

— 1
1 1+5
1+ Aat

1 — Aatz
14+Aat

We finally have

1 — Aatz
14+Aat

z 1+E
G (27 t) _ Z—é [ 1+Mat ]

1
1+ Xat

1 _dat
1+Xat ~— 1+Mat

Letting p = and ¢ =1—

G(z,t) can be expressed as

1
a

o 1M
G(z,t)=z"a {1—(]2]

P, (t) is the coefficient of 2™ in the expansion of G(z,t). By binomial expansion

G (z,t) = ZTa Taptta 11— qz]_(H%)
L~ (— 1+
=z 1+ ( [ a ) —0z k
P g:o . (—q2)

Cpt 5 () Cap

Recall that
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Thus

From this it follows that

1+4 k—1
P1+k (t) = ([ +a} * )pl—i_}lqk kzoa 17 2

but n =1+ k, Thus

141 k—1
O AL M S

(Y 4kt 1o\"e P S L
N k 1+ A\at 1+ Aat S

which is the pmf of a negative binomial distribution with parameters r = 1 + % and

_ 1
b= 14+-Aat

Case 2: When initial population X (0) = ny
Recall that
G(z,t) = iPn(t)z”
n=0
= G(z,0) = iPn(O)z"
= ZEO) + P1(0)2 4+ P(0)2” + ... + P, (0)2" + ..

041



but for the initial condition X (0) = ng, we have

Py (0)

I, P,(0)=0 VYn#ng

SG(z,0) = 2™

With this equation (5.106) becomes

(1= 2) () = /

s—i—%—l no

¥4 y4
——dz
(1 . Z)S-‘rl

1
Z5+n0+5—1

dz

/

We now simplify the integral in the RHS of equation (5.111).

Recall that

s+(no+1)—1
. l/‘Z ) -dz :zs+n0+%
py (1 . Z)s—‘rl

where ds is a constant of integration

But

\

oF1 (a,a+r;a+r+1;z)
a+r

+

+ constant

T oFy (a+1,a+r+1a+r+2;z)
a+r+1

2F1(s,s+no+é;s+no+é+l;z)
s+n0+%

oy (3+1,3+n0+%—|—1;s—|—n0+%—|—2;z)
o s+no+i+1

2 F1 (a,by¢;2) = (1 — Z>C_a_b oF1 (¢ —a,c = b c; 2)

042
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We now use this property to simplify the terms in the RHS, We start with

1 1
o (s,s+no+a;s+no+a+l;z)

Here 1 1
a=s b=s+ng+—-, c=s+mny+-+1
a a
1
c—a=s+ny+—-+1-s
a
1
:n0+—+1
a
1 1
c—b=s+ng+—-—+1—(s+ng+—
a a
1 1
=s+ng+—-—+1—-s5—mng——
a a
=1
1 1
c—a—b=s+ny+—-—+1—-s—|s+mny+—
a a
1 1
=s+ny+—-—+1—-s—s5—n9g——
a a
=1-—s
Thus

| 1 . 1 |
2 F1 ($,5+n0+a;5+n0+5+132> =(l—2),"F <n0+5+1,1;8+n0+x+152>

Similarly for

1 1
2F1 (S+1,S+TLO+E+1,S+n0+a—|—2,2>
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We have
1 1
o F1 s+1,s+n0—|—a+1;s—|—no+a+2;z

1 1
a=s+1, b=s+ng+-+1, c=s+ny+—-+2
a a

1
c—a=s+ny+-+2—(s+1)
a
1
=s+ng+-+2-s5-1
a

1
:n0+—+1
a

1 1
c—b:s+n0+—+2—(s+no+—+1>
a a

1 1
=s+ng+—-+2—-s—-ng———1
a a

=1

1 1
c—a—b:5+n0+—+2—(5+1)—<S—i—n0+——i—1)
a a

1 1
=s+n+—-+2—-s—-1—-s—-—ng——-—1
a a

= —S

Thus

1 1 . 1 1
o Fy <5+1,5+n0+a+1;5+n0+5—|—2;z) =(1-2),"F (n0+5+1,1;s+n0+5+2;z>
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We now have

s+(no++)—1
—Z

_ stnoty (1— Z)—s

where k; is a constant of integration

With this equation (5.111) becomes

A= )G (2 9) :/

= pstnots (1—2)"°

“G(z,8) =

( (1—z)§_sF1 (no—&—%—l—l,l;s—i—no—l—%—l—l;z)
s—&-no—l—%

(1—2)"° o Fy (no—i—%—l—l,l;s—i—no—&—%—i—Q;z)

z

L s—l—no—&—%—kl

+ K

s—i—no—i—%

o Fy (n0+%+1,1;3+n0+%+2;z)

s+ng+i+1

1
Zs—i—no—&-a—l

(1 . Z)s-i-l

dz

( (1-2) oy (no—i—%—i—l,l;s—}—no—i—%—i—l;z)

s—l—no—i—%

p 2F1 (no—l—%—l—l,l;s—i—no—i—%—l—Q;z)

s+not+g+1

_|_

( (1—-2) o 4 (n0—|—%—|—1,1;5+n0—|—§—|—1;z)

s+n0+%

o (n0+é+1,1;s+no+%—|—2;z)

s+no+i+1
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\

( (1—2) o Fy (no—l—%—l—l,l;s—l-no—i—%—i—l;z)
s—l—no—k%
n k1
= Z 0 _|_
1 S (1—2)
21 (no+24+1,1is+no+242;2)
L s—i—no—l—%—&—l )

But since for all ¢,z < 1 ,G (2,t) < 1, It therefore follows that k; =0
Thus

( (1—2) o Fy (n0+%+1,1;5+n0+%+1;2)
s—i—no—l—%

G(z,8) =z"
2Py (no+241,1354n0+ 2 +2;2)
s+no+=+1

\

But according to Euler the Gauss hyper geometric series

oFy (a,b;c;) = kz_% (azi)(f)k%
B abr ala+1)b(b+1)z*> a(a+1)(a+2)b(b+1)(b+2)a?
_1+?ﬂ+ clc+1) o clc+1)(c+2) 3!

Where a, b and ¢ are complex numbers and

(a)k:H(a—l—i):a(a—i—1)(a+2)(a+3)...(a+k—1)

<

=

With this we simplify the RHS as follows, For
1 1
2F1 n0+—+1,1;s+n0+—+1;z
a a
Lettinga:no—i-%%—l ,bzlandczs—i—no—l—é—i-l we have

1 1
F(n0+—+1,1;s+n0+—+1;z) = F(a,b;c; z)
a a
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1)b(b+1) 22
1+ 95+ Ty

a(a+1)(a+2)b(b+1)(b+2) 23
LA sy -

( (no—l—%—l—l)z (n0+5+1)(n0+%+2)2! 2 )

1 2t
(stno+i+1)  (s+not+i+1)(s+no+i+2) 2!
(n0+%+1)(n0+%+2) (no+%+3)3! 2

 (stnot2+1)(s+no+242) (s+no+2+3) 30 ° 77
( (no—i—%—I—l)z (n0+%+1)(n0+%+2)z2 )

(stno+i+1)  (s+not+i+1)(s+no+i+2)

(n()-f—%-l-l) (TL(H-%-FQ) (no-‘r%-f—?))z?’
( (stnot2+1) (s+no+242) (s+not+1+3

)—I—...

Similarly for

1 1
o Fy (n0+5+1,1;s+n0+5+2;z>

Weleta:ng%—i—l-l ,bzlandc:s+no+§+2implyingthat

1 1
F(n0+—+1,1;s—|—ng+——|—2;z> = F(a,b;c; z)
a a

ab = a(a+1)b(b+1) 22
L+ 28+ oy ot
a(a+)(a+2Qbb+1)(0+2) 22 |

c(e+1)(c+2) 3!

047



( (no—I—%—H)z

(no+i+1)(no+242)20 2 )

1+ (s+no+i+2)

(no+2+1)(no+242)(no+21+3)3! s

(stnot112) (stnot 113) 21 T

2

 (stnot242)(s+no+243) (stnot+i+4) 30 © 77

'1+ (no+i+1)z (no+2+1)(not+2+2)22 )
(s+no+2i+2)  (s+not+i+2)(s+no+1i+3)

(no+2+1) (no+242)(no+1+3)2

Consolidating the above results we get

( (stno+2+2)(stno+243) (stno+i+4) 77

A R (no+ 4L s +no+ L4 152) +
G (z,8) = 2™
W 2F1 (n0+%+1,1,3+n0+%+2,2)
( ‘1 n (no+i+1)z (no+2+1)(no+1+2)2?
(s+no+i+1) * (s+no+i+1)(s+no+1+2)
(1—2)
s—i—no—i—%
(no+2+1)(no+242)(no+1+3)2°
L (stnot2+1) (s+not+i+42) (s+no+i+3)
= 2"0 ¢
i (not+1+1)z (no+2+1)(no+2+2)22
(s+no+2i+2)  (s+no+i+42)(s+no+1+3)
(no+1+41)(not+242)(no+243)2°
(s+no+i+2)(s+no+i+3)(s+noti+4) =
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(1-2)

2F1 (n0—|—%—|—1,1,s—|—n0—|—£—|—1,z)—|—

S—|—7’L0—|—%
G (z,8) = 2"
m 2F1 (n0+%+1,1,8+n0+%+2,2)
( ‘1 n (no+1i+1)z (no+2+1)(no+1+2)2?
(s+no+i+1)  (s+noti+1)(st+no+i+2)
(1-2)
5+n0+%
(no+2+41)(no+21+2) (no+1+3)=3
(s+no+i+1)(stno+i+2)(s+no+243) 7
= "o
'1 n (no+i+1)z (no+2+1)(no+242)22
(s+no+2i+2)  (s+no+i+42)(s+no+1+3)
z
s+no+i+1
(no+2+1)(no+2+2)(not+21+3)2°
(s+no+i42)(s+no+i+3)(s+not+i+4)
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1 (no+i+1)z )
(s—&-no-i-%) T (s—i—no—&-%)(s—i—no-&-%—i—l)—i_

B (no+2+1)(no+1+2)22
(1-2) (s+not2) (s+noti+1)(s+no+i+2) + +
(no+2+1)(not+2+2)(no+1+3)z°
(s+no+2)(s+not2+1)(s+no+i+2)(s+no+1+3

)—I—...

no

I
N

1 X (nngiJrl)z
(s+no+i+1)  (s+noti+1)(st+no+i+2

)+

(no+2+1)(no+142)22
(s+no+2+1)(s+no+i+2)(s+no+2+3

>-|-

(no+2+1)(not+2+2)(no+1+3)=3
L (s—l—no—&—%—l—l)(s—i—no—}—%—ﬂ) (s—i—no—i—%—i—i’)) (5+n()+é—|—4

)+...

Therefore

G(z,8)=2"[(1—2) M+ zN] (5.112)
Where

1 n (no+i+1)z
(S—f—no-ﬁ-%) (S-I—no—i-%)(s-i-no—i-é—kl

)-l-

Mo (o 41) (o2 42)
B (s+no+2)(s+not+i+1)(s+no+1+2)

+

(no+é+1) (no—l—é—%?) (no+%+3)z3
| (s+n0+2) (s+no+241) (s+no+2+2) (s+no+1+3

)—I-...
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And

1 n (no+i41)z
(s+no+i+1) * (s+no+i+1)(s+not+i+2

)—I-

(no+2+1)(no+242)22
(s+no+2+1)(s+no+2+2)(s+no+2+3

)+

(no+1+41)(not+2+2)(no+1+3)z3
| (sHno+2+1) (s+no+2+2) (s+no+2+3) (s+no+ 5 +4

)—I—...

/

Applying inverse Laplace transform to both sides of equation (5.112) we get

LG (z,8)} =L {z"™[(1 - 2) M + 2N}
=2"[(1—2) L7 {M}+ 2L~ {N}]
LGz ) =2"[(1—2) L7 {M} + 2L~ {N}]

But

1 4 (n0+%+1)z
stnoty  (stno+l)(stno+i+l

)—l—

(no+2+1)(no+i42)2?

-1 _ 71
L= AM} =L (3+no+%)(s+no+%+1)(s+no+é+2

)—I—

(no+21+41)(no+1+2) (no+2+3)=3
| (s+no+2) (sn0+2+1) (s+n0+242) (s+no+1+3)

+ ..

J
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Bt

-1
L { (s+no+2)(s+no+i+1)(s+no+i+2) } +

(n0+%+1)z

-1
L { (s+no+1)(s+not+i+1) } *

(n0+§+1)(n0+5+2)22

(710“?%4'1) (TLQ—F%—FQ) (n0—|—%+3)z3

i

stno+1) (s+no+1+1)(stnot1+42)(s+not+1+3)

We again simplify the above first

First term

From the table of transform pairs

g

Second term

(ng—i-é—i-l)z

four terms of separately

1 } —at
=€
S+ a

1 1 _
S+n0+%

1

L—l
(s+no+2)(s+mno+2i+

1)}_ (n0+%+1>zL—1{(8+n0+§)(

1

(s+no+2)(s+no+2i+1)

has simple poles at s = — (no + %

)and s = — (ng 4+ +1)

952

s+ng+++1)

}



Its residue at each pole is obtained as follows

Ats:—(no—i—é)

a_;= lim (s+m0+3)e”
e (ert) (st o+ L) (s+mo+ L +1)

eST

= 1‘
Hfégﬁ) (s+no+1+41)

e—(no—l—%)T

(ot D)+t 341

67(n0+é)‘r

[—no—é+no+%+1]

— e—(no-‘r%)r

At s=—(no+1+1)

1 ST
o=  lm (s+no+i+1)e

so—(no+1+1) (s+no+ 1) (s+no+ 2 +1)

687'

— li -
s+($5+1) (s+mo+1)

6—(n0+%+1)7

[— (no+1+1) +ng+ 2]

67<n0+%+1)7

(=m0 = ¢ = 14 n0 + ]
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_ o~ (no+i+41)r

Thus

1 1 1
L*l —_ = —(no—&-g)'r o —(no—i-g-l—l)T
{(s+no+g)(s+no+g+1)} D a-i=c ¢

= e_<n0+%)7 (1 — 677)

Therefore

L} { ( (ot y+1)2 ) } - (no T % T 1) e (mot)T (1 — ¢

s+no+ 1) (s+ng+i+1

Third term

Lq{( (n0+2+1) (o + 4 +2) 2 }

St D) (ot L) (et 359)

is simply

— 1 1 27 -1 1
B <n0+a+1) (n0+a+2>ZL {(s—l—no—i—i) (s+n0—|—%+1) (s+n0+%+2)}

But

1
Crmt ) Gt 2D (rm+1+2)

hassimplepolesats:—(n0+i) ,s:—(no—i—%jtl) ands:—(n0+§—|—2)

Its residue at each pole is obtained as follows

Ats:—(no—i—i)

0o~ lm (s4+no+1)em
- sﬁ7<n0+%) (S‘i‘no‘i‘é)($+n0+£+1)(8+n0+£—|—2)
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eST

-
(o) s+ mo+ 2 +1) (s +mg+ 1 +2)

ef(noJré)T

o+ D) F o+ 3 1] [~ (ot 3) Tt 341

e—(no—l—é)r

o= Ermot 2+ 1] [ E 4+ 1+

At s=—(no+1+1)

a_; = lim (S+n0+é+1)687
_Z_s—>—(n0+§+1) (s—irno—l—%) (s+n0+%—|—1) 3+n0+%—|—2)

eST

— li
Hf(iﬂg“) (s+no+21)(s+no+=+2)

e—(n0+%+1)r

(ot 3+ D)+t 3] [ o+ 34 ) gt £+

e—(ng—i—%—‘rl)r
[-no—L—1+ng+ 1] [-no—2—1+no+1+2]
—(no-l—%-l—l)r

—1(1)
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_ o~ (no+i+41)r

At s =—(ng+ 2 +2)

0o~ lm (s+no+1+2)e”
71_5%7(n0+%+2> (s+no+2)(s+no+2+1)(s+no+*+2)

eST

= i
s (nor242) (s mo+ ) (st g + 14 1)

67(n0+%+2)7

(ot 379+t 3] [ o+ 34 2) gt L 1]

e—(ng—i—%—&-?)’r

Cro— L 2mt ] [m— -2t m+ 1]

e—(n0+%+2)7—

—2(=1)

—(not+2+2)r

2!

(&

Thus
1

Lil — —q
{(s+n0+g)(s+no+g+1)(s+no+g+2)} 2
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But

e—(noJﬁ)r ) 6—(n0+$+2)r
— - n0+5+1 T
2 0= 2 7+ ol
—(no-i-%)‘r
_ ¢ o (1—2e7+e7)
e~ (not3)r 2
= (=)

Therefore

L—l{( (no+4+1) (no+4 +2) =" }

s+no+ 1) (s+ng+1+1)(s+ng+2+2)
will be

Fourth term

[ (no+1+1)(no+2+2) (no+2+3)28
(s+no+2)(s+no+++1)(s+no+=+2)(s+no+++3)

which is equal to

( )

(04 241) (mo+ 2 2) (g 41 43) 7 x

-1 1
\L { (s+no+2) (s+not2+1) (s+no+L1+2)(s+no+1+3) } )

The function

1
(s+no+3)(s+no+i4+1)(s+no+2+2)(s+no+2=+3)
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has simple poles at s = —(n0+£) S = —(no—i—i%—l) 5 = —(n0+§+2) and s =
—(no+ % +3)

Thus its residue at each pole is obtained as follows

Ats:—(no—l—i)

o= lm (s4+no+1)eT

so—(not1) (s+mo+2) (s+no+2+1) (s+no+2+2) (s+no+1+3)

6ST

pr— ].'
s—>—(lvr£+§) (s+no+24+1)(s+no+21+2)(s+no+=+3)

e—(no—f—%)T

o+ D) Fro+ 3 1] [ (ot ) F ot 4] [~ (ot 3) T 19

ef(noJr%)T

[—no—L4+no+i+1)[-no—2+ng+:+2][-ng—L+no+1+3

Ats:—(no—i—%—i—l)

a_; = lim (S+n0+§+1)eﬂ
T e (motia) (sHtmot+ ) (stno+ i +1) (s+no+L+2) (s+netl+3)

687’

= 1‘
Hf(rgﬂgﬂ) (s+no+2)(s+no+21+2)(s+no+<+3)
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o~ (notg+1)r

[—(no+2+1)+no+ 2] [—(no+i+1)+no+2+2] [~ (no+L+1)+no+2+3]

ef(nOJr%Jrl)T

Fro= =1+ 3] [ra= 3~ 1+ 342 [no— 3= 1+ ng+ 1+

e—(ng—i—%—‘rl)’r

- -L()(©)

—(no+i+1)r

—2!

e

At s=—(ng+1+2)

0o~ lm (s+no+4+2)e”
T e(otie2) (sHmo+2) (sHno+ 1) (s+no+1+2) (s+no+1+3)

ST

e
pu— 1.
s—>—(;£§+2) (s+no+2)(s+no+L+1)(s+no+21+3)

e—(no+%+2)r

[~ (no+2+2)+no+ 1] [~ (no+2+2)+no+1+1][—(no+21+2)+no+1+3]

e—(n0+%+2)7

[-no—L—2+4+ng+i][-no—L—-2+ne+1+1][-ng—L—-2+ny+1+3

67(n0+é+2)7

T 2(-1)(1)

—(no+é+2)7

2l

e
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Ats:—(no—i—%—i—i’))

0o~ lim (s+no+4+3)e”
T e (mort43) (st not+ ) (stmo+ i +1) (s+no+L+2) (s+nett+3)

ST

e
- li
s—>—(;?}r§+3) (s—l—no—iré) (s—i—n0+£+1) (5+n0+%+2)

e—(no—&-%—i—S)T

(ot 249 trot (ot 248) Frot L+ 1] [~ o+ L18) +mat 242

e—(no+%+3)7'

[Fro= =3+t 3] =23+t 4] [no—3-3+ntE+]

67(n0+%+3)7

- =3(=2) (=)

Thus

1
L = i
{(s+n0+§) (s+no+2+1)(s+no+21+2) (s+n0+§+3)} 2
But

B e—(no—i—%)'r e—(ng—i—%-‘,—l)r €—<n0+%+2)7 e—(ng—i—%-‘,—fﬂ)r
D T IR —
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¢ 2 (1—3e7 43> —e )
*(no+%)7
e 3
= a0 (1 —e )

Therefore

o (no+2+1)(no+2+2) (no+2+3)2°
(s+no+2)(s+no+i+1)(s+no+=+2)(s+no+++3)

1 1 1 —(no+3)7
= (no+-+1) (no+-+2) (no+-+3) 2 (1—c7)’
a a a 3!
1 1 1 3
=|n+—-—+1)(no+—-+2)(ng+-+3 e_<"°+%)72—(1—e”)3
a a a 3!

Consolidating the above results we get

(

e (mta)r 4 (no+++1) e (moto)r (1—eT)+

L {M} = (o + L 41) (ng+ 1 +2) e (0ta)rz (1 — )2 4

In a similar fashion

1 (no—i—%—l—l)z
(s+no+2i+1)  (s+no+i+1)(s+no+i+2

)—i-

(no+241)(not+21+2)2?

-1 N |
LANY =1L (s+no+2+1)(s+no+2+2)(s+no+2+3

)—I—

(no—l-%—&—l) (no+%+2) (no—|—é—|—3)z3
| (s+no+2+1) (sno+2+42) (s+no+1+3) (s+no+2+4)

+ ..
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[ 1 1 ] (mﬁ—é—i—l)z i
L {(s+no+}l+1)} +1L {(s+no+}l+1)(s+no+i+2) } *

-1 (n0+§+1)(n0+§+2)z2 n
B (s+no+2+1)(s+no+2+2)(s+no+2+3)

71 (no+1+41)(not2+2)(no+243)2° n
I (s+no+1+1) (s+no+2+2)(s+no+1+3)(s+no+1+4) "
We now simplify the first four terms of the above equation separately

First term

From the table of transform pairs

L—l 1 — e—at
s+a

Second term

L—l (n0+%+1)2
Grmor I+ D) (st 179

1

1
= —+1) 2Lt
(no+a+ )z {(s+no+§+1)(s+no+§+2)}

1
(s+no+2i+1)(s+no+2i+2)

The function

has simple poles at s = — (no + % + 1) and s = — (no+ % +2)
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Its residue at each pole is obtained as follows

Ats=—(ng+1+1)

Yo (s+no+L+1)e
T e (mori) (st no+ L+ 1) (s+ngt+ L +2)

eST

= lim :
s—(no+1+1) (s + 10+ £ +2)

e—(no—l—%—i-l)T

[~ (no+1+1)+ng+L+2

67(n0+%+1)7

Fro= - Tmt 342

= 6_<n0+%+1)’r

At s=—(no+1+2)

1 ST
o = lim (s—l—n0+a+2)e

so—(no+1+2) (s+no+2+1) (s+no+ 2 +2)

687'

= lim :
s (not242) (5 + 70+ 5 +1)

6—(n0+%+2)7

[— (no+1+2)+ng+21+1]
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e—(n0+%+2)7

[-no—1—2+4mng+1+1]

— _6*(n0+%+2)‘r

Thus
Lil ! = Z a_;
(s+no+2+1)(s+no+1+2)
— e—(ﬂo-ﬁ-%-ﬁ-l)T _ e—(no+%+2)7
_ 6—(n0+§+1)r (1 . 6—7)
Therefore

s+no+i+1)(s+no+=+2

L1 { ( (0t 5 +1) ] } - <n0 + 2 + 1) zem (i) (1 o)

Third term

L—l{( (no+3+1) (o + 5 +2) 2 }

s+n0+%+1) (s+ng+%+2) (s—i—no—l—%—i-?))

1 1 1
— _ - 92 2L71
(”“a“) <”0+a+ )Z {(s+no+g+1)(s+no+g+2)(s+no+g+3)}

The function 1

(s+no+i41)(s+ng+21+2)(s+no+21+3)

hassimplepolesats:—(no—f—%qtl),s:—(n0+§—|—2) ands:—(no—l—%—k?))

Its residue at each pole is obtained as follows

564



Ats:—(no—i—%—i—l)

. - (s+no+1+1)e”

s——(no+1+1) (s+no+2+1)(s+no+1+2)(s+ng+1+3)

= li
e(nore1) (s ¥ 1o + 2 +2) (5 +no + L +3)

67<n0+%+1)7

[—(no+2+1)+no+2+2] [~ (no+2+1)+no+1+3]

e—(no-l—%-‘rl)’r

[Fro=E-Ttma+ 342 -2 1+m+3+3

,(n0+%+1)7.

12)

e

,(n0+%+1)7

2!

e

Ats:—(no—l—§+2)

. i (s+no+1i42)em

s=—(no+1+2) (s+n0+%—|—1) (s+n0+%+2) (s+n0—|—%+3)

ST

— 1j
o (rors2) (st o+ T4 1) (st g+ 1 43)

ef<n0+%+2)7'

[—(no+2+2)+ng+L+1] [~ (no+2+2) +ng+21+3]
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e—(n0+%+2)r

[-no—2—24+ng+L+1][-ng— L —2+ng+L+3]

e~ (n0+é+2)‘r

o —1(1)

— _6*(n0+%+2)7'

AtSZ—(no—i—i—i—i’))

w—  lim (s+no+=1+3)e
T e (nort43) (stmo+ i +1) (s+no+L42) (s+ne+t+3)

€ST

s+($5+g) (s+mno+24+1)(s+no+21+2)

e—(no+%+3)7’

o+ 29t t 31| [ (ot 343) Fr T 1+

e~ (no+é+3)7

[Fro= T =3+ 3 1] [na= 33+ mt 342

e—(no—l—%-‘ri’))T

- -2(-)

—(no+21+3)7

2!

e

Thus
1

L_l - —q
{(s+no+é+1>(s+no+é+2)<s+no+%+3)} 2.
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—(n 1 T —(n 1 T
_ elriry ) L (no5+3)
B 2! 2!
*(no+%+1)‘r
_° 51 (1 —2e T+ 6_27—)
e—(no—&-%—i—l)’r 2
= (=7

Therefore

s+ng+E+1)(s+ng+=+2)(s+ng+=+3)

1 1 —(no-ﬁ-%-‘rl)T
=(no+—-+1)(nog+—-+2 226—(1—677-)2
a a 21

Fourth term

. (no+1+1)(no+2+2) (no+2+3)28
O G ot Lo D) (ko4 L42) (shnot L43) (st ot L+4)

(

(a4 141) (o + 2 +2) (g + £ 43) 25

-1 1
& { [ 10) (ot 152) (s 0 153) (s 20) } )
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The function

1
(s+no+2+1)(s+no+2+2)(s+no+1+43)(s+no+=+4)

has simple poles at

1 1 1 1
s=—(ng+—-+1), s=—(ng+—-+2), s=—|ng+—-—+3) ands=—|no+—-+4
a a a a

Thus its residue at each pole is obtained as follows

At s=—(ng+1+1)

ot (s+no+2+1)eT
T e (notir) (sHno+ 1) (s+no+ 2 42) (s+no+L+3) (s+ne+1+4)

ST

e
= i
H_(éggﬂ) (s+mo+2+2)(s+no+2L+3)(s+n+21+4)

6—<n0+%+1)7
[—(no+2+1)+no+2+2] [ (no+2+1)+no+1+3]

[~ (no+1+1)+neg+1+4]

6—(n0+5+1)r

[Fro= T =1+ 342 [ra— 3T mot 543] [ma— 3= T4ngt L4

e—(no—&-é—i—l)r

1))

—(no+i+1)r

3!

e
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Ats:—(no—i—%—i—Q)

a_; = lim (s—}-no—}-%—l—Z)eST
T e (moti2) (sHno+ i +1) (sHmo+L42) (s+not+i43)(stno+l+4)

ST

€
= 1‘
H,(iﬁlw) (s+mno+1+1)(s+no+2+3)(s+no+21+4)

6—<n0+%+2)’r
[—(no+14+2)+no+1+1] [ (no+2+2)+no+21+3]

[— (no+14+2) +ng+ 1 +14]

e—(no+é+2)7’

o= 5= 24 g+ L] o= 2 -2+ 249 o= 32+ m+ 3+ 1]

e—(no+§+2)r

1))

—(no+i+2)r

—2!

e

At s =— (ng+ 2 +3)

0 lim (s—l—no—l—c—ll—i—?))e”
e (notiis) (sHmo+ I+ 1) (stno+ LI +2) (s+no+l4+3) (s+no+L+4)

eST

H_(;ﬁ%g) (s+mno+2+1)(s+no+4+2)(s+no+=+4)

67(n0+%+3)7
[~ (no+2+3)+no+L+1][-(no+2+3)+ng+1+2]

[— (no+1+3) +nog+1+4]
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e—(n0+%+3)r

1 e R A

67(n0+%+3)7

T 2(-1)(1)

*(no+%+3)7'

2!

(&

At s=—(no+ 1 +4)

0o~ lm (s+no+1+4)e”
T (ot i) (st o+ L+ 1) (stno+ i +2) (s+no+ L1 +3) (s+Hno+L+4)

687'

— I
s—>—(nl£3§+4) (s+no+i+1)(s+ng+2+2)(s+ng+21+3)

€7<n0+%+4)7
[—(no+2+4)+no+2+1] [~ (no+2+4) +no+1+2]

[— (no+ 2 +4) +ng+ 1 +3]

6—(n0+%+4)r

[-no—L—4+ng+i+1][-no—L—-4+n+1+2][-no—L—-4+n+1+3]

€7<n0+%+4)7

- =3(=2) (=)
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Thus

1

L‘l{(5+

Therefore

g

no+i+1)(s+no+2+2)(s+no+1+3) (s+no+§+4)}zza‘i

e—(no—&-%—i—l)’r e—<n0+%+2)7 €_<n0+%+3)7 e—<n0+%+4)7
R R |

~(no+g+1)r 3! 3!

€ t T 2T —oT
:T<l—ae e )

*(no+%+1)7
_ ¢ 3 (1—3e7 43¢ —e )

—(no—ﬁ-%—l—l)’r

e —\3
= (=)

(n0+241) (no+ 2 +2) (np+ £ +3) 2
Grmt L) (o2 2) (st +8) (r ot 210

1 1 1 e~ (no+i+1)r
=|\no+—-—+1){no+—-+2)(ng+—-+3 23—(1—677)3
a a a 3!
1 1 1 3
— (no+=+1) (no+=+2) (no+—-+3) e orarrZ (1 —¢)°
a a a 3!

Consolidating the above results We get

L' {N} =

e—(no-l-%—}-l)T i (no + % i 1) Ze—(no-i-%—i-l)T (1 _ 6—7') +

(no+ 1 +1) (n+ L +2) e (it )Tz (1 — e=7)2 4

((no+2+1) (ng+2+2) (ng+ 2 +3) e (orat)rz (g — )P 4
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Its now time to go back to our expression/equation for G(z,t) .Recall that we had

Thus

G (z,1)

z

no

(1-2)

+z

(o + L4+ 1) (ng+ L4 2) e (rotat)rzs (1 — )2 4
[ (otit1)x |
(no + 3 +2) * G—e)’+

G(z,t)=2"[(1—z) L7 {M}+ 2L {N}]

e (noto)7 4 (TLO I % I 1) Lo (ot i) (1—e )+

(TLO + % + 1) (no -+ % —+ 2) 6*(n0+%)7,§_? (1 . G_T)

(no+1+1)

(ot 3+2)

(n0+ % +3) o~ (ot +1)7

Simplifying the terms in the brackets we obtain

D72

(no+1+3) e~ (m+3)r

_6_(710_’_%4_1)7' + (no + é + 1) 26_(n0+%+1)7 (1 . 677—) +

‘4




G (z,1)

z

no

e (0 2)T 4 (g + L4 1) ze ()T (1 — e 7) ¢
(no+ L 41) (ng+L+2) e (ota)rz (1 — )2 &
(no+++1) (no+ = +2) (no++ +3) e—(noﬁ)Tg_j’ (1—e )=
o g 24 1) 0 1)
(no+ 2 4+1) (o + 1 +2) e—(”o+é)73_f (1— ey
(no+L41) (ng+L2+2) (no+ 1 +3) e ()2 (1 — )%+

2o (0t )T (g 1 1) 226 (ot )T (1 — o) 4

(o + L4 1) (ng+ L 42) e (orat)rzr (g — )24

4

((no+24+1) (no+ 1 +2) (no+ L +3) e (orar)rz (1 — o)y
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Factoring e (

G (Z,t) = Znoe_(nO"r%)T

no-l—%)

T out we get

;

1+ (no+2+1)z(1—e7)+

(no+ 4 +1) (ot 4 +2) 5 (1= e )"+

(no+2+1) (no+21+2) (no+1+3)5(1—e)

st (no+L41)22(1—e)—
(ro+2+1) (no+2+2) 5 (1—e) -

ot 2 1) (105 242) (04 249 20—+

we T4 (ot g+ 1) e (1—eT)

(no+ 4 +1) (not+ 5 +2) e "5 (L—e )+

\(no+%+1) (n0+%+2) (n0+£+3)6—7§(1_6_7)3

At this juncture, we can decide to rewrite G(z,t) as

G (z,t) = Znoef(noJr%)rQ
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Where

1+ (mo+i+1)z(1—eT)+
(mo+ 54+ 1) (mo+ 5 +2) 5 (1= )"+
(no+21+1) (no+1+2) (no+1+3)51—e7)—
2t (no+14+1)22(1—e)—
©= (no+1+1) (no+1+2)5(1—e)~
(Ro+i+1)(no+1+2)(no+1+3)5(1-e")’+
2T (ot g+ 1) e (1—e )+

(ot 5+ 1) (o + 3 +2) e 5 (1) 4

(o +1+1) (no+14+2) (no+2+3) e 75 (1— e + .

/

In order to simplify () we put together /factor the coefficients of corresponding powers of
(1 —e™7) . To avoid confusion we shall make use of the following table.
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With this we now have

(

Il —z+ze "+
[(n0+é+1)z—(no+%+1)22+(n0+%+1)226_7] (1—eT)+

[ (no+14+1) (ng+14+2)5—

(o+241) (o+2+2) 5+ [ -t

O
I

(no+1+1) (ng+1+2)2e
a a 2!

[ (no+141) (no+1+2) (ng+1+3)%-

(no+1+1)(no+1+2)(no+1+3) 5+ | (1—eT)’+...

[(m0+ 4 +1) (no+ 5 +2) (no+ 4 +3) e}

Factoring common terms, we get
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l—z4ze "+ (ng+1+1)z[l—z+ze"](1—€e)+

Q@ = (no—lr%—lrl)(n0+%+2)g—?[l—z—kze_T](l—e_T)?—l—

((no+2+1) (no+2+2) (no+143) 5 [1—z+ze M (1—e) + ..

l—z(l—eM+(no+i+)z[l—2z(1-€eT)](1-eT)+

= (no+141) (no+1+2)5[1—2(1—e)](1—e7)+

| (no+ ¢ +1) (no+ 5 +2) (no+1+3)5[l—2(1—e)]1—eT) +...

/

Factoring 1 — z (1 — e™") out yields

1+ (no+14+1)z(1—€eT)+

Q=[1-z2(1-¢")] (no+14+1)(ng+i+2)5 1)+

((no+2+1) (no+1+2) (no+1+3) 51— +...

J

Multiplying the RHS by % yields
no+ )!
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—[1—z(1-e7)] (nO+§);
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We thus have

@=[-=(1-¢7)]

Since

We have

(
(

0

1

no—l-é—l—Q
2

(

no+ 5 +0

n0+é—l—1

no-&-%-l-l)(no—k%)!
(no—i—%)!

(no+1+1) (no+1+2)x

l)l
)

1

2)!

no-+
no-+

(
(

(no+21+41) (ng+21+2)«

(no-i-%-l-?)) (TL(H-%)!
(no-l-%)!

(

1

2)7 g

n— k)k!

)
)

(no+ % +1)!
(n0+%)!1!
(no+2+1) (no+21)!
(no—i-%)!l!

_ (no+¢+2)!

)_ (n0+%)!2!
o3 o 1) (o )
B (ng—i-i)!Z!
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no+ 143\ (no+:+3)!

(") - s
(r0-+ 5 48) (0 + £ +2)! (04 5 +1) (o +2)!
B (no—i-é)!?)!

And so on
With this it follows that;
1+ (no—&-l%—i—l)z (1 - 6—7) 4 (no+2%+2) [Z (1 o 6_7)]24-

Q=[1-=(1-c) 1
(””t§+3)[z(1 —-€_TH3‘+'”.

T ("“.5”) (=)

i=0 J

o ng+=+j o+ 1 +1] +5—1
()= (e
Thus
Q:[1—z(1_e—r)}§;([no+§+jl]+j—1) (1 )]
Also
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Therefore

Recollecting our memory, we had obtained G(z,7) as

G(z,1)= z”oef("OJr%)TQ

Thus

1
1

e =

We now have something to smile about! The remaining task is to rewrite G(z, 7) in terms

of the original variable ¢. Recall the initial substitution we made

t+ «
7=In
«Q
Where )
o = E
Thus
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=|—+1
1//\oz

= (\at +1)""

Therefore

(1+ Aat)™! nota
1—2[1—(1+Xat)']

G(z,t) =2z" [

1
no+7

a

1
(1+ Aat) (1—2[1—ﬁ])]

1

B no+o
= 2" ! Tat—1
(1+Aat) (1 -2 [525])

B n0+%
et Z”O 1 ]
)

(1+ Aat) (1 — 22

1 n0+é
|1+ Aat — )\atz}
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We finally have

1— Aatz
1+ Aat

1 no+=
G(z,t) = 2" [—H)‘at ]

1

P no+=
1
. 1+Xat
1 — Aatz
14+Xat
o o _ dat_
Letting p = —1 hat and ¢ =1 1+)\at T 1+)at

G(z,t) can be expressed as

ot L
Gty =t [22 ]
1—gz

P, (t) is the coefficient of 2™ in the expansion of G(z,t). By binomial expansion

G (2,t) = z vz ap™ta [1 — qz]_(n“%)

_ nogott Z( [0+ 3 )(_qz)k

= Zopnote Z( mota )(—Dquz’“

Recall that
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Thus

> 1 —
G(Z, t) — ZnopnoJré Z ([TLO + a} +k 1) qkzk

k=0

WE

([no + §:| + k — 1)pn0+1 k _no+k

B
Il
o

From this it follows that

H+k-1
Pn()+k (t) — ([no + ai|k+ )pn0+}1qk‘ k, — 0’ 17 2

but n = ng + k, Thus

1 —1
Pn (t) _ ([no + a]]{"'k )pn°+‘1’qk - O7 1’ 2)

_ [+ i+ k-1 1 \™ta 1 b o1 o
k 1+ dat 1+ dat R

which is the pmf of a negative binomial distribution with parameters r = ng + % and

!
P =1
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Chapter 6

Conclusion and Recommendation

6.1 Conclusion

As seen in all the special cases of pure birth the Laplace transform approach resulted in the
same distribution as documented in cases where other methods were used. In particular
the inversion methods applied in the first case yielded the same distributions. This was
no different from the case where the Dirac delta function and the Gauss hyper geometric
function were used to solve the DEs obtained while using the pgf technique. The only
exception is in the case of the Polya where the parameter p differed. In a nut shell the
distributions emerging from difference differential equations of a pure birth process are
power series distributions. They are the Geometric distribution, the negative Binomial

Distribution and the Poisson distribution

6.2 Recommendation

In this research, we confined ourselves to the pure birth process only. One possible

recommendation is to extend it to other cases of the birth-death process.
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6.3 Summary
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6.3 Summary

1. Poisson Process

Parameter A=A
Basicdifference ' .

B, ()=—-AF(t
differential 2 © A5 ()
equations PHF(I):—/:P:!(I)+ AP_(@®
Method 1:By Iteration
{E ()} i

(s+ )™
B (1) et

!
Method 2 : pgf technique
Partial é i
Differentil accz;:)u(k z)Glz,)=0
equation
G(z,5) 1
s+A(-2)

G(z,1) g A2
B (1) e (A

n!
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2. Simple Birth Process

Parameter ,;n =4

Basicdifference P: () =—AP,(t)

differential 3 i

equations B/ (@) =—nAP(D+ An-1P,_, )

Initid Condition

X(0)=1

X(0)=n,

Method 1:By Iteration

Mot done explicitly L
L{E, (1)} AT +0)
TT[s+ 0, +D4]
Pt -~ _ i) iz :{Hﬂ+k—l\'_, Ry ek
»0) et ) e ik )" (1-e™) k=012.
L B iR .
Method 2 : pgof technique
Partial
Differential 5 5
equation —G(z,0)-4z(z-1)—G(z,t)=0
clt i cz
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a) Dirac Approach

Ordinary dé( J 5 a( ) 1 d(—}{ & "
: : —G(z5)-———=G(z,5)=—- —Gzs)- Z,5)=
Differential e /.,Z[Z—lj /.[:Z—l;l = " ) Az[z—l] (2,5) Ez[z—l]
equation
 np = =
G(zs)e l_‘ =f(5)—j£(2_1']e'- }‘_‘dz =f(.g)—jme z }_‘dz
&z.1) ze ™ iy &
= .- ze
-4 )
1 z(l e™) 1-z(1-¢ )
Py Ty _ gyl . (n+k=17%, .
(1) e [l—e J n=123.. [ e [1-e) k=012.
\ k) )
a) Hypergeometric function approach
Ordinary & J 5 a( ] 1 d 5( 5( Z
: : =z s Z8)=- —G{z,8)+——G(z2,8)=——
Differential ) Al o Al-z) | dz ) Az(l-z) 7 ) Az(1-z)
equation
= |'( \' [ = l" \u
G(z,s) fz . }Flil.léiﬁéfi ;7[1 qZJ :Flina+1=1;£q+nb+];2"+ ]
oy & & o o) (5+4m) A b L
) z 2 g S \f
IF—7—g A Retll-+m+2z '
L[5+A[n3+1J] L A J)
G(Z:I) ze_‘;'r }‘115+l
— A A
—2) €
1-z(1-e7*) 2. r
| ’ l-z{l-¢")
P(r 1 —Af ) nl =i lfH +k—1\' ' i
2 () e [1—9 J n=123. i He®)* (1-e®) k=0,12_
\ k A
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3. Simple birth with immigration

Parameter A, =nd+v
Basic difference '
B (=—vE(:
differentia :O Y
equations B @ =[(r-DA+V]|B, (- (AR
Initial
Population
X(0)=1 X(0)=n,
Method 1:By Iteration
-l
{7, ()} Tl +8)2+v]
Not done explicitly ]___[|:S +(m+1) /?.+1,-‘:|
fmll
P [I] !.f|: 1.-‘] \'_ . { v b i
o [[1+= [+&-1] _,, =2, [Py +—+E=1], ,me
I i I[\e—;.[.]l R [\l_e—,_z-] e O; 1 i ] |[e i l]ﬂt 7 [\l_e ] k= 012
L & ) . k)
Method 2 : pgf technique
Partial
Differential o i
equation %G(z._ f) —/Zzliz—l_]é(}'(z._ )-v(z—1)G(z.1)=0
a) Dirac Approach
Ordinary d = [s—v[z—l]] | o [5—1’(2—1]]_ "
- - —G(z.5 - z,5)=—— iflzs) - ol gy
Differential T [ Az[z—l) I: j /_[2_1) 2 [Z,-SJ ;?.Z[Z—lj [2,5] ,3[2_1)
equation
- ] = r o
=il S+ Frla _ _ Ty _ ol BRI
(z.5)lef e 19~ eFe LS ranLi
Glz:1) L 7+
—it 4 —it A
e e
z - ™ 2
1-z(1-e™) 1-z(1-¢*)
Pt ; ( v )
(0 LIPIOS, . e ket et
)" d-e7) L 4 (S e
Ik I\ k /"
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b) Hyper geometric function approach

Ordinary s [5+1=(1—2J] i, 1 g [5 +v(1- ZJ]_ S
ffrent I TP Y L 2010 NS W [ ¥ P L S . 90 U A
Differential FEah o ) jz(1-2) (2,5) A(1-2) o ) 72(1-2) (2.5) 72(1-2)
equation
G(z, z (v s v N [ 'S , : N
5) - AR S tLLo+ o +2z (1-2) ,Fllna+lﬂ+]_,1;£q+n3+lﬂ+]_;z: ]
S+V+A A A A Y 1 N A A A /-+-
" (s+v+im) .
Zr A : o L
[Z P My +—+LL—+ny+—+2,7 |
| \. A A A J |
L [s+v+i(m+1) ] J
o i . T
¥ —At A i 7
Z_" ze i
l—Z(l—B_ﬂ) 1_2(1 e—/_r)
£ () v .I v 1 :
i —+1(+k-1 | e e LTS N
L’i } a2 e e k-0
1
k |\ k A
k=012
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4. Polya process

Parameter , o 1+an)
A=A
U\ dar )
Basic difference : af Yy
differentia Tedd =8 L1 +£mJP9(r)
equations - -
, A 1+an (+atn-D)
P (H=-4] |PO+A]| ——— | P (¢
=@ \1+4a) »0 \ 14 Aar )”‘1()
Initial When X(0)=1 When X(0)=n,
Population
Method 1: By Iteration
-l
L{E (0} TT2[a+ att,+9)]
=0
— —
s el A 1+aln,+10) )
Not done explicitly (1+f,m)-‘g\‘5+ﬁvi\ﬁ)]
R‘![I} if 1 \I"( ot \.1_1_'( Lat \.':‘- [ 1 \I"( o L i \."_‘-
- { , l+zar | ai i _1—.;..2: | P - i 1+iar i ikl 'ﬁ |
!1+E+Icllle s = . Ino+ar+,i’c llie | *[1-¢ .
() J | J | | ! )
|\ k /I|\ A b A |\ k j||\ A L% Iy
k=012, . k=012
Method 2 : pef technique
Partia] Differential 5] Aaz(z-1) @ Az-1)
; — Gzt -—— = _G(z1)- G(z,1)=0
equation a ) +iat & ) T
a) Dirac Approach
Ordmmary ;
y - 5 . = 5 1|z i
Diftwetal | 26| - 6(e) dapal = ol o
Rt dz z(z-1) @ (z-1) i ) z(z-1) @ -z(z-1)
equation
fil 1 —:I::|‘-__1| i L —sh'.'z__1| Z’E'l 1 —:I:‘_}i|
G(z,5)|z[lre '*' | = f(5)- zZlre & = f(5)— zZee '*ldz
(2.5)/4 f&r- [ F6)-[
G(Z.Jj 1+—1 M“J-'_l
zZ a zZ a
1 1 -
s a 1+ Aat Ja 1+ Aat
1 l 1 .
1+ Aat 1+ Aat
P(1) A f 1 & -
U [H—]Hc—l i Ha i [”ﬁ;]*k—l fa Y™ 1 3
5 ix7at) \wiriaz) || k \+da) | 1+ia)
k 92 \ /
k=0,12
k=i y2




a) Hypergeometric function approach

Ordinary d 5 1 d 5 1 z™
- ' =Gz s)r +—[G(zs)= —G(z5)+ +— |G(z,5)=
b & ) L[l— z) az] = (1-z) dz ) (1-z) @& | ° ) z(1-z)
equation
G(z s (1 1 A [ [ 1 1 A
(z5) A1+ = Ls+—+22z | [(1-2) By +—+LLs+m+—+1z | ]
o a d / ) RN a d 7
zZ 1 1 +|
§+—+1 S+H, +—
a a
z'® 1 o i B ¢
]Fli n3+—+1;]_;5+n3+—+2;z; i
- . a a S
1
S+, +—+1
L “"a J
G(z,t) ol o+l
V4 2 Vi a
7 a| _1+Aat 7 a| _1+Aat
_ Aatz _ Aatz
14 Aat 1+ Aat
70

[l+l]+k—l 1 e
" )
k

g B x
14+ Aat

;|\1+;,az,' U 14 Aar

)
A
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Laplace transform of Some Probability Distributions

Distribution f () Laplace Transform L ,.(s) Mean E(X) | VarianceVar(X) | moments E [X:|
Uniform (a, b) 1 [e=—g a+b (b-a) Zb g
b-a s : 2 g
Uniform (0, 1) {=g 1 1
. 2 12
Gamma (@) 1 T‘H — & a (c+r-1)
T(a)y (@-1)
Gamma (o, B) i Jz:f_ oo g o = (a+ ?'—1_],[
T(a)q B g (a1 8
Exponentid (A) A 1 1 rl
A+s A & A
Inverse Gamma (e, f3) 2 V& : \
’ — s| K_(2,)fs
—(/Bs) K. (2y/Fs)
Inverse Gaussian(. @) & :
exp{—%(qﬁl—lﬂﬁs—l_]} %
Gener.eilzedq Inverse " \1’3 K;_[ f}f(jz-f"";'l"_l])
Gaussian [/‘..; yars - - =
Reciprocal of lweme| » , ~-K f’ * 1+1 2 . 1
Gaussian (i, @) [1+Z5| exp 1+ .S -1 T FT
g #I |J 7 ¢° ug
Rayleigh Distribution " Tgse E e?.ﬁ.' e g\/E o (4—7)
\\f—/ 2 2
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